physics 


s SECOND EDITION 
+@ 
18 
1% 
qe 
qe 
qe PHYSICAL SCIENCE 
STUDY COMMITTEE 
$< _— ae 
A a 
. 
18 ry “ 
18 x 
ao] 2 r 
eg 
¢ % 
a) ‘ we, 
. ¢ 8 a . 
ee 
a : ,* Be 
e 


Physical 
Science 
Study 
Committee ~ 


are 


physics 


SECOND EDITION 


D. C. Heath and Company 


BOSTON 


LIBRARY OF CONGRESS CATALOG CARD NUMBER 65-24096 

Published by D. C. Heath and Company BOSTON ENGLEWOOD _ INDIANAPOLIS 
SAN FRANCISCO ATLANTA DALLAS 

Under arrangements with Educational Services Incorporated 


Copyright © 1965 Educational Services Incorporated. No part of the material covered by 
this copyright may be reproduced in any form without written permission of the publisher. 
Printed in the United States of America. 


Printed January 1967 


Preface 
to the 
second 
edition 


Vv 


REVISIONS for the second edition of PSSC Physics have been carried out in the light of the 
experience accumulated over the five years since the publication of the first edition. During 
this time, the course has been taught by some 6000 teachers to 640,000 students. We are 
deeply indebted to many of these teachers, and to some of their students, who have kept us 
informed of their successes and their tribulations through the “feedback” channels main- 
iained for that purpose. We are also grateful to numerous colleagues from colleges and uni- 
versities all over the world who have given us the benefit of their detailed criticisms of vari- 
ous chapters and sections. Throughout this period, the PSSC Planning Committee has been 
active in critically reexamining the existing materials and in both suggesting and producing 
new materials for trial in schools. This tested material has been particularly valuable in 
producing the second edition. 

The major rewriting was done in Chapter 31, Electromagnetic Induction and Electromag- 
netic Waves, in order to place the entire discussion on a more experimental foundation and 
to improve upon the validity of one or two theoretical arguments. These changes in Chap- 
ter 31 necessitated some rearrangement and addition to Chapter 30, The Magnetic Field. 

A change of emphasis in Chapters 5 and 6, in the treatment of kinematics and vectors, 
was also felt to be desirable as a means to increase the clarity of presentation of this mate- 
rial. Greater care has been exercised in both the definition and the use of terms in these 
chapters in the hope that students will see more clearly the difference between scalar and 
vector quantities. 

There has been some shortening of the text where this could be done without damage to 
the logic and continuity of the course. Chapters 7 and 8 were reorganized into a more sim- 
ple format and the sections on molecules and chemical structures have been rewritten as an 
essay at the end of Chapter 8, to be read for pleasure but not studied with the same intensity 
as the other material. The sections on lenses in the previous Chapter 14 have been com- 
bined here with Chapter 13, Refraction, and the sections on optical instruments have been 
deleted. Chapter 29 of the first edition has been divided into two parts, Chapter 28, Energy 
and Motion of Charges in Electric Fields, and Chapter 29, Electric Circuits, in order to em- 
phasize the considerable amount of material included here on circuits. Several other sec- 
tions of the book have been reorganized or reworded in an effort to clear up the points on 
which criticism has centered. 

End-of-chapter problems have been extensively revised and improved, both in overall 
quality and in uniformity of coverage. An entirely new type of problem has been devised 
in direct response to teacher “feedback.” These problems, marked with an asterisk and a 
section reference number, are short questions dealing only with material found in the indi- 
cated section, and designed to show a student whether or not he understands the basic points 
of that section. Answers for these problems are given in the back of the book. These are 
in no sense simply “plug-in” problems, but require careful thought about a very limited part 
of the subject. Teachers who have pilot-tested these problems during the past year have 
been unanimously enthusiastic about their usefulness and their quality. 

Considerable effort in this revision has gone into improving the quality and the clarity of 
both photographs and line drawings. We have made every effort to continue the policy of 
large figures, either exhibiting phenomena or explaining situations of importance to the de- 
velopment of the logic of the text. 

In the best tradition of the course, the relation between the text and the laboratory has 
been strengthened by the addition of several new and frequently crucial experiments to the 
laboratory. Most of the new experiments occur in Part IV of the course in order to increase 
the students’ experience and experimental evidence in electricity, magnetism, and atomic 
structure. To make room for these additions, several experiments from the first edition have 
been either deleted, or it has been suggested that they be used as classroom demonstrations. 
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It has been our earnest effort to retain both the spirit and the content of the original course, 
making changes primarily for the purpose of strengthening or clarifying the arguments. It 
is only through actual use in the schools that we shall be able to estimate the results of this 
effort. 


THE PuysicaL Science Study Committee is a group of university and secondary school 
physics teachers working to develop an improved beginning physics course. The project 
started in 1956 with a grant from the National Science Foundation, which has given the 
main financial support. The Ford Foundation and the Alfred P. Sloan Foundation have 
also contributed to the support of the program. 

This textbook is the heart of the PSSC course, in which physics is presented not as a mere 
body of facts but basically as a continuing process by which men seek to understand the na- 
ture of the physical world. Besides the textbook there are the following closely correlated 
parts: a laboratory guide and a set of new and inexpensive apparatus; a large number of 
films; standardized tests; a growing series of paperback books by leaders in related fields; 
and a comprehensive teacher’s resource book directly related to the course. 

The PSSC physics course is the work of several hundred people, mainly school and college 
physics teachers, over a period of four years. A brief account of this collaboration is given 
in the next section, titled The Development of This Book. Here it is appropriate, however, 
to recognize two of these collaborators. Professor Jerrold R. Zacharias, of the Department of 
Physics of the Massachusetts Institute of Technology, called together a committee of leaders 
in physics and in education from which this project sprang. He has been active in all phases of 
the project. Professor Francis L. Friedman, also of the Department of Physics at MIT and 
a member of the Committee from the beginning, has played the major role in developing 
the textbook and has contributed significantly to all parts of the program. 

In many ways this new course differs markedly from the beginning physics course usually 
taught in the United States. To be sure that the new approach was sound and teachable, 
the help of teachers and students was sought. In 1957-58, eight schools and 300 students 
tried out the early materials. Their comments and suggestions helped to improve and extend 
the content and approach. Then in 1958-59 nearly 300 schools and 12,500 students used 
the course, and in 1959-60 almost 600 schools and 25,000 students participated in the third 
test year. The course was thoroughly revised in the light of this experience. 

The reactions of teachers and students show that a large percentage of students are in- 
trigued by this course and do well with it. Their concepts grow through exploration in the 
laboratory, analysis in the text, and study of the films. The course appeals to students who 
are inclined toward the humanities as well as to those who are already interested in science. 

The PSSC course consists of four closely interconnected parts. Part I is a general intro- 
duction to the fundamental physical notions of time, space, and matter: how we grasp and 
how we measure them. As the student learns of the almost boundless range of dimensions 
from the immensely large to the infinitesimally small, from microseconds to billions of years, 
he finds out how these magnitudes can be measured. He learns that instruments serve as 
an extension of his senses. Laboratory experience shows how we first measure by direct 
counting and then extend our range of measurements by calibrating and using simple instru- 
ments such as stroboscopes or range finders. 

From these experiments measuring time and space, the student moves to an understand- 
ing of velocity and acceleration, of vectors and of relative motion. He then goes on to study 
matter, which we see moving through space in the course of time. In this first examination of 
matter, we develop the concepts of mass and ofits conservation. We then use the evidence of 
physicists and chemists to find that matter is made of relatively few kinds of atoms. Direct 
experience is provided in the laboratory. There, for instance, the students compute the size 
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of a molecule from measurements of thin films of oil. Moving pictures extend this direct 
laboratory experience by showing experiments which are beyond the reach of students. 

Throughout, the student is led to realize that physics is a single subject of study. In par- 
ticular, time, space, and matter cannot be separated. Furthermore, he sees that physics is a 
developing subject, and that this development is the imaginative work of men and women 
like him. 

The topics in the PSSC course are selected and ordered to progress from the simple and 
familiar to the more subtle ideas of modern atomic physics. In Part I we have looked at a 
broad picture of the universe. Now as we examine certain fields of physics in more detail, we 
start in Part II with light. We live by light, and the student moves easily into a study of 
sharp and diffuse shadows, reflection in mirrors, and the refraction of light at optical bound- 
aries. The natural development of the subject leads us to develop a particle theory (or model) 
of light. Its discussion illustrates repeatedly the manner in which virtually all scientific 
knowledge develops. Again films—for instance, the film on the pressure of light—help the 
student to go beyond the laboratory. 

Under continued scrutiny the particle model proves inadequate, and the student finds that 
we need another model—a wave model. The laboratory again provides an unexcelled 
source of experience, and here the student becomes familiar with the properties of waves. 
He observes the behavior of waves on ropes and on the surface of water. He begins to rec- 
ognize the group of characteristics that constitute wave behavior. Knowledge of interfer- 
ence and diffraction comes directly from a study of waves in a ripple tank. For the first 
time, perhaps, the smears of light around street lamps, the colors of oil slicks, and the for- 
mation of images by lenses appear as aspects of the wave nature of light. 

During the first half of the course, the principal emphasis is on the kinematics of our world: 
where things are, how big they are, and how they move, not why. In Part III we turn toa 
closer look at motion, this time from a dynamical point of view. With simple laboratory 
apparatus the students discover Newton’s law of motion. They learn to predict motions 
when forces are known and to determine forces when motions are known. Thus armed they 
follow the extraordinary story of the discovery of universal gravitation, Newton’s educated 
guess with which he jumped from the known laws of motion to the law of gravitational at- 
traction. 

The laws of conservation of momentum and of energy are introduced through a combina- 
tion of theory and laboratory exploration. These laws form a substantial portion of Part 
III, and we stress their use in situations where detailed observation of the motion is not pos- 
sible, as in Chadwick’s discovery of the neutron and in the kinetic theory of gases. 

Part IV introduces the student to electricity and through it to the physics of the atom. 
Here the student uses the knowledge of dynamics gained in Part III]. We begin with qualitative 
observations, then proceed to a quantitative study of the forces between charges. We learn 
how to measure very small electric forces and discover that electric charge comes in natural 
units. We then study the motion of charged particles in electric fields and learn how to de- 
termine the masses of electrons and protons. 

Next comes a discussion of magnetic fields produced by magnets and currents, and a dis- 
cussion of the forces they exert on moving charges. As a final part of electricity we discuss 
the induction laws and give the student a qualitative feeling for the electromagnetic nature 
of light. Many of the fundamental ideas are explored in the laboratory—Coulomb’s Law, 
the magnetic field around a current, the force exerted by a magnetic field on a current-carry- 
ing wire are examples. 

Now we use the knowledge gained on a large scale to probe the structure of atoms. Fol- 
lowing the work of Rutherford. we establish the nuclear model of the atom. But some questions 
are unanswered. Why, for example, is such an atom stable? Why doesn’t it collapse by 
emitting light? In searching for answers, we discover that light is both grainy and wavy. 
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Furthermore, we find that although matter behaves like particles, in some respects it also 
behaves like waves. By combining both properties, we can understand the stability of the 
hydrogen atom and the structure of its energy levels. In this part of the course, because 
direct experimentation becomes harder and more expensive, films bring to the student such 
experiments as the Millikan experiment and the interference of photons. At the end of the 
course we have arrived at the modern model of atoms. 

The PSSC course as now presented has proved to be thoroughly teachable. It is useful 
in a wide variety of schools. However, those who have collaborated in building this course 
wish to improve it further. As the Physical Science Study Committee continues this devel- 
opment, your comments will always be welcome. 


JAMES R. KILLIAN, JR. 

Chairman, Board of Trustees 
Educational Services Incorporated 
September 1960 
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THIS BOOK and the coordinated development of laboratory materials, teachers’ resources, 
and films are the cooperative work of many people. Any brief summary of its development 
is bound to be unsatisfactory. Even the basic outline and aims were formulated by a large 
number of people at several centers, and teachers all over the country shared the desire to 
make a fundamental change in the presentation of physics for beginning students. 

The present book is the result of innumerable individual contributions, of extensive trials 
in many schools, and of a process of revision over three years. To assign detailed credit for 
the creation and formulation among the hundreds of contributions is impossible. Neverthe- 
less, as the person who took the responsibility for the selection that now appears, I should 
like to sketch some of the stages. Above all, both on behalf of the PSSC and also person- 
ally, I wish to thank my many co-workers for their part in the difficult but pleasurable ex- 
perience of working together to bring forth a new physics course. 

During the fall of 1956 and the winter of 1957, under the leadership of the PSSC Steering 
Committee, research physicists and physics teachers—often they are the same people—out- 
lined, drafted, and discussed many of the ideas that now appear in this book. Then 
at Massachusetts Institute of Technology during the summer of 1957 some 60 physicists, 
teachers, apparatus designers, writers, artists, and other specialists pooled their knowledge 
and experience to produce a pilot model of the PSSC physics course. 

In common with every section of the course, Part I of this book benefited from the work 
and the discussions of the group as a whole. In particular, it arose largely from the initia! dis- 
cussions of a group at Cornell University, especially Professors K. I. Greisen, Philip Morri- 
son, and Hans A. Bethe. The job of making a complete first draft was carried out during 
the summer by Professor Morrison, with the help of George L. Carr now of Milford Mill 
High School, Baltimore, Maryland, and John Marean of Reno High School, Reno, Nevada. 
With slight rewriting, this draft, edited by Judson B. Cross of Phillips Exeter Academy, Curtis 
Hinckley of Woodstock Country School and me, formed the basis of the first school tryouts. 

From the beginning, work in school has been a major part of the program. The teachers 
have been among the authors. To keep in touch, there has been an extensive program of 
school visiting and meetings between teachers and editors. Every part of the book has been 
improved by this process of testing and revision. For example, several sections of Part 
1 have been revised three times. On the whole, the revisions, again tested in school, have 
proved their worth, and at the same time an astonishing amount of the original conception 
remains basically unchanged. We are particularly grateful for the efforts of the teachers 
who tried the earliest versions and who spent large amounts of time analyzing their experi- 
ence. By now we have benefited by the experience of over 600 teachers and innumerable 
students. Their impressions and suggestions were collected and digested by a feedback 
team. Professor Gilbert Finlay of the College of Education at the University of Hlinois has 
been in charge of this part of the job, and has contributed to the whole project in many ways. 

In revising Part I at various times the special work of the group at the University of Illi- 
nois, that of Walter Michels at Bryn Mawr, and Sherman Frankel at the University of Penn- 
sylvania was combined with more contributions from Professor Morrison and with the work 
of the staff at the central office of PSSC. For the present edition, further revision based on 
more experience in school has been provided by Malcolm K. Smith, Thomas Dillon of Con- 
cord High School, Concord, Massachusetts, Professors Eric M. Rogers of Princeton Univer- 
sity, Nathaniel H. Frank of MIT, and me. 

Most of the discussions and the preliminary development of apparatus that led to Part II 
of this book took place at the Massachusetts Institute of Technology. There, with the aid 
of Professor Walter Michels and Elbert P. Little, later assistant to the president of Educa- 
tional Services Incorporated, I prepared an extensive outline. Following this, the first half 
of the volume was drafted by Professor Michels and Charles Smith of the Radnor High School. 
Radnor, Pennsylvania; the second half by Professors Uri Haber-Schaim and Arthur Kerman 
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of MIT with Richard Jones of Indian Springs School, Helena, Alabama, and Darrel Tomer 
of Hanford High School, Hanford, California. Judson B. Cross and I edited the prelimi- 
nary edition. Since that time it has had a history of tryout and revision similar to that of 
all the other parts. In particular, revisions for the present edition were carried out by Pro- 
fessor Haber-Schaim, Malcolm K. Smith, Professor Kerman, and me. 

Most of the preliminary discussions leading to Part III took place in a group working at 
the University of Illinois. Then at MIT in the summer of 1957, Professors E. L. Goldwas- 
ser, Peter Axel, David Lazarus, Leon Cooper, and Allen C. Odian of the Illinois group 
worked with Thomas J. Dillon, Richard G. Marden of Worcester Classical High School, and 
John H. Walters of Browne and Nichols School to produce the first complete draft. Later 
Part III was considerably redrafted at PSSC to take advantage of the first draft, of sugges- 
tions from many physicists and teachers, and of new laboratory developments carried out by 
the PSSC staff in Cambridge. In this process Professor Bruno B. Rossi, Professor Frank, 
and I (all of MIT), were joined by Professor Eric M. Rogers and Malcolm K. Smith. So 
many members of the PSSC staff, both at MIT and the University of Illinois, contributed 
that it is even less possible here than elsewhere to give a fair impression of their joint efforts. 

The first half of Part IV, dealing with electricity and magnetism, was originally drafted by 
Professor Rossi with the help of Alexander Joseph of the Bronx Community College, Bronx, 
New York, Thaddeus P. Sadowski of North Quincy High School, Quincy, Massachusetts, 
and Edwin Smith, Withrow High School, Cincinnati, Ohio. Also, starting in the summer of 
1957, Professors Herman Feshbach and Roy Weinstein of MIT worked on the job of bring- 
ing as much modern atomic physics as possible from the last years of college physics 
to within reach of beginning students. Following after this and other preliminary work, Profes- 
sor Morrison, Professor Rossi, and I laid out most of the present structure of Part IV, and 
drafts of the text were produced mainly by Rossi and Morrison. Malcolm K. Smith, Profes- 
sor Rogers, Professor Frank, and I have been responsible for bringing the comments of teachers 
to bear on these drafts and for such rewriting and editing as has resulted in the present edition. 
Here we must particularly thank Professor James H. Smith of the University of Illinois, who 
tried some of these materials in preliminary form and pointed out the advantage of one radi- 
cal change in order. We are also especially indebted to Richard Brinckerhoff of Phillips 
Exeter Academy for detailed commentary not only in this part but throughout the text, and 
to David A. Page of the University of Illinois, whose careful classroom observations were of 
great value especially in improving the earlier parts. To their names a great number should 
be added if space permitted. 

In this kind of sketch, it is clear that many people are left out, especially if there is no one 
thing to which their names are obviously attached. Such omissions are painful: often 
enough, wise advice has been as valuable as an identifiable draft of text. Along these lines, 
then, 1 would like to mention the overall contributions of many others. Professor I. 
Bernard Cohen of Harvard University has read successive drafts and supplied historical ma- 
terials. Stephen White, whose main concern has been with the PSSC films, has helped with 
other jobs from time to time since the beginning of the Committee’s work. Paul Brandwein 
of Harcourt, Brace & Company and the Conservation Foundation has supplied detailed 
criticism, encouragement, and aid at many times. For instance, along with George H. 
Waltz, Jr., he helped to set up the effective system which turned authors’ scrawls into 
respectable preliminary editions. In this process we benefited from the editorial experience 
of Judy Meyer and Lee Wertheim. Judson B. Cross and Malcolm Smith acted as executive 
editors of the preliminary volumes. For three years their work and mine has been lightened 
and made effective by the efforts of Benjamin T. Richards, who supervised the production 
of the texts for schools. Over the last year we have been joined by Richard T. Wareham, of 
D. C. Heath and Company, who smoothed the transition into this edition. 

In this book the illustrations are essential. They were created by cooperative work 
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between the illustrators, photographers, and physicists. Peter Robinson and Percy Lund 
have worked hard to make their illustrations meet our needs. James Strickland and 
Berenice Abbott have worked together to produce many of the excellent photographs; others 
were taken by Charles Smith, Ben Diver, Phokion Karas, Robin Hartshorne, Paul Larkin, 
and (in Part IIl) by Professor Chalmers Sherwin and Louis Koester of the University 
of Illinois. Special film clips were supplied by the Educational Services Incorporated film 
studio, where work on the related films has gone on in close collaboration. 

The preliminary editions and the classroom work of teachers were essential to the process 
of developing this course. In utilizing them to bring about further improvements, the work 
of Gilbert Finlay and his co-workers, who stayed in close touch with teachers, was supple- 
mented by information gathered directly from testing of students. Here Walter Michels 
made another of his many contributions. With Frederick L. Ferris, Jr., of Educational Test- 
ing Services and a group of physicists and teachers from the region around Philadelphia, he 
is responsible for a large set of standardized tests from which we learned much. Professor 
Hulsizer of the University of Illinois provided a teacher’s guide to the test answers; and he 
and several others at Illinois and MIT have helped with test revisions. The Illinois group 
has taken the major part in development of detailed resource books for teachers, and in this 
they have been joined by the PSSC staff in Cambridge. who (with the usual aid from 
all sources) worked out both the student laboratory and the laboratory parts of the teacher’s 
materials. 

It is impossible for me to express my thanks adequately to those people whose continuing 
wisdom has been my chief reliance. The trouble—and pleasure—is that there are too many. 
Professor J. R. Zacharias has restrained himself with admirable control when, as often hap- 
pened, the text or laboratory was not sufficiently settled to ease his job of making an ac- 
companying film. He has encouraged us with his confidence despite the inevitable 
problems that arose in some of the new developments. Professors Morrison, Rogers, Frank, 
and Rossi have been among the major creators and selectors of material at every point. 
The whole process has been a continuing cycle and I can only stop where I began, by 
acknowledging our indebtedness to more people than I could make clear with ten times this 
space. 


FRANCIS LEE FRIEDMAN 
September 1960 


THE SECOND edition, like its predecessor, is the fruit of the thought and effort of many 
people. It is impossible even to name the many persons—college and university professors, 
high school teachers, and high school students—who have contributed helpful criticisms and 
suggestions for revising the course. The members of the PSSC Steering Committee have 
taken an active role in evaluating these suggestions, generating new ideas, and approving 
the changes made for this edition. They are Judson B. Cross, Educational Services Incor- 
porated; Frederick L. Ferris, Jr., Princeton University; Dr. Uri Haber-Schaim, Educational 
Services Incorporated; Ervin H. Hoffart, Educational Services Incorporated; Professor Robert 
I. Hulsizer, Jr., Massachusetts Institute of Technology; Professor Aaron Lemonick, Prince- 
ton University; Professor Philip Morrison, Massachusetts Institute of Technology; Professor 
Melba Phillips, University of Chicago; Professor Byron L. Youtz, Reed College; and Profes- 
sor Jerrold R. Zacharias, Massachusetts Institute of Technology. 

The complete rewriting of Chapter 31 and considerable revision of Chapter 30 were done 
by Professor Phillips and Professor Stefan Machlup of Western Reserve University. Help- 
ful criticisms of their draft chapters and additional suggestions were contributed by Profes- 
sors Anthony French of Massachusetts Institute of Technology and Arnold Arons of 
Amherst College. 
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Professor Philip Morrison was most helpful in reviewing the proposed changes for Part I 
of the text; he also contributed the essay on molecules and chemical structures at the end of 
Chapter 8. Professor Stephen Kline of Stanford University made many useful criticisms 
and suggestions on the treatment of the subject of heat and the conservation of energy. 

The development by PSSC staff members of an effective, low-cost Millikan apparatus now 
allows the student to find his own evidence for the existence of the elementary charge in- 
stead of relying entirely on the film. Relevant portions of the text have been rewritten by 
Dr. Uri Haber-Schaim to take account of this new laboratory development. 

The final choice of material for this edition was, of course, my responsibility. 

In addition to Dr. Haber-Schaim, who has been a constant source of advice in all phases 
of this revision, I am indebted to many other members of the PSSC staff. Ervin H. Hoffart 
has collected and compiled feedback for the past six years and has distilled it into a form 
useful for the revision process. Judson B. Cross has again offered useful editorial advice on 
several chapters. Over the past several years a group of staff members have generated and 
tested new Home, Desk, and Lab problems. James Walter was particularly helpful in 
selecting and organizing the material for that all-important part of the text. 

Paul Larkin has guided the many revisions of art work necessitated by pedagogic or 
artistic considerations. In this he was assisted by George Cope-and his staff in the photo- 
graphic studio of Educational Services Incorporated and by Dr. James Strickland of the 
movie studio, which generously supplied frames from existing films. John DeRoy of the 
PSSC shop lent his skill to setting up experiments and demonstrations for photographing. 
The lists of “Further Reading” at the ends of chapters have been expanded and brought up 
to date by a team of experienced high school teachers under the direction of Bruce Kingsbury. 

As with all previous versions of this work, Benjamin T. Richards has assumed responsi- 
bility as production editor. For cooperation and assistance we are indebted to Louis Vogel 
and other members of the editorial and art departments of D. C. Heath and Company. 
Finally, I wish to acknowledge my indebtedness to my editorial assistant, Andrea Julian, 
whose sharp eye and understanding of physics have detected many lapses in consistency and 
clarity. 


The fact that this course has been so widely and successfully used and has required so little 
real change in the revision is the highest possible tribute to the judgment and taste and in- 
sight of the man who, above all others, was responsible for the first edition: the late Francis 
Lee Friedman. It is my earnest hope that this edition has retained the spirit and the style 
which he established, while at the same time reflecting the light of experience and showing 
a Sensitivity to the valid criticisms which we have received. 


Byron L. YoutTz 
July 1965 
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The 
Universe 


The Heart of a Galaxy: This 
photograph, taken with the 
100-inch telescope at Mt. 
Wilson, shows the central region 
of the Great Galaxy in Androm- 
eda, the sister to our own 

Milky Way system. If we 

could observe all that is taking 
place in such a galaxy, on 
successively smaller scales 
down to where we could 
perceive subatomic particles, 

we would find all of the 
principles of physics 
demonstrated. 


chapter 


: 


An 
introduction 
to 
physics 


WHEN A FLASH of lightning shatters the dark, 
the radio crackles and your eyes are dazzled for 
a few seconds. A moment later you hear the 
roll of thunder, and a loose windowpane rattles. 
Three states away in a storm-location center, a 
radio-locater can pinpoint the lightning stroke; 
and downtown the weather forecaster, hearing 
a faraway rumble, nods as if he had been ex- 
pecting the storm. 

Here is a chain of events, different events, 
taking place at different places and different 
times. They are all linked. How are they tied 
together, and just what is happening to eye, to 
ear, to the radio, and in the air itself? 

Take another chain of events. In the test 
shops of a steel mill you can watch a thin bar 
of a new alloy pulled at its ends by the powerful 
jaws of a testing machine as big as a house, 
which is driven by a fast-whirring electric motor 
no bigger than a football. The solid bar slowly 
yields to the pull. It stretches out like a piece 
of taffy, and breaks a little later with a jangle of 
sound. How does it all work? What holds the 
bar together? Why did it finally give way? 
And, by the way, why is steel stronger than 
glass? Why is it more dense than aluminum? 
Why does it rust? 

Men once feared the “illness of the sun,” 
when the sun disappeared and the earth dark- 
ened. Then we learned about the complex 
motion of the moon. Eclipses became far easier 
to predict than tomorrow’s weather. The moon 
has been circling our planet since long before 
the first dinosaur walked the earth. A man- 
made satellite can circle the globe for a long 
period without propeller, jet, or wings—a tiny 
synthetic moon. How do satellites move? How 
can we design our own? How can we visit the 
moon? 

Physics enables us to answer such questions. 
It gives us the power to predict and to design, to 
understand and to adventure into the unknown. 
From what we learn in physics, new things are 
made. With new answers in physics, new ques- 
tions are always arising. Many of these ques- 
tions would never have been asked if physics 
itself had not been put to use. 

Before the time of Galileo there were no 
astronomical telescopes. Once Galileo had put 
together two lenses to make an astronomical 
telescope and had discovered four moons re- 
volving around Jupiter, more and better tele- 


scopes were designed and made. With their 
aid, new heavenly bodies were found, such as 
the many small planets called asteroids that 
move between the orbits of Jupiter and Mars. 

New questions now arose. How could the 
complex motions of these moons and asteroids 
be explained? To answer questions like this, 
much of the special mathematical branch of 
physics called mechanics was developed. Begin- 
ning in the eighteenth century, rapid advances 
were made in this study of how objects move 
when subjected to complex forces. The new 
knowledge of mechanics led to the better design 
of machines. So we see that without the tele- 
scope, mechanics would have taken a slower 
course. 

More recently, around fifty years ago, the 
beginnings of the understanding of atoms made 
it clear how to build much better air pumps than 
ever before. With these new pumps, a good 
vacuum was easy to obtain, and with a good 
vacuum experiments that formerly were im- 
possible started researchers delving into the 
nature of electrons and atoms. This ability to 
produce a high vacuum, and the knowledge it 
brought, led to such varied practical achieve- 
ments as radio and television tubes, concen- 
trated orange juice, and atomic energy. This 
atomic research also clarified the very founda- 
tion of chemistry by making it possible to deter- 
mine what holds two atoms together or what 
keeps them apart. 

So the subject grows. It is like a great build- 
ing under construction, not a finished structure 
around which you have only to take a guided 
tour. Though some parts are pretty well com- 
plete, and both useful and beautiful, others are 
only half done. Still others are barely planned. 
New parts will be started and completed by the 
men and women of your generation, possibly 
by you or your classmates. Once in a while, a 
finished room in this structure known as physics 
is found unsafe, or no longer large enough for 
new discoveries, and the room is abandoned or 
rebuilt. But the great foundations are well laid 
and stand on pretty solid ground. These re- 
main unchanged though changes go on above 
them. It is the intent of this book to let you see 
the plan of the building, to show you what the 
builders have done, to look at some of the parts 
they are working on now, and to notice occa- 
sionally where the design is still incomplete. 
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An engraving of the laboratory of Michael Faraday at the 
Royal Institution in London about 100 years ago. In the 
lower right-hand corner is some of the apparatus he used in 
his work on electricity. (From ‘'‘Life and Letters of Fara- 
day,"’ by Dr. B. Jones, Longmans, Green.) 
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A typical modern American physics laboratory. Compare 
it with Faraday’s lab shown in Fig. 1-1. 
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1-1 The Tools of Physics 


Physics requires tools—tools of every kind. As 
with nearly all activities of human beings, the 
key tool of the physicist is his mind. Next, he 
needs language to make clear to himself and to 
others what he thinks and has done, and what 
he wants to do. Mathematics, which can be 
thought of as a special, supremely clear and flex- 
ible international language of relation and 
quantity, is also an important tool in his kit— 
and his own eyes, ears, and hands are very im- 
portant indeed. He regards these as the first 


COMPTES GNIS 


1-3 In 1896 the French physical chemist Henri Becquerel dis- instruments for collecting information about 
covered radioactivity by exposing a photographic plate to the events of the world, a world which he tries 
a uranium salt. The photographic plate was wrapped in to understand and to control. Then, to aid his 


black paper, and crystals of uranium acetate were laid on 


‘ senses, and to produce the special circumstances 
‘op. 


he sometimes wants to study, he must make use 
of a rich variety of other tools, instruments, 
machines, or contrivances. 

Sometimes the tools of physics may be simple. 
In 1896 Henri Becquerel discovered the strange 
radioactive properties of uranium, and began 
the branch called nuclear physics, with no other 
equipment than a photographic plate, wrapped 
in black paper, and a few crystals of a special 
chemical salt. In 1934 Fermi and his associates 
in Rome discovered the slow-neutron basis of 
atomic energy. They used simple apparatus— 
a hospital radium supply, a marble fountain 
basin of water, some pieces of silver and cad- 
mium, and an instrument made of little pieces 
of thin metal leaf mounted on a small micro- 
scope. Following up the work of Fermi, five 
1-4 The resulting exposure, like the one reproduced here, could years later Hahn and Strassmann discovered the 

only result from some invisible yet penetrating emanations fission of uranium. They worked with simple 
from the salt, since light was never permitted to strike the : : . 
photographic plate. Here is an example of a simple means chemical equipment and a commonplace Gei- 
used to obtain an important fundamental result. ger counter. Who will next found a branch of 
science with simple tools and a really good idea? 
We do not know, but it is bound to happen. 

Sometimes the tools of physics may become 
wonderfully complex. The instrument-filled 
satellite and the space probe are tools of the 
physicist who seeks to understand the rain of 
particles falling upon the earth from outer 
space, or the properties of that space itself. The 
giant bevatron at Berkeley, California, (Fig. 
1-5) and its accompanying liquid-hydrogen 
bubble chamber (Fig. 1-6) are the tools of the 
physicist interested in studying the properties of 
the tiny particles which somehow constitute the 
atom (Fig. 1-7). 
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1-5 The bevatron at the University of California Lawrence Radiation Laboratory is an example of a large and complex tool. The man 
in the lower right gives an idea of the dimensions of this giant accelerator. The huge ring-shaped magnet weighs as much as a ship 


and requires as much power asa small town. This large tool is used in obtaining evidence of the behavior of particles too small to 
be seen with any device so far developed by man. (Courtesy: University of California Lawrence Radiation Laboratory.) 
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1-6 Here again is a very complex instrument to extend our 1-7 Even though the instruments used to produce this picture are 
senses. This liquid-hydrogen bubble chamber is used to wonderfully complex (Fig. 1-5 and 1-6), the final data 
make visible trails (Fig. 1-7) of the tiny subatomic particles 
coming from the bevatron (Fig. 1—5). 


appear on a photographic film in much the same way that 
Becquerel’s data appeared (Fig. 1-4). 
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1-2 The People of Physics 


The people who design and use the kind of 
equipment you have been reading about are 
physicists. When their skills are primarily those 
of designing and performing experiments, they 
are called experimental physicists. When, on 
the other hand, they are skilled primarily in the 
use of mathematics in the problems of physics, 
they are called theoretical physicists. Benjamin 
Franklin and Mme. Marie Curie were experi- 
mental physicists. Isaac Newton and Albert 
Einstein were theoretical physicists—perhaps 
the greatest. 

In the earlier days, the tools, both experimen- 
tal and mathematical, were so simple that a 
single man or woman could become skilled in 
the use of both kinds. Isaac Newton not only 
made the thrilling experiment of breaking sun- 
light into colors with a prism, but actually in- 
vented for his own use one of the most useful 
forms of mathematics, the calculus. Franklin 
contributed to electrical theory, besides invent- 
ing and performing many key experiments. 
Nowadays some of the tools are so complex that 
few physicists are versatile enough to become 
masters of all of them. But whether theorists 
or experimenters, the people who build physics 
are all physicists. 

However, most of the people who study the 
fundamentals of physics do not go on to become 
physicists. Many go into related fields, such as 
engineering or other sciences, and many will 
leave science altogether. But whether you go 
on or not, you can find in the physicists’ story 
of nature a great deal that will help you in 
understanding the changing and exciting world 
in which we live. For physics lies behind the 
headlines, behind the gadgets that create the 
new jobs, and behind the new problems every 
citizen has to face. In studying this growing 
subject, one of the most significant in the history 
of man, you will have a chance to nourish that 
curiosity about the world which marks us 
humans off so sharply from the other animals, 
that wonderful feeling of wanting to know which 
can be a deep satisfaction throughout a whole 
lifetime. 
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The most universal physical instruments are 
built into our bodies. Through our eyes we get 2 
most of our information about the world. 
Nearly as important are our ears, which bring 
us sounds. Then there are the various impres- 
sions of touch. These include the very delicate 
touch of our fingertips on which we rely for tex- 
ture, the muscular senses of pushing and pull- 
ing, by which we form the impressions of weight 
and solidity, the feel of hot and cold, and our 
inner sense of balance. Smell and taste—more 
important to chemistry than to physics—are 
also important sources of what we know about 
the outside world. These tools, which contin- 
ually bring information to us, are, as you know, 
called the senses. Moreover, we not only pas- 
sively sense the world, but with our hands and 
back and legs we handle and move some parts 


of it. = 
It is true that no one has to manufacture or ime 


buy his eyes or his ears, but their use is not en- 

tirely given to us at birth. We all had to train and 

ourselves to use them. We all had to learn to 

interpret the images we see and the sounds we 

hear, to learn that the little patch down the measu rement 
street is the school building, big as life when we 

get near it. As babies we spent much of our 

time learning these things. We cannot remem- 

ber how hard it was, just as we cannot remem- 

ber learning to talk. 

The senses can be deceived. Optical illusions 
are familiar. Perhaps the most common one 
forms the basis of the “movies.” If you examine 
a strip of movie film, you will see that it bears a 
sequence of slightly differing still pictures. Run 
them by fast enough, and the eye will blend 
them into a smooth succession, which we recog- 
nize as motion. Your sense of temperature can 
also be fooled: if you hold one hand in a pan of 
hot water and the other in cold water and then 
put both hands simultaneously into a pan of 
lukewarm water, the “cold” hand will feel hot, 
and the “hot” hand will feel cold. (If you 
haven’t tried this, try it.) 

Like the senses, all the other instruments of 
the physicist can be deceived—even the most 
accurate and sensitive, such as delicate bal- 
ances, electronic meters, and timing devices. 


2-2 
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They all have their limitations. Testing the 
readings of his instruments, like questioning the 
first impression of the senses, is part of the cross- 
checking which has to go into every conclusion 
made by the physicist. But this careful cross- 
checking gives him confidence in his instru- 
ments, just as our sense of touch can be a valu- 
able cross-check to confirm what we see with 
our eyes. 


The Key Concepts of Physics; 
the Need to Extend the Senses 


Let us consider a few of the most basic notions 
of physics, time and space, and their combina- 
tion in what we call motion and matter. No 
doubt we gain our first impressions of these 
through our senses. But it is pretty clear that 
in order to learn all that we want to know about 
time, space, and matter we must extend and 
sharpen our sense impressions by the use of 
other tools. 

Consider first what we call time. Lying in 
bed, running down the hall, riding in a plane, 
we are always aware (if we are aware of any- 
thing) of the passage of time. We all have a 
measure of time built into us: the heartbeat. 
About once a second—sometimes slower, some- 
times faster—it beats for our whole lifetime. 
We have other measures of time, too, which we 
all know. The sun marks day and night. The 
four seasons pass, and we all hope to see a few 
hundred of them come and go. Much longer 
than that, or much shorter than a heartbeat, or 
the blink of an eye, we cannot directly grasp. 
But certainly time extends far beyond these 
bounds—back to before we were born, ahead to 
after we die—and for moments too fleeting for 
us to capture. Our parents recall what we can- 
not; the historians tell us more than that; big 
trees go back centuries; and we do not doubt 
that the hills and the rocks themselves are far 
older. All these things are beyond the direct 
grasp of our personal time sense. 

A second important notion in physics is dis- 
fance, or space. We can pace off a mile, with a 
little effort. We can span a short distance with 


our fingers, or with our extended arms. Wecan 
even hold our fingertips close together to show 
a hairsbreadth of space between them, but it is 
hard to measure off less. How can we measure 
distances greater than we can pace off or smaller 
than we can feel? As we shall see, the measure- 
ment of extremely short and extremely long dis- 
tances is important for understanding the way 
the world works. To gain this understanding, 
physicists have developed methods of measur- 
ing the distance to the planets and the stars, and 
the means of measuring the size of atoms. 

The third key notion is substance or material, 
or matter as it is more commonly called. It is 
one of the main successes of physics in our times 
that we have learned a great deal about the in- 
ner nature of matter. We have learned that all 
the differing materials—skin, bone, blood, rock, 
steel, nylon, air, even the sun—are composed of 
the same tiny building blocks, the atoms. Their 
combinations “‘spell out” the nature of the com- 
plex world in which we live, and even the nature 
of our bodies. Just as a couple of dozen letters 
of the alphabet make up all the books that have 
ever been written in the English language, so the 
combination of a few building blocks makes up 
all matter with its great variety. We did not dis- 
cover these atoms by the direct use of our 
senses. They are far too small for us to see in 
everyday experience. We learned of their exist- 
ence by extending our senses, using the ideas 
and techniques of physics and chemistry. 

Here we have not sharply defined space, time, 
and matter. These fundamental concepts are 
familiar enough to everyone, and yet they are 
hard to define. The main point is that we take 
these three key concepts from everyday experi- 
ence. We establish them by the use of our own 
built-in detecting devices—eyes, muscles, and 
so on. For example, we sense big pieces of 
matter: mountains, perhaps a stretch of ocean; 
and small ones: down, it may be, to the fine 
grains that make up white flour, or the motes of 
dust that we see in a sunbeam. 

It is our first job to find how we can go beyond 
these ordinary experiences. We must find out 
how to talk in an orderly fashion about things 
far away from the familiar experience of every- 
day life. Doing this will bring us into the heart 
of the subject. 


2-3 Time and Its Sweep 


Close your eyes for a short time. Then open 
them while you count “one, two, three.” Close 
them again. Now what did you see while your 
eyes were open? If you were in a normal room, 
not much happened. Things appeared un- 
changing. But if you sat for a few hours with 
your eyes open you would find people going in 
and out, shifting chairs, opening windows. The 
whole activity of the things in the room appears 
to depend on the time interval over which you 
watch. Watch for a year, and the plant in its 
pot will grow up, flower, and wither. 

Keep the experiment going, at least in 
thought. Watch for a hundred years, and the 
building may have come down about you. A 
thousand years? No American town has lasted 
for a thousand years, except possibly for a few 
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Indian villages of the Southwest. Ten thousand 
years? In that time the Niagara River will have 
cut away the rock, and the falls will have 
receded far upstream. In a million years much 
of the American landscape will be unfamiliar. 
(Fig. 2-1.) 

We can try now to go from long time intervals 
to short ones. Imagine the same room, but now 
open your eyes for briefer and briefer times— 
“quick as a wink,” as the saying goes. Better 
yet, use a camera, for this is exactly what the 
camera shutter does for you. Now that blur 
over there where the electric fan is whirring 
stands still, and sharpens into a set of four fan 
blades. A little faster, and the wings of a fly, 
which you cannot see normally even as a blur, 
wili also appear clearly. At this stage your eye 
—or its camera-shutter stand-in—is opening for 
only a few thousandths of a second. 


2-1 Niagara Falls illustrates the slow changes that time brings to the face of our world. The dotted line in the photograph shows the 
shape of the American Falls before a slide carried away about 15,000 tons of rock from its lip in 1954. This process, continuing 
over long periods of time, has caused the falls to move miles upstream to their present location, and in 10,000 more years will 
carry them far beyond in the direction of Lake Erie. (United Press Photo.) 
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2-4 Short Time Intervals; Multiple Flash 


Of course, you cannot really blink your eyes 
fast enough to notice the effects mentioned in 
the last section. However, the shutter of a 
camera can be opened and closed very rapidly. 
For example, the shutter of a simple one-speed 
camera stays open about %o second; with an 
adjustable camera you might decrease this time 
interval to 250 or even Yiooo second. However, 
in many instances, the event that we want to 
photograph takes place so quickly that we 
would still get just a blur. We must use another 
technique—the high-speed flash—to “freeze” a 
very fast motion. A camera is set up in a dark- 
ened room; while the shutter is open, an intense 
flash of very short duration lights the subject. 
The camera film can record the subject only 
while it is lit, so the resulting photograph shows 
an event which happened in an extremely brief 
time interval (Fig. 2-2 and 2-3). 

Now, suppose we want to record a sequence 
of events. We would need a series of pictures, 


2-2 This high-speed photograph shows a .30-cal bullet as it 
smashes into a light bulb. The duration of the flash was 


less than one-millionth second. Note the rifling marks on taken one right after another. An ordinary 
the body of the bullet as well as the cracking of the glass. movie camera exposes sixteen or twenty-four 
(Courtesy: Harold E. Edgerton.) frames (individual pictures) in each second, 


and the pictures are shown on the screen at the 
same rate (Fig. 2-4). As you know from expe- 
Tience, when you see a movie, the motion ap- 
pears to be smooth and continuous, not just 
twenty-four jerky motions per second. This is 
. because our eyes actually retain images for a 
iff time somewhat longer than a twentieth of a 
i second. This retention is called persistence of 

ch vision. 
, Suppose, however, that the sequence of 
wt events that we wish to record is that of a bullet 
puncturing a toy balloon. With an ordinary 
f movie camera we could record in one second 
‘ only twenty-four pictures, with an interval of 
%4 second between pictures. During the time 
the camera is not recording, the bullet may well 
enter and leave the balloon, and we would have 
no record of the impact itself. However, if we 
use a fast-moving film, keep the camera shutter 


2-3 The human eye is not fast enough to catch the rapid motions 


(60 per second) of a hummingbird’s wings. In this high- open in a darkened room, and repeat our high- 
speed photograph the flash lasted only 1/300,000 second. speed flash every 4000 second, we can record an 
Therefore we see the wings apparently motionless. If the event every Ysooo second, rather than every You 


exposure dime iad /becnvasslatge.ce 1 # Laut Aecone, she second. This multiple-flash technique was used 
wings would have moved noticeably during the exposure 


time and produced a blurred image on the film. (From - take the series of thirteen pictures in Fig. 2-5. 
Crawford H. Greenewalt, ‘“‘Hummingbirds,’’ American Since the time between successive pictures was 
Museum of Natural History.) Ysooo second, the total time elapsed between the 


2-4 Producing the effect of motion with still pictures. These five 


photographs were taken with a 35-mm motion-picture 
camera at the rate of 24 pictures, or frames, a second. 
The holes at the sides of the strip are sprocket holes by which 
the film is pulled past the lens in a series of jerks. Note the 
changing position of the diver from frame to frame. All 
the action took place in 1/6 second. When the film is 
projected, we actually see a series of still pictures in rapid 
succession. However, because the eye retains a given 
image for a fraction of a second, we get the impression of 
motion. 


2-5 These pictures, taken at the rate of 4000 a second, show a 


bullet as it punctures a toy balloon. A total time of 3/1000 
second elapsed between the first and last pictures. In less 
than 1/1000 second the bullet punctures and leaves the 
balloon and passes out of the frame of the picture; com- 
pare this time with the time it takes the balloon to collapse. 
(Courtesy: Harold E. Edgerton.) 


2-6 
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first and last pictures is '%4000 = ‘ooo second. 
Also, by examining the third, fourth, and fifth 
pictures, you can see that it took the bullet less 
than %4o000 of a second to enter and leave the 
balloon. Thus, from these flash pictures we get 
two physical measurements—the time interval 
for the bullet to pass through the balloon and 
the time interval for the balloon to collapse. 
Neither of these measurements could possibly 
have been made without a method of extending 
our senses. 

With multiple-flash photography, we can 
make pictures of many rapidly moving objects 
—familiar things from raindrops to machine 
parts, baseballs, and bullets. We can also take 
pictures of things that we may want to measure 
as part of our investigation in physics. In this 
book you will find many examples of the use of 
the flash technique to study motion. This tech- 
nique, and a similar technique that you will 
develop in laboratory, will be among our most 
important tools. Frequently, it is not necessary 
or even desirable, to take each successive flash 
picture on a separate frame. We can make a 
multiple exposure at equal time intervals on one 
piece of film. See the cover of this book, or 
Fig. 6-18, for examples. 

Taking photographs at regular time intervals 


Using a hand stroboscope. With twelve slits you can meas- 
ure a time interval one twelfth of the time of one rotation of 
the disc. 


2-5 


not only allows us to analyze motions that hap- 
pen too quickly for us to follow with our eyes 
alone; it also allows us to see these motions 
slowed down. For example, frames taken at a 
rate of 4000 per second may be shown at a rate 
of twenty-four per second. 

We use this technique in reverse to study 
motions which take place slowly. The growth 
of a flower, the motion of the tides, and the 
movement of a glacier are all motions that span 
long time intervals. These intervals are so long 
that normally we get no feeling of motion by 
direct observation. To observe these motions 
as a whole, we use time-lapse photography. In 
this case, a photograph is taken of a blossoming 
flower, say, every hour. This series of photo- 
graphs is then projected on a screen at the nor- 
mal projection rate. We thus see in minutes a 
motion that may have happened in days. 


Repetitive Motions; the Stroboscope 


Many motions with which you are familiar re- 
peat themselves over and over again; common 
examples are the rotation of the blades of an 
electric fan or of a phonograph turntable, the 
up-and-down motion of a sewing-machine 
needle, or the vibration of a doorbell clapper. 
You can measure the short time intervals in- 
volved between successive repetitions of these 
motions by a method rather similar to multiple- 
flash photography but much easier to use. For 
this purpose, we use a stroboscope. One form 
of this instrument is shown in Fig. 2-6. It con- 
sists of a large disc with slits spaced at equal 
intervals around the circumference. 

To see how this device allows us to measure 
short time intervals, consider first a disc strobo- 
scope with only one slit. We can use this one- 
slit stroboscope to measure the time it takes the 
turntable of a record player to go through one 
rotation. First we mark the turntable with an 
arrow and let the record player settle down to 
its steady motion. Then we set the stroboscope 
spinning and look through the slit as shown in 
Fig. 2-7. Each time the slit passes we get a 
glimpse of the turntable. 

Now suppose that we spin the stroboscope so 
that the slit goes all the way around in exactly 
the time of rotation of the turntable. Then, each 


time that we can see through the slit the arrow 
on the turntable will be in the same position. It 
will appear to stand still even though it is really 
rotating. In this instance, then, the time for one 
rotation of the stroboscope measures the time 
for one rotation of the turntable. On the other 
hand, if the stroboscope spins faster than the 
turntable, the arrow on the turntable will not 
get all the way around between glimpses, so it 
will not seem to stand still. Also, if the strobo- 
scope goes too slowly, the arrow will move 
around by more than one rotation between 
glimpses; so again it will appear to move. Con- 
sequently, by adjusting the speed of the strobo- 


2-7 The principle of the stroboscope. When the disc in front of 


the observer's eye is rotating at the same rate as the turn- 
table, the observer will see the arrow only when it is in a 
particular position. The motion is then ‘‘stopped.’’ What 
are the limitations of this device? 
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scope to make the arrow appear to stand still, 
we automatically set the times of rotation equal; 
and we can use the stroboscope speed—at our 
control—to measure an unknown time of ro- 
tation. 

The stroboscope can also be used to measure 
the time of rotation of an object that is turning 
much faster than you can conveniently turn the 
stroboscope disc. For example, if the disc has 
twelve equally spaced viewing slits, then the 
viewer gets twelve glimpses for each rotation of 
the disc. This means that a stroboscope with 
many slits can measure a time interval much 
shorter than the disc’s rotation time—as many 
times shorter as there are equally spaced slits in 
the disc. 

As an example, suppose we use the strobo- 
scope to watch a small ball being whirled 
around on the end of a short string. We find 
that the ball appears to stop when the disc 
makes one rotation every two seconds. If our 
instrument has six slits, then in two seconds we 
get six glimpses—the time between glimpses is 
Y% second. Since the ball appears stopped at 
each glimpse, the time for one rotation of the 
ball is 4 second. 

A stroboscope, like any other instrument, has 
its limitations. If the disc is spinning too fast 
or the slits are too numerous and small, very 
little light can pass through a slit, so that you 
cannot see clearly. 

There is a kind of confusion possible, too. 
Consider our example of the one-slit strobo- 
scope “stopping” the motion of a record-player 
turntable. Since the turntable appeared at the 
same place each time we could see it, we as- 
sumed that its time for one rotation was equal 
to that of the disc. There are, however, other 
possibilities. The turntable could have gone 
around two, three, four, ... times during one 
rotation of the stroboscope; and we still would 
have observed the same effect. How can we be 
sure that we really see the turntable on succes- 
sive rotations? This problem occurs quite fre- 
quently when using a stroboscope, but there is 
a simple way to get around it. When the motion 
appears to be stopped, simply increase the speed 
of the stroboscope. At some faster speed, the 
motion will seem to stop again. If this “stopped 
pattern” looks identical to the previous one, it 
is necessary to increase the speed yet again. 
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Finally, you will produce a “stopped pattern” 
which is new, and in fact nonsensical; this 
means you are now turning the stroboscope too 
fast. For example, if the rotating turntable 
seems to have two arrows, instead of the one 
arrow you marked on it, you are turning the 
stroboscope twice as fast as you should. Why? 
The highest speed of the stroboscope which pro- 
duces a sensible stopped motion will give the 
time of rotation of the turntable. 

By the way, it is also possible to take multiple- 
exposure photographs of moving objects by 
using a hand stroboscope (a motorized version 
is better) instead of a light source which is 
flashed on and off repeatedly at high speed. The 
stroboscope slits can be rotated past either the 
camera lens or a continuous light source to pro- 
duce the “multiple-flash effect.” In this case, 
we can choose the rotation speed and the num- 
ber of slits to produce regular time intervals for 
exposing the photographic film. The length of 
these intervals can be chosen so that the moving 
object goes a small but measurable distance 
across the picture. See the example on the 
cover of this book. 


2-6 Comparing Times; Counting Units 


One of the physicist’s big tasks is to find a way 
to talk clearly about all these time intervals. 
He must be able to compare them, to use them, 
to predict them, however large or small they 
may be. He needs a measure. 

The measurement of time is familiar to every- 
one. We all know about the second, the day, 
week, month, year, century. All of these are 
built on a single simple principle: counting. 
The part of mathematics most important in 
physics is counting! To measure time intervals, 
physicists simply count off seconds.* Every 
time interval can be expressed as so many sec- 
onds. It is sometimes convenient to use days, 
Just as it is sometimes convenient to count by 
dozens instead of by ones. A day is shorthand 
for 86,400 seconds. For time intervals shorter 
than one second we have to count by fractions 


* A “minute” is a tiny part of an hour: 2 of a minute is a kind 
of minute of a minute. Long ago. it was called a second min- 
ule. We have shortened our speech, and call it just a 
“second.” 


of a second. The physicist uses decimal frac- 
tions, like tenths, hundredths, thousandths, and 
so on. 

All of our time counts are in terms of seconds. 
What is a second and why was it chosen? There 
is no particular reason for the choice. It is com- 
pletely arbitrary. We might as well have chosen 
a time unit twice as long, or half as long. It 
would have worked just as well. There is no 
natural division of time known to us that would 
apply throughout the universe. Perhaps the 
second is convenient because it is not very far 
from the interval between heartbeats. This is 
not fundamental, however. What is important 
is that a unit be clearly defined and easily repro- 
duced so that it is available to everybody. 

A second is approximately defined as the time 
between “ticks” on a clock which makes 86,400 
ticks while the sun moves from its noon position 
on one day to its noon position the next day. 
From measurements of the sun’s motion, 
astronomers can calculate with great accuracy 
just when it crosses the highest point in its 
journey, and from that they fix the time. Be- 
cause the sun moves at somewhat different 
speeds across the sky during the year, an aver- 
age is taken over all days, and this average 
defines the second. 

The earth is ever changing. Earthquakes, 
floods, eruptions, freezing, and melting take 
place. Even the earth’s rotation, which causes 
the apparent motion of the sun in the sky, 1s not 
really unchanging. We know it changes a little, 
because some very good clocks agree among 
themselves better than any of them agree with 
the observations of the sun. Therefore the 
physicist usually defines the second by the care- 
ful maintenance and cross-checking of the best 
observatory clocks. Any laboratory time 
measurement must in the end be referred to 
them if high accuracy is needed. 

Just what makes a clock keep accurate time is 
a very hard and deep question. This is not 
simply a matter of the complicated works you 
see in an ordinary watch or clock. It is rather 
what you mean by time itself. Let us be satis- 
fied with the idea that very carefully protected 
beating pendulums, or the newer electronic 
clocks which depend on the vibrations of a thin 
slab of quartz crystal, all count off accurate 
time. If they are compared over years and 
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years, they agree with one another with high 
precision all over the world. Still newer ones, 
using as vibrators certain atomic vibrations 
themselves, are now being built. No one knows 
if there may not be some slight differences 
among all these means of marking time. We 
know that so far there have been none big 
enough to notice. One of the tasks of future 
physics is to press this question further. 

Time measurement gives rise to what appear 
to be two different questions: “How long did it 
take?” and “‘When was it?” The first question 
we answer by giving a time interval: ““The race 
took four minutes.” The second question is 
answered by a statement such as “The race 
started at five o’clock yesterday afternoon.” 
For the first measurement, a stop watch is good 
enough; it ticks off, starting at zero, and meas- 
ures the length of a time interval. In the second 
case, the reading on a correct clock is needed. 
But this is really much the same thing, for a 
clock simply measures the interval from some 
arbitrary starting time, say midnight. The ex- 
act date is just another interval of time, meas- 
ured from an agreed fixed point of time, say 
New Year’s, while we count the years them- 
selves from A.D. 1. In both kinds of question, 
a time interval must be stated in the answer. In 
the answer to “when,” however, one end of the 
interval must be agreed upon. In physics, we 
most often need to answer the question “How 
long does it take?” because the things we talk 
about happen over and over. But if you want to 
catch a train on a particular day, you also need 
to know when the time count begins. The 
problems of standard and daylight time, of time 
zones, and so on, are really problems of agree- 
ing on such a Starting time. Once you agree on 
a Starting time, the questions are really the 
same. We must measure an interval. 


2-7 Times Large and Small—Orders of 


Magnitude 


The span of time since the first animals came to 
live on dry land includes something like 12,000,- 
000,000,000,000 seconds. The time it takes a 
light ray to pass through a windowpane is about 
1/100,000,000,000 part of a second. Such num- 
bers are impossibly clumsy to learn or to use. 


But since we must be prepared to use large and 
small numbers, large and small counts, through- 
out physics, we must find a way to handle them. 

There is an easy, compact way. Any number 
can be written as the product of a number be- 
tween one and ten and a number which is a 
power of ten. For example, we can write 769 
as 7.69 x 100; and 0.0043 is 4.3 x yo/59. The 
number at the beginning of this section is 
1.2 x 10,000,000,000,000,000. We shall usually 
write our numbers this way, but in order to 
avoid writing zeros till our hands hurt, we shall 
use an abbreviation. Instead of 100 we write 


; ] ; 1 
2. ae _ 
102; in place of 7000" which equals To We write 


10-3, and in place of the long one we write 
1.2 x 1016. The exponent, at the upper right of 
the 10, tells how many zeros in the power of ten, 
and we use the minus sign to say that we deal 
with thousandths instead of with thousands. 

A few more examples should make the system 
clear: 


32/0°= 3.27 Se 10). 
0.124 = 1.24 x 10-1. 
652,000 = 6.52 x 10°. 


We also have a standard way of reading these 
numbers: “Three point two seven times ten to 
the third,” ‘‘one point two four times ten to the 
minus one,” “six point five two times ten to the 
fifth,” etc. The big plus powers of ten indicate 
huge numbers and the big minus powers of ten 
indicate tiny numbers. The time since land 
animals came into being is then about 101° sec- 
onds; the time for light to penetrate a window- 
pane is 10-1! second. Scientists make frequent 
use of this notation, as it offers a convenient 
method of communication. You should get 
used to it very early in your work. 

Now, multiplying and dividing the powers of 
ten is easy. You simply add or subtract the ex- 
ponents. For example, the time required for 
light to pass through ten thousand thicknesses 
of glass would be the time to pass through one 
pane (10-11 sec) multiplied by the number of 
panes (104), or 


t = 10-1! sec x 103 
= 10'-11+4) sec = 10-7 sec. 


Positive and negative exponents will be freely 
used in this book. If the methods for handling 
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them are unfamiliar to you, practice on Prob- 
lems 25-31 at the end of this chapter. You can 
make up more problems yourself. 

We do not always deal with round numbers, 
like 1011. Suppose you have numbers like 172 
and 32,500. These can be written as 1.72 x 10? 
and 3.25 x 104. Then multiplication and divi- 
sion can be carried out separately for the powers 
of ten and for the numbers between unity and 
ten which stand before them. For example, 
when we multiply these two numbers we get 


1.72 « 102 x 3.25 « 104 
= 1.72 « 3.25 «x 102 x 104 
= 5.59 x 108. 


If we divide the first of these numbers into the 
second, we have 


3.25 x 104 _ 3.25 10 _ 1 99 y 192. 


1.72 x 102 ~ 1.72 “* 102 


As another example, !.36 x 10% multiplied by 
2.00 x 10-5 is 


1.36 x 2.00 x 10% x 10-5 = 2.72 & 10-2, 


and similarly 


1.36 x 103 
=~ = 0.68 x 108 = 6.8 x 107. 
2.00 x 10-5 A . 

This way of writing numbers is very conveni- 
ent for multiplication and division, but be care- 
ful with addition and subtraction. Suppose you 
want to add 


1.20 x 102 
and 5.63 x 103. 


Both numbers must be expressed with the same 
power of ten before addition. Thus 


1.20 x 102 = 0.12 x 103. 
Therefore, we write 


0.12 x 108 + 5.63 x 108 
= (0.12 + 5.63) x 108 
= 5.75 x 108. 


Notice that when you add two numbers, the 
answer is always close to the number with the 
larger power of ten. For example, 10!! 4+ 102 
is very nearly 101! and not at all close to 1013! 
This way of writing numbers makes it easy to 
determine what is called the order of magnitude. 
The order of magnitude is the power of ten 


closest to the number. This is, of course, an ap- 
proximate statement about the number. It 
serves to put you “in the right ballpark.” So we 
can say that the order of magnitude of 137 is 
102; that is, 137 is closer to 100 than it is to 1,000. 
Similarly, the order of magnitude of 0.00262 is 
10-3; that is, 0.00262 is closer to 10-3 than it is 
to 10-2 or 10-4. Estimating by rounding off to 
orders of magnitude is one of the most helpful 
ways to begin any computation in physics. 
Sometimes it is good enough for the entire pur- 
pose you have in mind. In our work we shall 
use this technique frequently; and you should 
become familiar with it now. However, we do 
not always use power-of-ten notation. For ex- 
ample, to write the speed of a plane as 455 
mi/hr, or the time for a certain trip as 0.2 hr, is 
often more convenient than 4.55 ~« 10? mi/hr 
and 2 x 10-!hr. The choice of what notation 
to use is a matter of convenience. 

Table | gives us the order of magnitude of the 
time duration of many things. Many of these 
intervals are somewhat variable—the human 
life span or the time for light to cross different 
rooms, for example. Consequently, it would 
not make sense to specify them precisely. Giv- 
ing their orders of magnitude as we have done 
in the table is appropriate. Furthermore, the 
table shows an enormous range of time inter- 
vals, the longest a billion billion seconds and the 
shortest less than a billionth of a billionth of a 
second. To compare such widely different in- 
tervals it is convenient to compare orders of 
magnitude. For example, we see from the table 
that a day is eight orders of magnitude greater 
than (that is, 108 times as long as) the time fora 
fly to make one wing-beat. 

Notice that our own personal experience of 
time covers about ten orders of magnitude, from 
about 10-1! second, the smallest interval we can 
comprehend directly, to some 109 seconds, our 
life span. Another two orders of magnitude to 
101! seconds includes all we can learn from his- 
tory, which is only a few hundred generations 
old. Beyond that, we must devise special in- 
direct methods to fix times. For example, from 
the kind of fossils we find in a geological forma- 
tion we can learn something about the age of 
the formation, and from the order in which 
fossil-bearing rock was laid down we learn 
about the evolutionary sequence. To go back 
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TABLE | 
Orders of Magnitude of Times 


Each interval is one-tenth of the preceding interval. 


TIME INTERVAL 


TIME INTERVAL 


IN SECONDS ASSOCIATED EVENT IN SECONDS ASSOCIATED EVENT 
1018 Expected total life of the sun as a 10-2 Time for electric fan to complete one 
normal star turn 
1017 Age of the oldest rocks 10-3 Time for fly to beat its wings once 
Time elapsed since first fossil life Time that a fired bullet is in the barrel 
Time elapsed since first land life of a rifle 
1016 Time for the sun to revolve around the 10-4 Time for one vibration of the highest- 
galaxy pitched audible sound 
Age of the Appalachian Mountains 10-5 Time during which firecracker is ex- 
1015 ‘Time elapsed since dinosaurs ploding 
1014 Remaining life of Niagara Falls 10-6 Time for high-speed bullet to cross 
03 - ee i a letter of type 
; a ae aea 10-7 Time for electron beam to go from 
101? source to screen in TV tube 
1011 Time elapsed since earliest agriculture 10-8 Time for light to cross a room 
Time elapsed since earliest writing 10-9 Time during which an atom emits 
Time elapsed since the beginning of visible light 
the Christian Era 
10-10 
101° Ti lapsed si the di f 
yea ee pp ee 10-11. Time for light to penetrate window- 
pane 
9 life 
- ae as caus 10-12. Time for air molecule to spin once 
108 Time elapsed since you began school 10-13 
107 Time for the earth to revolve around 10-14 
the sun (year) 
106 Ove month 10-15 = Time for electron to revolve around 
proton in hydrogen atom 
10° Time for the earth to rotate once on its 10-16 
axis (day) 
104 Duration of average baseball game ae 
108 Time for light from the sun to reach 10-8 
the earth 10-19 
102 One minute 10-2° ~=Time for innermost electron to revolve 
101 around nucleus in heaviest atom 
10° Time between heartbeats (1 second) 103 
10-1 Time for bullet (.30 caliber) to cover 10s" 
the length of a football field (300 ft) 10-23 Time for light to cross the nucleus 
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still further we must build intricate instruments 
and learn to interpret their readings. In this 
manner, for example, we can measure the age 
of the earth by methods that depend upon the 
laws of radioactivity. See, for example, the 
book by Patrick Hurley mentioned in the read- 
ing references at the end of the chapter. 


For very short times, below direct perception, 
about three or four orders of magnitude to 10-5 
second cover the ordinary motions and changes 
of the fastest-moving things men can make, 
even explosions. For still smaller orders of 
magnitude, we can use the much more respon- 
sive electrons as the “parts” of a clock and go to 
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time intervals as short as 10-1° second. Below 
that, all the way down to the shortest time inter- 
vals which are of physical interest—more than 
ten orders of magnitude beyond the reach even 
of electronics—we are in the realm of the atom. 
Here indirect arguments alone give us the time 
intervals that enable us to conjecture about 
what is going on in these tiny and swiftly chang- 
ing parts of the world around us. To tell how all 
these time intervals are detected, and how the 
world appears when regarded not with our 
senses alone, but with instruments which allow 
us to split seconds—these are among the main 
goals of this book. 

We have not stopped in either direction in 
measuring time. We continue to press outward 
from our senses, both to the very slow and to the 
incredibly quick. And as we do, we learn more 
and more about the world. 


2-8 The Direction of Time 


Our whole lives hinge on the difference between 
past and future. Time moves on relentlessly. 
We easily recall the past, but we can hardly pre- 
dict the future, except perhaps for a short time 
in advance. To us, time seems to have a natural 
direction. Birth comes first and death last, and 
the process of life never runs in reverse. 

However, in most of the calculations of 
physics, the difference between past and future 
is not really very important. The equations 
work just as well with time running backward as 
forward. For example, if one were to take 
time-lapse photographs of a planet moving in 
its orbit around the sun and project these for 
viewing, it would be very difficult to say whether 
the projector was being run in the forward or 
the reverse direction. Similarly,we can predict 
eclipses of the sun for thousands of years into 
the future; but, we can just as easily “predict” 
when past eclipses must have occurred. A 
search of the historical records usually confirms 
our mathematical conclusions. Thus, the solar 
system, regarded simply as a big machine with 
only a few moving parts which take up one posi- 
tion after another, would seem to run just as 
well “backward” as “forward.” 

There are many cases in physics, however, 
where time does seem to have an inevitable 


direction. If you think of the moving-picture 
analogy, you can certainly think of several 
things that would look pretty “wrong” if pro- 
jected backward—a glass falling off the table 
and smashing on the floor, Mickey Mantle 
hitting a home run, a painter stirring red and 
white paint together, a house being blown down 
in a storm. These are all complicated situa- 
tions, involving many parts, and when run back- 
ward in the projector they seem “wrong” pri- 
marily because they require too many chance 
coincidences. We will encounter more of these 
cases later in the book. But for now, we can at 
least say that the distinction between past and 
future seems to be extremely important in the 
description of complicated events. 


FOR HOME, DESK, AND LAB 


1. Compare the apparent heights of columns |, 2, 
and 3 in Fig. 2-8. What is the actual relationship 
of heights? Did you use a device to check up on 
your senses? 


2-8 For Problem 1. 


2. Check your time sense by trying to estimate when 
an interval of 4, 1, or 3 minutes has elapsed. 
(a) Record your error in each case. 
(b) Are the errors appreciably different frac- 
tions of the time intervals involved? 


5." 


6.* 


i 


8.* 


9" 


Make a pendulum from a piece of string and a 
small weight. Adjust the length until it takes one 
second to make a complete swing to and fro. 
How great is the error of your pendulum over a 
one-minute period? What fraction of the total 
time is the error? 


A project for a homemade timepiece. Galileo 
performed some of the first important experi- 
ments with the motion of falling bodies before 
the days of accurate clocks. To measure the short 
time intervals involved in his experiments, he 
used a simple clock that you can make for your- 
self. In the bottom of a tin can, punch a small 
hole with a nail. Keep the can nearly full of 
water and measure the amount of water that falls 
out in 10, 20, and 30 seconds. In this way you can 
learn to read the clock in seconds. 

What are the major sources of error in this de- 
vice? Can you reduce the errors? Remember 
Galileo used a clock like this in discovering some 
of the major principles of physics. (See “Two 
New Sciences” by Galileo.) 


How would Fig. 2-5 differ if the rate at which pic- 
tures were made was reduced? (Section 4.) 


What do you learn from Fig. 2-5 that you could 
not learn by simply watching a balloon burst 
when hit by a bullet? (Section 4.) 


A piece of string is broken by sudden pulling. 
What do you expect to see in a high-speed picture 
sequence of this event? (Section 4.) 


A fast movie camera can take pictures at a rate of 
240,000 frames per minute. How many seconds 
elapse between successive pictures? (Section 4.) 


In Fig. 2-5, what distance would the bullet travel 
from frame to frame of the series, if we doubled 
the rate at which pictures were made? (Section 4.) 


How many times per second should a light flash 
to show images 10 centimeters apart of a projec- 
tile traveling 1000 meters per second? (1 meter 
= 100 centimeters.) 


A student has a movie projector which shows pic- 
tures at the rate of 16 frames per second. His 
movie camera can take pictures at various speeds. 
He wishes to take pictures of a football game so 
that the action will be slowed down to 4 normal 
speed when projected. He wants to set the speed 
of the movie camera at 8 frames per second, but 
his friend insists he should set it at 32 frames per 
second. Which is correct? Why? 


In time-lapse photography. plants and their blos- 
soms may be seen to develop at a rate comparable 
to that of the motion of animals. If the total 
growth of a plant which would require 50 days is 
to be shown on a 10-minute film, what interval 
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should elapse between the successive pictures? 
(Assume that the film is to be shown at 24 
frames/sec.) 


The shutter speed of a camera is 5); of a second. 
How far would a rifle bullet travel while a student 
attempts to take its picture with a 3;-second ex- 
posure? (The bullet's speed is 850 meters per 
second.) What shutter speed would be necessary 
to limit the bullet's movement to 0.1 centimeter 
during the exposure? 


(a) How long do you think it would take a steel 
ball dropped from rest to fall 6 inches? Drop a 
ball: what is your estimate of the time? 

(b) The device shown in Fig. 2-9 was made to 
measure the time it takes a ball to fall 6 inches. 
Describe how you could use it on a 78 rpm turn- 
table to determine the time. 


tube clamp 

to drop ball 

through slot 
yn 


masonite discs 
fastened to two 
ends of wood block 
6 inches between 
top of discs 


carbon 
paper over 
disc of polar 
coordinate 
paper 


cut to get dise 


phonograph 
turntable 


2-9 For Problem 14. 
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A rotating disc with a radius marked on it is seen 
through a revolving strobe with one slit which 
rotates at nearly the same rate. If the radius ap- 
pears to move slowly backward. is the strobe 
rotating at a higher or lower rate than the disc 
does? (Section 5.) 


A disc stroboscope contains 4 slits and is turned 
6 times in 10 seconds. What is the time interval 
between successive glimpses seen through the 
stroboscope? (Section 5.) 


20 


17. 
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A 10-slit stroboscope is rotated at a constant rate 
for 20 seconds to determine that a motor shaft 
takes j45 sec to make one rotation. How many 
rotations does the stroboscope make? 


In a certain experiment, a narrow beam of light is 
“chopped” into a series of pulses by a rotating 
transparent plastic disc with sections blackened 
as shown in Fig. 2-10. The disc is rotating 30 
revolutions per second. 

(a) What is the time interval from the beginning 
to the end of one light pulse? 

(b) What is the time interval from the middle of 
one light pulse to the middle of the next? 


light source 


screen 


plaslic disc 


2-10 For Problem 18. 
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A stroboscope is constructed by making 10 slits 
in an otherwise opaque disc. Find the number of 
revolutions per second of the stroboscope which 
are required to “stop” a loaded doorbell clapper 
which executes 10 back-and-forth swings per 
second. 


A stroboscope disc with 4 openings must be ro- 
tated 80 times in 10 seconds to make a fan with 
four identical blades appear to stand still. What 
are the possible rates of motion of the fan? How 
would your answer be different if one of the 
blades were a different color from the others? 


Suppose that in measuring the frequency of a 
timer with a 12-slot hand stroboscope you ob- 
serve the vibrator to make 8 apparent vibrations 
in the 15 seconds during which you rotate the 
hand stroboscope 33 revolutions. 

(a) What is the calculated frequency, ignoring 
the 8 apparent vibrations? 

(b) If you know you are turning your strobo- 
scope too fast. take into account the 8 apparent 
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27. 


28. 


29. 


30. 


31. 


vibrations and find the true frequency of the timer. 

(c) Is the percentage of error introduced by 
ignoring the apparent vibrations greater or less 
than that introduced by an error of 0.3 sec in 
measuring the 15 sec? 


What will you see if you look through a rotating 
stroboscope at its image in a mirror? (Section 5.) 


(a) How many human life spans have elapsed 
since earliest man? 

(b) Approximately how many times would an 
air molecule spin around its axis while the earth 
revolves once around the sun? See Table 1. 


A very good watch is fast or slow not more than | 
minute in a month. Another one is accurate up 
to ;d5 percent. Which is more accurate? 


Write the following numbers in powers-of-ten 
notation: (a) 100: (b) 10,000,000; (c) 0.001: (d) 


0.0000001; (e) a0" (f) 1. (Section 7.) 


Express each of the following numbers to the 
nearest order of magnitude: (a) 1.21 x 102; (b) 
9.01 x 104; (c) 0.0008; (d) 0.0201. (Section 7.) 


(a) In 1963 the population of the United States 
was about 190,000,000. Express this number in 
powers-of-ten notation. What is the order of this 
magnitude? 

(b) Express as a power of ten the budget of the 
United States for a year when it is 92 billion 
dollars. 

(c) Use the powers-of-ten notation to deter- 
mine the average amount of the budget that must 
be paid by an individual citizen. 


Using powers-of-ten notation, find the following: 
(a) 0.00418 x 39.7 
6000 
(b) 012 
703 x .014 
(©) “50,000 
A watch ticks 5 times each second. Expressing 
only the order of magnitude of your answer, find 
how many times it ticks: 
(a) during a day. 
(b) during a year. 


Suppose that there are 1.9 x 108 people living in 
the United States and that 7.5 x 108 of these 
people live in New York City. How many live in 
the rest of the country? 


(a) A man’s heart beats, on the average, 72 times 
a minute. Estimate the order of magnitude of 
the number of times his heart beats during his 
lifetime, if he lives 70 years. 


(b) The basic time unit for an atomic nucleus 
(something like its heartbeat”) is of the order of 
10-22 sec. How many nuclear “heartbeats” are 
in the “lifetime” of a radioactive nucleus which 
lasts only one billionth of a second? 


32.* In which direction is the wrench moving in Fig. 
22-17? How do you know which pictures came 
first in the sequence of pictures in Fig. 2-5? (Sec- 
tion 8.) 


FURTHER READING 


These suggestions are not exhaustive but are limited 
to works that have been found especially useful and 
at the same time generally available. 


Hur ey, PATrick M., How Old Is the Earth? Double- 
day Anchor, 1959: Science Study Series. A good 
short account of geologic time, including radiologi- 
cal dating. 

Leet, L. Don, and JUDSON, SHELDON, Physical Geology. 
Prentice-Hall, Second Edition, 1958. A concise, 
readable account of geologic time. (Chapter 8) 

MICHELS, WALTER C., and PATTERSON, A. L., Elements 
of Modern Physics. Van Nostrand, 1951. Students 
like this well-written book. (Chapter 2) 

WEIsskopF, VicToR F., Knowledge and Wonder. 
Doubleday Anchor, 1963: Science Study Series. 
This book is valuable throughout the course. (Chap- 
ters 1 and 2) 
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chapter 


3 


Space 
and 
Its 
measures 


WE began the last chapter by describing time as 
“one of the basic notions of science,” and went 
on to speak at some length about time. Per- 
haps you noticed that we were unable to confine 
the discussion to time and time alone. We were 
speaking also of positions and distances, of mo- 
tion, of matter. 

These, too, are basic notions. Each of them 
is intertwined with all the others. It is impos- 
sible to deal with one without dealing with all 
the rest. To discuss them intelligibly, it is neces- 
sary to deal with them one after another, 
although they do not appear in nature one after 
another. They come together. 

To use these notions skillfully, we must refine 
our understanding of each of them, and we must 
do this even though, strictly speaking, we have 
no place to start. The procedure—and all our 
history has shown it to be a very practical pro- 
cedure—is to move back and forth among these 
basic notions, registering gains wherever we can 
and using these gains in turn to register further 
gains. We use our crude notions of space, for 
example, to refine our notion of time. Then we 
are able to use our refined knowledge of time to 
improve our notion of space. But, while we 
carry on this process, we must remember that 
physics itself is one indivisible subject dealing 
with the whole universe of which we are part. 
We subdivide it for our own convenience, but 
only so that later we may put it together again. 

What we can say with assurance is that size 
and distance, as divisions of space, determine 
the nature of the world just as much as does 
time. Think of the sun, whose bright glare 
showers the earth with light, makes our crops 
grow, and keeps our earth from being a dead, 
frozen planet. It appears to us as a large, bright 
disc, too brilliant to look at directly. Compare 
it with a star which appears as nothing but a 
tiny, bright spark in the dark night. The differ- 
ence is one of distance. The sun is a star we 
happen to live “near.” The little twinkling star, 
though a furiously hot sun like our own, is rela- 
tively far away from us. 

Or consider the very small. You know thata 
drop of pond water looks a little cloudy perhaps 
to the unaided eye, but nothing more. Under 
the microscope, it is a jungle of plants and ani- 
mals, living, hunting, fleeing. Beyond the 
microscope’s grasp is a still more wonderful 
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part of the world, the world of the atom, which 
we are going to probe. 

When we say the sun is “near,” compared 
with any other star, or that Bombay is “far,” 
compared with any place in our state, we have 
started to measure intervals of distance, or size. 
Intervals of space—sizes or distances—can best 
be compared by the same scheme we used in 
comparing time intervals. We have only to 
make a count. We count how many times we 
have to span with our fingertips, or lay off with 
a ruler, or pace out with equal steps, and we 
have measured a distance. 


The Unit of Distance 


Every people has had a unit of length. Hunting 
folk, like the North American Indians, used 
the pace, the bowshot, and the day’s journey. 
When it became necessary to measure off land 
for irrigation and for plowing, standard rods 
were made. As early as ancient Egyptian times, 
when great buildings were made of stone, rather 
wide use was made of a standard of length, a 
cubit, or the distance from the elbow to the tip 
of the middle finger. In the times of the 
Ptolemies, there were professional pacers who 
helped make maps by pacing out the roads in 
units called stadia. By medieval times, with the 
growth of the European nations, there were 
many measuring units. In England, length was 
measured by the inch, foot, yard, fathom, rod, 
furlong, mile, and league. These units reflect 
convenient early standards. 

The French Revolution brought to power a 
government set sharply against all that was tra- 
ditional and old-fashioned. An early action of 
the new government of France was the estab- 
lishment of a group of learned men (“experts,” 
we would say nowadays) to produce a rational 
set of units for all measurements, the common, 
everyday ones as well as those of science and the 
blossoming technologies. They set up stand- 
ards of length, among many others, which have 
become world-wide in science, and nearly 
world-wide in everyday life. They called their 
scheme of units the metric system, and its 
fundamental length unit is the meter (from the 
Greek metron, to measure). They felt it was 
better to adopt a length standard which had 
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some more lasting significance than the length 
of the pace, and they were convinced of the 
value of the decimal system. They therefore 
chose the meter to be one ten-millionth (10-7) 
of the distance from the equator to the North 
Pole. In the 1790’s, this dimension was rather 
well known in terms of carefully laid-out base 
lines surveyed in Europe. This is the origin of 
the metric system, which we employ throughout 
physics in all countries today. 

It was one thing to say that the meter was to 
be 10-7 of a quadrant of the earth’s circumfer- 
ence, but quite another to lay off this distance 
on a short metal bar. However, it is not im- 
portant that the standard meter be related to 
the earth’s circumference. As our standard of 
length we now employ the standard meter bar 
the French made. Many careful copies have 
been produced. 

The Founding Fathers of our own American 
republic, very much steeped in the same climate 
of opinion that later produced the metric system 
of weights and measures in France, introduced a 
kind of “metric system” in currency which we 
use to this day. They established our decimal 
system of coinage, with 100 cents = | dollar, 
and a few other multiples, like dimes and quar- 
ters, to replace the traditional English system in 
which 12 pence = | shilling, and 20 shillings = 
1 pound sterling. Anyone who struggles to cal- 
culate a 10 percent discount on the price of an 
English book will see the virtue of a system of 
units which matches the number system. This 
is the great value of the metric system, which 
has made it universal in science. Even our inch 
is now legally defined in terms of the meter: it 
is defined as exactly 2.54 x 10-2 meter. 

It is worth remembering that a meter is 
roughly a yard and a foot is about 30 cm, while 
a millimeter is about the thickness of a pencil 
lead. 


NAMES AND DEFINITIONS OF METRIC UNITS 
OF DISTANCE 


1 kilometer (km) 103 meters (m) 


1 centimeter (cm) = 10-2m 

| millimeter (mm) = 10-3 m = 10-1 cm 
] micron (4) = 10-§m = 10-3 mm 
| Angstrom (A) = 10-!°m = 10-8 cm 
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Note that in the table the prefix kilo means 
103, centi is 10-2, milli is 10-3, and micro is 10-°. 
Another prefix, often used, is mega, which 
means 106. A widespread habit has grown up 
among American physicists in recent years of 
referring to a large sum of money as a “mega- 
buck.” This use of Greek and Latin prefixes for 
multiples and submultiples of a unit has been 
extended to many different units. Have you 
ever heard of a megohm or a microfarad? What 
is a millisecond? 

Throughout this book, to save time and 
space, we shall follow the practice of physicists 
and, whenever convenient, use the abbrevia- 
tions given in the table instead of writing out the 
full name of the unit. 


Measuring Large Distances— 
Triangulation 


The method of laying standard lengths end to 
end can be used to measure quite large distances 
on the surface of the earth. It is sometimes used 
in surveying, but often it becomes inconvenient. 
To measure the distance across a river, or the 
height of a mountain, or indeed the distance toa 
star, we can use a simple, indirect method. This 
method is based on the geometry of a triangle 
and is called triangulation. 

One way to measure a distance by triangula- 
tion is illustrated in Fig. 3-1. We wish to meas- 
ure the distance AT across the river. To do so 
we line up the tree, 7, on the far side of the river, 
with two stakes A and B. We then construct the 
right angle BAC. (To do this we can use a large 
carpenter’s square.) We drive a stake into the 
ground at C, a measured distance from A. Then 
we continue along line AC and drive another 
stake, D, into the ground a measured distance 
farther on. Now we construct a right angle 
CDE. We drive ina stake at E so placed that it 
is in line with the tree, 7, and the stake, C. 
Finally we measure the distance DE. 

As you can see in the figure, the triangles 
TAC and EDC are similar because they have 
two pairs of equal angles, the right angles TAC 
and EDC and the vertical angles TCA and 
ECD. Therefore the corresponding sides are 
in the same ratio. 
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3-1 Measuring a distance by triangulation. 


In particular, 
AT _ AC 
DE” DC’ 
and the distance AT across the river is 


AT -~ 4L y DE. 


DC 
Since we have measured AC, DC, and DE, 
we can now determine the distance AT across 
the river. For example, if we suppose that the 
measured distances are AC = 60m, DC = 2m, 
and DE = 6m, then the width of the river is 


AT=42 x 6m = 180m. 


We can simplify the procedure. All we need 
to do is to construct the right angle TAC; meas- 
ure off a convenient distance, AC, called the 
base line; and measure the angle TCA. By 
making a scale drawing we can get the answer. 

An instrument can be constructed that will 
measure the angles and work out the geometry 
automatically. An example of such a triangu- 
lating instrument, for measuring distances by 
simple sighting, is the range finder found in 
almost all good cameras. The base line of the 
range finder is no larger than the camera, and 
distant objects will appear at almost the same 
angle from both ends of it. Just where the sight 
lines cross is then difficult to say. The camera 
range finder, therefore, measures only the dis- 
tances to nearby objects. You can make range 
finders with longer base lines, and you will find 
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that the bigger you make the base line, the 
greater the distance you can measure. x 

The big range finders on warships have base 
lines limited by the size of the ship. To measure 
the distances of planets, astronomers use base 
lines extending over half the earth. The largest 
base line we can use is the diameter of the earth’s 
orbit, the distance from one point on its path 
around the sun to the point reached a half year 
later. This sets the limit for measuring big dis- 
tances geometrically. * 

To use a base line to find the distance to an base line 
object, we must measure the direction of the 
Se ee lie ot ane lite (ENE: O72): 3-2 When we have measured the length of a base line and 
To measure these two directions, an astronomer know the direction of an object from each end of the base 
who uses the diameter of the earth’s orbit as a line, we can find the distance to the object. 
base line must have a way of establishing a 
reference direction when he takes his observa- 
tion at one end of the diameter and when he 
takes it at the other end. To fix this reference 
direction, he uses the most distant stars. He 
can pick them out because they do not change 
their apparent positions with respect to one an- 
other. Here he is using something very familiar 
to you. As you watch through a window of a 
rapidly moving car, the objects near you ap- 
parently move rapidly past, but the distant fea- 
tures of the landscape do not seem to move at 
all. In the same way, the most distant stars 
stand still relative to each other and show little 
or no apparent motion even over thousands of 
years. For this reason, we call them the fixed 
stars and we can use them to give us known 
directions from any point on the earth’s orbit. 

Unlike the extremely distant stars, a nearby 
star will appear to move relative to the distant 
ones as we go from one point to another on the 
earth’s orbit. This shift in the apparent direc- 
tion of the nearby star is just like the shifts you 
see when looking out the car window, or the 
shift you see when you hold out a finger before 
your eyes and look at it first with one eye open 
and then with the other. The finger appears to 
shift its position along a distant wall, and the 
nearer it is to your face the farther it shifts. Fig- 
ure 3-3 is another example of such a shift.* 


far object 
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* This apparent shift of one object with respect to another is 3-3 h h be tk 3 fth 
called parallax. Only when two objects are both extremely -3 In these photographs the two positions of the camera were 
far away or both at the same position do they show no paral- 30 feet apart. The skyscraper in the center, 2.5 miles 
lax. Only then is there no shifting with respect to each other away, is in the same position in each picture. Note the ap- 
when we move. parent shift of the other objects. 
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distance 
to near 
star 


base line-diameter 
of earth's orbit 


length of path of 
light in camera 


image of 
far star 


image of 
near star 


3-4 Finding the distance to a near star by geometry. 
triangles in the figure are similar, therefore 


d_! l 


ae” or d=bx «. 


The 


3-5 The shift in position of a near star (Barnard’s Star) with re- 


spect to the very distant ‘fixed’ stars. Three pictures were 
made at six-month intervals with the 24-in. telescope at 
Swarthmore’s Sproul Observatory. In this illustration, the 
pictures have been superimposed. The images of the two 
very distant fixed stars in the upper right coincide, while the 
three images of Barnard’s Star (lower left) show a horizontal 
and vertical separation representing two motions of the star. 
One, indicated by the vertical separation of the three 
images, is the star’s own ‘‘proper motion”’ in a straight line 
with respect to the fixed stars. The other, the horizontal 
displacement, is the apparent shift of the star's position as 
viewed from the two extremes of the earth’s orbit. Notice 
that it goes to the right and then back to the left in successive 
six-month intervals. It is this displacement that enables us 
to calculate the distance to the star. The actual shift in the 
original photo was about 0.03 mm, giving a distance of 
about 6 x 1013 km. 


In Fig. 3-4 we see a simplified version of how 
an astronomer can fix the distance to a nearby 
star using the diameter of the earth’s orbit as a 
base line. In order to get the fundamental idea, 
we assume that the astronomer is lucky: at one 
moment he finds the nearby star directly lined 
up with a distant star. The astronomer then 
waits for half a year until the earth is at the 
other end of the base line. Then he takes a pic- 
ture, pointing his camera at the far star so as to 
get the same direction again. Because the earth 
has moved, the two stars are no longer in line 
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3-60 Jupiter and its brightest moons. As we go to distances beyond the earth it is necessary to use telescopes to extend our senses. 
The planet Jupiter is visible to the unaided eye, but looks like a bright star. Have you ever noticed in viewing it that it doesn't seem 
to twinkle as much as a star? The illustration shows the planet as photographed at three different times with a small telescope. 


The four satellites that show up are the ones discovered by Galileo and are often referred to as the Galilean moons. (Courtesy: 


Yerkes Observatory.) 


and, consequently, he obtains two separate 
images on his photographic plate. Because the 
direction to the distant star is the same, the 
separation of the images on the photographic 
plate, s, is related to the diameter of the earth’s 
orbit, b, in just the same way that the length of 
the path of light in the camera, /, is related to 
the distance to the nearby star, d, in Fig. 3-4. 
You can see this from the similar triangles in 
the figure. Of course, if no distant star ever 
lines up with the nearby star (Fig. 3-5), the job 
is a little bit harder, but the method is essentially 
the same. 

To make things clear in Fig. 3-4, we have 
imagined a near “star” whose distance is only a 
few times the diameter of the earth’s orbit. In 
fact, there are no such stars. Even with the 
earth’s orbital diameter as the base line, the 
change in direction of every known Star is very 
small; even the nearest star is about 135,000 
orbital diameters (about 4 x 1016 meters) away. 
The distances to only a few hundred stars are 
small enough to be measured in this way. For 
greater distances in the universe, we must use 
other methods, one of which is discussed briefly 
in Section 4-3. 

The planets are close enough so that even a 
small telescope will show most of them as round 
discs (Fig. 3-6). This is clearly what you would 
expect if they are really globes whose sizes are 
of the same order of magnitude as our earth. 


3-6b Here we see Jupiter as photographed through Palomar's 


200-in. telescope. Note how much detail is visible. 
The large, dark region is known as ‘'the Red Spot."’ Bands 
of clouds cover the surface of the planet; one of the Galilean 
moons (named Ganymede) is visible, and even the shadow 
of this moon can be clearly seen. Jupiter has a diameter 
of the order of 108 m and is at a distance of the order of 
10!2 m from the earth. 


But not even the Palomar telescope shows up 
any such clear discs for the stars. They are too 
far away. Astronomers have special means of 
measuring the sizes of stars. For the present we 
want to stress that we have a consistent picture. 
The stars are very far away, and hence they 
show no parallax, no disc. Closer to us they 
would be so many glowing suns. 
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TABLE 1 


Distance 
Orders of Magnitude of Lengths Found with Rulers, Geometry, and Light 


LENGTH LENGTH 
IN METERS ASSOCIATED DISTANCE IN METERS ASSOCIATED DISTANCE 
1018 Greatest distance measurable by parallax 107 Air distance from Los Angeles to New 
1017 Distance to nearest star York 
1016 106 Radius of the moon 
1015 105 Length of Lake Erie 
1014 104 Average width of Grand Canyon 
1013 Distance of Neptune from the sun 108 One mile 
1012 Distance of Saturn from the sun 102 Length of football field 
1011 Distance of Earth from the sun 10! Height of shade tree 
1910 Distance of Mercury from the sun 10° One yard 
109 Mean length of Earth’s shadow i0-! Width of your hand 
Radius of the sun 10-2. —- Diameter of a pencil 
108 Mean distance from Earth to the moon 10-3 =‘ Thickness of windowpane 
Diameter of Jupiter (Fig. 3-6) 10-4 = Thickness of a piece of paper 
107 Radius of Earth 10-5 Diameter of red blood corpuscle 


3-7 The globular star cluster in the constellation Hercules is so far from the earth that its distance cannot be measured by geometric 
methods. This photograph, made with the 200-in. Palomar telescope, shows one of the finest examples of a globular cluster 
in the northern sky. It is visible to the naked eye, under good conditions, as a small hazy patch of light. Its diameter subtends 
an angle of about 18 minutes at the eye. Actually, as you can see in the photograph, it consists of thousands of stars, most of 
which are larger and more brilliant than the sun. Although they seem to be crowding one another, in reality they are separated 
from each other by an average distance that is about 50,000 times the distance from the earth to the sun. The great distance 
between the cluster and the earth makes the stars appear close together. How could we go about measuring how far from the 
earth these stars are located? 


3-8 The Great Nebula in the constellation Andromeda. 


This enormous island universe of stars, which is similar to our own galaxy, 


is visible to the unaided eye under favorable conditions as a hazy patch of light, subtending an angle of about 3 degrees. It is 


the most remote object that is visible to the unaided eye. 


It is of the same order of size as the Milky Way, about 100,000 light- 


years in diameter. This photograph, made with the 48-in. Schmidt telescope at Mt. Palomar in California, also shows two satellite 


galaxies of the Great Nebula (center right and center left). 


Table | shows the range of distances, from 
our own size to larger and smaller sizes, that can 
be measured with rulers, geometry, and light. 


TABLE 2 


Orders of Magnitude of Distances Too Large to 
Measure by Geometric Means 


LENGTH 
IN METERS ASSOCIATED DISTANCE 


1025 Distance to farthest photographed object 
(a galaxy) 


1024 Domain of the galaxies 
1023 Domain of the galaxies 


1022 Distance to the Great Nebula in Androm- 
eda (nearest galaxy) 


1021 Distance to the smaller Magellanic Cloud 


102° Distance of the sun from the center of our 
galaxy 


Distance to globular star cluster in Hercu- 
les (Fig. 3-7) 


1019 Distance to the North Star (Polaris) 


Very large distances, beyond those that can be 
measured in this way, are shown in Table 2. 
The methods by which the measurement of dis- 
tance has been extended beyond the reach of 
our best base line and best angle measurements 
are many and ingenious. 

A collection of a hundred billion distant suns 
makes up what is known as our galaxy. Our 
own star, the sun, is probably a quite ordinary, 
rather middle-aged family member. Beyond 
our galaxy comes a great collection of other 
galaxies, cousins of our own, dotting the 
heavens as far as our greatest telescopes can 
reach. They spread out in all directions, look- 
ing fainter and smaller the greater their dis- 
tance, but they are recognizably similar to our 
own. The nearest of these is the Great Nebula 
of Andromeda, which you can just see with the 
naked eye on a dark, clear night. (See Fig. 3-8 
and 3-9.) Nearly a billion distant galaxies are 
scattered throughout the universe, according to 
estimates based on photographs of the sky 
taken with the big Palomar telescope. How 
many more there may be we are unable to say. 
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This page-thickness example shows how we 
can extend the basic idea of counting or spacing 
off to small distances. Another extension of 
counting to small distances is found in the use of 
a screw thread. Ifa screw is turned through one 
revolution in a fixed nut, it advances only by the 
distance between successive threads, the pitch 
of the screw. By dividing the turn into, say, a 
hundred parts, you can divide the advance of 
the screw into a hundred equal parts as well. 


3-9 Cluster of galaxies in the constellation Coma Berenices. 
This photograph was made with Palomar’s 200-in. Hale 
telescope. If we examine closely the light specks visible in 
this picture, we note that some of the images have a shape 
that resembles that of the Andromeda Nebula or one of its 
satellite galaxies in Fig. 3-8. These are indeed nebulae. 
They show different shapes and orientations. From the 
size of these images, this cluster of galaxies can be esti- beep pape ey gape apay eye eyayay aay pega 
mated to be about 200 or 300 times farther away from us Hee | | 1 | | 9| i | | ay 
than the Great Nebula in Andromeda. To an observer in s “ia 
one of these galaxies, the Andromeda Nebula and ourown = 3-1. A micrometer caliper. Very small lengths, such as the thick- 


galaxy, the Milky Way, would appear as two neighboring ness of a piece of paper, can be measured with this instru- 
members of a distant cluster. ment. 


a 


4| 


3-3 Small Distances 


If we go in the other direction toward the very 
small, we can still use straightforward geomet- 
rical methods. It is not hard to measure the 
thickness of a thin sheet of paper, if you have 
many of them. Stack up a hundred sheets. use a 
ruler to measure the stack; then you have 
marked off on the ruler a hundred times the 
thickness of one sheet. This obvious indirect 
method is similar to what is often done in 
physics. Of course if the sheets of paper are 
very different in thickness, the result will refer 3-10b The basic part of the micrometer caliper, as shown in the 
net to any real sheet, but to an average of the simplified version sketched here, is a screw. The disc cor- 

. : wf responds to the scale around the barrel in Fig. 3-10 (a), 
thicknesses present. For many purposes this is which enables us to measure a fraction of a turn. How 
good enough. What we obtain is the thickness does a screw help us to measure a small distance ac- 
of a sheet, assuming them all to be alike. curately? 


This is the basis of the machinist’s micrometer 
(Fig. 3-10). Other similar tricks will help a 
little, but to go further toward the very small we 
need to use amplifying devices, of which the 
most familiar is the microscope. With it, we 
can see small objects, and measure them by 
placing tiny “rulers” right beside them (Fig. 
3-11). Again, the laying-off and counting 
method is at work. 

The atom and its subunits are so small that 
the ordinary microscope is no longer of help, 
for light itself is not a delicate enough probe. 
Newer sorts of instruments, and again a set of 
still more indirect but convincing methods, 
carry us down to the smallest distances about 
which we have any real knowledge. Some of 
the methods are simple enough for you to carry 
out. See your laboratory guide. Table 3 gives 
some idea (in terms of orders of magnitude) of 
the amount by which we can extend our every- 
day notions of distance and size into the very 
small. 


TABLE 3 


Orders of Magnitude of Distances Too Small to 
Measure by Geometric Means 


LENGTH 


IN METERS ASSOCIATED DISTANCE 


10-6 Average distance between successive col- 
lisions (mean free path) of molecules in 
the air of a room 


10-7. + Thickness of thinnest soap bubble still 
showing colors 


10-8 Average distance between molecules of air 
in aroom 


10-9 Size of molecule of oil 


10-10 Average distance between atoms of a 
crystalline solid 

10-11 

10-12 Average distance between atoms packed 
in center of densest stars 

10-13 


10-14 Size of largest atomic nucleus 


Diameter of proton 
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The size of a human hair. In this photograph a hair has 
been placed across a millimeter scale. It is barely visible. 
How many hairs would have to be placed side by side to fill 
the space between two adjacent millimeter marks on the 
scale? 


lO =O 


wi om 


Here the hair has been photographed on a very small ruler 
with the aid of a microscope. Each of the smallest divisions 
on the ruler is one hundredth of a millimeter. The micro- 
scope has made it possible for us to measure the diameter 
of the hair more accurately. How accurate was your esti- 
mate from Fig. 3-11 (a) of the number of hairs that would 
be required to cover a millimeter? 


ee ee 
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3-4 The Dimensions of Space 


The fact that space has three dimensions is 
usually demonstrated by pointing out that three 
separate measurements are needed to locate an 
object in space. In the room in which you are 
now sitting, for example, you can locate any 
point by specifying its distance from one wall, 
its distance from a second adjacent wall, and its 
height from the floor. We can say this with 
complete confidence, even though we may not 
know the shape of the room. We assume that it 
has at least two straight walls that meet in a 
corner of some kind. If walls and floor meet at 
right angles, they represent what are called rec- 
tangular or Cartesian coordinates. If the cor- 
ners are all right-angled, the calculations may 
be simpler, but they are no better or no worse 
than any other kind. If the room is circular, 
three numbers will still do the job, although the 
calculation is different. 

In any case, three numbers—and the rules 
that say what they mean—define any point, and 
only that point. This is merely one way of ex- 
pressing the fact that space is three-dimen- 
sional. It is, however, not always the most 
interesting or the most informative way. 

We may approach the three dimensions of 
space in another manner. If you take a point— 
the point of your pencil is ideal—and move it, 
you generate a line. Any position on the line 
can then be specified by stating its distance from 
the beginning of the line. The line, in other 
words, has one dimension. 

If you now take the line, and move it perpen- 
dicular to its length, you generate a surface. A 
windshield wiper is an excellent example of 
this: the line of its rubber edge, on each sweep, 
marks out a surface on the windshield of the 
car. To locate a point on this surface, you need 
two numbers, one to give the position of the 
wiper when it lies across the point, and the other 
to state how far out along the wiper the point is. 
The surface, in other words, is two-dimensional. 
[See Fig. 3-12 (a).] 

In the engine of your car there are cylinders 
and pistons. The piston head is a surface. As 
it moves up and down from one position to 
another inside the cylinder, it sweeps out a vol- 
ume. To find a point in this volume, we need 
three figures—two to define a point on the 
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3-12 (a) Locating a point on a surface. (b) Locating a point 


in a volume. 


piston head, and a third to tell how far the 
piston is from one end of its stroke. [See Fig. 
3-12 (b).] 

Having now seen how a moving point gen- 
erates a line, how a moving line generates a 
surface, how a moving surface generates a vol- 
ume, what happens if we take the next step? 
What if we move a volume? The result is not 
what we might expect. A volume only sweeps 
out another volume, no different in kind from 
the volume swept out by asurface. We have run 


out of dimensions. Space, it seems, offers us 
only three upon which to work. Space is appar- 
ently three-dimensional, and no more. 

There is still another way of looking at di- 
mensionality. In this view, the pertinent char- 
acteristic of a line is that we can move along it 
from point to point without interruption—with- 
out lifting our pencil, as it were. But if one 
point is removed, we can no longer move 
directly from a point on the line to any other 
point beyond the gap. In effect, the line now 
is cut. 

Removing a point from i surface, such as the 
floor of the room, does not hinder us. We can 
move from any point on the floor to any other 
point merely by going around the missing point. 
But cut the floor along a line so that it now has 
two disconnected areas. If we are on one side 
of the cut, we cannot go directly to the points 
on the other side of the boundary. 

Finally, within the room as a whole, a full 
surface—a wall—is needed to prevent crossing 
from one point to another. But here again we 
come to the end. Any closed volume can be 
walled into two separate volumes, but we can 
go no further (unless the mathematicians invent 
new spaces, and they often do exactly that). 

What we have just done can be stated in 
simple form: a point (with zero dimension) cuts 
a line; a line (with one dimension) cuts a sur- 
face; a surface (with two dimensions) cuts a 
volume or space. A volume (with three dimen- 
sions) merely cuts another volume. 

All this may appear unimportant, or at best 
not important enough to warrant three repe- 
titions. As we go along, however, we shall find 
reasons to use each of these aspects of dimen- 
sionality. We will be working in physics with 
things of no dimensions, of one dimension, and 
of two dimensions, as well as with physical 
space and its three dimensions. 

Time, for example, has one dimension. It is 
specified by one number. We say, “Ten min- 
utes from now.” It is measured out by the pas- 
sage of zero-dimensional instants. And in 
passing through time, we must pass through all 
the instants, one after another. For example, 
there is no way of getting from 8:30 a.m. to 8:32 
a.m. without passing through 8:31 a.m. Each 
of these facts is significant; each is a character- 
istic of something having only one dimension. 


3-5 * MEASURING SURFACES AND VOLUMES 33 


3-5 Measuring Surfaces and Volumes 


The clue for the measurement of surfaces comes 
from the way we measured distance. Lay off 
a convenient unit of area and simply count how 
many times the unit fits into the surface to be 
measured. By subdividing sufficiently, it is pos- 
sible to fit the unit, or its subdivisions, into all 
the corners and curves of any surface with as 
much accuracy as you wish (Fig. 3-13). The 
process is similar to laying a tile floor. 

The convenient unit always used for surfaces 
is a square whose edge is a standard unit of 
length. Since we use meters for length, we have 
as a unit of surface the square meter (m°). 

We can measure volume in the same way, 
fitting little cubes into every portion of the vol- 
ume to be measured, until it is filled up. Here 
the unit we shall use is the cubic meter (m3). 


3-13 Measurement of a surface. In measuring the area of an 


irregular surface, such as the hand pictured above, we use 
the same method that we used in measuring a distance. 
First we lay off our units on the surface. To measure areas 
smaller than our unit area, we subdivide our unit. In the 
illustration, the unit is being subdivided to measure small 
irregularities. As you can see, there are additional small 
areas that will not fit these subdivisions. In such cases, we 
can subdivide the units as many times as we wish until we 
reach a point beyond which it is useless to go because the 
subdivisions become too small to see. 


3-6 
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Familiar divisions of these basic units are the 
square centimeter (cm?) for area and the cubic 
centimeter (cm?) for volume. How many square 
centimeters are there in 3 m2? We know 


Im = 100 cm; 
so 3m2= 3 x 100cm x 100cm 
3 « 104 cm?. 


Of course, the fitting of these little squares or 
cubes into irregular surfaces or volumes is not 
the only way to measure area or volume. Stand- 
ard containers of convenient shape are usually 
on hand, and an odd-shaped volume, such as a 
milk bottle, might be measured by filling it with 
water and then pouring the water into a stand- 
ard container or two, eventually using sub- 
divisions made in some geometrical way on a 
container of simple shape like the familiar grad- 
uated cylinder. 

The area of an irregular surface can be found 
by weighing a paper pattern cut to fit the sur- 
face neatly. One then compares the weight of 
the cut pattern with the weight of a measured 
square of the same material to find the area. 


On the Limitations of Measuring 


We have founded all our measurements on one 
simple scheme. To measure the size of some 
physical quantity, length, or time, you first 
choose a unit—any length or time you wish will 
do. Then to measure an interval larger than 
the unit, just “lay off the unit as many times 
as it will go into the required interval. This is 
what we naturally do with a ruler. For any- 
thing left over after the count, or for any 
amount we want to measure which is smaller 
than the unit, we simply divide the unit into 
smaller equal parts, subunits you may call 
them, and take as many of them as we need to 
match the given magnitude. We measure a box 
and find its length to be 20 cm and something 
left over. Dividing our centimeter unit into 
tenths. we find that the part left over contains 
three of these subunits; so we say the box is 
20.3 cm long. It is not hard to see that this 
method will work for any length that we want 
to measure. For we can make the divisions 
finer and finer until irregularities in the edge of 
the box we measure, or in the markings on our 


ruler, limit the fineness of our measurements of 
its length. 

Some measurements are not subject to the 
process of making smaller and smaller sub- 
divisions for greater and greater accuracy. The 
counting of the number of people in a room, 
for example, has a natural unit, the individual. 
Here the whole question of smaller and smaller 
subdivisions is irrelevant. Some physical quan- 
tities do seem to have natural units. But we do 
not know whether space and time have such 
natural units; we only know that we have not 
yet found them. Until we find such units (if 
we ever do), we shall freely use any subdivision 
of our arbitrary unit of measurement to repre- 
sent time and space. 

We have just looked at the problems involved 
in the basic method of measurement by count- 
ing. In many real measurements a second type 
of problem arises. A measurement that is made 
by an indirect method is always based on special 
assumptions. In measuring the thickness of a 
piece of paper, for example, we made an as- 
sumption that the paper was uniform. The 
measurement of large distances by triangulation 
also involves an assumption—one we are pretty 
familiar with in everyday life. We assume that 
the line of sight—which is the line that light 
travels to get to the eye from the object—is a 
straight line. Only if this is right will our 
method of sight-triangulation work. Com- 
monly we check the straightness of a board by 
sighting along it. We seem to accept the 
straightness of the path of light. Of course, it 
can deceive us and often does. The heat shim- 
mer you see above a hot radiator or a sun- 
warmed surface tells you that here are sight- 
paths which are not straight and are constantly 
changing. If we wish a reliable answer when 
measuring long distances by triangulation, we 
must avoid looking through heated, disturbed 
air. We cannot measure the distance to a star 
by this means on a night when the star is twin- 
kling very much as a result of changing air cur- 
rents from the warm surface of the earth. We 
want a clear, still night, with the star well up 
in the sky. 

Another assumption involved in measuring 
by triangulation is that the laws of geometry are 
correct. They cannot be taken for granted, 
however. All assumptions that we make in 


measuring must be tested. The results of geom- 
etry and the straight path of lines of sight have 
been well tested, largely by the success of the 
whole picture we can build up. But we must 
always be on the watch, especially when using 
indirect methods in measuring things far from 
everyday experience, to see if such traditional 
assumptions can still be relied upon. 

We noted earlier that we must do our best to 
understand the limitations of our instruments, 
including our senses. The problem of measur- 
ing the sizes of planets and stars illustrates this 
point. When we look through a telescope at 
various planets, they have various sizes; they 
appear as discs of various diameters. Stars seen 
in telescopes also appear to have some diam- 
eter, but the diameter does not change as we 
look from star to star. Instead it depends on 
which telescope we use and on which way we 
point it. The apparent size of stars seen in tele- 
scopes arises from the behavior of telescopes, 
not from the real size of stars. (See Fig. 3-14.) 


3-14 This illustration, an enlargement of a small section of Fig. 


3-7, shows two star images in detail. The images of the 
two brightest stars display four rays, while the smaller stars 
appear as small, irregular shapes. The four neat rays on 
the bright stars are due to the out-of-focus image of a four- 
armed support within the telescope. Even the roundish 
shapes of the images of the fainter stars do not depend on 
the stars, but on the nature of the telescope, the atmos- 
phere, the photographic plate, and the light. These cause 
the light from a distant star to blur rather than focus to a 
sharp point. The true star image in each case would be 
considerably smaller than the blurry spot. For this reason, 
the star images of Fig. 3-7 appear much more crowded 
than the stars which make them. In the same way, the 
stars that form our Milky Way cannot be separated by the 
unaided eye. 
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We have run into a limitation of our instrument, 
one which we can later understand, and we 
must get the information about the size of stars 
some other way. All indirect methods of meas- 
urement have limitations, and no one method 
works for all cases. 

Even the method of using standard lengths 
has its problems. In very precise land surveys, 
for example, the temperature of the steel tapes 
used is measured meter by meter in order to 
correct for expansion or contraction. Here, 
because we employ physical objects, the direct 
method must be carefully scrutinized. 


3-7 Significant Figures 


Numbers and their combinations by means of 
arithmetic give us an exact way of speaking 
about quantity. In physics, however, there are 
limits to our accuracy of measurement, and they 
in turn place limits on our use of numbers to 
record our measurements. 

We have learned that the use of a large string 
of zeros on either side of the decimal point, to 
express the order of magnitude of a quantity, is 
unnecessary. Every quantity can be written as 
a decimal number between one and ten multi- 
plied by the appropriate power of ten. Instead 
of writing the radius of the earth as about 
6,370,000 meters, therefore, we write it as 6.37 
x 106 meters. Likewise, the diameter of a hair 
is about 0.00003 meter, which we write as 3 x 
10-5 meter. 

Now, in this way of writing numbers, we 
show the limited accuracy of our knowledge by 
omitting all digits about which we have no in- 
formation. Thus, for the earth’s radius, when 
we write 6.37 x 106 m and not 6.374 x 106m 
or 6.370 x 106 m, we are saying that we are 
reasonably sure of the third digit but have no 
idea of the value of the fourth. The number of 
digits about which we do feel reasonably sure 
is called the number of significant figures. In 
the example of the hair, we have indicated only 
one significant figure. This means that we think 
three is a reasonable value, but we are not at 
all sure of the next digit (second significant 
figure). 

A physicist who makes a measurement must 
estimate its reliability, and the simplest way of 
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expressing that reliability is by writing the 
proper number of significant figures. To write 
additional figures that have no meaning is worse 
than a waste of time. It may mislead the people 
who use those figures into believing them. 

It is clear that the greater the accuracy of our 
measurements, the larger the number of signifi- 
cant figures we can use. When we write four 
significant figures, we imply that a fifth digit 
would have no meaning. If our accuracy were 
ten times greater, we would use another signifi- 
cant figure. The most careful physical measure- 
ments, using the highest available accuracy of 
the primary standards, still fall short of having 
twelve significant figures. 

Because the numbers used in physics reflect 
the limitations of measurement, we modify our 
ideas of arithmetic slightly so as to make sure 
that we do not write meaningless digits in our 
answers. Suppose we make the following time 
measurements—27.8 hr, 1.324 hr, and 0.66 hr— 
and we want to find their sum. Paying no at- 
tention to significant figures, we might write 


27.8 hr 
1.324 hr 
0.66 hr 

29.784 hr 


What is the meaning of this result? In any num- 
ber obtained by measurement, all the digits 
following the last significant one are unknown 
—for example, the hundredths and thousandths 
place in the first measurement above. These 
unknown digits are not zero. Clearly, if you 
add an unknown quantity to a known quantity 
you get an unknown answer. Consequently, the 
last two digits in the sum above are in fact un- 
known. In this case, then, we should round off 
all of our measurements to the nearest tenth so 
that all the digits in our answer will be signifi- 
cant. This gives 


27.8 hr 

1.3 hr 
_0.7 hr 
29.8 hr 


Since the first measurement is known only to 

the nearest tenth of an hour, we know the sum 

only to the nearest tenth of an hour. 
Subtraction of measured quantities works the 


same way. It makes no sense to subtract known 
and unknown quantities. Particular care must 
be taken in subtracting two numbers of nearly 
equal magnitude. For example, suppose you 
wish to find the difference in length of two 
pieces of wire. One you have measured to be 
1.55 meters long and the other 1.57 meters long. 


1.57m — 155m = 0.02m =2 x 10-2 m. 


Notice that we do not write the answer as 
2.00 « 10-2 m, since we are somewhat uncer- 
tain about each of the last digits in the original 
measurements. The difference certainly has 
only one significant figure, and we would not be 
too surprised if the difference were either twice 
as large or zero, instead of 2 cm. Subtraction 
of nearly equal quantities destroys accuracy. 
For this reason, you sometimes need measure- 
ments which are much more accurate than the 
answers you want. To avoid the experimental 
difficulties involved in making extremely accu- 
rate measurements, we should do well to put the 
two wires side by side, if possible, and measure 
the difference directly with a micrometer screw 
rather than use the difference between two large 
numbers. 

Now what about multiplication? How do we 
modify it to take account of the limitations of 
measurement? Suppose we wish to find the 
area of a long strip of tin. With a meter stick 
we measure its width to be 1.15 cm and its 
length to be 2.002 m. Here we have three- 
significant-figure accuracy in our width meas- 
urement and four-significant-figure accuracy in 
our length measurement. To get the area, we 
multiply length by width. If we pay no atten- 
tion to significant figures, we get 


= 2.002 m x 1.15 x 10-2 m 
= 2.30230 « 10-2 m2. 


But now think of the meaning of this answer. 
When we measured the width we wrote 1.15 cm 
because we were not sure that the real width 
might not be a bit bigger or a bit smaller by per- 
haps 0.01 cm. If in fact the width is that much 
bigger, we have made a mistake in the area by 
the product of this extra width times the length; 
that is, 


Error = 0.01 « 10-2m ~x 2.002 m 
= 0.02 « 10-2 m2. 


Thus, we see that we have an uncertain number 
in the hundredths place, which means that our 
original evaluation of the area may already be 
in error in the third significant figure. All the 
figures we write beyond the third have no sig- 
nificance. The proper way to express the answer 
is 2.30 « 10-2 m2, for when two numbers are 
multiplied together, their product cannot have 
more accuracy than the less accurate of the two 
factors. Don’t think that your results are im- 
proved by carrying out simple arithmetical 
operations to many figures. 

What has been said about multiplication ap- 
plies equally well to division. Never carry a 
division out beyond the number of significant 
figures in the least accurate measurement you 
are using. 

It should be noted that numbers that are not 
the result of measurement may have unlimited 
accuracy and may be taken to any degree of 
accuracy required by the nature of the problem. 
For example, if an area was measured and 
found to be 3.76 m2, twice that area would be 
2 x 3.76 m2 = 7.52 m?. 

We have seen how to handle numbers when 
they represent physical quantities. But we have 
by no means told the whole story of accuracy in 
measurement. The use of significant figures 
gives only a rough, though useful, guide to accu- 
racy. Often the number of significant figures 
itself can be in doubt by one figure either way. 
To clear up this uncertainty would require that 
we go a long way into the theory of errors. Even 
though we choose not to do this now, the idea 
of significant figures can still help us to avoid 
misleading numbers and unnecessary calcula- 
tions. 

Every physical quantity must have: a unit, to 
tell what was counted; an order of magnitude; 
and a statement about its reliability, which for 
the present we can make in a rough way by 
writing only the correct number of significant 
figures. There is no technique in physics more 
important than the writing of physical quanti- 
ties with all these facts made clear. 


FOR HOME, DESK, AND LAB 37 


FOR HOME, DESK, AND LAB 


1. Choose an arbitrary unit such as the length of the 
first joint of the thumb or the length of a finger- 
nail. Mark off a scale, using this unit, along the 
edge of a piece of paper. Use this scale to meas- 
ure the length and the width of this page. Deter- 
mine the ratio of the length to the width. What 
are the units of this ratio? Compare the ratio that 
you obtained with the ratios that others obtained 
for this same object using different units. What 
is the effect of different units in measuring ratios? 


2.* You wish to make a pile 10 cm high from sheets of 
metal that are 2 mm thick. How many sheets do 
you need? (Section 1.) 


3.* How many microfarads are there in one milli- 
farad? (Section 1.) 


4.* Which would be worth more, a kilobuck or a 
megacent? (Section 1.) 


5.* How many millimeters are there in (a) 30.5 cm 
(one foot)? (b) 1.83 m (6 ft.)? (c) 1.61 km (1 
mile)? (Section 1.) 


6.* A student has found that when he holds a pencil 
vertically at arm’s length, it just obscures his view 
of a distant radio tower. The distance from his 
eyes to the pencil is 60 cm. The length of the 
pencil is 15 cm. and he knows that the tower is 
75 m high. How far is he from the tower? (Sec- 
tion 2.) 


7. In using the triangulation method of measuring a 
distance, an observer sights upon an object di- 
rectly opposite him on the far bank of a river. He 
places a stake where he is standing and then 
moves 50 meters upstream parallel to the river. 
Here he places a second stake. Then he moves 
10 meters farther upstream and places a third 
stake. From this stake he walks directly away 
from the river until he is on a line with the second 
stake and the object on the far side of the river. 
He finds that he is 44 meters from the third stake. 
What is the width of the river? See Fig. 3-1 of 
the text for a diagram of this method. 


* 


8.* In Fig. 3-3, which picture was taken with the 
camera on the left, and which with the camera 


on the right? (Section 2.) 


9. What is the diameter of the moon? Assuming 
that the moon is 3.8 x 105 km from the earth, you 
can determine its diameter by the following 
method. Place two strips of opaque tape 2 cm 
apart on a windowpane. Make a pinhole in a 
card and then observe the moon through the pin- 
hole and between the two strips. Back away from 
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the window until the moon just fills the space be- 
tween the two strips. Measure the distance from 
the card to the window. Using the geometry of 
similar triangles, calculate the diameter of the 
moon. Do nor attempt to use this method to 
determine the diameter of the sun. The bright 
sun will be harmful to the eye. Could this method 
be used to determine the size of a star? 


Stand 75 to 150 meters from a building with a 
fairly flat front and several stories high. (An 
alley between buildings with one dead end is also 
suitable.) Clap your hands sharply and listen to 
the echo, which is, of course. much fainter than 
the original clap. 

Now clap in rhythm and adjust your rate of 
clapping until you cannot hear the echo because 
it comes back at the same time the louder sound 
is being created. Have someone count the num- 
ber of times you clap in ten seconds. Measure 
the distance and compute the speed of sound (not 
forgetting to double the distance to get the path 
traversed). 


The distance to a large barn has been determined 
by the use of the parallax viewer. How would 
you use the viewer to determine the length and 
height of the barn? 


The skipper of a small boat wants to be able to 
determine his distance from points on shore with- 
out instruments other than his watch and the 
known speed of his boat. To do this he sets up 
sight lines at 45° and at 90° to the centerline of 
the boat, as shown in Fig. 3-15. 

Suppose that you are the observer riding in this 
boat. The skipper is holding a clear, straight, and 
steady course at 6 meters per second. What ob- 
servations and calculations must you make to 
determine your shortest distance to a house on 
shore? 


3-15 For Problem 12. 
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Star A is measured by parallax to be 2.5 x 10!7 
meters distant from the earth. It appears to be 
10* times as bright as star B of the same ap- 
parentcolor. (The color of a star is an indication 
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of its light-producing ability.) What is a good 
value for the distance to star B? 


(a) A simple range finder can be improvised by 
using two meter sticks to establish sight lines to 
the object. The amount these deviate from 
parallel positions is a measure of the nearness of 
the object sighted. If the meter sticks form equal 
angles with their base line, and are separated by 
one meter at the near end and 96 centimeters at 
the end away from the observer, what is the dis- 
tance to the sighted object? 

(b) If the meter sticks are not sufficiently 
straight to give an accurate reading on the sepa- 
rations, an error in range estimation will result. 
What difference in the estimated range would 
result if the front measurement had been 96.2 in- 
stead of 96.0 cm when the rear measurement re- 
mained at | meter? Express this error as a per- 
cent. 

(c) As the sticks are made more nearly parallel, 
failure to sight the sticks exactly produces a much 
larger error of range estimation. Compare the 
ranges when the front ends of the sticks are 99.0 
and 99.2 cm apart while the rear ends remain al 
one meter. 


From Table 3, calculate the order of magnitude 
of the ratio of the size of a molecule of oil to the 
size of the largest atomic nucleus. (Section 3.) 


What is the diameter of the hair shown in Fig. 
3-11(b)? (Section 3.) 


If the section of microscope scale shown in Fig. 
3-11 (b) were placed on top of the mm scale of 
Fig. 3-11 (a) with their zero marks lined up, how 
many mm marks would be covered? (Section 3.) 


Determine the thickness of the leaves in one of 
your books by measuring the thickness of 200 
pages (100 sheets). Why is it suggested that you 
use 100 sheets? What assumptions are made in 
this measurement? 


A straight line 5.0 cm long is rotated in a plane 
about one end. What is the area swept out by 
this motion? (Section 5.) 


A piece of cardboard whose dimensions are 12 
cm by 8.0 cm is tilted about the 8.0 cm edge 
through an angle of 90 deg. What volume has 
been swept out by this motion? 


Estimate the order of magnitude (10") of the 
following items in terms of the meter, kilogram, 
second system of units. 

(a) The distance across the United States 

(b) The number of seconds per century 

(c) The number of drops of water in a bathtub 
full of water 
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(d) The thickness of a leaf of your textbook 
(e) The area of the earth 
(f) The volume of the earth 


An indirect method for determining the area of 
an irregular surface was mentioned in this chap- 
ter. What is assumed in this method? 


A 12-inch LP record which plays for 25 minutes 
at 334 RPM has 4 inches of grooved surface along 
the radius. What is the average distance between 
grooves? 


How many significant figures are there in each of 
the following measurements? (a) 3.15 mm; (b) 
0.00315 m; (c) 6.025 cm; (d) 36 km; (e) 3.34 x 
105; (f) 36.00: (Section 7.) 


Solve each of the following problems, paying 
proper attention to the number of significant fig- 
ures given for the measured quantities: 

(a) The diameter of a circle is 4.24.m. What is 
its area? 

(b) A stick has a length of 12.132 cm, a second 
stick a length of 12.4 cm; if the two sticks are 
placed end to end, what is their total length? 

(c) If the two sticks in (b) are placed side by 
side, what is the difference in their lengths? 


A person reports seeing a “flying saucer” 200 feet 
long, at an altitude of 6000 feet and flying at an 
estimated speed of 2000 miles per hour. Discuss 
the accuracy of this observation. 


A student measures a block of wood and records 
the following results: length = 6.3 cm, width = 
12.1 cm, and height = .84 cm. 

(a) What ts the volume of this block? 

(b) Assume the length and width measure- 
ments to be correct; however, you can see that the 
height measurement may be off by 0.01 cm either 
way. How would this change your answer for the 
volume? 

(c) What fraction is this of the total volume? 


If a circular piece of tin has a measured radius of 
2.6 cm, what is its circumference? 


A bag contains 25 identical marbles. A student 
makes measurements on one of them and deter- 
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mines its volume to be 1.76 cm’. What should 
his answer for the total volume of all the marbles 
be? 


30. A bus driver clocked the following times for por- 
tions of his route: 
Station A to Station B 1.63 hr 
Station B to Station C 4.7 hr 
Station C to Station D 0.755 hr 
Station D to Station E 2.00 hr 
(a) How long did it take him to drive from 
Station A to Station E? 
(b) What part of the whole traveling time does 
the time between Stations B and D represent? 
(c) The time to go from Station A to Station C 
is how much more than the time to go from Sta- 
tion C to Station E? 


31. You probably know that the shape of the earth 
is a slightly flattened sphere. The polar axis is 
shorter than the diameter of the equator by about 
40 km. Is the earth more nearly a perfect sphere 
than a basketball is? 
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Functions 
and 
scaling 


VERY OFTEN in physical science we are inter- 
ested in measuring values for one physical 
property as we change the value of some other 
physical property by known amounts. For ex- 
ample, in the laboratory experiment with the 
bell timers we might wish to measure the time 
of vibration of the clapper for various loads 
attached to the clapper. We should then have 
a collection of measurements relating these two 
properties and probably, for neatness at least, 
we should want to collect these measurements 
into a table of data. A glance at the table 
allows us to find the value of one of these quan- 
tities for any value of the other quantity which 
appears in the table. However, suppose we 
wish to know the values for a case that does not 
appear in the table. Then it is necessary to 
make some estimates between the values that 
do appear, with a resulting uncertainty in the 
correctness of our estimate; or we could return 
to the physical system and collect additional 
data, which may be very inconvenient. 

Another procedure is available to us which 
usually turns out to be both more meaningful 
and more accurate. We can present the data 
from the table in the form of a graph, thus giv- 
ing some visual impression of the way the two 
quantities depend on each other. If we connect 
the experimental points with a smooth curve, it 
is then possible to read off intermediate points 
by reference to the curve. Graphical methods 
offer us some very powerful tools, and we shall 
use them frequently in this course. However, 
it is well to realize at the start that there are also 
pitfalls and uncertainties in this method, as we 
shall find later. 

By far the most satisfactory procedure is to 
hunt for a mathematical relation which shows 
how these two quantities depend upon each 
other. If such a relation can be found and 
checked at a large number of experimental 
points, then the prediction of values at inter- 
mediate points can be made with high confi- 
dence and considerable accuracy. Many of the 
laws of physics are expressed most usefully by 
such mathematical relations, and we shall be 
constantly seeking such relations throughout 
this course. 

In this chapter we shall discuss several com- 
mon but useful examples of the way in which 
one quantity might depend upon another. We 
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shall use all three methods of presenting the 
data—tables, graphs, and mathematical rela- 
tions—to show the methods of going from one 
to the other. We shall then be able to discuss 
the interesting question of why scale models of 
things cannot be made to resemble exactly the 
original things themselves. 


Direct Proportion 


Suppose we wish to look at the relation between 
the volume of a piece of iron and its weight. If 
we make measurements on pieces of iron we 
find that | ft? weighs 440 pounds, 2 ft? weighs 
880 pounds, 3 ft? weighs 1320 pounds, and so 
on. This is shown in the following table: 


Weight versus Volume of Iron 


VOLUME WEIGHT 
1 ft3 440 pounds 
mit? 880 pounds 
Sft3 1320 pounds 


This kind of relation, in which doubling the 
volume doubles the weight, tripling the volume 
triples the weight, etc., is called direct propor- 
tion. It is one of the simplest relations between 
two quantities, and you will meet it frequently 
in physics. 

We can display this relation between weight 
and volume on a graph. We must choose scales 
—one for the vertical direction, marking off 
some number of pounds for each vertical divi- 
sion of the paper; and one for the horizontal 
direction, marking off volumes in ft?. Now we 
can mark a point on the graph for each of the 
pairs of values given in the table. The graph is 
a straight line, as shown in Fig. 4-1. All direct 
proportions are represented by straight-line 
graphs such as this one. In a real experiment, 
of course, the data may not be nearly so regular 
as it is in our example; the points may scatter 
somewhat on the graph. If it is reasonable that 
the cause of the scatter is the experimental un- 
certainty of the measurements, a single straight 
line that passes as close as possible to all of the 
points is the best graph to draw. 

We can describe this direct-proportion rela- 
tion in other ways. In words, we can say the 
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weight of iron “is proportional to” its volume, 
or weight “varies directly” with volume. In 
symbols we write 


Wea V, 


where W is the weight of a piece of iron, V its 
volume, and the symbol « means “is propor- 
tional to.” If we have two different volumes of 
iron, V and V’, the fact that their weights are 
proportional to their volumes can also be ex- 
pressed as 

eee 


WV 


Another useful form of this relation expresses 
the fact that when weight and volume are re- 
lated by direct proportion they have a constant 
ratio. If we divide the weight of a sample of 
iron by its volume, the result will be the same as 
that obtained by dividing the weight of any 
other sample by its volume: 


w _(w ay 
V / one sample another sample hie 


The constant k is called the proportionality con- 
stant. In our example of iron, k = 440 pounds 
per cubic foot. We can express this relation as 
an equation for any piece of iron: 


WwW 
—i—k T W—kV. 
Vy oO 
1500 
4 
1200 VA 
= 900 
- 
> 
= 600 Vhs 
300 ve 
1 2 3 4 


Volume (ft*) 


4-1 Graphic representation of a direct proportion. If the 


weight of 1 ft} of iron were less, would the graph be 
steeper? or less steep? 
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Returning to the graph, you can see from the 
similar triangles of base lengths | ft3, 2 ft?, and 
3 ft? that the ratio W/V is the same for all three 
cases. The graph, then, presents to the eye the 
meaning of the equation W = kV. It is said to 
represent this equation. Because the graph of 
this equation is a straight line, the equation is 
called a linear equation. Any relation between 
x and y of the form y = kx, where k is some 
constant, is a /inear relation. In other words, all 
direct proportions are linear relations. 


Power Laws and Similar Figures 


Another type of relation occurs when one 
quantity varies as the square of another. For 
example, the area A of a square of side L is equal 
to L?: 


A= (k=1). 


If L is measured in meters, the area A will be in 
square meters (m2). Also, the area A of a circle 
of radius R is given by 


A=aR2 (k=7). 


Both of these equations show that one quantity, 
an area, varies with the square of another, a 
length. 

All circles are similar figures: all have the 
same shape. They are just magnified or reduced 
copies one of another. Also, all squares are 
similar figures. But these are not the only simi- 
lar figures. All sorts of figures may be made in 
magnified or reduced copies. The two curious 
areas in Fig. 4-2 are similar. One was made by 
magnifying the other until every linear dimen- 
sion was tripled. You can check this statement 
by seeing that the sides of every square in the 
larger area are just three times what they are in 
the small one. This means that every square in 
the large area has just nine times the area of the 
corresponding small one. The total area of the 
large figure is therefore also nine times that of 
the smaller one. Just as in the case of circles 
and squares, the areas of any similar figures “go 
up as” (vary as) the square of a linear dimen- 
sion. When the linear dimension is multiplied 
by 3, the area is multiplied by 9. In general, 
then, for similar figures 


A L?, 
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larger figure is the same multiple of the corresponding di- 
mension of the smaller. In this case the dimensions of the 
larger figure are three times those of the smaller. You can 
check this by measuring corresponding squares. 


Notice that it does not matter which linear 
measurement you take for L, as long as you use 
the corresponding measure for all the similar 
figures you are comparing. For example, fora 
square you could use the diagonal just as well as 
the side. When the side of one square is n times 
as long as that of another, the diagonals are in 
the same ratio. And the area of the first square 
is n2 times as large as that of the second. The 
same thing applies to the corresponding lengths 
in any two similar figures. (See Fig. 4-3.) 

Some figures that have the same name may 
not be similar. Not all rectangles, for example, 
are similar. We can have two rectangles with 
the same base b but different heights h. The 
area is given as the product of the two linear 
dimensions: A = bh. Although such examples 
are different from similar figures, they have in 
common the fact that the area is always meas- 
ured in units of the square of alength. If we use 
the meter as the measure of all lengths, the areas 
will be specified in terms of the number of 
meters squared. 

Just as all areas are the product of two 
lengths, all volumes are the product of three 
linear dimensions. Again we must distinguish 
between solid figures like cylinders which may 
have the same base and different heights, and 
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is the same as the ratio of the squares of any two corre- 
sponding dimensions. Here, since L’ is twice L (M’ is also 
twice M) the area of the larger figure is four times the area 
of the smaller. 


sets of similar solid figures like spheres or cubes 
in which every linear dimension is magnified or 
shrunk by the same factor. For similar solid 
figures, when the linear dimensions are multi- 
plied by the factor n, the volumes are multiplied 
by the factor 3, one 1 for each linear dimension. 
For example, the volume of a sphere is 


An 
V — — R3 
3 . 


where R is its radius. Then a sphere of radius 
R’ = nR has a volume 


= nv. 


This is just a particular example of the general 
rule: the ratio of the volumes of similar solids is 
the cube of the ratio of their linear dimensions. 
Check this yourself for cubes or for some 
curious solid that you build. One good way is 
to make the figure of blocks or bricks, then find 
the ratio of the numbers of bricks you must use 
to make a similar solid with every linear dimen- 
sion doubled. You will find that you use eight 
times—that is, 23 times—the original number 
of bricks. 

For particular similar figures such as squares 
or circles, we can do more than show the pro- 
portionality of area and linear dimension: 
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A «x L?. Wecan write equations including the 
proportionality constant: A = L? for the square 
and A = wR? for the circle. Just as we could 
represent the equation W = kV by a graph, so 
we can represent these equations by graphs. 
The relation between length of edge and area 
for a square is shown in the table. 


Area of a Square versus Length of Edge 


LENGTH OI | DGE AREA 
Im ] m2 
2m 4 m2 
3m 9 m2 
4m 16 m? 


In Fig. 4-4 we have used the values in this table 
to draw the graph of A = L?. 

Since the equation for the areas of any set of 
similar figures can always be written A = kL?, 
we can use the graph of Fig. 4-4 for the relation 
of area and linear dimension for any set of 
similar figures. All we have to do is to change 
the vertical scale to account for the different 
values of k. For example, since A = 7R? fora 
circle, we can read the radius on the horizontal 


100 
80 


60 


Area in (m?’) 


40 
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0 2 4 6 8 10 
Length of Edge in Meters 


Graphic representation of the area of a square versus the 
length of a side. How can you use this graph to find the 
area of a square if you know the length of a side? How 
would you use it to find the length of a side, knowing the 
area? 
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scale and the area on the vertical one by multi- 
plying every vertical reading by 7. 

We can make the same kind of graphical rep- 
resentation for the volumes of similar figures. 
The table shows a few values of the relation for 
the volume of a cube, V = L?. 


Volume of a Cube versus Length of Edge 


LENGTH OF EDGE VOLUME 
lm 1 m3 
2m 8 m3 

27 m3 


We have graphed these values in Fig. 4-5. 
Again we can use this figure for all sets of simi- 
lar volumes by adjusting the vertical scale for 
the value of kin V = kL3. For example, if we 
read the radius of a sphere on the horizontal 
scale, the volume is 47/3 times the number on 
the vertical scale. 

Relations in which one quantity is propor- 
tional to a power, like the square, cube, etc., of 


70 


60 


Volume (m°) 
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4-5 Graphic representation of the volume of a cube versus 


the length of its side. 


another occur often in physics. They are called 
power laws. In addition to first, second, and 
third power laws, such as W = kV, A = kL?, 
V = kL3, which we discussed here, we also find 
inverse-power laws, such as J = k/d?—inten- 
sity of light is inversely proportional to the sec- 
ond power of the distance from the light source. 
We shall discuss the inverse-square relation in 
Section 4-3. 

Whenever we have a relation between the 
values of one quantity and the values of an- 
other, such that for every value of the first 
quantity there is one unique value of the second 
quantity, we have what is called a mathematical 
function. For example, the area of a square is a 
function of the length of its side, and the volume 
of a sphere is a function of its radius. Further- 
more, sometimes we have relations between the 
values of three or more different quantities— 
the area, height, and base of a rectangle, for ex- 
ample. In this case, for every pair of values of 
the height and base, there is a unique value of 
the area, so the area of a rectangle is a function 
of its height and its base. On the other hand, 
some relations are not functions at all, because 
there is not a unique value of one quantity asso- 
ciated with each value of the other. If you are 
told only the color of someone’s eyes you cannot 
determine his age. So the age of a person is not 
a function of the color of his eyes. 

The idea of functional relation is a very gen- 
eral one. For example, the expected time of 
arrival of a train at any station along a route is 
a function of the station’s position along the 
route. A railroad timetable represents a set of 
such functions, for various trains and routes. 
Equations, tables, and graphs, as we have seen, 
are all useful ways of representing mathe- 
matical functions. Mathematicians have ex- 
tended the ideas of function and relation far 
beyond what we have indicated here. If you are 
interested, see some of the references at the end 
of the chapter. 


The Inverse-Square Relation 


Look at a row of street lights that stretch away 
from you in the distance. The lamps them- 
selves are all the same—that is, each gives off 
the same amount of light each second—but the 
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closer each one is to you the more intense it ap- 
pears. If the light spreads out equally in all 
directions (which is nearly true for a street lamp 
and a star and many other sources), it can be 
pictured as shown in Fig. 4-6. Here we con- 
sider just a portion of the light moving out 
through a sort of “pyramid” from the point P. 
As the distance from the source increases, the 
light is spread over a greater area and the light 
appears less intense. This suggests that the in- 
tensity of the light is inversely proportional to 
the area it falls on. 


l 
Ia ri 
where J represents the intensity and A the area. 
For the moment let us assume that this relation 
holds for light. Later you will study light inten- 
sities experimentally. 

Each of the sides of the squares in Fig. 4-6 is 
proportional to its distance from P. Therefore, 
the area of each square is proportional to the 
square of that distance. If we call the distance 
d, this can be expressed as 


A «x d?, 
Combining this relation with J « + we find that 


l 


[a — 


dz 


This is the inverse-square relation, which for 
light says that the intensity is inversely propor- 


The inverse-square relation. 
Light from a point (P) radiates 
in all directions. Since the 
light spreads out to cover four 
times the area at twice the 
distance, it follows that it can 
be only + as intense. Thus, 
when the distance is doubled, 
the intensity decreases to 1, 
or the intensity is inversely pro- 
portional to the square of the 
distance. 
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tional to the square of the distance from the 
source. 


In detail you can see that J « ac by remem- 


dz 
bering that 
l 
Tat 
ae” 
I'_A 
2a 7 1 
means =a (1) 
and that Ax qd? 
A _ d2 
means a dy (2) 
So, combining (1) and (2) gives 
I @ 


This is the same as 


l 


Ila rs 
Note that relation (3) holds for a single source 
at distances d’ and d. It also holds for two iden- 
tical sources, one at distance d’ and the other at 
distance d. For example, suppose we have two 
street lamps, which we call | and 2, at different 
distances d, and d2 from a white wall which they 
illuminate. Then, their intensities at the wall 
are in the ratio 


I _ de 
Ip dy?” 
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This relation enables us to estimate the distance 
of one lamp if we have another equal lamp at a 
known distance. For example, suppose we find 
that a lamp 10 meters (d,) away gives an inten- 
sity that is 16 times that of an identical lamp at 
some unknown distance do. (Photoelectric 
cells, camera light meters, and photographic 
plates can give accurate measures of relative 
intensity. So can the eye with the aid of a spe- 
cial screen on which to make comparisons.) 
How can we find d2? We know that J,//» is 16 
and we know that d; is 10 meters. 


Ih dy? 
Iz ~~ (10 meters)?" 


16 = 


Solving for dz we get 


do = \/16 & (10 meters)? = 4 « 10 meters 


40 meters. 


We can make a graph of the intensity of the 
light from a lamp versus the distance from the 
lamp. even if we do not know the value of the 
intensity. Let us say the intensity at 10 meters 
is [;. As we have just found, the intensity at 
40 meters is /;/16. We could make the follow- 
ing table by making a few more similar calcula- 
tions: 


Intensity of a Lamp versus Distance from Lamp 


DISTANCE INTENSITY 
10m I; 
20m 1,/4 
30m 1/9 
40m 1,/16 
50m 1,/25 


The graph of this table is shown in Fig. 4-7. 
The method used to find the relative distances 
of the two street lamps can be used to find the 
distances of stars so far away that their distances 
cannot be measured by the geometric methods 
using the diameter of the earth’s orbit as a base 
line. The measurement is made by comparing 
the intensity of the faint image of a faraway star 
on a photographic plate with the intensity of a 
nearby star which appears to give off the same 
amount of light. The measurement is at best a 
rough one, because we do not expect that the 
two stars are really equally strong sources of 
light. But in this rough way we can go far be- 


yond the possibilities of triangulation methods 
and at least determine the order of magnitude 
of the distance to far-off stars. 

We can see how the inverse-square relation 
works by using it to measure the distance of a 
nearby star, a Centauri A, whose distance we 
can measure geometrically. Judging from its 
color and calculated mass, this star is very simi- 
lar to the sun. But the intensity of illumination 
here at the earth is 101! times greater from the 
sun than from a Centauri A. From the inverse- 
square relation we learn that a Centauri A must 
be about 1/101! = 3 x 105 times as far away 
from us as the sun is. The sun is 1.5 x 101! m 
away, so the star must be about 4.5 « 1016 m 
away. And this is almost exactly what a geo- 
metrical measurement also tells us. In this case 
the inverse-square relation proves itself as a 
method of distance measurement. When we 
apply the inverse-square relation to measure- 
ment of distances of stars farther away, our con- 
fidence is strengthened because it agrees with 
other indirect methods of measurement. 

We were able to find the distance to a star by 
two methods, but we do not have much hope of 
finding the size geometrically. The angle sub- 
tended at our eye is much too small to be meas- 
ured visually or even with the best instruments. 
If the star is the same size as the sun, this angle 
is about the same as the angle a dime would sub- 
tend at a distance of 300 km. That is about the 
distance from New York to Washington. No 
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4-7 Graphic representation of an inverse-square relation—the 


intensity of light versus the distance from the lamp. 


wonder the sizes of stars cannot be measured 
directly even through the largest telescopes. 

The inverse-square relation has given us a 
powerful new way to measure great distances. 
Many other mathematical relations in physics 
can be exploited to tell us things about the 
physical world. Often these do not appear to 
be closely related to the experiments which gave 
us the relation in the first place. We have intro- 
duced the inverse-square relation here to illus- 
trate the use of such relations in physics, not to 
discuss the nature of light. Light will be our 
topic later on. 

We must realize, however, that the inverse- 
square method of distance measurement has its 
limitations. The inverse-square relation will 
certainly not apply if there is anything between 
the eye and the source that makes light deviate 
from a Straight-line path or absorbs some of it. 
Obviously, a patch of fog would reduce the in- 
tensity from a distant lamp and upset any calcu- 
lations based on the inverse-square law. There 
must also be some definite meaning given to the 
distance between eye and source. This sounds 
obvious—and it is, if we think of a street lamp 
in the next block. We measure from where we 
stand to any point on the lamp. Since the lamp 
is so far away, all these measurements give 
essentially the same distance d. Thus you can 
see that the inverse-square relation will be true 
if the physical dimensions of the light source are 
small (less than 5 percent, say) compared with 
the distance between eye and source. The in- 
verse-square relation describes many situations 
in nature where something—light, particles, or 
lines of electric force—radiates from a point in 
straight lines uniformly in all directions. Many 
experimental verifications of this law have 
proved its truth and verified the deductions we 
made from geometry. 


Interpolation and Extrapolation 


Suppose we measure the volumes and corre- 
sponding radii of a number of spheres and plot 
the results (volume against radius). From the 
measurements, we are sure of the positions of a 
number of points on this plot, one for each 
sphere. If we now draw a smooth curve through 
these points, we obtain a curve from which we 
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can find the volume of a sphere for any radius— 
not only for the values of the radii we have 
measured. The process of finding from this 
plot new values located between the measured 
ones is called interpolation. Such a process is 
meaningful and useful when there are good 
reasons to believe that the curve is valid for 
values between the measured ones. Then one 
gets information which is not immediately 
available from the measurements. 

In the example of the relation between the 
volumes and radii of spheres, we know from the 


equation V = oF Rs that the volume changes 


smoothly with the radius. So a smooth curve 
through a few computed or measured points is 
reasonable. When no formula is known, how- 
ever, we depend only on experimental measure- 
ments. Then drawing a smooth curve expresses 
our belief that things change smoothly in nature. 
Interpolation always carries with it some ele- 
ment of risk. Even if things do change 
smoothly, we must get experimental values 
quite close together if we want to know how the 
graph goes in any region where it curves 
sharply. Interpolation is of no use at all for 
graphs of functions which cannot be repre- 
sented by smooth curves. 

Extrapolation, carrying the plot out beyond 
the range of the data, is even more risky. Error 
can arise here more easily, but so can discovery. 
For example, the problems encountered by air- 
craft in breaking the sound barrier were fore- 
seen by extrapolation of equations which de- 
scribe the exact behavior of aircraft at speeds 
well below that of sound. Extrapolation from 
the behavior of gases at normal temperatures 
leads to the idea of a lowest possible tempera- 
ture, absolute zero, and indeed, no lower tem- 
perature can be produced. On the other hand, 
extrapolation from the behavior of things mov- 
ing at ordinary speeds to the behavior of things 
moving at speeds close to the speed of light 
leads to predictions which are in serious dis- 
agreement with experiment. 

In our examples of the volumes of a series of 
spheres and the areas of squares, extrapolation 
would be quite as safe as interpolation, for we 
know the equations to hold according to the 
geometry of Euclid for spheres or squares of any 
size, however large. But the physicist has to 
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admit that he has no certain test for the validity 
of Euclid’s geometry beyond the distances to 
the galaxies. Indeed, theoretical physicists 
have invented proposals to change the laws of 
Euclid whenever enormous distances are in- 
volved. From the point of view of physics, the 
geometry of space is subject to experiment. 
Euclid’s geometry may not be an accurate de- 
scription of our measurements if the shapes we 
study range in size over many orders of magni- 
tude. Naturally, we shall not change our de- 
scription unless it gets us into trouble. In this 
course the geometry of Euclid will serve us well. 


Scaling—The Physics of Lilliput 


The fictional traveler Lemuel Gulliver spent a 
busy time in a kingdom called Lilliput, where all 
living things—men, cattle, trees, grass—were 
exactly similar to the corresponding things in 
our world, except that they were all built on the 
scale of one inch to the foot. Lilliputians were 
a little under six inches high, on the average, and 
built proportionately just as we are. Gulliver 
also visited Brobdingnag, the country of the 
giants, who were exactly like men but twelve 
times as tall. As Swift described it, daily life in 
both kingdoms was about like ours (in the 
eighteenth century). His commentary on 
human behavior is still worth reading, but we 
shall see that people of such sizes just could not 
have been as he described them. 

Long before Swift lived, Galileo understood 
why very small or very large models of man 
could not be like us, but apparently Dean Swift 
had never read what Galileo wrote. One char- 
acter in Galileo’s “Two New Sciences” says, 
“Now since... in geometry, .. . mere size cuts 
no figure, 1 do not see that the properties of 
circles, triangles, cylinders, cones, and other 
solid figures will change with their size... .” But 
his physicist friend replies, “The common 
opinion is here absolutely wrong.” Why? 

We start with the strength of arope. It is easy 
to see that if one man who pulls with a certain 
strength can almost break a certain rope, two 
such ropes will just withstand the pull of two 
men. A single large rope with the same total 
area of cross section as the two smaller ropes 
combined will contain just double the number 


of fibers of one of the small ropes, and it will 
also do the job. In other words, the breaking 
strength of a wire or rope is proportional to its 
area of cross section, or to the square of its 
diameter. Experience and theory agree in this 
conclusion. Furthermore, the same relation 
holds, not only for ropes or cables supporting a 
pull, but also for columns or struts supporting a 
thrust. The thrust which a column will support, 
comparing only those of a given material, is also 
proportional to the cross-sectional area of the 
column. 

Now the body of a man or an animal is held 
up by a set of columns or struts—the skeleton— 
supported by various braces and cables, which 
are muscles and tendons. But the weight of the 
body which must be supported is proportional 
to the amount of flesh and bone present, that is, 
to the volume. 

Let us now compare Gulliver with the Brob- 
dingnagian giant, twelve times his height. Since 
the giant is exactly like Gulliver in construction, 
every one of his linear dimensions is twelve 
times the corresponding one of Gulliver’s. 
Hence, the bodies of the giant and of Gulliver 
are exactly similar in cross section and in shape. 
Because the strength of the giant’s columns and 
braces is proportional to their cross-sectional 
area, which is (12)? times the cross-sectional 
area of Gulliver’s bones, his bones will be 144 
times as strong as Gulliver’s. Because his 
weight is proportional to his volume, which is 
(12)3 times Gulliver’s volume, it will be 1728 
times as great as Gulliver’s. So the giant will 
have a strength-to-weight ratio a dozen times 
smaller than ours. Just to support his own 
weight, he would have as much trouble as we 
should have in carrying eleven men on our back. 

In reality, of course, Lilliput and Brobding- 
nag do not exist. But we can see real effects of a 
difference in scale if we compare similar animals 
of very different sizes. The smaller ones are not 
scale models of the larger ones. Figure 4-8 
shows the corresponding leg bones of two 
closely related animals of the deer family: one 
a tiny gazelle, the other a bison. Notice that the 
bone of the large animal is not at all similar geo- 
metrically to that of the smaller. It is much. 
thicker for its length, thus counteracting the 
scale change, which would make a strictly simi- 
lar bone too weak. 


Galileo wrote very clearly on this very point, 
disproving the possibility of Brobdingnag, or of 
any normal-looking giants: ‘. . . if one wishes 
to maintain in a great giant the same proportion 
of limb as that found in an ordinary man he 
must either use a harder and stronger material 
for making the bones, or he must admit a dimin- 
ution of strength in comparison with men of 
medium stature; for if his height be increased 
inordinately he will fall and be crushed under 


‘4-84 The front leg bones of a bison and a gazelle. The animals 


are related, but the gazelle is much smaller. The photos 
show the approximate relative sizes of the bones. 


'4-8b The leg bone of a gazelle enlarged to the same length as 


the bison bone. Note that the- bone of the larger animal 
is much thicker in comparison to its length than that of the 
gazelle. The small deer is generally more lightly and 
gracefully built. Can you visualize how much different 
Lilliputians must have been from men of normal size? 


4-9 
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his own weight. Whereas, if the size of a body 
be diminished, the strength of that body is not 
diminished in the same proportion; indeed, the 
smaller the body the greater its relative strength. 
Thus a small dog could probably carry on his 
back two or three dogs of his own size; but I be- 
lieve that a horse could not carry even one of his 
own size.” The sketch of Fig. 4-9 is taken from 
Galileo, who drew it to illustrate the paragraph 
just quoted. 

An elephant is already so large that his limbs 
are clumsily thickened. However, a whale, the 
largest of all animals, may weigh forty times as 
much as an elephant; yet the whale’s bones are 
not proportionately thickened. They are strong 
enough because the whale is supported by 
water. What is the fate of a stranded whale? 
His ribs break. Some of the dinosaurs of old 
were animals of whalelike size; how did they get 
along? 

Following Galileo, we have investigated the 
problems of scaling up to giants. Now let’s 
take a look at some of the problems that arise 
when we scale down. 

When you climb dripping wet out of a pool 
there is a thin film of water on your skin. Your 
fingers are no less wet than your forearm; the 
thickness of the water film is much the same 
over most of your body. Roughly, at least, the 
amount of water you bring out is proportional 
to the surface area of your body. Perhaps you 
carry out of the pool a glassful or so, which 
amounts to about a | percent increase in what 
you have to move about. A Lilliputian who is 
zi times as tall as you and exactly similar will 
have a weight only (4) times as great as yours. 


Galileo's drawing illustrating scaling. Over 300 years 
ago, Galileo wrote concerning the fact that a bone of 
greater length must be increased in thickness in greater pro- 
portion in order to be comparably strong. 
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However, his surface area will be (;/;)? times as 
great, so the amount of water he carries out of a 
pool will be (;';)? times the amount you carry 
out. Hence, for him, the ratio (amount of 
water)/(original weight) is 12 times as much as 
for you. He carries out about 12 percent of his 
weight, which would be equivalent to a heavy 
winter suit of clothing with an overcoat. 
Getting out of the pool would be no fun! Ifa 
fly gets wet, his body load doubles, and he is all 
but imprisoned by the drop of water. 

There is a still more important effect of the 
scale of a living body. Your body loses heat 
mainly through the skin (and some through 
breathing out warm air). It is easy to believe— 
and it can be checked by experiment—that the 
heat loss is proportional to the surface area, 
keeping other factors, like the temperature, na- 
ture of skin, and so on, constant. The food 
taken in must supply this heat, as well as the 
surplus energy we use in moving about. So 
minimum food needs are proportional to sur- 
face area. If a man like Gulliver can live off a 
leg of lamb and a loaf of bread for a day or two, 
a Lilliputian with the same body temperature 
will require a volume of food only (;!;)? as large. 
But his leg of lamb, scaled down to his world, 
will be smaller in volume by a factor of (+5). 
Therefore, he would need a dozen of his roasts 
and loaves to feel as well fed as Gulliver did 
after one. Lilliputians must be a hungry lot, 
restless, active, graceful, but easily waterlogged. 
You can recognize these qualities in many small 
mammals, like a mouse. 

We can see why there are no warm-blooded 
animals much smaller than the mouse. Fish 
and frogs and insects can be very much smaller 
because their temperature is not higher than 
their surroundings. In accord with the scaling 
laws of area and volume, small, warm-blooded 
animals need relatively a great deal of food; 
really small ones could not gather or even digest 
such an enormous amount. Certainly the agri- 
culture of the Lilliputians could not have sup- 
ported a kingdom like the one Gulliver de- 
scribed. 

Now we see that neither Brobdingnag nor 
Lilliput can really be a scale model of our world. 
But what have these conclusions to do with 
physics? 

Let’s start again with the very large. As we 


scale up any system, the load will eventually be 
greater than the strength of the structure. This 
effect applies to every physical system, not just 
to animals, of course. Buildings can be very 
large because their materials are stronger than 
bone, their shapes are different, and they do not 
move. These facts determine the constants like 
k in the equation 


strength = k(thickness)?, 


but the same laws hold. No building can be 
made which will look like the Empire State but 
be as high as a mountain, say ten thousand 
meters. Mountains are solid structures, for the 
most part, without interior cavities. Just as the 
bones of a giant must be thick, an object of 
mountainous size on the earth must be all but 
solid, or else built of new materials yet un- 
known. 

Our arguments are not restricted to the sur- 
face of the earth. We can imagine building a 
tremendous structure far out in space away 
from the gravitational pull of the earth. The 
load then is not given by the earth’s gravita- 
tional pull, but as we shall see in Chapter 21, as 
the structure is built larger and larger each part 
pulls gravitationally on every other and soon the 
outside of the structure is pulled in with great 
force. The inside, built of ordinary materials, is 
crushed, and large protuberances on the surface 
break off or sink in. Asa result any large struc- 
ture like a planet has a simple shape, and if it is 
large enough the shape is close to a sphere. Any 
other shape will be unable to support itself. 
Here is the essential reason why the planets 
and the sun tend to be spherical. The pull of 
gravity is important for us on earth, but as we 
extend the range of dimensions which we study, 
it becomes absolutely dominant in the very 
large. Only motion can change this result. The 
great masses of gas which are nebulae, for ex- 
ample, are changing in time, and hence the law 
that large objects must be simple in shape is 
modified. 

When we go from our size to the very small, 
gravitational effects cease to be important. 
But as we saw in investigating Lilliput, surface 
effects become significant. If we go far enough 
toward the very small, surfaces no longer appear 
smooth, but are so rough that we have difficulty 
in defining a surface. Other descriptions must 


be used. In any case, it will not come as a com- 
plete surprise that in the domain of the atom, 
the very small, scale factors demonstrate that 
the dominant pull is one which is not easily 
observed in everyday experience. 

Such arguments as these run through all of 
physics. Like order-of-magnitude measure- 
ments, they are extremely valuable when we 
begin the study of any physical system. How 
the behavior of a system will change with 
changes in the scale of its dimensions, its mo- 
tion, and so on, is often the best guide to a de- 
tailed analysis. 

Even more, it is by the study of systems built 
on many unusual scales that physicists have 
been able to uncover unsuspected physical rela- 
tions. When changing scale, one aspect of the 
physical world may be much emphasized and 
another one may be minimized. In this way we 
may discover, or at least get a clearer view of, 
things which are less obvious on our normal 
scale of experience. It is largely for this reason 
that physicists examine, in and out of their lab- 
oratories, the very large and the very small, the 
slow and the rapid, the hot and the cold, and all 
the other unusual circumstances they can con- 
trive. In examining what happens in these cir- 
cumstances we use instruments both to produce 
the unusual circumstances and to extend our 
senses in making measurements. 

It is hard to resist pointing out how much the 
scale of man’s own size affects the way he sees 
the world. It has been largely the task of 
physics to try to form a picture of the world 
which does not depend upon the way we happen 
to be built. But it is hard to get rid of these 
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effects of our own scale. We can build big roads 
and bridges which are long and thin, but are 
essentially not three-dimensional, complex 
structures. The very biggest things we can 
make which have some roundness, which are 
fully three-dimensional, are buildings and great 
ships. These lack a good deal of being a thou- 
sand times larger than men in their linear di- 
mensions. 

Nor can we, as yet, build anything complex 
like a watch or a radio tube which is scaled down 
to 10-3 of our own length. In this range of 
magnitudes lies all our engineering. Physics 
goes much beyond, outward to the galaxies and 
inward to the nucleus of the atom. The exten- 
sion of our engineering technology to the very 
small and to the really giant belongs to the 
future. Power plants a mile high, or radio cir- 
cuits built into a pinhead, would represent 
enormous new possibilities for technology. 
They may come, but for the foreseeable future 
the human scale will fix the physical nature of 
most of our endeavors. 

Even within our present technology our scal- 
ing arguments are important. If we design a 
new large object on the basis of a small one, we 
are warned that new effects too small to detect 
on our scale may enter and even become the 
most important things to consider. We cannot 
just scale up and down blindly, geometrically; 
but by scaling in the light of physical reasoning 
we can sometimes foresee what changes will 
occur. In this way we can employ scaling in 
intelligent airplane design, for example, and not 
arrive at a jet transport that looks like a bee— 
and won't fly. 
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FOR HOME, DESK, AND LAB 


1.* 


If W = kV, what is the effect on W of tripling V? 
(Section 1.) 


2.* If W = kV, what does a graph of W as a function 


5.* 


10.* 


of V look like? (Section 1.) 


The total thickness of 500 sheets of a particular 
sample of paper is 40 mm. Assuming that they 
are of uniform thickness, plot a graph of the total 
thickness against the number of sheets. From 
your graph determine the thickness of 200 sheets. 
Of 300 sheets. Of 600 sheets. 


A book is to have a total of 600 pages or 300 sheets 
(2 pages to a sheet). 

(a) Write an expression for the total thickness 
of the book in terms of the thickness of one sheet. 

(b) Plot the thickness of the book versus the 
thickness of each sheet, assuming that the sheets 
can be any thickness from 0.060 mm to 0.120 mm. 

(c) Actually, paper is available only in certain 
specified thicknesses. If we assume that the thick- 
nesses are multiples of 0.005 mm between these 
two limits, can we connect the points of our graph 
with a smooth line? Why? 


The total surface area of a rectangular solid is the 
sum of the areas of the six faces. If each dimen- 
sion of a given rectangular solid is doubled, what 
effect does this have on the total surface area? 
(Section 2.) 


How many state maps of scale 1:1,000,000 would 
you need to cover the state with those maps? 
(Section 2.) 


Two similar right triangles have hypotenuses that 
are 3 cm and 30 cm respectively. What is the 
ratio of (a) their areas? (b) the volumes they gen- 
erate by being rotated 360° about their hypot- 
enuses as axes? (Section 2.) 


The volume of one cylinder is eight times’ the 
volume of another similar cylinder. 

(a) If the circumference of the base of the 
smaller cylinder is 0.5 m, what is the circumfer- 
ence of the base of the larger cylinder? 

(b) If another cylinder, also having eight times 
the volume. has the same height as the smaller 
cylinder, what is the circumference of its base? 


A hollow metal sphere has a wall thickness of 2 
cm. If you increase both the diameter and the 
thickness of this sphere by the same factor so that 
the overall volume is three times the original over- 
all volume, how thick will the shell of the new 
sphere be? 


What will be the area of a square surface con- 


TEMP. 
(°C) 


structed in the pyramid shown in Fig. 4-6 if it is 
10 m from point P? (Section 3.) 


If two identical lamps are 60 cm apart, where 
should a screen be placed between them so that 
the intensity on one side of the screen is four times 
the intensity on the other side? 


.* The intensity of illumination on the earth’s sur- 


face from two identical stars is found to be in the 
ratio of 9 to 1. What is the ratio of their distances 
from the earth? (Section 3.) 


.* In Fig. 2-5, how far from the position of the bullet 


in the first frame will the bullet be at the midpoint 
of the time interval between frames 2 and 3? In 
the ninth frame how far will the bullet be from its 
position in the first frame? (Section 4.) 


Solid materials resist the application of forces 
tending to distort them. Clamp a meter stick to 
a table and hang various known weights from the 
end. Measure the amount of bending in each 
case and plot these values against the correspond- 
ing weight. 

(a) Does your graph suggest that the amount 
of distortion is directly proportional to the 
weights applied? 

(b) Does this relation hold for extremely small 
weights? Large weights? 


(a) The temperature at which a liquid boils de- 
pends upon the air pressure acting on its surface. 
Plot the pressures and the corresponding boiling 
temperatures of water from the data in the follow- 
ing table. 

(One atmosphere is the pressure exerted by the 
air at sea level.) 


PRESSURE 
(atmospheres) 


3.12 «x 10-3 


PRESSURE TEMP. 
(atmospheres) CC.) 
0 6.05 x 10-3 70 
10 1.21 x 10-2 80 4.67 x 10-1! 
20 2.30 « 10-2 90 6.92 « 10-1! 
30 4.20 x 10-2 100 1.00 


40 7.30 x 10-2 110 1.43 


50 1.22 x 10-1 120 1.96 


60 1.97 x 10-1! 130 2.67 


(b) Notice that your graph does not present 
the data for low pressures clearly. Make a special 
plot for temperatures up to 60°. What do you 
observe? 

(c) The starch in potatoes will not convert to 
the edible form at temperatures of less than about 
90°C. What is the lowest pressure where pota- 
toes may be cooked by boiling in an open pan? 


The pressure of the atmosphere decreases as the 
altitude increases. At sea level the pressure is 
one atmosphere. and at approximately 5500 


20. 


* 


meters the pressure is 0.5 atmospheres. It con- 
tinues to decrease by approximately half with 
each increase of 5500 meters up to 16,000 m. 

(a) Plot the pressure P in atmospheres as a 
function of altitude A in meters. 

(b) Is the representation improved by plotting 
1/P? 

(c) What is the pressure at the top of Mt. Ever- 
est (8800 meters)? 

(d) What is the pressure in atmospheres at an 
altitude of 100 kilometers? Do you believe your 
answer? 


If you start at any time with a given amount of 
polonium, one-half of it will remain at the end of 
138 days. With this information, make a graph 
from which you can predict how much of a 
sample of radioactive polonium you have today 
will remain after any number of days up to a year. 
About what percent of a given sample of po- 
lonium will remain after one year? 


Consider a one-celled animal which reproduces 
by binary fission (one cell divides and becomes 
two) on an average of every 30 minutes when food 
and other conditions are right. Assume that each 
cell reaches a diameter of about 10-5 meter before 
it divides. 

(a) Make a graph of the total population as a 
function of time, starting with one individual. 

(b) Write an expression for the total popula- 
tion after n periods of 30 minutes. 

(c) Can you extrapolate the graph back to the 
point where the population is zero? Can you 
interpolate the graph between the points? 

(d) Can you extrapolate the graph ahead for 
50 hours? (Hint: calculate number and the vol- 
ume they would occupy.) 


Suppose you scale up all the linear dimensions of 
a stee] wire by a factor of three. By what factor 
does each of the following change? 

(a) volume 

(b) mass 

(c) surface area 

(d) breaking strength (Section 5.) 


The leg bones of one animal are twice as strong as 
those of another, closely related animal of similar 
shape. 

(a) What would you expect to be the ratio of 
these animals’ heights? 

(b) What would you expect to be the ratio of 
their weights? 
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21. A hummingbird must eat very frequently and 
even then must have a highly concentrated form 
of food such as sugar. What does the concept of 
scaling tell you about the size of a hummingbird? 


22. According to the zoo, an elephant of mass 4.0 
< 103 kg consumes 3.4 x 102 times as much food 
aS a guinea pig of mass 0.70 kg. They are both 
warm-blooded, plant-eating, similarly shaped 
animals. Find the ratio of their surface areas, 
which is approximately the ratio of their heat 
losses, and compare it with the known ratio of 
food consumed. 


23. Horror movies sometimes present a creature such 
as a spider large enough to devour a human being. 
Is such a creature a possibility? Why? 


24. A sphere of iron is suspended from a wire, 0.1 cm 
in diameter, which is just strong enough to sup- 
port it. What must be the diameter of the wire 
needed to support a similar iron sphere having 

(a) five times the original volume? 
(b) five times the original diameter? 


25. A rectangular water tank is supported above the 
ground by four pillars 5 meters long whose diam- 
eters are 20cm. If the tank were made ten times 
longer, wider, and deeper, what diameter pillars 
would be needed? How much more water would 
the tank hold? Neglect the weight of its pillars. 


26.* About how many Lilliputians would it take to 
equal the mass of one citizen of Brobdingnag? 
(Section 5.) 


FURTHER READING 


These suggestions are not exhaustive but are limited 
to works that have been found especially useful and 
at the same time generally available. 


BitTER, FRANCIS, Mathematical Aspects of Physics: An 
Introduction. Doubleday Anchor. 1963: Science 
Study Series. An excellent demonstration of use of 
data in analyzing a problem. (Chapter 3) 

BockE, KEES, Cosmic View: The Universe in 40 Jumips. 
Day, 1957. Gives perspective to relative sizes. 

Hapane. J. B. S.. “On Being the Right Size.” World 
of Mathematics, Vol. 1], edited by James R. Newman. 
Simon & Schuster, 1956. A great help to the under- 
standing of scaling. 
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A FREIGHT TRAIN is rolling down the track at 
40 miles per hour. Out of the fog a mile behind, 
a fast express appears, going at 70 miles per 
hour on the same track. The express engineer 
slams on his brakes. With the brakes set he 
needs two miles to stop. Will there be a crash? 
What we are called upon to do here is to predict 
where the two trains will be at subsequent times, 
and to find in particular whether they are ever 
at the same place at the same time. In a more 
general sense, we are asking about the con- 
nections between speeds, positions, and times. 

The general subject of such relationships is 
called kinematics. In studying kinematics we 
do not concern ourselves with questions such as 
“Why does the express train need two miles to 
stop?” To answer such a question we would 
need to study in detail how the brakes slow 
down the train. Such questions as these will 
be considered in Part III on Mechanics. Here 
we just consider the description of motion. We 
shall start with the discussion of motion along 
a straight-line path. Then in the next chapter 
we shall extend the discussion to describe more 
general motions. 

In both of these chapters we shall draw on 
our ability to measure time and position, for all 
motion is the changing of position as time goes 
on. Usually, we shall not think consciously of 
the time and position measurements, but with- 
out them we would in fact be talking words 
without meaning. 


Position and Displacement Along a Line 


The first step in the study of motion is to de- 
scribe the position of a moving object. Con- 
sider a car on an east-west stretch of straight 
highway. To answer the question “Where is 
the car?” we have to specify its position relative 
to some particular point. Any well-known 
landmark can serve as our reference point, or 
origin for measuring position. The choice of 
landmark is arbitrary so long as it is clearly 
stated and understood by everyone. We then 
state how far the car is from the landmark and 
in which direction, east or west, and the descrip- 
tion of position is complete. Thus, for example, 
we say that the car is 5 miles west of the center 
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5—1 The x coordinate line. 


of town, or it is 3 miles east of the Sandy River 
bridge. It is not enough to say only, “five miles 
from the center of town.” You would not know 
whether this means 5 miles east or 5 miles west. 

Similarly, if you wish to describe the position 
of a point on a line that you have drawn, you 
must specify some origin and state a distance 
and direction from that origin. But this time 
the direction cannot be given as east or west, 
for the line may not run that way. You might 
try “right and left,” but how would someone 
standing on the other side of the line interpret 
these directions? To get a description of direc- 
tion along the line about which we can all agree, 
we shall call the line on one side of the origin 
positive, on the other side negative; we can then 
specify position on the line by a positive or neg- 
ative number which gives both the distance (in 
some convenient units) and the direction of that 
point from the origin. We shall refer to such 
a number (with its sign and units) as the coor- 
dinate of the point. If we call the line the x 
coordinate line, we shall label these coordinates 
as X41, Xe, X3, etc. (Fig. 5-1). 

To describe the motion of an object along the 
coordinate line, it is often convenient to make 
a graph of position against time. In such 
graphs, we usually plot the time along the hori- 
zontal axis and the position along the vertical 
axis. Figure 5-2 is an example of such a graph. 
There are many qualitative features about the 
motion which you can learn immediately from 
the graph. 

The object was at position x = 1.0 cm at the 
time chosen as zero time. We are not given 
anything about its previous history. Between 
t = Oandt = 1.5 sec, we see that the object is 
moving toward the point x = 2.0 cm and arrives 
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A position-time graph for motion along the x coordinate 
line. 


there at ¢ = 1.5 sec. Then it reverses its direc- 
tion of motion and heads toward smaller num- 
bers on the line. At ¢ = 2.5 sec the object 
reaches the point x = 0.5 cm and there it re- 
mains at rest until f = 3.5 sec. Finally it moves 
on, passes the ongin at ¢ = 4.2 sec, and goes to 
x = —1.0cm. There the graph stops and our 
information ends. 

We shall often want to refer to the change of 
position in our study of motion and we shall 
give it a special name, the displacement. If an 
object moves from position x; to position x». 
the displacement d is given by x2 — x;. Dis- 
placement can be either positive or negative 
(positive when xz is greater than x;, negative 
when x is less than x;). As Fig. 5-3 shows, 
whether the displacement d is positive or nega- 
tive depends only on the direction of the change 
of position; it does not depend on which side of 
the origin of the x coordinate line the displace- 
ment takes place. The arrows in the figure 
show the direction of the displacements. The 
displacements dz and d3 are in the positive direc- 
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5-3 The sign of the displacement does not depend on where the displacement takes place, but only on its direction. 
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tion; they are positive in value and are exactly 
equivalent. The displacements in the negative 
direction, d, and d4, are negative in value and 
exactly equivalent. 


Velocity 


Suppose you move steadily along a straight 
path. In order to predict where you will be at 
some future time, you need to know your pres- 
ent position, how fast you go, and your direc- 
tion of motion. The quantity which tells how 
fast and in which direction something moves 
we shall call the velocity. 

We shall define the velocity of an object mov- 
ing steadily as the displacement per unit time, 
or, in algebraic language: 

Xg— Xy d 


ee ee 


where / = fg — f; is the time interval during 
which the displacement occurred. As you can 
see, since time is always running forward, f is 
positive, so the sign of the velocity is determined 
only by the sign of the displacement; when the 
displacement is positive (toward the positive 
direction) the motion is in the positive direction 
and the velocity is positive, regardless of where 
it takes place on the coordinate line. Con- 
versely, when the displacement is negative, the 
velocity is negative and the motion is in the 
negative direction. 


Consider a simple example. Suppose that 
each of the displacements in Fig. 5-3 takes place 
in 0.4 sec. Then, representing the velocities as 
V1, Ve, v3, and v4 for each of the displacements 


dy, do, d3, and dy, we have from v = 4 
v} = am = —5 cm/sec, 
vg = aA = +5 cm/sec, etc. 
0.4 sec 


It is often convenient to represent the velocity 
of a moving object as a function of time on a 
graph. Figure 5-4 (a) shows such a graph for 
an object moving at constant velocity. Figure 
5-4 (b) is for a similar motion but in the oppo- 
site direction. We say that both of these mo- 
tions occur at the same speed. Speed desig- 
nates only how fast the object is moving and 
takes no account of the direction. It. is the 
reading on the speedometer of a car. It is just 
the magnitude of the velocity. 

Let us apply our graphical methods to a com- 
plicated motion. Suppose that the motion of 
a car along a straight road is represented by the 
datain Table 1. Within each interval of time a, 
b, c, d, and e, the car travels at constant veloc- 
ity; however, these velocities are different for 
different intervals. To compute the displace- 
ment during the first time interval (0.10 hr long), 
we use the equation d = vt. The result is 3.0 
miles. We can perform a similar calculation for 
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TABLE 1 
Motion of a Car with a Variable Velocity +3 
TIME DURATION VELOCITY DISPLACEMENT +2 
INTERVAL OF DURING IN 
NUMBER ~~ INTERVAL INTERVAL MILES ae Time (seconds) 
a 0.10 hr 30 mi/hr 3.0 0 
b 0.30 hr 50 mi/hr 15 Bere on See 
c 0.10 hr 25 mi/hr 2.5 my 
d 0.50 hr 60 mi/hr 30 Rae 
e 0.10 hr 25 mi/hr 2:5 8 
£ —3 (a) 
: , res 
each succeeding interval, and add the results ae 
to find that the total displacement is 53 miles. s 
This motion is represented in Fig. 5-5. Actu- +2 
ally, a real object could not move exactly ac- 44 Time (seconds) 
cording to this graph. Velocity cannot change 
in such sudden “jumps.” However, a real car 0 he wae wel ae es ee 
can make its changes of velocity relatively rap- = 
idly. In that case, the graph of its motion will 
look very much like Fig. 5-5. We shall ignore =* 
the impossibility of sudden jumps in this dis- = 


cussion, so that we can keep our graph simple. (b) 
One great convenience of graphical presen- 


tation is that it enables us to see quickly when 5-4 The velocity of an object moving steadily is graphed as a 


the car is going fast and when it is going slowly, 
in addition to indicating the direction of the 


horizontal line on a velocity-time graph: (a) motion in the 
direction of increasing positive coordinate values; (b) motion 
at the same speed but in the opposite direction. 


motion. Thus, the higher positive velocities 


Velocity (mi/hr) 


0.00 0.20 0.40 0.60 0.80 1.00 1.20 


Time (hours) 


5-5 The motion of a car moving at different velocities during different time intervals. The displacement in any interval is measured 
by the area enclosed between the graph and the horizontal axis. 
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occur “high” on the graph of velocity versus 
time. Can the graph also tell us the displace- 
ment in each interval? The answer is “yes.” 
Let us see how. During any one of the five 
intervals the position changes by an amount 
given by the equation d = vt. In any interval, 
the height of the graph tells us the velocity dur- 
ing the interval, and the horizontal length gives 
us the time. Thus v times / is the height times 
the base, or the “area” of the rectangle. This 
area is shaded for the first interval in Fig. 5-5. 
The units of these “areas” are different from the 
more common cm? or in.? because one side of 
the rectangle is measured in hours, and the other 
is measured in mi/hr. The product in this case 
has units of hours * mi/hr = miles. 

The vertical axis of the graph represents the 
velocity in mi/hr. But taking a ruler and actu- 
ally measuring the vertical length in Fig. 5-5 
to be 3.0 cm tells us nothing until we know that, 
for the particular scale of this graph, 3.0 cm 
represents 30 mi/hr. It is helpful to remember 
that the graph is a sort of scale drawing. Unlike 
a map which simply “scales down” distances, 
the graph has different scales in the horizontal 
and vertical directions—scales which may differ 
not only numerically but also in the nature of 
the physical quantities that they represent and 
therefore in their units. We may represent the 
“height” 30 mi/hr on the velocity axis by any 
vertical length we find convenient; for example, 
there is no reason why we could not use 1.5 cm 
to represent 30 mi/hr. But once we choose a 
relation between vertical length and velocity, 
we must stick to it consistently on any one 
graph. For instance, if 1.5 cm represents 30 
mi/hr then 0.5 cm must represent 10 mi/hr. 

Since heights and horizontal distances that 
we plot on the velocity and the time scales of 
our graph are proportional to the actual veloc- 
ities and times involved, any two areas on the 
graph are exactly proportional to actual dis- 
placements of the car. This fact often allows 
us to decide at a glance in which time interval 
the greatest displacement occurs. For example, 
we can see that the area of the rectangle marked 
d in Fig. 5-5 is greater than that of any of the 
other rectangles. Therefore, we know without 
calculations that the position changes more 
during the interval d than in any of the other 
intervals. 
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5—6 A velocity-time graph with both positive and negative ve- 


locities. 


The total displacement of the car in 1.10 hr 
is obtained by adding up the “areas” of all the 
intervals in Fig. 5-5. 

What if we have a velocity-time graph like 
that in Fig. 5-6, in which both positive and neg- 
ative velocities occur? How do we find the dis- 
placement from the areas of the rectangles? 
During the first four seconds, the displacement 
is the sum of the areas of the first two rectangles: 
it is (+2 cm/sec)(2 sec) + (+3 cm/sec)(2 sec) 
= +10cm. During the next 6 seconds the 
object had a negative velocity, back toward its 
starting point, and its displacement was nega- 
tive. When we calculate the area of the third 
rectangle, it comes out negative: (—3 cm/sec) 
(6 sec) = —18 cm, representing a negative dis- 
placement. The total displacement between 0 
sec and 10 sec that we find from the graph is, 
therefore, 

d= (+10cm) + (—18cm) = —8cm. 


We can summarize the motion as follows: the 
object moved 10 cm in the positive direction 
during the first 4 seconds and then reversed its 
direction of motion, traveling 18 cm in the 
negative direction during the next 6 seconds. 
It ended up displaced —8 cm from its starting 
point. 

We have seen that a velocity-time graph gives 
us information from which we can find the dis- 
placement during a time interval, but it does 
not tell us anything about the position of the 
object that is moving. To predict where an 
object will be at the end of the time interval, we 
also need to know its position at the beginning 
of the interval. The final position then is just 
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the sum of the initial position and the change of 
position, that is, the sum of the initial position 
and the displacement. 

We must be careful not to confuse the dis- 
placement during a time interval with the total 
distance traveled during that interval. They 
can often be quite different. For example, for 
the motion described by Fig. 5-6, we found the 
displacement during the 10 seconds to be —8 
cm. This was the change in position from the 
beginning of the motion (wherever that might 
be) to the end. The total distance traveled, 
however, was 10 cm + 18 cm = 28 cm. As 
another example: suppose you drive from San 
Francisco to New York and back again. The 
total distance traveled would be about 6000 
miles, but the total displacement would be zero! 


Varying Velocity 


Now we shall use our graphical ideas to help 
analyze a more difficult problem. Figure 5-7 
gives a graph of the velocity of a car versus 
elapsed time. Can we find the displacement of 
the car in the first 0.020 hr? We can try to 
multiply the velocity by the time, but we get 
into trouble, for we must now choose from a 
whole range of velocities. On the other hand, 
using the area under the graph, which worked 
as an alternate method for motion at constant 
velocity, might also serve here, allowing us to 
solve graphically a problem that presents diffi- 
culties when tackled algebraically. 

Using the area to find the displacement looks 
reasonable, because we can approximate the 
sloping graph of Fig. 5—7 closely by the “stepped 
graph” of Fig. 5-8. This graph represents the 
motion of an imaginary car which starts at the 
same position as the real car, but which has a 
velocity that changes by a series of steps. At 
the beginning of each step, its velocity is equal 
to the velocity of the real car. While the imagi- 
nary car’s velocity remains constant, the velocity 
of the real car increases, so the real car gets 
farther and farther ahead of the imaginary car. 
At the end of the step the imaginary car’s ve- 
locity suddenly increases to the value of the real 
car’s velocity at that instant. The imaginary 
car can never catch up with the real car, how- 
ever, because the real car is going faster at al- 
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The velocity-time graph for a car which is changing velocity 
during part of its trip. Does the shaded area give the 
change of position during the time interval from 0.000 to 
0.020 hour? 


40 
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In this figure, an imaginary car changes its velocity abruptly 
in steps, never moving faster than the real car of Fig. 5-7. 
If the steps are frequent enough, the shaded area is almost 
equal to the shaded area of Fig. 5-7. 


most every instant. But if we make the steps 
much smaller and more frequent, the two cars 
will never differ much in velocity, and hence the 
real car will never get far ahead. Thus, the 
shaded area, which, as we know from Section 
5-2, gives the displacement of the imaginary 
car during the time interval, will also very nearly 
give the displacement of the real car during that 
interval, And this shaded area, when we use 
many steps, is practically the shaded area under 
the graph of Fig. 5-7 for the real car. Thus, we 
see that the displacement of the real car is given 
by the area under its velocity-time graph. 
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5-9 In general, the displacement is given by the area under the 


velocity-time graph, no matter how the velocity changes. 


Since the area under the slant line of Fig. 5-7 
is that of a trapezoid with a base of 0.020 hr and 
the two heights + 20 mi/hr on the left and +40 
mi/hr on the right, we can now find the dis- 
placement of the real car. The area of the 
trapezoid gives the displacement 

(20 mi/hr + 40 mi/hr) 


d= 5 (0.020 hr) 


= 0.60 mi. 


(You get the same answer by breaking the trape- 
zoid up into a rectangle and a triangle and add- 
ing their areas.) 

In general, even for more complicated veloc- 
ity-time graphs, such as that of Fig. 5-9, the 
displacement is still given by the area under the 
graph. For example, for the time interval 0.020 
hr to 0.080 hr, the displacement is given by the 
shaded area of Fig. 5-9. A proof of this is given 
in the box. 

Even when we are not able to compute the 
area from a formula, we can arrive at an approx- 
imate answer for the displacement in other 
ways. For instance, we can often approximate 
the motion fairly well by a collection of narrow 
rectangles, similar to the approximation we 
used in Fig. 5-8, and then calculate the area of 
the collection of rectangles. Another way is to 
divide the area into small squares, count the 
squares under the graph (making approxima- 
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5-10 We can ‘‘bracket’’ the displacement of the car in Fig. 5~9 


by imagining two other cars, A and B, that travel with 
different velocities as shown in this figure. 
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5-11 If the two cars of Fig. 5-10 change their velocities more 


frequently, they approximate the motion of the real car 
more closely. 


tions when you come to only parts of squares), 
and then multiply the number of squares 
counted by the displacement that is represented 
by the area of one square. Either of these 
methods, or the method suggested in the box, 
will give you a very good approximation to the 
displacement during the interval. 


DISPLACEMENT AS THE AREA UNDER THE 
VELOcITY-TIME GRAPH 


Here is an argument to show that the dis- 
placement during a time interval is always 
the area under the velocity-time graph, no 
matter what its shape. We can bracket the 
displacement of a real car by having two 
imaginary cars that change their velocity in 
large steps, as in Fig. 5-10. Car B at the ini- 
tial time 0.020 hr has the velocity of the real 
car. For the first 0.020-hr period after this, it 
travels at 30 mi/hr, while the real car speeds 
up from 30 mi/hr to 35 mi/hr; for the next 
0.020-hr period, B travels at 35 mi/hr; for the 
last 0.020-hr period, B travels at 38 mi/hr. 
Meanwhile, A runs at 35 mi/hr for the first 
0.020-hr period after the initial time; during 
the second period it runs at 38 mi/hr; and 
during the last period, its speed is 40 mi/hr. 
In a total time of 0.060 hr, B travels 0.60 mi 
+ 0.70 mi + 0.76 mi, or 2.06 mi altogether. 
Meanwhile, A travels 0.70 mi + 0.76 mi + 
0.80 mi = 2.26 mi altogether. The displace- 
ment of the real car must lie somewhere be- 
tween these two values, since it never moves 
faster than A or slower than B. Thus, we 
have bracketed the real car’s displacement 
between the limits 2.06 mi and 2.26 mi. 

Now make the steps smaller and more fre- 
quent, as in Fig. 5-11. If you calculate the 
displacement of B and A in the same 0.060-hr 
interval by finding the area under the graphs, 
you will find they are 2.12 mi and 2.22 mi, re- 
spectively. This gives a smaller difference 
between the upper and lower limits than we 
obtained before. We can continue to de- 
crease the difference between the upper and 
lower limits for the displacement by making 
the cars change velocity in shorter and 
shorter time intervals. The area represent- 
ing the upper limit of the displacement and 
the area representing the lower limit become 
more and more nearly the same, and both of 
these areas get nearer and nearer to the area 
under the sloping curve. Mentally continu- 
ing this process to a very great number of 
very small steps, we prove that the “area” 
under the velocity-time graph does give the 
displacement of the original car. 
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5-4 Analysis of Position-Time Graphs 


We have seen that for motion at constant veloc- 
ity the displacement is proportional to the time 
of travel: d = vt. In other words, since v is con- 
stant, the area under the v versus / curve is a 
rectangle and is directly proportional to ¢. For 
a velocity of +0.60 m/sec, for example, in 10 
sec the displacement is +6 m; in 20sec, + 12 m; 
and so on. This information is presented in 
Table 2. We can present this data on a position 
versus time graph if we know where the moving 
object was at the time taken as ¢ = 0. For the 
moment, let us suppose that the object was just 
passing the origin of the coordinate line ats = 0. 


TABLE 2 
Displacement-Time Relations for a 
Steady Velocity 


ELAPSED TIME DISPLACEMENT 
10 sec 6m 
20 sec 12m 
30 sec 18m 
40 sec 24m 
50 sec 30 m 


Then the graph of position versus time is shown 
in Fig. 5-12. Like all direct proportions, it is 
a straight line. What makes this line corre- 
spond to +0.60 m/sec is its steepness. How 
steeply the line rises depends on the velocity but 
not on the initial-position. For example, if the 
velocity were greater, say +0.80 m/sec, the 
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5-12 The position-time graph for a steady velocity is a straight 


line. 


62 


Position x (meters) 


Chapter 5 * MOTION ALONG A STRAIGHT-LINE PATH 


40 
30 


20 


0 20 40 


Time (seconds) 


5-13 The velocity is the same as in Fig. 5-12, but the initial po- 


sition 
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5-14 Motion in the negative direction along the coordinate line. 
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5-15 At what time will object A overtake object B? 


straight line would be steeper; it would rise the 
same amount ina shorter time interval. In Fig. 
5-13, on the other hand, is shown the position- 
time graph of an object which also has a velocity 
of +0.60 m/sec, but which has an initial posi- 
tion of +10 meters at the time ¢ = 0. This 
second object moves along the x coordinate line 
at the same velocity as the object of Fig. 5-12. 
The two graphs have equal steepness. If they 
start their motions at the same time, the second 
object will always be just 10 m ahead of the 
first, never catching up and never falling behind. 

In Fig. 5-14 we have a different situation. 
The graph starts at + 10 meters at ¢ = 0 sec and 
falls instead of rises at the rate of 6.0 meters 
every 10 seconds. Thus, at’ = 10sec, the posi- 
tion is +4 meters; at ¢ = 20 sec, the position is 
—2 meters; and soon. This represents motion 
in the negative direction along the x coordinate 
line; the velocity is —0.60 m/sec. 

Now let us study the situation of Fig. 5-15. 
How can we tell from the graph which object 
has the larger velocity? The answer is simple. 
One curve climbs more steeply than the other. 
For a given time interval, the steeper curve gives 
a greater change of position. Since it is the 
object with the larger velocity that has a greater 
displacement in any given time interval, the 
larger velocity corresponds to the more steeply 
rising graph. Object A, therefore, has a larger 
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5—16 Larger velocities give steeper graphs of position versus time. 


velocity than object B. In fact, we can see from 
the graph that at f = 40 sec, object A overtakes 
object B and passes it. 

From the graph we can calculate the veloci- 
ties of the two objects. In 10 sec, for example, 
A goes from the position x; = 0.0m to x2 = 
5.0m. Its displacement is +5.0 m and its veloc- 
ity is therefore 0.50 m/sec. In the next 10 sec, 
it again changes position by 5.0 m, from x2 = 
5.0 m to x3 = 10.0 m; its velocity is still 0.50 
m/sec. Because the graph is a straight line, the 
displacement of A is the same for every 10 sec; 
therefore, the velocity of A is 0.50 m/sec all the 
time. Object B also has constant velocity. In 
each 10 sec its position changes by 2.5 m, from 
X,; = 10.0 m to x2 = 12.5 m in the first 10 sec; 
from 12.5 m to 15.0 m in the next 10 sec, and 
so on. Its velocity is therefore always 0.25 
m/sec. 

In addition to the velocities, the graph tells 
us more. It says that B starts 10.0 m ahead of 
A, but the separation between the two objects 
decreases as they travel until finally they pass; 
then the separation increases again. After 10 
sec, A is at 5.0 mand Bis at 12.5m. Object A 
is therefore only 7.5m behind B. At 40sec both 
objects are at the same position, which is at 
x = 20.0 m. Later still, at 50 sec, object A is 
now ahead of B; it is at 25.0 m, while B is only 
at 22.5 m. 


5-5 
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In Section 5-2, we saw that on a graph of 
velocity versus time we could tell at a glance at 
what times the velocity was the greatest; the 
higher the line occurred on the graph, the 
greater the velocity it represented. Now, how- 
ever, we are dealing with a quite different graph 
—that of position versus time. The velocity is 
involved only indirectly in such graphs and is 
not shown by the height of the line above the 
time axis. For example, in Fig. 5-15, the line 
for object B is above that for object A in the 
entire interval from 0 to 40 sec, although B is 
being overtaken during this interval and is cer- 
tainly the slower of the two. On a position 
versus time graph, it is the steepness alone that 
tells the velocity. 

Figure 5-16 emphasizes the relationship be- 
tween steepness and velocity. The solid line is 
drawn for an object traveling at 2.5 m/sec. We 
see that it has traveled a distance of 10 m during 
the first 4.0 sec. An object going 5.0 m/sec 
travels 20 m during the 4.0-sec interval and is 
described by the steeper dashed line of the 
graph. 


Slope 


In general, if we pass at constant velocity from 
position x, at time 4 to position xg at time fa, 
the velocity v is, by definition, 


X2— X41 
lo — ty 


We can give this equation a precise geometrical 
meaning. In Fig. 5-17, if A and B are any two 
points on the graph, then the vertical interval 
between these points is obviously x. — x; and 
the horizontal interval is #2 — 4. These two 
intervals, (x2 — X,) and (fg — 1%), completely 
define the steepness of the graph, for they tell 
how far “up” and how far “over” one point on 
the line is from another. As we have already 
discovered, the velocity depends upon the steep- 
ness of the position-time graph; and the steep- 
ness of the graph depends upon how far up the 
graph goes for a certain interval over. The ratio 
of “‘up” to “over” is such a useful measure of the 
steepness that we give ita specialname. We call 
it the s/ope of the line. For the position-time 
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Position x 


Time (t) 


5-17 The slope of a straight line is found by dividing (x2 — x1) 


“up” by (te — ty) ‘‘over.”’ 


Position x 


Time (t) 


5-18 A straight line has the same slope all along its length. 


graph, as Fig. 5-17 shows, the slope 1s (xz — x1) 
“up” divided by (t2 — t1) “over.” The slope of 
the position-time graph is the velocity of the car, 
as we see from the last equation. 

We determined the slope of the line in Fig. 
5-17 from the ratio of “up” to “over” in going 
between the two points A and B. If we take any 
other two points such as A’ and B’ (Fig. 5-18), 
we can see from the similar triangles dotted in 
the figure that the ratio of ‘“‘up” to “over” in the 
one case is exactly equal to the ratio of “up” to 
“over” in the other. Therefore, we can use any 
pair of points on a straight line to compute its 
slope. 


It is important to recognize that although the 
slope is related to the “steepness” of a graph, 
the angle between the graphed line and the hori- 
zontal has no particular significance, since we 
could change the angle by replotting the data 
on a different scale, as shown in Fig. 5-19. It 
is only when we are comparing lines on the same 
graph, as in Fig. 5-15, or on graphs plotted to 
the same scale, that the angle between the line 
and the horizontal axis helps us compare slopes. 
In general, we must measure the vertical and 
horizontal intervals between two points on the 
graph and compute their ratio in the appropri- 
ate units—m/sec, for instance—as in Fig. 5-19. 

Our discussion of slope applies to other 
graphs; nothing restricts us to the graph of dis- 
tance versus time. We shall shortly see the 
significance of the slope of a graph of velocity 
versus time. In fact, we shall be dealing with 
slopes so often that it will be worthwhile to 
introduce a shorthand notation to indicate the 
process used in finding them. For instance, the 
slope of the position-time graph is always equal 
to the ratio of an interval of position (x2. — x3) 
to an interval of time (fg — t,). The Greek letter 
delta, written as A, is often used as an abbrevi- 
ation for the phrase “‘an interval of.” The sym- 
bol A is a Greek capital D chosen to stand for 
“difference,” or “change of,” or “increase of,” 
or “an interval of.” Thus, Ax means “an inter- 
val of position” and Ar means “an interval of 
time.” We read them “delta ex” and “delta 
tee.” 

We might compare the symbol “A” with some 
other algebraic symbol, for instance with 
“\/-,” which means “take the square root of.” 
In the expression \/a, the symbol a stands for 
a number (or physical quantity) and \/ tells 
us what to do with a. In a similar manner, in 
the expression As, the ¢ stands for a physical 
quantity, and A tells us what to do with ¢. It 
says “take an interval” of ¢ or “take the differ- 
ence between two values” of !. 

When the ratio of two intervals is involved, 
as it is in determining a velocity, it is customary 
to write the ratio as a fraction, with the under- 
standing that the interval in the numerator 
“takes place during” the interval of the denomi- 
nator. 


Ax 
Th = 2. 
us v ive 


Slope = 5.0 m/sec 


Position x (meters) 
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0 1.0 2.0 3.0 


Time (seconds) 


the same scale or on the same graph. 


which is read “vee equals delta ex over delta 
tee,” means “‘to find the velocity, take the inter- 
val of position Ax in the time interval Ar during 
which the change of position took place and 
divide that position interval by that time inter- 
val.” 

In general, when we write Aa/Ab, we always 
mean that we shall use the interval of a that 
corresponds to a given interval of b. After all, 
we are interested only in the ratios of related 
intervals. Note that it makes no sense to sepa- 
rate the A from the a or b. The whole symbol 
Aa has a special meaning: an interval of a. It 
does not mean A multiplied by a. 

You may be curious to know how we find the 
slope when the velocity is negative. This was 
the case for the position-time graph of Fig. 5-14. 
The slope, by definition, is just ae but now 
X2 — X, is a negative quantity, a negative dis- 
placement. In our new symbols Ax is negative, 
so the slope is negative. But this is just what we 
want to represent the negative velocity. Our 
connection between velocity and the slope of a 
position-time graph is, therefore, still valid. 
The only new thing we have here is that the 
slope, instead of being the ratio of “up” to 
“over,” is here the ratio of “down” to “over.” 
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Position x (meters) 


Time (seconds) 


5-19 The slopes of the two graphs are the same, although their appearances differ. They will appear the same only when plotted to 


Position x (miles) 


0.00 0.20 0.40 0.60 0.80 
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5-20 Position-time graph of a complete trip made by a car. 


Between which times was the car going the fastest? 


To illustrate the usefulness of the slope in 
connecting together the position-time and the 
velocity-time graphs, let us analyze the auto- 
mobile trip described by the position-time graph 
of Fig. 5-20. The origin for measuring position 
was chosen as the starting point of the trip. 
During the first 0.20 hr, the car was traveling at 
a constant velocity in the positive direction. In 
fact, the positive direction on the x coordinate 
line was chosen as the direction of the starting 
motion. During this first 0.20 hr, the velocity 
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can be found from the slope of the curve: 


_ Ax _ 60m —00mi _ ; 
Sa Sonoda 
Between the times 0.20 hr and 0.50 hr the posi- 
tion was not changing, so Ax is zero; hence the 
slope is zero, and the velocity is zero. The car 
was stopped. From 0.50 hr to 0.80 hr the slope is 
_ Ax _ 0.0mi—60mi _ _ ; 
a © ORehr = asi 
The velocity of the car was negative, so it was 
headed back again toward the starting point. 
In fact, at ¢ = 0.80 hr it reached the starting 


40 


— 20 

E 

> Time (hours) 
3 

s 0 


—20 


point again, so its displacement at that time was 5-21 Velocity-time graph of the motion shown in Fig. 5-20. The 


zero, even though it had traveled a total dis- 
tance of 12.0 miles. We now have the data 
needed to plot a velocity-time graph for this 
motion. It is shown in Fig. 5-21. You will see 
that in this figure the positive area between 0.00 
hr and 0.20 hr (which represents the positive dis- 
placement occurring during that time interval) 
is Just equal to the negative area between 0.50 
and 0.80 hr (which represents the negative dis- 
placement occurring during that time interval). 
Thus again we see that the total displacement of 
the trip was zero. 


5-6 Instantaneous Velocity—the Slope 
of the Tangent Line 


We have been considering motions in which the 
velocity was constant, either for the entire time 
or for different portions of the time. The posi- 
tion-time graphs we drew were therefore made 
of straight lines. Obviously, many motions do 
not occur at constant velocity. Figure 5-22 is 
a position-time graph of a more realistic situa- 
tion in which the velocity is continually chang- 
ing. How can we find the velocity of the object 
at any particular time? 

Here there are no straight lines, and it is not 
obvious how to apply the methods we have used 
before. All that we can determine easily from 
the graph is the direction of the velocity. Since 
the position values are increasing with time, the 
object is traveling in the positive direction along 
the line; the slope is positive. (Of course, if the 
position values were decreasing as time in- 
creased, we would have a negative slope and the 


portion of the graph below the horizontal axis indicates 
that the car is traveling in the direction opposite to its origi- 
nal direction. 


motion would be in the negative direction,) Our 
problem is to decide how to get the magnitude 
of the velocity from the graph. Let us consider 
the time 50 sec after the start of the motion. 

Let us look with a magnifying glass at the 
part of the graph within the dashed rectangle. 
If we magnify it tenfold, we obtain the graph of 
Fig. 5-23. Note how much straighter the curve 
on this new figure looks, compared with that of 
Fig. 5-22. A still greater magnification of the 
dashed rectangle in Fig. 5-22 shows us the in- 
terval which covers only 0.5 sec before and after 
the 50-sec mark (Fig. 5-24). With this-graph, 
we can tell the velocity by measuring the slope 
of the “straight” line. We choose two points 
near 50 sec, for example, | and 2 in Fig. 5-24; 
then reading from this graph, we find 


ty = 49.86 sec, xX, = 38.42 m 
to = 50.16 sec, Xg = 38.58 m. 


Consequently, the slope is given by 


Ax eS set) oe +0.16m 
At” t2—t,  0.30sec 


and the velocity at the point 50 sec from the 
start is very close to +0.53 m/sec. Thus, we 
can say that the velocity of the car at ¢ = 50 sec 
is 0.53 m/sec in the positive direction. 

The magnified part of a graph looks straighter 
than the whole graph because in the magnified 


= +0.53 m/sec, 


5-6 * INSTANTANEOUS VELOCITY—THE SLOPE OF THE TANGENT LINE 67 


Position x (meters) 


0 20 40 60 80 100 


Time (seconds) 


5-22 Position-time graph for an object with continually changing velocity. 
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5-23 In this figure, the part of the graph enclosed in the dashed rectangle of Fig. 5-22 is enlarged ten times. 


68 Chapter 5 + MOTION ALONG A STRAIGHT-LINE PATH 


Point 2 
38.6 


38.5 Point 1 


Position x (meters) 


49.5 50.0 50.5 


Time (seconds) 


5-24 Ata magnification of 100, a small portion of the graph within the dashed rectangle of Fig. 5-22 appears to be almost straight. 


picture we look at only a small portion of the 
unmagnified graph. When we magnify suffi- 
ciently, we look at only a small interval of x 
and r. In effect, therefore, we find the slope of 
a small portion of the curve by taking the ratio 


Ax Xe — Xy 
AG isa 


for a pair of points 1 and 2 which are very close 
together. The points we use must be close 
enough together so that the graph is essentially 
a Straight line in between. 

When the part of the graph we use is nearly 
straight, we find the same slope, and thus the 
same velocity, no matter which points we take 
to evaluate it. In Fig. 5-24, for example, if we 
let points | and 2 move along the curve until 
they are closer to the 50-sec mark, we get almost 
the same result as before. Try it yourself. Fur- 
thermore, the points we use to find Ax/Ar will 
be close together when As is small; and if Ar is 
small enough, Ax/Ar will have a definite value 
for a smooth position-time curve around a given 
point. We therefore say that the velocity at a 
particular instant is given by the limit of Ax/Ar 
as At “approaches zero,” that is, as Ar gets 


smaller and smaller. Symbolically this state- 
ment is written 
Ax 


v = lim —. 
at-o At 


(We read “lim” as “the limit as At approaches 
At-0 
Oof....”) The word “‘limit” here stands for the 
result obtained when we take f¢, and to close 
enough together so that there is no noticeable 
change produced in the value of the ratio by 
using a still smaller interval between 7; and f. 
We make the interval Ar shorter and shorter 
until “in the limit,” as we say, we get a definite 
result. This procedure lies at the heart of the 
branch of mathematics called the calculus. 
There may be special cases when this pro- 
cedure is hard to apply or when it has no mean- 
ing. A plot of positions which changed sud- 
denly from one straight-line slope to another 
would have no slope at the point of abrupt 
change; no velocity could be defined there. In 
fact, however, in all motions with which we have 
any direct experience, the velocity changes 
smoothly, even if sometimes rapidly. There- 
fore, the slope of the position plot does not 
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5—25 To find the velocity at any instant, draw a line tangent to the curve at the point being considered. Then, by taking any two points on 
the tangent line, find the slope. The value of the slope is the velocity. 


change instantaneously; and we can take short 
enough time intervals to get the velocity at any 
given instant. 

To use the procedure we have outlined, we 
need to have a magnified picture of the position- 
time graph—obtained, for example, by using a 
magnifying glass. Is there any simple way of 
getting the velocity without going through the 
steps of magnifying? The answer is “yes”: draw 
a tangent and measure its slope. Suppose we 
drew a straight line tangent to the curve of Fig. 
5-22 at the point for which f = SO sec, as in 
Fig. 5-25. In this figure we can easily distin- 
guish the tangent from the graph of x vs. r; but 
at hundredfold magnification as in Fig. 5-26, 
we see that the tangent line and the curve are 
hardly distinguishable over a small enough in- 
terval around the point of tangency. In this 
region they have the same slope. We can there- 
fore use the slope of the tangent line to deter- 
mine the slope of the graph at any particular 
point. Figure 5-25 shows us how we can use 
this method to get the speed of the car at ¢ = 50 
sec. First, we draw the tangent line to the curve 
at the point chosen. Then we choose two con- 
venient points (labelled 1 and 2) on the tangent 


line. We read the values of x1, x2 and of 1/4, te 
to find x2 — x, = +32 mand /. — 7; = 60sec, 
so that the slope is 

Xe —X, +32m 


rrr = 5 ec = +0.53 m/sec. 


Therefore, when 50 sec has elapsed, the object 
has a velocity of 0.53 m/sec in the direction of 
increasing x. 

The velocity at a given instant is called the 
instantaneous velocity. It is the magnitude of 
this instantaneous velocity that we read ona 
speedometer. Also it is the instantaneous ve- 
locity that we have calculated by using the slope 
method on our graphs: 


- Ax 
v = lim—. 
ai-o At 
We use the word instantaneous to distinguish 
the velocity at one moment from the average 
velocity over an interval of time. The average 
velocity in the time interval Avis defined as 


Ax 
Vave = Ar’ 


Graphically, it is the slope of the straight line 
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38.7 


38.6 


Position x (meters) 


38.2 


connecting the two points on the position-time 
graph at the ends of the time interval Ar (see 
Fig. 5-27). The average velocity is that con- 
stant velocity which would change the position 
by the actual amount Ax in the actual time 
interval Av. 

In general, the value of the average velocity 
depends on which time interval At we are exam- 
ining. In Fig. 5-25, the average velocity during 
the time interval 0 sec to 60 sec is not the same 
as the average velocity during the time interval 
40 sec to 60 sec. 

If, during Avs, the instantaneous velocity is 
changing noticeably, it may differ at almost 
every moment from the average velocity for that 
interval. At some moments it may be greater, 
at other moments smaller, than the average 
velocity. Only when the tangent to the position- 
time curve is parallel to the average-velocity 
straight line are they the same. For example, 
on the last graph they are the same only at ¢ = 
18 sec. The instantaneous velocity can be 
thought of as the average velocity over a time 
interval so short that the changes in velocity 
occurring during that interval may be neglected. 


Tangent —__ 


Point of tangency 


50.0 50.5 


Time (seconds) 


5—26 With 100-times magnification of Fig. 5-25, the curve and its tangent are indistinguishable near the point of tangency. 
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5-27 The slope of the straight line = Vave = Ax/Af. 


We have already studied the case in which the 
instantaneous velocity equals the average veloc- 
ity at every moment: motion at constant veloc- 
ity. In this case, no matter whether we choose 
a long or a short time interval, the average 
velocity will be the same; hence, the instanta- 
neous velocity cannot be different. You can 
see this graphically from Fig. 5-18 by imagining 
the points A’ and B’ very close together. 
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5-7 Acceleration 


A driver might observe that his car can reach 


50 mi/hr in 10 seconds starting “from a stand- £40 

still.” He would be talking about the accelera- € 30 

tion of his car, how fast its velocity changes. ree 

Let us suppose that Fig. 5-28 is the graph of the 3 

velocity versus time for the car. For simplicity e109 

we start with a straight-line graph; for a real 0 

car the graph might not be straight, but we shall 0 2 4 6 8 10 
consider more complicated graphs shortly. Time (seconds) 


Figure 5-28 says that the car speeds up to 50 
mi/hr in 10 seconds, or 5.0 mi/hr in each sec- 
ond. (We write this as 5.0 mi/hr/sec or 5.0 5-28 A velocity-time graph for an acceleration of 5.0 mi/hr-sec. 
mi/hr-sec and read it “5.0 miles per hour per 
second.”) The quantity 50 mi/hr in 10 seconds 
or 5.0 miles per hour per second is a measure of 
the acceleration. 

Figure 5-29 is the graph of the velocity versus 
time for another car. Notice that at “zero” time 
the car is going 10 mi/hr and that 30 seconds 
later it is going 55 mi/hr. The velocity has 
therefore increased 45 mi/hr in 30 seconds. The 
acceleration is therefore given by a = 45 mi/hr 
in 30 seconds or a = 1.5 mi/hr-sec. 

If we represent the quantities by symbols, we 
can use them in writing an algebraic expression 


Velocity (mi/hr) 


for this calculation. Call the two times /, and : es we * > 
fg, and use v; and ve for the corresponding veloc- Time (seconds) 

ities at these two times. The acceleration is 

then given by the relation 5-29 Graph of velocity vs. time for a car that is in motion at t = 


0. What is the car's acceleration? 
v2 — v1 Av 
CS  ————— SS 
lo -— ty At 
where we use the A notation that was introduced 
in Section 5-5. 
There is a simple geometrical significance to 50 
this equation. Just as Ax/Ar is the slope of the 


x versus ¢ graph, so the right-hand side of this =a 
equation is the slope of the velocity versus time = 30 
graph. So we can say that the acceleration is = 4 
equal to the slope of the graph of v versus f. = 

If a graph of velocity vs. time is of the type = : 


shown in Fig. 5-30, we see that the car is slow- 
ing down. At the initial time ¢ = 0, it is going —10 
40 mi/hr. Fifty seconds later it is going 10 


O22 102)20) 2 36240 SO 60 


Time (seconds) 


f aa tte : —20 
mi/hr. In this time interval, At = 50 sec, the 
change in velocity is Av = —30 mi/hr. Thus, 
iy i 30 mi/hr = —0.60 mi/hr-sec. 5-30 Deceleration is shown by a negative slope on the velocity 


vs. time graph. 


50 sec 
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When <Ax/Ar hasa minus sign, it means that 
the motion is backward. in the negative direc- 
tion. What does a minus sign mean here for 
the acceleration? In this case the minus sign 
tells us that during the interval 0 to 67 sec, the 
car is moving in the positive direction but is 
slowing down; and from 67 sec to 80 sec it is 
moving in the negative direction and speeding 
up. In general, the minus sign means that the 
change in velocity Av is in the negative direction. 
This happens either when an object which is 
moving in the positive direction along the 
x coordinate line slows down, or when an object 
which is moving in the negative direction speeds 
up. Indeed, if an object is moving in the posi- 
tive direction but has a negative acceleration, 
it will slow down, stop momentarily, and then 
go backward, retracing its path at an increasing 
pace. 

So far we have talked about constant acceler- 
ation—that is, about uniform changes of veloc- 
ity. Let us now consider Fig. 5-31 (a), which 
shows another graph of velocity against time. 
What is the acceleration when 20 seconds have 
elapsed? In other words, what is the instanta- 
neous acceleration at f = 20 seconds? 

We know that if we magnified the portion 
near f = 20 seconds sufficiently, it would appear 
to be straight. The slope of this straight seg- 
ment would then be the acceleration. Further- 
more, as we have seen, instead of magnifying we 
can draw a straight line tangent to the graph at 
{ = 20 seconds, and we can find the slope of the 
curve by measuring the slope of this tangent 
line. In view of the definition of the slope, the 
instantaneous acceleration at a time ¢ equals the 
slope of the graph of velocity versus time. In 
Fig. 5-31 (a), by choosing two points (1 and 2) 
on the tangent line we find the instantaneous 
acceleration to be 


vs — 0; _ 50 m/sec — 20 m/sec 
t2—t 30sec — 10sec 
= 1.5 m/sec? att = 20 sec. 


nS 


The notation m/sec? means “meters per second 
per second.” In Fig. 5-31 (b), the instantaneous 
acceleration is 


q — 29 m/sec — 50 m/sec 
~~ 40 sec — 20 sec 


= —1.5 m/sec? att = 30 sec. 
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5-31 To find the instantaneous acceleration, find the slope of the 


tangent line at the point being considered. (a) Positive 
acceleration. (b) Negative acceleration. 


We can also express the instantaneous acceler- 
ation in the language of Section 5-6 as 


In addition to the instantaneous acceleration 
at each moment, we define the average accelera- 
tion for any time interval Ar as 


This tells us the overall change of v in that 
particular time interval. The instantaneous 
acceleration at time / is the average acceleration 
for a very short time interval which includes 1. 
If the acceleration does not change as time goes 
on, the average acceleration and the instanta- 
neous acceleration are equal at any time. 
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5-8 Useful Results for Motion with 


Constant Acceleration 


When the acceleration is constant, the methods 
that we have been developing enable us to ex- 
press several useful relationships in the form of 
equations. Consider an object whose velocity 
increases uniformly with time as shown by the 
graph in Fig. 5-32. Let us see what happens 
during a certain time interval. At the beginning 
of this time interval the velocity is called v; (the 
subscript “i” means initial), and the correspond- 
ing time is called 4;, At the end of this time 
interval, the velocity is called vy (the subscript 
“f” means final), and the corresponding time is 
called t;. Because the acceleration is constant, 
we have 

ve — Vi = aA(ts — 4) = at, (1) 


where / is the time interval between the initial 
time f, and the final time ¢;. To find the dis- 
placement during this interval we can compute 
the shaded area in Fig. 5-32. From the trape- 
zoid formula (or by adding the “areas” of the 
rectangle and the triangle), we get 


d=3(y + v) 6 (2) 


a relationship between the displacement, the 
initial and final velocities, and the duration of 
the time interval. 

We can also find a relation between the 
speeds and the displacement for constant accel- 
eration. Solving Equation (1) for ¢, we get 


Up — Vj 
mo 


i 


Now, substituting this expression for fin Equa- 
tion (2), we get 
Up — Yj 
d= 4(y%+ fe emma S 


Finally, on carrying out the multiplication, we 
have 


2ad = vf? — v;? 
or vp? = 0,2 + 2ad. (3) 
Because of the squares on the uv, and uj, we lose 
our information about the directions (+ or —) 


of the velocities. Thus, we have only a relation 
between the squares of the speeds, the displace- 


Time (t) 


5~—32 The velocity vs. time graph of a motion with constant ac- 


celeration. The slope (v; — vi)/{t; — ti) of the graph is 
the acceleration, and the area under the graph is the dis- 
placement. 


ment, and the acceleration. However, it is often 
useful, and will even prove essential in our dis- 
cussion of kinetic energy in Part ITI. 

Also, if we solve for the final velocity vy in 
Equation (1) and substitute it into Equation (2), 
we get a relation connecting the displacement, 
the acceleration, the time interval, and the 
initial velocity: 


d= ot + tar. (4) 


There is a simple meaning to the two terms on 
the right-hand side of Equation (4). The term 
vt gives the displacement of the car if its velocity 
had stayed constant at v; during the time inter- 
val, while the second term gives the displace- 
ment the car would have if it had started from 
rest at the initial time. You can verify these 
statements by first setting a = 0, then v; equal 
to zero, in Equation (4). 

Some examples will show you the use of these 
equations. Suppose a sports car accelerates at 
a constant rate, changing its velocity in 6.0 sec- 
onds from +10 m/sec to +28 m/sec. What is 
the acceleration and how far does the car go in 
this time interval? 

We find its acceleration from Equation (1): 


vp — ; _ 28 m/sec — 10 m/sec 
tt —t  6.0sec — 0.0 sec 
=— +3.0 m/sec?. 


a= 
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We find the displacement from Equation (4): 


d = (10 m/sec)(6.0 sec) 
+ 4(3.0 m/sec?)(36 sec?) = +114m. 


You can check this result for d by using Equa- 
tion (3). (Try it.) 

As another example, suppose a car starts 
from rest and accelerates at +2 mi/hr-sec for a 
distance of $ mi. How fast will it then be 
traveling and how long does it take to cover this 
distance? 

We have two units of time, hours and sec- 
onds. It is convenient to eliminate one in favor 
of the other. In the following calculations we 
choose to express all time in hours. For this 
purpose, we write 


mi 1 mi 
= = +2(——_—_—___}. 
: a atacses si (; hr x | <=) 


Then we replace | sec by +255 hr; therefore, 


= 1 mi 2. “Ao 
a= Go weir) = +7200 mi/hr?. 


Now to find the final speed we use Equation (3), 
which becomes 


ve? = 2ad, because vu; = 0. 


The result is 


DF? 


2 (7200 =) (4 mi) = 1600 mi2/hr2 


ve = 40 mi/hr. 


The direction of v; will be the same as the direc- 
tion of a, since the object started from rest. 
Thus, the final velocity is +40 mi/hr. We can 
find the time from Equation (1), which becomes 
vp = at, Since v, and ft; = 0. Therefore 
+40 mi/hr 
t= es = zho hr or 20 sec. 

A word of caution is very necessary concern- 
ing the use of these equations. We stated at the 
beginning of this section that we were assuming 
that the acceleration is constant—these equa- 
tions are correct only for the case of constant 
acceleration. They are an abbreviated form—a 
summary—of the graphical methods we have 
developed for these cases. But when you have 
a case with variable acceleration, you must 
apply the more powerful graphical techniques. 


5-9 Summary 


In this chapter we have been studying straight- 
line kinematics—the story of motion along a 
straight path and of the relationships between 
time and position in describing this motion. 
After carefully defining the position of the 
moving object and its changes of position by 
the displacement, we then investigated a simple 
example of motion in a single direction at con- 
stant velocity. The displacement was just the 
product of velocity and the time of travel in this 
case. We could not use this simple relation 
when the velocity was not constant, for we did 
not know in advance which of the various 
velocities to multiply by the time. However, we 
were able to show how the displacement could 
be obtained with the help of a graph of velocity 
versus time, such as that shown in Fig. 5-33. 
The shaded “area” in the figure shows the dis- 
placement occurring between the times ¢; and ¢. 

This graph can do more for us. By drawing a 
tangent to the graph at any particular time, such 
as ft, we can determine the slope of the graph at 
this point. This quantity is the instantaneous 
acceleration—the rate at which the velocity is 
changing. Thus, the instantaneous accelera- 
tion at the time ¢ in Fig. 5-33 is 


Av __u2-—0, 


sot t= i: 


Velocity 


5-33 Uses of the velocity vs. time graph. 


When the curve is a straight line, as at the 
right of Fig. 5-33, the acceleration remains con- 
stant. Under such circumstances, it is very easy 
to compute the “area” under the graph, and we 
have been able to arrive at algebraic equations 
that tell the full story of motion at constant 
acceleration. The use of graphs is not limited 
to this simple case, however. They furnish a 
quite general way of studying motion. 

Another valuable graph is that of position 
versus time, such as is shown in Fig. 5-34. From 
this graph we can find the velocity as well as the 
displacement. The slope of this graph at any 
particular time is the value: 


Although we have gone far in our study of 
motion, there are still questions we cannot 
answer. In the next chapter we shall get away 
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from the restriction of motion along a straight 
line. We shall extend our ideas so that we can 
consider motion in all directions: up-down, 
north-south, east-west. We shall then be able 
to describe many of the real motions that we 
found in nature. 


Position x 


Time 


5-34 Velocity can be determined from the position-time graph. 
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Velocity 
° 
Velocity 
° 
Velocity 
° 


5—35 For Problem 5. 


Velocity (mi/hr) 


0.06 0.08 0.10 
Time (hours) 


5-36 For Problem 7. 


80 
70 
60 
50 
40 
30 
20 


10 
0 


0.000 0.002 0.004 0,006 0.008 0.010 0.012 0.014 0.016 0.018 


Velocity (mi ‘hr) 


Time (hours) 


5-37 For Problem 8. 


FOR HOME, DESK, AND LAB 


1.* What is the displacement of a car which travels 


5:* 


at a steady velocity of 40 mi/hr (a) for 3 hr, (b) for 
4hr? (Section 2.) 


A Volkswagen and a Cadillac are driven on the 
same 80-mile trip. The Volkswagen travels at 
50 mi/hr all the time. The Cadillac starts at the 
same time, driving at 60 mi/hr, but the driver 
stops for ten minutes after he has traveled for half 
an hour. 

(a) Make a graph of velocity versus time for 
the two cars. 

(b) Which car is the first to arrive at the desti- 
nation? 


Data for a trip made in a car is given in the 
accompanying table: 


Duration of 


Interval Velocity 

Time Interval ( hr) (mi/hr) 
1 0.10 20 
2 0.40 60 
3 0.20 20 


(a) How far does the car go in the first interval? 

(b) What is the displacement for the trip? 

(c) Make a graph of velocity versus time for 
this trip. 

(d) How long does it take the car to travel the 
first 14 miles? 

(e) Indicate the area on your graph which cor- 
responds to the first 14 miles of travel. 


The following experiment was done at Marine- 
land to determine the speed of a porpoise. A 
movie camera was set up to photograph through 
a window in the side of the tank where the por- 
poise passed close by just before jumping. 

One sequence of pictures showed the porpoise’s 
snout entering the left side of one frame. Eight 
frames later his tail was in about the same posi- 
tion. The camera took pictures at the rate of 24 
frames/sec. The length of the porpoise is known 
to be 1.9 meters. 

(a) What was the speed of the animal? 

(b) If instead of crossing the line of sight at 
right angles the porpoise had crossed it at an 
angle of 60°, what would the calculated value of 
the speed be? 


Which graph in Fig. 5-35 is closest to the velocity 
versus time graph of a stone which is thrown 
Straight up into the air at time ¢ = O and returns 
to the earth att = f;? (Section 3.) 


The accompanying data show the instantaneous 
velocity of a car at intervals of | second. Plot the 
velocity versus time, and use your graph to an- 
swer the following questions. 
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(a) How fast is the car going at 2.6 sec? At 
4.8 sec? 

(b) How far did the car travel between the two 
instants in part (a)? 


Time (sec) Velocity (m/sec) 
0.0 10.0 
1.0 12.4 
2.0 14.8 
3.0 17.2 
4.0 19.6 
5.0 22.0 
6.0 24.4 


A train speeds up according to the velocity-time 
graph shown in Fig. 5-36. How far does it travel 
in the first six minutes? 


Car A is stopped at a traffic light. The light turns 
green and A starts up. Just as it does so, car B 
passes it, going at a steady velocity. Their 
velocity-time curves are shown in Fig. 5-37. 

(a) How long does it take car A to be going as 
fast as car B? 

(b) At that time, how much is car B ahead of 
car A? 

(c) Which car is ahead, and by how much, at 
the end of 0.010 hour? 

(d) At what time does car A catch up with 
car B? 

(e) How far have they traveled from the traffic 
light by the time car A catches up? 


A car is traveling along a road at a steady veloc- 
ity. It passes an unmarked police car parked 
beside the road. The police car accelerates, over- 
takes the speeding car, passes it, and signals it to 
a stop. Sketch a graph showing the velocities of 
the two cars plotted against time. 


10.* Does the graph of a car trip in Fig. 5-38 represent 


a real situation? Explain. (Section 4.) 


a 
2 
= 
c 
s 25 
= 
nn 
° 
a. 


1 2 


Time (hours) 
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Position (miles) 


0.00 0.20 040 060 0.80 1.00 


Time (hours) 


(c) 


Position (miles) 
Weight (pounds) 


0 1 2 3 1 2 3 


Gasoline consumed (gallons) Weeks of dieting 


5~39 For Problem 12. 
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2 
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0.60 0.70 0.80 0.90 


Time (hours) 


5-40 For Problem 13. 


. A man walks to the corner to mail a letter and 


comes back. Sketch graphs showing his velocity 
and position plotted against time. 


. Find the slopes of the graphs in Fig. 5-39. State 


the units in each case. 


. The position-time graph of a car traveling along 


a road is shown in Fig. 5-40. Make a graph of 
its velocity versus time. 


. John rode his bicycle as fast as he could from his 


house to Tom’s house. After a short time he rode 
back as fast as he could. Figure 5-41 shows a 
position-time graph of his trip. Plot the velocity- 
time graph of John’s trip. From the information 


a 
2 
& 
c 
9 
= 
wn 
9 
a. 


‘5-41 For Problem 14. 


Position (miles) 


5-42 For Problem 16. 


Time (hours) 


Time (hours) 
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given and your graph, what would you give as a 
plausible description of the road between John’s 
and Tom’s houses? 


.* What is the average velocity over the first 90 sec 


in the graph of Fig. 5-25? (Section 6.) 


The position-time graph of a car is shown in 
Fig. 5-42. 

(a) At what time is the car going at the greatest 
velocity? 

(b) How fast is it traveling at that time? 

(c) How fast is the car going at 0.70 hour? 

(d) What is the average velocity for the first 
0.70 hour? 


80 


20. 


21. 


22. 


23.* 


24. 


25. 


26. 
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A train travels 60 mi/hr for 0.52 hr, 30 mi/hr for 
the next 0.24 hr, and then 70 mi/hr for the next 
0.71 hr. What is its average velocity for the trip? 


In Fig. 5-30, is the velocity zero at any time on 
the graph? Is the acceleration zero at any time 
on the graph? (Section 7.) 


A car driving along a highway slows down as it 
enters a small village. It is stopped by a traffic 
light in the center, goes on to the edge of the 
village, and speeds up again. Sketch graphs, one 
above the other, showing its velocity, its position, 
and its acceleration plotted against time. 


A car going at 20 mi/hr accelerates to 60 mi/hr 
in 6.0 seconds. What is the average acceleration? 


From the graph of velocity versus time for a car 
shown in Fig. 5-43, deduce the graph of accel- 
eration versus time. 


Make a graph of position versus time for the car 
of Problem 21. 


In what portion of the graph in Fig. 5-33 can you 
use the equations of Section 5-8? (Section 8.) 


A bobsled has a constant acceleration of 2.0 
m/sec? starting from rest. 

(a) How fast is it going after 5.0 seconds? 

(b) How far has it traveled in 5.0 seconds? 

(c) What is its average velocity in the first 5.0 
seconds? 

(d) How far has it traveled by the time its 
velocity has reached 40 m/sec? 


A car, initially traveling at uniform velocity, ac- 
celerates at the rate of 1.0 m/sec? for a period of 
12 seconds. If the car traveled 190 meters during 
this 12-second period, what was the velocity of 
the car when it started to accelerate? 


Assume that the express train mentioned at the 
very beginning of the chapter stops with uniform 
acceleration. 

(a) How long does it take to stop? 
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Time (seconds) 


100 


5-43 For Problem 21. 


27, 


28. 


(b) What is the acceleration during the brak- 
ing? 

(c) Plot the position of each train versus time 
on the same graph and from this find whether or 
not a collision takes place. 


A pedestrian is running at his maximum speed 
of 6.0 m/sec to catch a bus stopped by a traffic 
light. When he is 25 meters from the bus the 
light changes and the bus accelerates uniformly 
at 1.0 m/sec”. By use of a graph find either (a) 
how far he has to run to catch the bus or (b) his 
frustration distance (closest approach). 


Figure 5-44 is a multiple-flash photograph of a 
moving ball taken at 1/30 sec intervals. The ball 
is moving from left to right, and the zero point 
on the.scale lines up with the right-hand edge of 
the ball’s initial position. 

(a) Plot a graph of position against time to 
describe this motion. 

(b) From your graph in (a), construct a veloc- 
ily-time graph. 

(c) What does your velocity-time graph tell 
you about the acceleration of the moving ball? 


900000 0 0 0 O 


5-44 For Problem 28. The scale is measured in meters. 


29. A rocket which placed a satellite in orbit attained 
a velocity of 2.90 « 104 km/hr in 2.05 minutes. 

(a) What was the average acceleration in 
km/hr-sec? In m/sec?? 

(b) If the rocket had enough fuel to maintain 
this same acceleration for an hour, what velocity 
would it have at the end of the hour if it started 
from rest? 

(c) How far would it travel during this hour? 


FURTHER READING 


These suggestions are not exhaustive but are limited 
to works that have been found especially useful and 
at the same time generally available. 


COHEN, I. BERNARD, The Birth of a New Physics. 
Doubleday Anchor, 1960: Science Study Series. 
Aristotelian concepts of motion are contrasted with 
the inertial and accelerated motions of modern phys- 
ics. (Chapters 2 and 5) 

GRIFFIN, DONALD R., Echoes of Bats and Men. Double- 
day Anchor, 1959: Science Study Series. The prob- 
lems that arise in measuring sound velocity and the 
ingenuity used in solving them should be illuminat- 
ing to the student. (Chapter 3) 

Hotton, G., and Ro.ter, D. H. D., Foundations of 
Modern Physical Science. Addison-Wesley, 1958. 
A good parallel discussion. (Chapter 1) 

LITTLE, NoeL C., Physics. D.C. Heath, 1953. Sample 
problems are used to illustrate methods of solution 
in linear and accelerated motions. (Chapter 6) 

MICHELS, WALTER C., and PATTERSON, A. L., Elements 
of Modern Physics. Wan Nostrand, 1951. A dis- 
cussion of similar material. (Chapter 3) 
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Motion 
in 
space 


6-1 


IN THE LAST CHAPTER we considered only mo- 
tion along a straight line—motion in only one 
dimension. Displacement, velocity, and accel- 
eration all had to point along the same line; they 
could take on plus or minus values as the situ- 
ation demanded, but were allowed no other 
freedom of direction. Clearly, most situations 
in nature cannot be fitted into such a strict set 
of requirements: the motion of a swimmer going 
across a river, the course of an airplane on a 
windy day, the path of a satellite orbiting the 
earth. We cannot describe such motions with 
the methods of Chapter 5. We must extend 
those methods to include the possibility of dis- 
placements, velocities, and accelerations in sev- 
eral different directions, perhaps all occurring 
at the same time; we must learn to treat motion 
in a three-dimensional world. However, much 
of the extension required to go from one to three 
dimensions is already present in a description of 
two-dimensional motion. We shall start, then, 
with motion on a plane surface. 


Position and Displacement 


For motion along a straight line, we described 
the position of an object in terms of its distance 
and direction from a fixed landmark. Thus we 
said, “The car is 5 miles west of the center of 
town,” and we had only two directions to con- 
sider, east and west. If we now allow the car 
to turn off the straight highway and wander 
about on the back roads, we can describe its 
position in a similar way, but we need to give 
more information. We might say, for example, 
“The car is 5.5 miles west and 1.2 miles north 
of the center of town.” We are describing its 
two coordinates, measured along two perpen- 
dicular reference directions in the plane. In 
more general terms, we can represent the two 
reference directions by two perpendicular coor- 
dinate lines, x and y, each with positive and 
negative directions and each with appropriate 
units. A position on the plane is then given by 
two coordinate numbers; the x coordinate is 
stated first, the y coordinate second. Several 
points are located by their coordinates in Fig. 
6-1 (a). 

Another method for locating a point on the 
plane is by using a directed line segment start- 
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6-10 Position on a plane can be specified by the two coordinate 


numbers of the point: first, the distance out from the origin 
along the x axis; second, the distance up, parallel to the 
y axis. 


ing at the origin of the coordinates and ending 
at the point [Fig. 6-1 (b)]. The length of the 
segment, in appropriate units, is just the 
straight-line distance between the origin and 
the point; the direction of the segment is the 
direction of the point from the origin. The 
directed line segment, representing both the 
magnitude and the direction in space of some 
physical quantity, is called a vector and will be 
symbolized by a boldface letter with a half- 
arrow above it. The directed segment which 
describes the position of an object relative to 
an origin is the position vector, d. 

To discuss motion on a plane, we need to be 
able to describe the change of position of an 
object as time progresses. In Fig. 6-2, if we 
wish to describe a motion from position d; to 
position do, for example, we see that we can 
again use a directed line segment, or vector. 
This vector starts at the point described by dy 
and goes to the point described by d». But 
“change of position” is what we called “dis- 
placement” in Chapter 5. We have here, then, 
the displacement vector, Ad, describing change 
of position ona plane. Now we have the means 
for extending all our definitions of the previous 
chapter to motions in a plane. But first, we 
must investigate the properties of vectors and 
find out how to work with them. 
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Position can also be specified by a directed line segment, 
or position vector, from the origin to the point. 


The change of position from the point specified by d; to 
the point specified by do can be represented by the dis- 
placement vector Ad, directed from the initial point to the 
final point. 


Addition and Subtraction 
of Displacements 


Displacements along a line were given by posi- 
tive and negative numbers; when such displace- 
ments were added, they simply obeyed the rules 
of ordinary arithmetic. In adding displace- 
ments on a plane we meet a new problem. In 
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Fig. 6-3 (a) we start at a point A, described by 
the position vector d,, make a 5.0 cm displace- 
ment in the +y direction to the point B, and 
then follow that with a 5.0 cm displacement in 
the +.x direction to the point C. A displace- 
ment directly from A to C gives the same result 
as the two displacements separately [Fig. 6-3 
(b)}. Therefore, we can write: 


displacement AB + displacement BC 
= displacement AC, 


or, using vector notation and calling the dis- 


6-3 The displacement from point A to point B can be added 


to the displacement $ from point B to point C by the use 
of scale drawings. The resulting displacement is the same 
as a single displacement t from A to C:? + 3 = f. 


placements F, s, and t respectively, we have: 
F+s=t. 

Of course, the individual displacements need 
not be at right angles; they can have any direc- 
tions, as in Fig. 6-4. No matter what directions 
they have, we can always add them by this con- 
struction. We therefore see that the rule for 
adding displacements depends on geometry in 
the two-dimensional case, rather than on arith- 
metic, as was the case in one dimension. 

The usefulness of the displacement vector is 
not limited to straight-line trips. Since it gives 
only a description of the change in position be- 
tween a starting point and an ending point, the 
displacement vector connecting two points does 
not depend on the actual path traversed in 
going from one point to the other. We saw that 
this was the case in Fig. 6-3 and 6-4, and it is 
shown more generally in Fig. 6-5. 

We shall often want to compare two displace- 
ments even though they may not share any com- 
mon points. Fortunately, our definition of 
displacement as change of position allows us to 
do so. We saw in Chapter 5 that for straight- 
line motion neither the magnitude nor the direc- 
tion of the displacement depended upon where 
along the line the displacement occurred. We 
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6-4 Displacements need not be at right angles to be added 


vectorially. Here B + @ = ft also. 
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6-5 The displacement between two points does not depend on 


the actual path traversed in going from one point to an- 
other. 


can see that the displacement is independent of 
position for motion on a plane also. In Fig. 
6-6, the end points of the displacement 4 are 
designated by two sets of position vectors: d, 
and d> measured from the origin O, and d,’ and 
d,’ measured from the origin O’. Clearly, the 
displacement a stands quite independent of the 
choice of origin, and hence of the actual posi- 
tion vectors; it depends only on the change of 
position. As an example, when you displace a 
book one meter east and one meter north, it 
ends up \/2 meters northeast of its starting 
point, no matter where that starting point was, 
and no matter what point you chose as origin 
from which to make your measurements. 

We can therefore define displacement with- 
out specifying where either end is, and we shall 
add displacements by placing them “head to 
tail” asin Fig. 6-4. Thus, if we want to find the 
sum of the two vectors shown in Fig. 6-7 (a), 
we can move one of them “parallel to itself” 
until its “tail” coincides with the “head” of the 
other, as shown in Fig. 6-7 (b). This means 
that two displacements are the same if their 
magnitudes (lengths) and directions are the 
same, no matter where we draw them. If the 
location of one end of a vector should turn out 
to be important sometime, we shall add that 
information when we use it. (For example, for 


6-6 The displacement between two points does not depend on 


the choice of origin from which the position vectors are 
measured. 


>| 


>| 


(b) 


B 


6-7 Addition of two vectors after moving one parallel to itself. 


a given choice of origin, one end of a position 
vector must always be at that origin. We can 
think of the position vector as a displacement 
vector with its tail stuck at the origin.) 

Now we know how to add displacements, 
head to tail; is there a corresponding method 
for subtracting them? We can get a clue to this 
by going back again to the case of displacements 
along a straight line. There we found that the 
addition of two displacements pointed in oppo- 
site directions was effectively a subtraction 
process since two such displacements had oppo- 
site signs. We also found that if we add two 
displacements of equal magnitude but opposite 
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direction, we get a resultant zero displacement; 
we are right back where we started. Let us try 
these same principles on displacements in two 
dimensions. 

We shall find the difference between the two 
displacements a and b in Fig. 6-8. The opposite 
of b is —b, represented by an arrow of equal 
length but opposite in direction. We shall then 
subtract b from 4 by adding —b to a. The pro- 
cedure is illustrated in Fig. 6-8. 

Another way to subtract b from 4 is to answer 
the question 4 = b + ?. In Fig. 6-9 we show 
the same displacements 4 and b that were used 
in Fig. 6-8, and we also show the difference 
displacement 4 — b. Clearly it is this difference 
displacement that must be added to b to pro- 
duce a. Notice that the displacement 4 — b in 
Fig. 6-9 is parallel to the corresponding dis- 
placement of the same length and direction in 
Fig. 6-8. Therefore, they are the same. The 
two methods give the same answer; use the 
method that seems most convenient for you. 

We can use the second method to show that 
the displacement vector Ad is really just the 
difference between the final and the initial posi- 
tion vectors, as we expect from its name: change 
of position. We see in Fig. 6-2, for example, 
that the displacement vector Ad can be consid- 
ered as being added to the position vector d, 
to produce the position vector dz: 


d, + Ad = do. 


Hence we can write: Ad = do — dy. 

We have used displacements and the addition 
of displacements as examples of the new quan- 
tities we call vectors. Several quantities of im- 
portance in our study of physics will also prove 
to be vectors. Vectors are any quantities which 
add and subtract like displacements. We-shall 
always represent vectors by directed line seg- 
ments having lengths proportional to the mag- 
nitudes and having directions indicated by 
arrowheads. Notice that vectors are quantities 
which cannot be described by single numbers. 
Scalars, on the other hand, are physical quan- 
tities which can be specified by single numbers 
(and the appropriate physical units). The tem- 
perature of a room is a good example of a scalar 
physical quantity, just as a displacement of 3 
kilometers northeast is a good example of a 
vector quantity. 
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6-8 To find the difference of two vectors we add the negative 


of the second to the first. 
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6-9 We can also find @—b by drawing @ and b tail to tail, then 


drawing a vector from the head of b to the head of a. 
You can check that you have drawn this vector in the right 
direction by remembering that b + (a—b) = @. 


6-3 Multiplying Vectors by Numbers 


and Scalars 


Suppose that you are given any vector A. What 
do you think should be meant by 2A? Because 
multiplying a quantity by two means adding 
the quantity to itself, it is logical to define 
2A = A + A; 

that is, 2A is a vector twice as long as A pointing 
in the same direction [Fig. 6-10 (a)]. Similarly, 
just as 4x means a number which added four 
times over gives x, we define }A as a vector 
which added four times over gives A; in other 
words, $A is a vector in the same direction as A, 
but only 4 as long [Fig. 6-10 (b)]. Notice that 
multiplication of A by 4 is the same as dividing 
A by 4, so we can expect division by a number to 
follow the same rules as multiplication by a 
number. In general, KA, where k is any positive 
number, means a vector parallel to A and k 
times as long. What would you expect if k is 
negative? 


Syl 
2A 


6-100 Multiplication of a vector A by the scalar k = 2. 


See 
etn 


e lh, A 


6-10b Multiplication of a vector A by the scalar k = 1/4. 
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Briefly then, multiplying or dividing a vector 
by an ordinary number means multiplying or 
dividing the magnitude by the absolute value* 
of that number, while leaving the direction un- 
changed if the number is positive, or reversing 
the direction if the number is negative. 

Now we extend this rule to cases in which 
both the scalar k and the vector A have physical 
units, such as seconds, miles, 1/second, miles/ 
second, etc. If k were a pure number, with no 
physical units, then KA would have the same 
units as A. But when & has the units of a 
physical quantity, the units of KA are found by 
multiplying the units of k by the units of A. In 
other words, KA is a different physical quantity 
from A; it would make no sense, for example, 
to add kA to A. To avoid confusion, it is best 
to represent the new vector on a new diagram. 

These rules will help us to prove that velocity, 
acceleration, and various other physical quan- 
tities can be called vectors because they satisfy 
the requirement for vector addition: they add 
like displacements. 


6-4 Velocity Vectors in Space 


Suppose we are in a free balloon, a few hundred 
meters in the air. If the air is perfectly still, the 
balloon will not move at all. If the whole mass 
of air is moving at 10 km/hr—in other words, 
if there is a 10 km/hr wind—the balloon moves 
right along with it. Only when the air mass 
changes velocity does the air “blow against” the 
balloon, speeding it up or slowing it down until 
it again moves with the velocity of the air. 

Now let us imagine ourselves in a blimp, a 
large balloon with engines. With the engines 
off, the blimp moves only as the wind moves. 
But when the engines are going, the propellers 
pull us through the air at a certain velocity—a 
velocity with respect to the whole mass of air. 
Our motion relative to the ground now results 
from the combined effect of the motion of the 
air relative to the ground and of the motion of 
the blimp through the air. 

In an airplane, the same thing happens. The 


*The absolute value of a number is the number without its 
algebraic sign. Thus, the absolute value is always positive. 
For example, the absolute value of —3.5 is 3.5. 
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airplane is supported by the air. Its engines 
give it a velocity through the air which must be 
added to the wind velocity to obtain the air- 
plane’s velocity relative to the ground. In par- 
ticular, let us suppose the airplane is headed 
north, traveling through the air at a constant 
velocity of 250 km/hr. Suppose a steady 50 
km/hr wind is blowing toward the east. By 
“headed” north we mean that the nose of the 
airplane is due north of the tail. A few minutes 
later the nose is still due north of the tail, but 
the airplane is not due north of its former posi- 
tion. Besides going north, the airplane has 
moved east along with the whole mass of air. 

Let us find the displacement of the airplane 
relative to the ground. In Fig. 6-11 (a) the air- 
plane is shown headed north at A. If there were 
no wind, the airplane would move in the direc- 
tion in which it is pointed and would later be 
located at B. But during a short time interval 
At, while the plane would advance the distance 
(250 km/hr)(Ar) from A to B, the air has moved 
east by an amount (50 km/hr) Ad), and so the 
plane arrives at the position C. 

_ The addition of the two displacement vectors 
AB and BC leads to the vector AC, the displace- 
ment of the plane relative to the ground. These 
three vectors form a triangle. Each vector is 
proportional to a speed in a particular direction; 
AB to the speed north, BC to the speed east, 
and AC to the speed of the plane in the direction 
of motion with respect to the ground. On divid- 
ing each of these displacements by the elapsed 
time, Az, we get a similar triangle representing 
the corresponding velocities (since vectors 
divided by scalars are still quantities in the same 
direction, even though these may have different 
lengths and different units). We now see that 
these velocities add exactly as the displace- 
ments, so we have proved that velocity is a 
vector. 

In Fig. 6-11 (b) the velocity vector diagram 
is shown. The velocity ¥, of the plane relative 
to the air is plotted in the same direction as AB. 
It is a line north of length proportional to 250 
km/hr. To this velocity we must add the veloc- 
ity of the wind relative to the earth (¥~ = 50 
km/hr pointed east). We then obtain the veloc- 
ity V, of the plane relative to the ground. Both 
its direction and its magnitude can be obtained 
directly from its graphical representation. 


(50 km/hr) (At) 


Vw = 50 km/hr 
(250 km/hr) (At) east 


= 250 km/hr |] Vx 
north 


0 100 200 km/hr 
A Tears: be nea 


(a) (b) 


6-11 Part (a) shows the addition of the displacement vector AB, 


which represents the airplane's motion through the air, and 
BC, which represents the displacement of the air. Their 
sum is the vector AC, the displacement of the airplane rel- 
ative to the ground. When the displacements are divided 
by the elapsed time, the velocity vectors are found as 
shown in part (b). The velocity of the airplane relative to 
the ground is the vector sum of its velocity relative to the 
air and the velocity of the wind relative to the ground. 


Because V, and V¥,, are at right angles in this 
example, it is easy to calculate the magnitude of 
the velocity relative to the earth (called the 
ground speed). Using the Pythagorean relation- 
ship, we see that 


ve = V Va? + Dy? 


vg = \/(250 km/hr)? + (50 km/hr)? 
255 km/hr. 


Notice that the various speeds are indicated by 
Vg, Va, and vy, the same symbols that are used 
for the velocities, except that they do not carry 
the vector sign over them. This is a very con- 
venient and commonly used notation. 

Since we have shown that velocity is a vector 
quantity, we should therefore write a general 
definition of velocity in vector notation. Fora 
displacement Ad occurring in a time interval 
At, the average velocity during the interval is 

Vave — ae 


Clearly Vaye has the direction of Ad. 


If the time interval is taken ever smaller, in 
the limit the instantaneous velocity is 


ato Aft 


The direction of ¥ is the direction of Ad for a 
very small displacement; it is therefore along, 
or tangent to, the path. 

In the example of the airplane, we assumed 
constant velocities for the plane and the wind. 
In order for an instantaneous velocity to be 
called “‘constant,” two things must be constant: 
its magnitude and its direction. A body moving 
with constant velocity would, therefore, move 
in one direction along a straight line at constant 
speed. 


Components of Vectors 


Suppose you want to swim across a river + mile 
wide. The current in the river flows at 4 mi/hr. 
You can swim at an average speed of | mi/hr, 
but only for 15 minutes. 

What is the best plan to follow? 

Suppose that you swim so as to keep your 
body always pointed at right angles to the bank. 
You will then be moving through the water 
perpendicular to the current, which will carry 
you steadily downstream. What will your ve- 
locity be with respect to the bank of the river? 
If we represent your velocity through the water 
by Vy and that of the current by¥,, your velocity 
with respect to the bank is V, in Fig. 6-12. 

You can see that the magnitude of Vp is 
greater than that of ¥,, but does this get you 
across the river faster? No, your motion per- 
pendicular to the banks of the river (which 
determines the time of crossing) is still the same. 
You will just make it. The velocity V,, tells us 
only that you will reach the other side down- 
stream from the starting point. 

The velocity V, is made up of two parts, per- 
pendicular to each other; these are called the 
rectangular components Of Vp. In this case, only 
the component Vy perpendicular to the bank 
affects the time of crossing. The other compo- 
nent¥, does not affect your progress to the other 
shore. Such rectangular components are mutu- 
ally independent; they do not affect each other. 
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(a) 


Current 


(b) ve 4 mi/hr 


1 mi/hr 


Vb 


6-12 If you swim across a river with a velocity ¥, through the 
water at right angles to the current ¥,., your velocity relative 
to the bank will be ¥). Does the current help you reach the 
other side? 


.86 mi/hr 


6-13 If you swim so that the rectangular component of ¥,, parallel 
to the banks is equal in magnitude but opposite in direction 
to V_, then Vp will be at right angles to the bank. 
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Component of A 
in the y direction 


Component of A 
in the x direction 


6-14 How to construct the rectangular components of a vector 


in a plane. 


(a) 


m 
wt 


(b) A 


OL 


>| 


(c) 


N 


6-15 Examples of rectangular components of a vector along 


various directions. (a) B is the rectangular component of 
A along line EF. (b) € is the rectangular component of 
A along line PQ. (c) The rectangular component of 
A along line MN is zero. 


No matter what the ¥,. is, you would still make 
it in 15 min. 

Suppose you are faced with a tougher prob- 
lem: you can get ashore only at a beach which is 
directly opposite your starting point. Then 
your velocity V» relative to the bank must be at 
right angles toit. This says that the rectangular 
component of ¥, parallel to the bank must be 
zero. You must point your body upstream so 
that the rectangular component of V,, (Fig. 6-13) 
parallel to the bank is equal in magnitude and 
opposite in direction to V.. 

Now your velocity across the river is only 
about 0.86 mi/hr and you won’t make it. Per- 
haps you can wade the rest of the way. 

We have seen that heading upstream makes it 
harder to get across the river. What would 
happen if you headed somewhat downstream? 
Of course, you won’t get to the beach, but will 
you even get across the river? Do you agree that 
a current across your intended path cannot 
possibly help you? 

So far we have been discussing only compo- 
nents of the velocity vector. Actually, any 
vector A on a plane surface can be represented 
by two rectangular components. First we 
choose two perpendicular reference directions 
—for example, the x and y coordinate lines as in 
Fig. 6-14. Then to construct the vector compo- 
nent of A along the x axis, we construct a line 
through the head of A perpendicular to the x 
axis. Now we draw the vector which extends 
parallel to the x axis, starting from the tail of A 
and ending at the perpendicular. This gives the 
vector component along the x axis (sometimes 
called the vector component of A in the x 
direction). To get the vector component in the 
y direction (the y vector component of A), we 
follow a similar process, constructing a perpen- 
dicular to the y axis, etc. (See Fig. 6-14.) 
Examples of some of the possible rectangular 
components of a vector are shown in Fig. 6-15. 

We can always build a vector from its com- 
ponents. To say that a ship moves 20 mi/hr 
northward and 10 mi/hr eastward tells us its 
velocity completely: there is only one possible 
magnitude and direction of velocity with this 
pair of components. Figure 6-16 illustrates the 
point. As we see, the vector sum of the north 
and east components is the velocity. 

In Section 6-1 we described the position of a 
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north component 
20 mi/hr north 


east component 
10 mi/hr east 


6-16 Finding a vector whose components are known. The ve- 
locity is 22 mi/hr, 27° east of north. 


al 


6-17 R., R,, and R, are the east, north, and vertical components 
of vector R. 


point on a plane either by giving the two coor- 
dinate values of the point (x1,1) or by drawing 
a position vector from the origin to the point. 
When we give the coordinates of the point, we 
are telling how far over (x1) and how far up ()1) 
we must go from the origin to locate the point. 
But this is exactly what the rectangular compo- 
nents of the position vector do. We see, there- 
fore, that the x and y components of the position 


vector describing a point are just the x and y 
coordinates of that point. 

If we want to describe motion on the plane, 
then we can describe the change of position by 
the changes in the components of the position 
vector. Since the rectangular components are 
independent, as we saw in the case of the swim- 
mer, we can treat each component separately 
as a case of straight-line motion. We shall 
therefore have two graphs: x versus ¢ and y 
versus ¢. To each graph, and hence to each 
component of the motion, we can apply all of 
the methods of Chapter 5. Using slopes of the 
coordinate position-time graphs, we can obtain 
velocity-time graphs for each component, and 
from these we can get acceleration-time graphs 
foreach component. We will see an application 
of this to a specific problem in the next section. 

We have needed only two components to 
specify a vector because we have been consid- 
ering vectors on a plane—that is, in two dimen- 
sions. In three dimensions we can specify a 
vector by giving its components along three 
mutually perpendicular directions. As illus- 
trated in Fig. 6-17, these three rectangular com- 
ponents added together give the vector. To 
represent three-dimensional motion by the 
methods of Chapter 5 requires three coordinate 
vs. time graphs, but everything else goes along 
just the same. 


6-6 Velocity Changes and Constant 
Vector Acceleration 


Figure 6-18 is a multiple-flash photograph of 
two balls started in motion together. The ball 
on the left was allowed to fall straight down: 
the one on the right was projected horizontally 
with an initial velocity of 2.00 m/sec. Let us 
analyze the motions of both balls by finding 
their velocity vectors at successive intervals as 
they fall. We shall start with the ball on the left. 

We can get the average velocity vector for a 
given time interval by measuring the distance 
between two images of the ball and dividing by 
the time between the flashes which made those 
images. This gives us the length of the average 
velocity vector; its direction is the direction of 
the displacement of the ball from one image to 
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~ ee 


was allowed to drop freely, and the 
other was projected horizontally with 
an initial velocity of 2.00 m/sec. 
The light flashes were 1/30 second 
apart. The white lines in the figure 
are a series of parallel strings placed 
behind the golf balls, 15 cm apart. 
Why do the strings appear to be in 
the foreground? 


the other. In Fig. 6-19 we have measured off 
the successive displacements and put them side 
by side. The white strings in Fig. 6-18 are 15 
cm apart and the interval between flashes is 35 
of a second. Using these facts, we have com- 
puted a scale so that we can read these vectors 
directly as the average velocities. 

Figure 6-19 shows that the average velocity 
vector of the left-hand ball changes steadily. 
In each successive interval it increases by the 
same amount. The rate of change of the average 
velocity is therefore constant. Because the rate 
of change of average velocity is constant 
throughout the motion, we can be almost cer- 
tain that the rate of change of instantaneous 
velocity is also constant throughout the motion 
and of the same size. To confirm this, of course, 
we might want to take additional strobe photo- 
graphs of the falling balls, using shorter and 
shorter time intervals to approach the limit as 
At—0. But even without this, we can be pretty 
certain of our conclusion. Consequently, for 


u e: 
©  ) 
6-18 A flash photograph of two golf balls 
released simultaneously from the 
mechanism shown. One of the balls 
‘ : 


velocity scale 
cm/sec 


6-19 These arrows were drawn 2+ times as long as the displace- 


ments of the left-hand ball in Fig. 6-18 during the last 
eight successive intervals of 1/30 of a second. Because 
we know the actual separations of the white lines in Fig. 
6-18 and the time intervals, we can turn these arrows into 
average velocities for each time interval. The scale enables 
you to read the lengths of the arrows directly in units of 
cm/sec. 
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the instant of the mth flash, we can write the 
instantaneous velocity as V, = Vj + nAv. Here 
¥, is the instantaneous velocity vector with which 
we started and AV is the constant change that 
occurs in each interval. By adding n of these 
changes to the original velocity, we get the 
velocity n intervals further along. 

We can rewrite the last equation so that it 
more closely resembles the equations we devel- 
oped for the description of motion along a 
straight-line path. (See Chapter 5, especially 
Sections 5-8 and 5-9.) There we defined the 
acceleration along the path asa = Av/At. Here 
by dividing Av by Ar we shall introduce the 
vector acceleration 4 = Av/Ar. Using it, our 
last equation becomes 


z = Ay 
Vv, — Vj nt — 
n ict Ri 


=V; + ar. 


a 


Distance scale 
0.0 0.2 0.4 


path horizontal 


component 
2 m/sec 


instantaneous velocity 


6-20 How to find the instantaneous velocity vector. It is tan- 
gent to the path and of such length that its horizontal 
component is equal to the initial horizontal velocity of. the 


projectile. 
Velocity scale 
0 2 4 6 
He RAs Ba SS ERC ene Goes ee 


m/sec 


0.6 


: : 


meters 


6-21 The position and velocity of the ‘‘thrown’’ golf ball in Fig. 6-18 are shown here on a single graph. 
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In the last line of this equation, we have replaced 
nAt by 1, the time during which the velocity has 
changed from its initial value Vj to its value when 
the nth flash occurs. 

We have just described the motion of a fall- 
ing ball in vector language. But since the ball 
moves on a straight (downward) path, we hardly 
need the vectors. We could have done the 
analysis equally easily with the methods of 
Chapter 5. The vector language, however, be- 
comes far more useful when we analyze a more 
complicated motion. To see this, let us get back 
to Fig. 6-18 and study the motion of the other 
ball, the one which moves out to the right in 
the figure. 

The second ball in Fig. 6-18 moves both to 
the right and down. From the fact that the 
distance between the positions of the ball at 
successive flashes of the strobe light is greater 
for the later pictures, we see that the speed is 
increasing. Since the path is not a straight line, 
the direction of the velocity is changing too. 
We can analyze Fig. 6-18 to get the instanta- 
neous velocity of the ball at various points along 
the path.* The results of such an analysis are 
shown in Fig. 6-21. There both the position 
of the ball and its instantaneous velocity at 
0.10-sec intervals are shown in the same graph. 
Note the two scales, one for distance and the 
other for velocity. 

Figure 6-22 shows only the sequence of veloc- 
ity vectors of Fig. 6-21. Here, however, we have 
drawn the velocity vectors from the same start- 
ing point. Examination of this figure shows us 
that the successive vectors are obtained by add- 
ing a velocity vector of about | m/sec (actually 
it is 0.98 m/sec) directed vertically downward. 
We can express this rule in equation form. To 
do this, we first express the components of the 
velocity. The horizontal component of velocity 


V, = 2.00 m/sec, to the right 


Stays constant throughout the flight. On the 
other hand, the vertical component is zero at 


*One way of finding the instantaneous velocity in this case 
is to note that the horizontal component of the velocity is 
constant. This follows from the fact that the horizontal dis- 
placement is the same in each time interval. We then get ¥ 
from this fact and the fact that the instantaneous velocity 
vector always points in the direction of the path. (See Fig. 
6-20.) 


0.00 sec 
0.10 sec 
0.20 sec 


0.30 sec 


0.40 sec 


Velocity Scale 
(e) 1 2 3 


m/sec 


6-22 A sequence that shows only the velocity vectors of Fig. 6- 


21. Successive vectors are found by adding a constant 
vector directed vertically downward. 


t = 0.00 sec and increases by 0.98 m/sec during 
each 0.10 sec. This is a uniform increase at the 
rate of 9.8 m/sec?, so the vertical component 
of velocity at any time ¢ is 


Vy = (9.8 m/sec?)r, downward, 


where f is the time in seconds. 

With the two rectangular velocity compo- 
nents identified, we can now use the graphical 
methods of Chapter 5 to find the components 
of the acceleration and displacement vectors. 
These are shown in Fig. 6-23. 

We can also use these velocity components to 
express the motion entirely in vector language. 
Combining the two components, the vector 
velocity at any time ¢ is 


¥, = 2.00 m/sec, to the right 
+ (9.8 m/sec?)t, downward. 


We can put our equation for the motion of 
the ball thrown to the right into just the same 
form as we did for the ball falling straight down. 
Here (2.00 m/sec, to the right) is the initial 
velocity Vj, and (9.8 m/sec?, downward) is the 
constant acceleration 4. So we get¥; = Vi + af 
again. Notice that the acceleration of both 
balls is down. Also the downward motion is 
the same for both, as you can see by looking 
across the picture to check that one moves down 
the same amount as the other in each time in- 
terval. The only thing different in describing 


6-6 * VELOCITY CHANGES AND CONSTANT VECTOR ACCELERATION 95 


the motions of the two balls is the value of ¥j. 
The acceleration vector a is the same for both. 

In Chapter 5 we found that », = v, + ar de- 
scribed the velocity at any time for straight-line 
motion in which there was constant acceleration 
along the path. The equation ¥, = V; + 4@f 
describes the velocity vector at any time for 


Horizontal Components 


® 10 
ae 
E 
i 5 ee 
5 a,= O m/sec? 
0 
0 0.5 1.0 1 RS; 
t (sec) 
10 
it) 
® 
£ 
ve io 
> Vv, = +2.00 m/sec 
0 
0 0.5 1.0 1:5 
t (sec) 
£ 
x 


0 0.5 1.0 1.5 


t (sec) 


motion along any path, as long as the accel- 
eration vector is constant in both magnitude 
and direction. Notice that the acceleration 
vector need not point along the path, as in the 
example of the right-hand ball in Fig. 6-18. 
Furthermore, a can be any constant vector of 
the right units. The 9.8 m/sec?, downward, 
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6-23 The horizontal and vertical components of the motion of the right-hand ball of Fig. 6-18 are analyzed using the graphical methods 


of Chapter 5. The positive x coordinate line is chosen to the right; the positive y coordinate line downward. As functions of time, 
we find that the horizontal component of position is x = (2.00 m/sec)t; the vertical component of position is y = $(9.8 m/sec”)#?. 
If we eliminated t from these two equations, we would obtain an equation for the path in space, y as a function of x. 


6-7 
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which we found for the balls, is just a special 
value that occurs when balls move freely near 
the surface of the earth. In studying other mo- 
tion, we shall find other constant values of a— 
and also acceleration vectors that change as 
time goes on. For instance, by pushing a ball 
we can get any a we wish. 


Changing Acceleration 


In the last section we described motion with 
constant vector acceleration. We introduced 
the vector acceleration to describe how the 
velocity vector changes. Even when the accel- 
eration vector is not itself constant, we can 
introduce it in just the same way. We define 
it by a = Av/Ar, where AV is the vector change 
in V during the very short time interval Ar. This 
vector acceleration has the same direction as 
the change Av of the velocity; since this change 
need not be in the same direction as V, the accel- 
eration @ may point in any direction with re- 
spect to the motion. As we saw in the case of 
the right-hand ball in the last section, it need 
not be along the motion. 

The vector acceleration we have just defined 
is the average acceleration over the time interval 
Ar. If the acceleration is itself changing as time 
goes on, a will depend on the time interval we 
choose. Let us take an example. Suppose a 
speedboat moves along the path shown in Fig. 
6-24 (a). At time fy, it is moving with the vector 
velocity ¥;, and at the later time, fo, it is moving 
with vector velocity ¥2. What is the average 
acceleration in the time interval At = t2 — 4? 
To find out we must determine the vector 
change AV = ¥2 — ¥, in the velocity. Then the 
average acceleration is 4 = Av/Ar. The pro- 
cedure is indicated in Fig. 6-24(b). We take the 
vector difference between V2 and ¥;, divide Av 
by Av, and plot the average acceleration vector 
a for the time Ar on a new diagram with an 
appropriate scale. 

As the speedboat moves on, its acceleration 
may change. In fact, we do not expect that it 
has remained constant even over the time inter- 
val from f; to 2. In such situations we need to 
know the instantaneous vector acceleration at 
various times / rather than only the average 
acceleration vector over various intervals. 


(b) 


—- Av 
a= 
t \ 


acceleration 
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6-24 To find the average acceleration in the interval At = te — ty, 


first find the vector difference AV = ¥2 — ¥, and divide this 
by At. The result is the average acceleration vector G, 
which can now be plotted with an appropriate scale as 
shown above. 


To find the instantaneous acceleration vector 
at any particular time ¢, we determine the aver- 
age acceleration vector for shorter and shorter 
time intervals which include the time ¢t. We 
define the instantaneous acceleration at a given 
time as the limit of the average acceleration 
Av/At as the interval At becomes smaller and 
smaller. Usually this limiting vector has a defi- 
nite size and direction. 

Suppose, for example, that Fig. 6-25 shows 
the successive velocity vectors of our speedboat 
at time intervals of 10 seconds. If we make a 
composite picture in which the tails of these 
vectors coincide, we get Fig. 6-26. The changes 
in velocity during each successive time interval 
are also shown in this figure. We see that the 
velocity changes AV in each of the four intervals 
differ both in magnitude and in direction. 
Therefore, since the time intervals are the same, 
the average accelerations are different. 

If, instead of using 10-second intervals, we 
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6-25 Successive velocity vectors of the speedboat at 10-second 
time intervals. 


(a) (b) 


6-26 The vectors of Fig. 6-25 are shown here drawn from the 
same origin. The acceleration is not constant in direction 
or magnitude, as shown in (b). 
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(a) (b) 


6-27 If we take 2-sec time intervals, the motion described in Fig. 


6-25 looks like this when the vectors are drawn from the 
same origin. By taking a shorter time interval, the changes 
of velocity become more nearly equal. 


had used 2-second intervals, we would have 
gotten the pictures shown in Fig. 6-27. Since 
it is difficult to see the details of Fig. 6-27, a 
magnified portion of the first 10 seconds is 
shown in Fig. 6-28, using fivefold magnifica- 
tion. Notice that all five of the velocity changes 
have more nearly the same magnitude and di- 
rection than those of Fig. 6-26 (b). 

If we had chosen a time interval shorter than 
2 seconds, the successive velocity changes would 
have been even more alike. Usually we can 
choose time intervals so short that the acceler- 
ation does not change appreciably either in 
magnitude or direction in going from one inter- 
val to the next. With this understanding of 
“very short,” we see that the instantaneous vec- 
tor acceleration at time ¢ is the average accel- 
eration for a very short time interval that in- 
cludes the time ¢. We can therefore say that the 
instantaneous acceleration is the limit of the 
ratio AV/Ar as Ar becomes very small: 

= . AV 
:= pues At’ 

The really new thing that we learn by con- 
sidering vector acceleration as compared with 
acceleration along a straight line is that changes 
in the direction of the velocity indicate that there 
is an acceleration. Even if a body moves along 
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6-28 When the time intervals become very short, the successive 


velocity changes are nearly equal in magnitude and direc- 
tion. Here are the first 10 sec from Fig. 6~27. The vec- 
tors are magnified 5 times. 


a curved path at constant speed, it is acceler- 
ated. The simplest and most important exam- 
ple of this is a body moving in a circular path 
at constant speed. This is accelerated motion 
and the acceleration is a changing one. In Fig. 
6-29, the circular path is shown and on it a 
sequence of velocity vectors at equal time in- 
tervals. These vectors are all of the same length, 
but each points in a direction different from any 
other. If we construct a velocity diagram, as 
in Fig. 6-29 (b), in which the velocity vectors 
are plotted from a common origin, we see that 
the successive changes AV in velocity are also all 
of the same length but different in direction one 
from the other. Because the successive changes 
in velocity are not parallel to each other, the 


vector acceleration which measures the change 
of velocity with time cannot be constant. By 
taking smaller and smaller time intervals, as in 
Fig. 6-29 (c), we can see that the instantaneous 
acceleration vector is directed perpendicular to 
the velocity vector at each instant of time. The 
fact that the magnitude of the acceleration 
vector is constant and the angle between the 


(a) - 
Vi 
=> 
V3 
Ve 
eT 
vi 
(b) AV = ¥3 — Va 
<< Ava -— i 
vi 
(c) 
—_ 
v3 —> —= 
Av = aAt 
Av = GAt 


6-29 Part (a) shows the velocity of a body moving at constant 


speed in a circular path. In (b) the velocity vectors are 
drawn from a common origin, showing that the changes in 
velocity are in different directions. When shorter time in- 
tervals are taken, as in (c), the instantaneous acceleration 
vector is seen to be perpendicular to the velocity vector. 
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acceleration and velocity vectors is always 90° 
means that they rotate at the same uniform rate. 

In the general case, when a body moves ona 
curved path and the speed is not constant, the 
acceleration vector will stand at some angle to 
the velocity vector at any instant. This is shown 
in Fig. 6-30. If the acceleration vector is broken 
into two components, one along the path and 


path 


6-30 The acceleration vector stands at some angle to the veloc- 


ity vector in the case of motion along a curved path at 
nonconstant speed. 


component of aAt 


(a) 


=> 
along v, 


aAt 


component of aAt 


perpendicular to v, 


(b) 


6-31 (a) Breaking the vector GAt into components allows us to 


separate the two independent effects of acceleration on 
the velocity vector shown in Fig. 6-30, during the very 
brief time interval At. The component of GAt along ¥; is 
the change in magnitude of V; the component perpendic- 
ular to ¥; changes the direction of ¥. (b) The new veloc- 
ity Vo at the end of the time interval equals ¥; + GAt. 


the other perpendicular to the path as in Fig. 
6-31 (a), we can then separate their effects on 
the velocity during a very short time interval 
At. The component of aA/ along the path is the 
change in the speed, while the component per- 
pendicular gives the change in direction of the 
velocity vector. We can therefore predict both 
the magnitude and the direction of the velocity 
vector at the end of the very short time interval 
At [Fig. 6-31 (b)]. Of course, since the accel- 
eration vector is also changing with time in the 
general case, we must use only small time in- 
tervals, or the prediction of the new velocity 
vector will be very inaccurate. 

It is quite possible to think of real motions in 
which the speed is constant and the path is 
curved but not necessarily circular: the speed- 
boat discussed at the beginning of this section, 
for example, could satisfy these conditions. 
What can we say about the acceleration-velocity 
relations and how do they compare with the 
case for circular motion at constant speed? 
Because the speed does not change, the instan- 
taneous acceleration then can have no com- 
ponent along the path. The acceleration vector 
is perpendicular to the velocity vector; that is, 
perpendicular to the path at all points. How- 
ever, the magnitude of the acceleration vector 
will change from point to point on the path, 
becoming greater where the path curves more 
sharply, smaller when it is more nearly straight. 
Motion at constant speed along a circular path, 
therefore, is only one of many motions in which 
the velocity vector and the acceleration vector 
are perpendicular to each other. Itis the special 
case in which the magnitude of the acceleration 
is constant. 


The Description of Motion; Frames 
of Reference 


We have studied vectors largely in order to 
describe motion, to describe the successive posi- 
tions of an object in space and how fast it moves 
through them. The graceful motions of a waltz 
can be described fully, if somewhat dully, as a 
sequence of positions of the hands, the feet, and 
the rest of the bodies of the dancers, an appro- 
priate position for each instant of time. In fact, 
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dancing to music implies a manner of time 
measurement. For each note, there is a correct 
figure of the dance; and to each note, a proper 
instant of time. 

The simplest and most fundamental motion 
is the motion of a single object, whose parts we 
do not find it necessary to distinguish, either 
because we cannot observe them or because 
they remain fixed relative to one another. A 
planet, such as Jupiter, moves in the sky. We 
can represent its position at each instant of time 
by a vector which we imagine drawn from the 
earth to the planet Jupiter. An airplane drones 
on its course toward some destination; its posi- 
tions can also be represented by vectors (Fig. 
6-32). Neither the planet nor the airplane is a 
tiny point; and, if we wish to know what hap- 
pens within them, we would need much more 
information than is given by these position vec- 
tors. But for many of the needs of astronomy 
or of navigation, it is sufficient to think of each 
as a point at the tip of a vector. As the planet 
or airplane moves, the vector moves, changing 
in magnitude and direction. 

In each of our examples the position vector 
extends from some identifiable point called the 
origin to the moving object, from the earth to 
Jupiter, from the control tower to the airplane. 
Furthermore, motion is always measured with 
respect to some frame of reference, and so are 
positions. The airplane’s motion is described 
with respect to the earth’s surface, for example, 
and so is the motion of the falling balls in Fig. 
6-18. 

The motion of the airplane with respect to an- 
other airplane may be very different from its 
motion with respect to the ground. The motion 
of the thrown ball in Fig. 6-18 is just motion 
with a constant velocity with respect to the other 


present 
position 


future 
position 


past position 


6-32 The positions of an airplane with respect to a point may 


be shown by position vectors giving distance and direction. 


ball falling on the left of the figure. The motion 
of Jupiter with respect to the sun is simpler than 
its motion with respect to the earth. To the 
driver of a moving car a raindrop falling verti- 
cally with respect to the earth rushes almost 
horizontally toward him. Motion is described 
differently depending on the frame of reference 
with respect to which we give the description. 

In general, we wish to view motion in such a 
way as to make it appear simple. We therefore 
place ourselves mentally in a frame of reference 
in which the motions are easy to describe, and 
draw the position vectors locating the object 
from the most convenient point. Another ex- 
ample will show what we mean. Suppose we 
stand on the earth again and look at the motion 
of a point on the edge of a slowly moving wheel 
of a car. The point moves through the curve 
illustrated in Fig. 6-33, a complicated curve 
known as a cycloid. A position vector from us 


Path of a point on the rim of a rolling wheel. This curve, a cycloid, shows the path as it appears to an observer standing alongside. 
One small light was mounted on the rim of a wheel, and another light at the center. The camera shutter was held open while the 
wheel rolled. 


6-9 


as origin to a point on the wheel performs an 
extremely complicated motion. But a point on 
the earth is not always the most convenient 
origin for position vectors. We are far better 
off if we get in the car and hang out of the win- 
dow to look at the wheel. The point on the 
wheel then moves steadily around a circle, and 
the motion of the position vector looks far 
simpler. 

In describing motion we try to put the origin 
in the most convenient place even though we 
are sometimes physically unable to go there. 
The motions of the planets, for example, look 
very complicated when we describe them with 
position vectors whose origin is in the earth. 
Copernicus pointed out that the planetary mo- 
tions are much simpler to describe when we 
assume that the sun is the center of the solar 
system, and move the origin of the position vec- 
tors to the sun. Ever since Copernicus pointed 
out the importance of placing the origin in a 
convenient place, the proper choice of origin 
has been an important technique used by physi- 
cists to describe motion in simple terms. 


Kinematics and Dynamics 


What we have been discussing is the branch of 
physics called kinematics (after the Greek word 
kinema, meaning “motion’). It is that part of 
our subject which treats of the description of 
motion, without taking into account what it is 
that moves or what causes the motion. The 
science of mechanics, indeed much of physics, 
is dominated by the study of motion; but that 
study is complete only when we extend it to 
what is called dynamics (after the Greek word 
dynamis, meaning “power”). In dynamics one 
discusses the causes of motion, what is moving, 
and how its nature affects the motion. In our 
study of kinematics, we needed to measure only 
positions and times; in dynamics, the pushes 
and pulls which cause and resist and determine 
motions must be taken into account as well. 
Motion can be simple or complex. The 
method of physics is to analyze first the simpler 
cases, to extract what we can from them, and to 
go forward to more and more complicated 
cases. It would be a mistake to think that a 
quick elementary study of physics can explain 
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6-34 (Above) The motion imparted to air particles by a rapidly 
spinning ball, such as a pitcher throws for a curve, is an 
example of a very complex form of motion. (Below) 
Eddies formed behind a propeller spinning at 4080 rpm. 
This is another example of a highly complex motion. 
(Courtesy: F. N. M. Brown.) 
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the breaking of the surf on a shore, the path of a 
jet plane in the sky, or the intricate rhythms of a 
diesel engine. But these motions and many 
more can be handled by pursuing the same 
methods of analysis that we have outlined here 
in simple cases. When, instead of a single sepa- 
rate object like a pebble or a car, a whole fluid 
like air or water is in motion, even the kine- 
matics may become difficult. The eddies be- 
hind a spinning propeller and a flying baseball 
(Fig. 6-34) are complex indeed. Their study is 
a specialized kind of unraveling, requiring enor- 
mous ‘“‘bookkeeping” operations to keep track 
of every small bit of the moving air. Powerful 
mathematical methods are needed, but the basic 
ideas used in solving such problems flow out of 
the discussion we have given; the underlying 
laws are not different. One may well be wary, 
though, of too simple an explanation of what is 
obviously kinematically complex. You cannot 
design airplanes or understand the weather 
without checking theories with experiments or 
without interpreting experimental results in 
terms of theories. We must go back and forth 
between theory and the experimental study of 
the real complex motions. Nevertheless, great 
progress has been and will be made with such a 
process. Nowhere in the whole domain of the 
motions of the natural world, here on earth or 
in the skies, in our large-scale machines or in 
our means of transport, have we yet found any 
case to which the analysis of mechanics does not 
apply. Where the kinematics is hard, progress 
is slow; where the kinematics is less demanding, 
progress is fast. In this course, where we are 
trying to learn fundamentals, we do not want to 
produce the false impression that there are no 
complex cases of interest; there are, especially 
in technology. In engineering and technology, 
the aim is to get something done for people to 
use; in a science such as physics, the aim is to 
understand and hence to predict and to control. 
In physics we seek out the simple and examine 
it, even if it is costly and difficult to attain. In 
engineering the orderly methods developed in 
this research are painstakingly and often bril- 
liantly applied to more and more complex cases, 
which have clear usefulness for men. The com- 
plicated. trial-and-error extension always rests 
on the foundation of the simple and the well 
understood. 


6-10 The Speed of Light 


We have pointed out earlier that from everyday 
experiences we can develop a wide extension or 
extrapolation. This is the kind of thing we have 
just been doing, basing our study of motion on 
the ideas of space and time we have built up 
from experience. But if such schemes are 
pushed too far, they may go wrong. They need 
to be tested. For fifty years now, we have been 
finding that our usual notions of space and time, 
extremely reliable for most of the motions that 
we notice daily, do not work for extremely fast 
motions. For speeds which begin to be of the 
order of magnitude of that of light, the kine- 
matics we have just discussed begins to go 
wrong. It turns out that the speed scale cannot 
be extended indefinitely; if you add velocities 
that are too big, you reach a region where the 
rules of addition go wrong. There arises a nat- 
ural limit to speed, which cannot be surpassed. 
This universal speed limit is the speed of light in 
free space, which is known to be very close to 
3 x 108 m/sec. The speed of the fastest rockets 
does not exceed about 2 x 104 m/sec. Speeds 
up to 105 m/sec span the whole range of speeds 
of every large object in the solar system, from 
planets and meteors to the engineering devices 
of man. Only small particles, electrons and 
their kin, move appreciably faster. These 
closely approach the speed of light. For their 
study, the ideas of relativity kinematics are 
needed. But for everything else—solar-system 
astronomy, engineering, or any large-scale lab- 
oratory physics, the kinematics we have studied, 
that of Newton, is accurate enough. This whole 
topic is an example of how you can begin with 
familiar ideas, which hold well over a wide 
range, and reform them entirely when you reach 
another order of magnitude. The fact that 
familiar ideas may be modified to fit extreme 
conditions does not end their meaning and use- 
fulness in the domain for which they were orig- 
inally built up and in which they have been 
amply tested. Newtonian kinematics is a good 
approximation to relativity kinematics when- 
ever the speeds are small compared with the 
speed of light. 
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5. 


You may walk the following distances, one after 
another. in any order you choose: (a) go 3 meters 
due east; (b) go 2 meters due north: (c) go 3 
meters due west. What is the farthest you can be 
from your starting point at the end of your walk? 
(Section 2.) 


Show that the sum and difference of two perpen- 
dicular vectors of equal lengths are also perpen- 
dicular and of the same length. 


A man follows this route: From his house he 
travels four blocks east, three blocks north, three 
blocks east, six blocks south, three blocks west, 
three blocks south, two blocks east, two blocks 
south, eight blocks west, six blocks north, and two 
blocks east. How far and in what direction will 
he be from home? 


Suppose you have three sticks 4.00, 5.00, and 6.00 
ft long which can be joined by connecting the 
ends at a 90° angle. 

(a) What is the largest displacement possible 
between the unconnected ends of the sticks? 

(b) Displacement vectors can be added in any 
order and the result is the same. Why do you get 
different lengths between the ends of the sticks in 
this problem when you change the order of the 
sticks? 


What is the difference between (5) (6 km/hr, west) 
and (5 hr) (6 km/hr, west)? (Section 3.) 


(a) Find the result of adding a vector 2 cm east to 
one 3 cm northwest. 

(b) Find the result of adding a vector 8 cm east 
to one 12 cm northwest. 

(c) Compare the results of parts (a) and (b). 
and state a theorem about adding a pair of vectors 
which are multiples of another pair. Can you 
prove the theorem in general? 


If you are in a free balloon being carried along by 
the wind at a constant velocity, and you hold a 
lightweight cloth flag in your hand, which way 
will the flag wave? (Section 4.) 


Suppose an airplane flies in a circle of circum- 
ference 10 miles at a constant speed of 100 mph. 
(a) What is the change in velocity in one fourth 
of a revolution? 
(b) What is the change in velocity in one half 
of a revolution? 


An airplane maintains a heading of due south at 
an airspeed of 540 mi/hr. It is flying through a 
jet stream which is moving east at 250 mi/hr. 

(a) In what direction is the plane moving with 
respect to the ground? 


Lad 
+ 
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(b) What is the plane’s speed with respect to 
the ground? 

(c) What distance over the ground does the 
plane travel in 15 min? 


An airplane is flying toward a destination 200 
miles due east of its starting point, and the wind is 
from the northwest at 30 mi/hr. The pilot wishes 
to make the trip in 40 min. 

(a) What should be the heading? 

(b) At what airspeed should he fly? 


A steamer is traveling directly south at 25 km/hr 
in an area where the wind is from the southwest at 
18 km/hr. What is the angle from true north of 
the smoke trail from the stack? 


A man rows a boat “across” a river at 4.0 mi/hr 
(i.e., the boat is always kept headed at right angles 
to the stream). The river is flowing at 6.0 mi/hr 
and is 0.20 mi across. 

(a) In what direction does his boat actually go 
relative to the shore? 

(b) How long does it take him to cross the 
river? 

(c) How far is his landing point downstream 
from his starting point? 

(d) How long would it take him to cross the 
river if there were no current? 


* If north and east are selected as perpendicular 


reference directions, what are the components ol 
a velocity vector of magnitude 100 mi/hr and 
direction 30° west of south? (Section 5.) 


If the x and y axes are perpendicular reference 
directions, what is the component in the }: direc- 
tion of a vector of length 2 in the x direction? 
(Section 5.) 


What is the magnitude of a displacement whose 
components along the perpendicular x, y, and z 
axes are respectively 4.00 m. 2.50 m, and 8.50 m? 


Suppose you were told that Fig. 6-18 represented 
two balls thrown upward. In what way would 
Fig. 6-21 have to be changed in order to corre- 
spond to the motion of the right-hand ball? (Sec- 
tion 6.) 


Is motion at constant speed restricted to either a 
straight line or a circular path? (Section 7.) 


How can a motion with constant speed be an 
accelerated motion? (Section 7.) 


An object moving in a circular path with a con- 
stant speed of 2.0 m/sec changes direction by 30° 
in 3.0 seconds. 
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(a) What is its change in velocity? 
(b) What is its average acceleration during the 
3.0 seconds? 


20. A watch has a second hand 2.0 cm long. 

(a) Compute the speed of the tip of the second 
hand. 

(b) What is the velocity of the tip of the second 
hand at 0.0 seconds? at 15 seconds? 

(c) Compute its change in velocity between 
0.0 and 15 seconds. 

(d) Compute its average vector acceleration 
between 0.0 and 15 seconds. 


* 


21.* Describe the motion of a swing as it is seen from 
another swing exactly like it, when both swings 
started together in the same direction with the 


same push. (Section 8.) 


22.* In Fig. 6-18, how does the left-hand ball appear to 
move, to a fly sitting on the other ball? (Section 
8.) 


23. A bug placed at the center of a phonograph turn- 
table crawls at a constant speed directly toward a 
point on the edge of the turntable. Describe the 
motion of the bug as seen by you from above 
when the turntable has a speed of 16 revolutions 
per minute and it takes the bug 15 seconds to 
crawl from the center to the edge of the turntable. 


24. A plane flying north at 320 km/hr passes directly 

under another plane flying east at 260 km/hr. 

(a) What is the horizontal component of the 
displacement of the second plane relative to the 
first 20 minutes after they pass each other? 50 
minutes after they pass? 

(b) What is the horizontal component of the 
velocity of the plane flying east relative to the 
plane flying north? 


(c) Does the direction of this velocity vector 
(relative to the earth) change? 


25. An ocean liner is traveling at 18 km/hr. A pas- 
senger on deck walks toward the rear of the ship 
at a rate of 4.0 m/sec. After walking 30 meters 
he turns right and walks at the same rate to the 
rail, which is 12 meters from his turning point. 

(a) What is his velocity relative to the water 
surface while walking to the rear? While walking 
toward the rail? 

(b) Draw the displacement vectors relative to 
the water surface for his stroll. What was the 
total displacement from his starting point? 


FURTHER READING 


These suggestions are not exhaustive but are limited 
to works that have been found especially useful and 
at the same time generally available. 


GALILEO GALILEI, Dialogues Concerning Two New 
Sciences, translated by H. Crew and A. de Salvio. 
Macmillan, 1914. (Reprinted by Dover.) The sec- 
tion entitled “The Fourth Day.” 

Hotton, G., and ROLLER, D. H. D., Foundations of 
Modern Physical Science. Addison-Wesley, 1958. 
(Chapter 3) 

Rocers, Eric M., Physics for the Inquiring Mind. 
Princeton University Press, 1960. Many sample 
problems in vector math. (Chapter 2) 

Vectors—A Programmed Text for Introductory Physics. 
Appleton-Century-Crofts, 1962: Basic Systems. An 
excellent book for the student who wants additional 
explanation and practice in vector additions and 
subtractions. 


7-1 Matter and Its Measure chapter 


We have set the stage of the physical world. 
The stage, the framework within which all the 7 
events that we study take place, is spanned by 
time and by space. It is made lifelike by their 
combination—motion. But so far we have not 
really introduced the actors. The stage of the 
world is occupied by matter. The actors are 
matter of every kind, in bewildering variety, 
moving and changing before us—the sun and 
the stars; the earth itself with its soil, rock, air, 
and sea; and the living world of plants and ani- 
mals, even you. 

Contrast this picture with the view of time 
and space we have already taken. To be sure, 
time and space revealed much novelty as we ex- 
panded or contracted our view to include the 
very slow and the incredibly fast, the tiny and 
the vast. But there is a kind of sameness to time 
and space which we do not see in matter. One 
second is like another, and its million micro- 
seconds are much more alike than so many peas. 


But in the panorama of matter, there appears Mass 
no such unity. 


In all this variety, can we find some sort of 


universal measure for matter as we have for time a n d 


and space? We can compare any length with 
the meter, and any time interval with the sec- th 
ond, and such techniques have opened up for us e 
the whole of our science. Can we find such a 
single general means of measurement for elements 
matter, something in terms of which we can 
compare a grain of sand with a planet, a breath 
of air with a bite of bread? Is there a measure 
for matter, not of this or of that special feature, 
not of color or texture or hardness, but of some- 
thing shared by all the objects we can find? Let 
us look at some of the possibilities. 
A common clay brick contains a certain 
amount of matter. We expect two similar 
bricks together to contain twice as much matter 
as either one alone. However, no two bricks are 
exactly alike; they are crudely constructed. Let 
us think of new silver dimes, all closely identical 
shiny pieces of the same stuff. It seems reason- 
able to suppose that the simple count of the 
number of dimes defines the total quantity of 
matter in the dimes. 
Of course, we could cut some of the dimes in 
half and get a different count of the number of 
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PREHISTORIC EGYPTIAN BALANCE 
circa 5000 B.C. 
(RED LIMESTONE BEAM, LENGTH: 3.35 in. = 


8.5m) 


7-1a This balance, the earliest one known, comes from a prehis- 


toric grave at Naqada, Egypt. It may be 7000 years old. 
The arm and weights are made of limestone. Other lime- 
stone masses of different numbers of beqa were also found 
in these prehistoric graves. Is there any reason why you 
should not use the beqa as your unit of mass? (Photo Cour- 
tesy: Science Museum, London.) 


7-1b This wooden balance with its bronze weights was made in 


Egypt almost 3500 years ago, somewhat more recently 
than the one mentioned in the text. The main features of 
the design are still used today. This balance could handle 
a load of a kilogram or so, and detect differences of a few 
parts in a thousand. (From Singer, Holmyard, and Hall, 
‘A History of Technology,'’ Oxford University Press.) 


pieces, without changing the amount of matter 
present. So, simple counting is not a satis- 
factory measure. However, the volume occu- 
pied by the metal is not changed when we cut 
some of the pieces in half, and it may therefore 
seem that volume is a better measure for matter 
than the count of pieces. 

But volume by itself is surely a dangerous 
guide for measuring matter. We can pump 
more and more air into an inflated tire; yet air, 
thin though it is, cannot be left out of our list of 
material things! Thus, more and more matter 
—air—is being placed within the tire, which 
does not change appreciably in volume. Expan- 
sion and contraction of metal shapes is also 
familiar; is there more steel in a railroad rail 
when the summer heat lengthens it? We would 
find no evidence for the answer “yes,” for the 
rail will return to its original size on a cooler day. 
In a heaping bowl of whipped cream, there is 
plainly no more cream than once filled the bot- 
tom of the whipping bowl. The rest is air— 
pleasant enough, but not nutritious or expen- 
sive! 

Neither counting pieces nor measuring vol- 
ume is a sure guide to quantity of matter. We 
need to find some other property which will be 
a measure for matter. And we shall need some 
new tools to measure this property. 


Mass in the Balance 


The simple balance—the apparatus Justice tra- 
ditionally carries—has for a long time given 
men the power to measure the quantity of mat- 
ter even more simply and precisely than they 
could measure space or time. From Egyptian 
tombs several thousand years old the archaeolo- 
gists have recovered a little balance arm of 
carved stone, with its carefully made stone 
weights (Fig. 7-1). It was almost surely used 
then, in the very dawn of history, for the careful 
measurement of gold dust. The goldsmiths 
knew even then that the balance was the best 
way to estimate the amount of solid gold they 
could cast from any heap of dust or from irreg- 
ular nuggets. 

When an object on one side of a balance is in 
equilibrium with some standard pieces of matter 
on the other side, it will remain in equilibrium 


even though there may be severe changes in the 
form of the object. Sawing apart a piece of 
iron, or filing it to a pile of small grains, will not 
affect the equilibrium of the balance. Let an ice 
cube melt away to water: the equilibrium re- 
mains. A balance responds to some property of 
matter which is quite independent of the appar- 
ent form of the object tested. This property is 
called gravitational mass. It measures the 
quantity of matter just as volume measures the 
amount of three-dimensional space. This 
measure of the quantity of matter is the third of 
the great, simple, physical magnitudes: to time 
and to distance we now add mass. 

Note that if a certain quantity of gold just 
balances a standard piece of matter, and a piece 
of brass or a piece of wood also balances against 
the same standard, then each of these quantities 
of matter balances any of the others. This gives 
us a way of comparing gravitational masses of 
objects of any kind. 

Just as we needed to choose a standard meter 
as the start of our measurement of length, so we 
need some standard mass to put on one side of 
the balance with which various other pieces of 
matter can be compared. The standard used in 
scientific work is the kilogram. The basic kilo- 
gram is a carefully made and guarded cylinder 
of a durable platinum alloy kept at Sévres, near 
Paris, along with the standard of length. Here 
we have a standard which is arbitrary, but repro- 
ducible and durable, like the standard meter. 

The men who made the metric system origi- 
nally took pure water as their standard rather 
than a platinum alloy. They defined the kilo- 
gram as the quantity of matter represented by 
the water which could just be contained in a 
cube one tenth of a meter on each edge at a tem- 
perature of 4 degrees Celsius* and at atmos- 
pheric pressure. The original choice was made 
with the idea that the standard could be repro- 
duced by anybody, anywhere. Actually, how- 
ever, this standard is not so easy to use if you 
need extreme accuracy; for one thing, it is not 
easy to be sure that you have an exact volume 
of pure water, all at precisely the right tempera- 


* The Celsius (for Anders Celsius) or centigrade temperature 
scale is the one on which the freezing temperature of water is 
0° and its boiling temperature is 100°. See Chapter 9 for 
further discussion. 
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7-2 This is a modern analytical balance. It is a very much re- 


fined version of the old Egyptian apparatus. Such a bal- 
ance is part of the basic equipment of almost every labora- 
tory. It is capable of indicating the mass of a sample of a 
few hundred grams to about a part in a million. 


ture. So, eventually, the standard was shifted 
to the platinum cylinder. 

The brass sets of masses that are available in 
every laboratory have been compared, through 
a series of steps, with the standard kilogram. 
In order to provide flexibility, masses of 500 
grams, 200 grams, etc., are included. For ex- 
ample, by 500-gram masses we mean identical 
masses, any two of which will balance the 
standard kilogram. With an assortment of 
these standards, one can find combinations 
which will balance against a wide variety of 
masses and so allow any mass to be measured. 

The balance has for a long time been about 
the most accurate and at the same time the most 
versatile of instruments. The analytical balance 
(Fig. 7-2) in its glass case is well designed and 
beautifully made; it costs a few hundred dollars, 
but it is by no means uncommon. It will com- 
pare masses of a few hundred grams and show 
differences between them as small as one part 
ina million. In Table 1, a list of a few common 
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TABLE | 


Masses of Some Common Objects 
A. Masses Found on the Balance B. Some Masses Found by Other Means 


OBJECT MASS OBJECT MASS 
A check mark written = a microgram A house =200 tons 
in pencil S.S. Queen Elizabeth several times 104 tons 
A fly wing 50 micrograms Mt. Whitney ~1012 tons 
A postage stamp 20 milligrams The moon 7.35 x 1022 kilograms 
A dime 2.5 grams The earth 5.98 x 1024 kilograms 
A nickel 5.0 grams The sun 1.99 x 103° kilograms 
Asilver dollar 25 grams A red corpuscle 10-13 kilograms 
A paperback book 200 grams (10-4 micrograms) 
A pound 453.5924277 grams A bacterial cell 5 x 10-12 kilograms 


(legal definition) (5 x 10-3 micrograms) 


473 grams A molecule of egg-white 


protein = 10-22 kilograms 


A pint of water* 


A quart of water = 950 grams 


A molecule of stearic 
acid 8.9 x 10-25 kilograms 


5.3 X 10-26 kilograms 
9.1 x 10-3! kilograms 


One liter of water 103 grams 


A metric ton 103 kilograms, about 


one long ton A molecule of oxygen 


An electron 


**“A pint’s a pound, the world around” (to 5%). 


objects is presented to give you some idea of 
their masses. A simple form of balance which 
you can make yourself will easily measure a 
tenth of a milligram (or 10-7 kilogram), and the 
best laboratory microbalances will measure 
differences as little as 10-1! kilogram (Fig. 7-3), 
though only for postage-stamp loads. Large 
balances, rigidly built, sometimes using rather 
more complicated parts than the simple equal- 
arm device, will give excellent results for masses 
up to almost a metric ton. On such a balance 
we can see a person lose mass with every breath, 
as he “burns” his food and exhales the gases of 
combustion, and as water evaporates from the 
pores of his skin. 


7-3 The Meaning of Mass 


The balance is to the measurement of mass what 
the meter stick is to the measurement of length. 
It is the direct, defining form of instrument. 
Gravitational mass is what we measure on the 
balance; that is its definition. But the balance 


is not the only means of comparing masses with 
a standard. We are all able to judge the 
equality of masses when we “heft” them, one in 
each hand. Here our senses do not really per- 
form a balance; we are in fact comparing the set 
and strain of muscles of the two hands and arms. 
We are comparing masses by comparing the 
relative pull exerted on the two masses by the 
earth. 

We know that the pull of the earth for any 
given object is not constant. This pull, which 
we call the weight, varies somewhat from place 
to place even on the earth’s surface. On the 
moon, we all expect to find the pull toward the 
surface to be much less than it is on earth, for 
one and the same chunk of matter. But the 
shape, the bulk, the physical appearance, and 
the chemical behavior of that chunk would be 
unchanged. A hammer, for example, is the 
same whether it is at home, in an orbiting satel- 
lite, or on the moon. It will drive nails into a 
wall in all three places. Also its mass, defined 
-by a balancing operation, does not change when 
the hammer is moved to a new location. Unlike 


the pull toward the ground, the mass remains 
the same along with the other properties that 
seem to belong to the hammer itself. Two 
masses that balance on earth also balance 
everywhere else that has been tried. 

Mass, then, is an unchanging property of a 
body. The weight of a body—the pull of gravity 
on it—changes very much indeed when the body 
is moved from the earth to the moon, or to a 
satellite. Weight and mass are not the same, 
and we must be careful not to confuse the two 
terms. Their relationship will be a topic of 
Part III]. Throughout physics, we shall find 
mass more important than weight. 


Indirect Mass Measurement: Density 


Some objects, like the earth, are too large to put 
on any balance, yet plainly they possess mass. 
We can measure the mass in an indirect way. 
For example, if we know the volume of the 
object, and its ratio of mass to volume, we can 
compute the total mass. 

The ratio of mass to volume is a familiar 
enough notion, the density. It is a property of 
any given kind of matter. Lead is denser than 
wood, and wood denser than air. The density 
of pure water is close to one metric ton (1000 kg) 
per cubic meter. Any sample of water we 
choose has a density very near that value. But 
the situation is more touchy than it may seem. 
If you tried to find the density of sea foam, you 
would get a very small value by measuring out a 
spoonful of the frothy stuff and finding its mass 
on the balance. For froth, looked at carefully, 
is not at all uniform; you would see many small 
bubble cavities filled with air, but the material 
which surrounds the bubbles is sea water. The 
density you find from the simple quotient (mass 
of sample)/(volume of sample) refers neither to 
air nor to water, but to the average density of the 
foam sample. If you took for your sample vol- 
ume a tiny volume wholly enclosed within a 
bubble, you would get a density value like that 
of air; if your volume were taken wholly be- 
tween bubbles, you would get a result like that 
of sea water. In this way we can assign a local 
density to any small volume within any sample; 
that local density can vary from place to place. 
We could define the local density by consider- 
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7-30 An ultra-microbalance. Even the delicate analytical bal- 


ance is not sufficiently sensitive for some purposes. The 
quartz-fiber balance pictured above, however, is capable of 
measuring a mass to within 5 « 10-'' kg, although its load 
is limited to 2 « 10-‘* kg. 


7-3b Some idea of the small size of the quartz-fiber balance can 


be gained from this photograph, in which one of the pans 
and its gossamerlike supporting frame are compared with a 
dime. In use, the pans are suspended in the cylindrical 
chambers that project below the case as shown above. 
(Photos Courtesy: Microtech Services Co.) 
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ing only a small increment of volume around 
any one point. (This idea of a small increment 


around the point to which we assign that par- 
ticular value of the local density. 


For a uniform material such as water, the 
local density for any visible volume AV is the 
same as that for any other visible volume and is 
equal to the average density. On the other 
hand, materials with nonuniformities do not 


is very similar to what we used earlier to dis- 
tinguish instantaneous velocity from average 
velocity, for example.) So the local density 
could be defined as pjoca: = Am/AV, where Am 
is the mass of a very small volume AV taken 


—anaty 


Here are four different materials: (upper left) a slice of raisin bread; (upper right) clean beach sand, magnified 20X; (lower left) fine- 
grained granite, magnified 8X; and (lower right) 100X magnified metallographic photograph of an etched specimen of iron. Each 
of them shows up as a collection of differing parts, more or less intimately mixed. Nobody would expect to be able to understand 
these materials without knowing about their patchy nature. The average density, for example, would tell only a small part of the 
story. How can we be sure that an apparently uniform substance such as clean sea water is not patchy like these at some small 
scale? Answering this question led physicists to the atom, and later inside it. (Photograph of iron: Courtesy British Cast Iron Re- 
search Association.) 


give the same local densities everywhere unless 
the volume AV is always chosen to be large com- 
pared with the size of the nonuniformities (Fig. 
7-4). Finally, if you choose a volume AV of 
submicroscopic size, it is doubtful that even the 
local density has any clear meaning. The value 
we get may change radically if we choose an- 
other volume a short distance away or make it 
a little smaller or a little bigger. Indeed, we 
shall find in Part IV, Chapter 32, that the atoms 
of which matter is made consist largely of empty 
space around some small cores of high density; 
and these cores do not stand still. The best we 
can really measure with gross, large-scale lab- 
oratory apparatus is some kind of average den- 
sity. So we see that the idea of the density ofa 
uniform substance, a single value good for any 
sample, must be modified in order to apply to 
real substances. When we extend the idea to 
the atomic domain, we can no longer take its 
meaning for granted. 

Table 2 is a brief table of densities. It is 
rather a surprise that the whole range of density 
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of the solid or liquid substances we normally 
encounter does not span much more than a 
single order of magnitude. Only gases or 
vapors, like air or steam, have values outside 
this rather small range. As we shall see in 
Chapter 9, their low densities provide an im- 
portant clue for unraveling the nature of all 
matter. 

Let us consider the use of the indirect method 
to find a value for the mass of the earth. The 
earth is, of course, a large and nonuniform and 
complicated chunk of matter (Fig. 7-5). On the 
surface we can find a wide variety of materials 
of differing compositions and densities; in some 
special places, such as the Grand Canyon of the 
Colorado River (Fig. 7-6), we can see down into 
the earth a few kilometers and we still find rocks 
similar to those on the surface. If we rashly 
assume that the deep, high-pressure interior has 
the same density as these exposed rocks, it is not 
hard to estimate the mass of the earth, using the 
known radius to compute the volume (see Table 
] of Chapter 3). The answer we obtain is about 


TABLE 2 
Some Densities of Substances Over a Wide Range 


SUBSTANCE DENSITY SUBSTANCE DENSITY 
kg/m3 gm/cm3 kg/m3 gni/cm 
The core of the Lucite 1.16-1.20 x 103 ——‘1.16-1.20 
atom, nuclear 
matter itself 1017 1014 The human body 
Phecaninieeed (average) 1.07 x 108 1.07 
aay of ‘6s 168 Ice 0.917 x 108 0.917 
aa eae ‘ae Butter 0.87 x 103 0.87 
- t ; ; 
ates oo A Cork 0.24 x 108 0.24 
eee, mee Liquid hydrogen 7.1 x 10! 0.07 
The compressed : 
iroiveare othe Room air 1.2 1.2 x 10-3 
earth =1.2 x 104 =12 Air at 20 km 
Lead 1.13 x 104 11.3 mintuce mel Pee 
Steel 7.6-7.8 x 103 7.6-7.8 The gases of 
ae interstellar (poorly known) 
Titanium 4.5 « 108 4.5 space =~ 10-20 ~ 10-23 
Diamond 3.53 x 108 3.53 The gases of 
Quartz 2.65 x 103 2.65 cS pea wa 
Aluminum 2.70 x 103 2.70 ee aie aaa 


galaxies 


~10-26 


= 10-29 
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3 x 1024 kg. It is interesting to compare this 
estimate with the value of 5.98 x 1024 kg given 
in Table 1B of this chapter. The tabulated 
value is very much more precise; it rests upon 
yet another indirect method, a laboratory mea- 
surement of gravitation which you will study in 
Part III of this course. Comparison of the two 
values demonstrates that the unseen interior of 
our earth consists of rather denser stuff than the 
familiar rocks of the surface. 


om 


Whereas the earth is too big to be measured 
on a balance, an atom is too small. Just as there 
are gravitational means of measuring the mass 
of the earth or the sun, there are electromagnetic 
means of finding the mass of subatomic par- 
ticles. (See Part IV.) Such methods of mass 
measurement are useful extensions of our mass 
measurements with the balance. In Table 1B 
we listed a few masses which were measured by 
methods different from the simple balance. Our 


7-5 An idea of the size of the earth can be gained from a photograph such as this, taken on board the Faith 7 spacecraft by Astronaut 
L. Gordon Cooper from a height of 1.89 x 10° meters. The curvature of the earth is apparent at this altitude, and the radius of the 
earth can be estimated. Huge cloud masses are seen as small white areas and the land regions seem as smooth as the ocean. 
Evidence of man all but disappears. This photograph was taken over the island of Luzon in the Philippines. (Courtesy: NASA.) 
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knowledge extends from the tiniest subatomic 
masses to the mass of the sun itself. 

Notice that we have defined the elements of 
our subject with simple, immediate means— 
heft here has been for mass what span was for 
distance or what pulse was in connection with 
time. Using the balance makes heft precise and 
extends our means of measurement much as the 
accurate meter stick refines and extends the 
span of our hands. Mass measurements go far 
beyond the reach of our senses. They go be- 
yond the balance; yet they are still within the 
mind’s grasp. 


7-5 Conservation of Mass and 


Conservation of Matter 


In the notion of mass, as found on the balance, 
we have arrived at a way of measuring and com- 
paring every form of matter we encounter. 
There arises out of this measurement a simple 
and wonderful experimental result. Once we 


have established an equilibrium between pans, 
the equilibrium is not affected by changes such 
as cutting, chipping, shaving, grinding, melting, 
dissolving, fading, rusting, burning, flashing, 
exploding, within the matter on either balance 


Grand Canyon, Arizona. The Colorado River disappears behind a curve in the lower right part of the picture and reemerges in the 
center. For centuries this river has been cutting more and more deeply into the canyon floor, which now has an average depth of 
1.6 x 103 meters. A good idea of the mass of earth and rock that have been eroded and washed away to form the Grand 
Canyon can be gained if we picture how dwarfed New York's Empire State Building (about 400 meters high) would appear if it 
were transplanted into the canyon floor. Yet, even at this depth, the exposed rock is similar to the rock we find in more ordinary 


places on the earth’s surface. (Courtesy: Ewing Galloway.) 
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pan. We must, of course, take care to prevent 
leaks in the system; for example, we must not 
allow invisible gases or vapors to enter or leave 
during these changes. If we take this precau- 
tion, then in none of these events, each of which 
can modify the appearance of a sample beyond 
recognition, can we detect a change in the mass. 
The mass of the final material is just that of the 
initial material. You can check this for your- 
self to quite satisfying accuracy by comparing 
the values of the mass of a photographic flash- 
bulb before and after it is flashed. 

The conservation of mass holds to extremely 
high precision in all ordinary processes. Its 
validity has been checked to a part in a billion, 
to about one microgram in a kilogram, both for 
simple chemical and mechanical processes, and 
even for more complex ones like the growth of 
plants. 

However, by indirect means, we now know 
that light, heat, and even sound must be con- 
sidered in the overall conservation of mass. 
No balance is sensitive enough to detect the 
loss, but apparently the light that came from 
your flashbulb should have been considered as 
a leak from the system. Very precise measure- 
ments in nuclear physics show that the emission 
of light or heat is accompanied by a tiny loss in 
mass of the emitting substance. But when this 
light is caught and absorbed by another sub- 
stance there is a gain in mass just equal to the 
previous loss. Thus, even on this scale of things, 
conservation of mass is a useful and valid rule 
if we are again careful to take account of any 
leaks from the system. 

It is only in the nuclear laboratory and in the 
great natural nuclear engines in the centers of 
stars that we need be concerned about light and 
heat as serious leaks in the system. For every- 
thing else we can simply not worry about the 
totally undetectable changes of mass on the pan 
of the balance. This means that the normally 
observed conservation of mass is equivalent to 
the conservation of quantity of matter. In 
chemical changes the quantity of matter stays 
essentially the same. 

The observation that chemical changes leave 
the quantity of matter unchanged strongly sug- 
gests that the chemical change is a process of 
rearranging component parts. No parts are 
lost and none gained, so there is no loss or gain 
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of matter. Thus interpreted, the observation 
that the masses of ordinary substances are pre- 
cisely conserved to the billionth part in every 
mechanical and chemical change is the corner- 
stone of chemistry. In the next sections we 
shall look at some of the chemical ideas about 
matter. We shall examine the idea of elements 
which are the basic substances from which 
everything is combined. 


Chemical Analysis and Synthesis 


If you “burn” sugar, you will get black char 
and some steam, which is of course only water 
vapor. The wonderful conclusion which every 
cook can reach from his or her own experience 
is that no matter what foodstuff he “burns,” 
from beef to pie crust, he is almost sure to get 
the same black, charry product— carbon. Ap- 
parently the black matter, which we call carbon, 
is contained somehow in all the variety of things 
from which it can be produced by sufficient 
heating. In “burnt” sugar, for example, the 
carbon formed accounts for about two fifths of 
the mass of the original sugar; the other three 
fifths is accounted for by water. This ratio is 
the same for every sample of cane sugar. 

Of course, the sugar has to be pure. Sugar 
adulterated with sand will not all go to black 
carbon and water when heated in the kitchen 
oven. The sand will remain nearly unchanged. 
Wood, rocks, raisin bread—plainly these are 
not pure substances. The last example serves 
as a model for them all. There are regions of 
raisin, and regions of bread. Most of the com- 
plex substances of which the natural world is 
made are mixtures of one kind of material inter- 
spersed in another. 

Sometimes the eye, or the eye aided by the 
microscope, can reveal the presence of an im- 
purity, as in the case of sugar mixed with sand. 
Sometimes visual observation does not work so 
well, as demonstrated by sugar mixed with salt. 
In this case we can find out that there are two 
components mixed and we can separate them 
by immersing the sample in a liquid such as 
carbon tetrachloride; there the sugar will float 
and the salt sink to the bottom. There are as 
many means for separation of mixtures as there 
are kinds of mixtures. 


Chemists usually find it most convenient to 
work with pure substances, those of uniform 
properties which have passed through many 
processes of purification, of which the above 
separation of salt and sugar is a simple example. 
Pure substances are certainly simpler than mix- 
tures. Once the chemist has purified some of 
the common substances, he can ask whether 
they are the simplest possible kinds of matter 
or whether they are combinations of a still 
simpler set of substances. For example, he uses 
heat to break sugar into carbon and water. He 
can break down the carbon no further, but the 
passage of an electric current through the water 
(or extreme heat) decomposes it into two gases, 
oxygen and hydrogen, which he cannot decom- 
pose further. 

This breakdown of a material into several 
others is an example of a chemical reaction, a 
decomposition. Another example which can be 
demonstrated easily in the laboratory is the 
breakdown of a heavy, red powder called mer- 
curic oxide. After heating the powder strongly, 
we find a silvery, heavy liquid which we can 
identify as mercury. Obviously, the mercury 
has come from the red powder. But was this 
red powder only another form of mercury? If 
we insert a glowing splint into the container 
during the heating, the splint bursts into flame. 
This indicates that, in addition to mercury, the 
red powder also contained another substance, 
one which is highly reactive. The reactive sub- 
stance is oxygen. 

Not all chemical reactions are decomposi- 
tions. Some are just the reverse, the formation 
of a new material from two or more others. 
Another simple experiment will serve to illus- 
trate this type of reaction. If we mix some iron 
powder or filings thoroughly with about twice 
its volume of powdered sulfur, we shall have a 
mixture which can be separated because iron is 
attracted to a magnet while sulfur is not. We 
can also separate the two with a liquid called 
carbon disulfide, in which the sulfur will dis- 
solve but the iron will not. If, however, we heat 
our mixture of iron and sulfur, we shall soon 
see it glow. If we then let it cool and test it with 
a magnet and with carbon disulfide, we find no 
separation. 

Obviously, a change has occurred in which 
the original substances have been put together 
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into something new. We call this chemical re- 
action a synthesis. In addition to decomposi- 
tion and simple synthesis of single substances, 
there are many more complicated reactions. 
The reaction of sodium hydroxide (lye) and 
hydrochloric (muriatic) acid to give common 
salt and water is a simple example of a some- 
what different type. 


7-7 The Elements 


So far we have used the term pure substance to 
indicate any material of uniform properties. 
Mercuric oxide, iron, sulfur, water, carbon, and 
cane sugar are all examples. We can break 
down, or decompose, mercuric oxide into mer- 
cury and oxygen; cane sugar into carbon and 
water. Some pure substances are, therefore, 
decomposable. But if the chemist tries to re- 
solve carbon, iron, sulfur, mercury, or oxygen 
into anything else, he fails. Pure substances are 
of two kinds, those which are decomposable and 
those which are not. 

Until the time of Robert Boyle (1627-1691), 
the word element had been quite generally used 
with no specific meaning. In his book, The 
Sceptical Chymist, Boyle introduced the mod- 
ern definition. He said, “I mean by elements... 
certain primitive and simple, or perfectly un- 
mingled bodies: which not being made of any 
other bodies, or of one another, are the ingredi- 
ents of which all those called perfectly mixt 
bodies are immediately compounded, and into 
which they are ultimately resolved.” In other 
words, elements are those substances that are 
not made up of other substances. Pure sub- 
stances that are not elements are compounded 
from elements and can be decomposed into 
elements. They are compounds. These defini- 
tions are fine. But there remain the problems 
of seeing whether there really are elements and 
of finding out which substances are elements. 
At the time of Boyle, chemical knowledge was 
SO primitive that Boyle’s idea of an element was 
not immediately useful. It was not until a cen- 
tury later that Lavoisier proposed that any sub- 
stance not known to be decomposable should 
be regarded as an element, and lists of elements 
were made. As one would expect, the list of 
elements had to be revised frequently at first. 
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Not every product of decomposition is an ele- 
ment, and compounds which were hard to 
decompose were mistaken for elements; but it 
was not long before the list of elements took 
very much the form it has today. 

By 1800 about twenty-five or thirty sub- 
stances had been recognized as elements. We 
now know that there are approximately ninety 
which occur naturally, as well as about ten more 
that we can make in small quantities by the 
most modern methods of nuclear physics. The 
number of elements is large enough to create a 
real problem of sorting and identification, but 
small enough so that the job has been done. 

In the examples we have used, it turns out, 
iron and sulfur are elements. So also are car- 
bon, hydrogen, oxygen, and mercury. On the 
other hand, the iron sulfide formed from iron 
and sulfur is a compound; it cannot be an ele- 
ment because it is formed of two things. Simi- 
larly, cane sugar is a compound, as we know 
because it decomposes into carbon and water; 
water is a compound of hydrogen and oxygen; 
and mercuric oxide is made of mercury and 
oxygen. 

Most of the material of the earth is in the 
form of compounds of elements. Almost all 
the matter in living things—even the most com- 
plex compounds of which we are made—con- 
sists of only about two dozen elements. Of 
these the most abundant ones are carbon, hy- 
drogen, oxygen, nitrogen, sulfur, phosphorus, 
magnesium, potassium, calcium, iron, sodium, 
chlorine. The same two dozen elements make 


TABLE 3 


Abundance of Elements in 
the Earth’s Crust 


RELATIVE ABUNDANCE 


PERCENT OF (Number of atoms per 
ELEMENT TOTAL MASS 100 atoms of oxygen) 
Oxygen 46.6 100.0 
Silicon 27.7 33.9 
Aluminum 8.1 10.3 
Iron 5.0 3.1 
Calcium 3.6 3.1 
Sodium 2.8 4.2 
Potassium 2.6 2.3 
Magnesium 2.1 3.0 
Titanium 0.4 0.3 
Hydrogen 0.1 3.4 


TABLE 4 


Abundance of Elements in 
the Human Body 


RELATIVE ABUNDANCE 
PERCENT OF TOTAL = (Number of atoms per 


ELEMENT BODY MASS 100 atoms of hydrogen) 
Oxygen 60.0 37.9 
Carbon 20.2 17.0 
Hydrogen 10.0 100.0 
Nitrogen 2.5 1.8 
Calcium 2.5 0.6 
Phosphorus 1.14 0.4 
Chlorine 0.16 0.05 
Sulfur 0.14 0.04 
Potassium 0.11 0.03 
Sodium 0.10 0.04 
Magnesium 0.07 0.03 
Iron 0.01 0.002 


up all but a tiny fraction of sea water. The air 
contains about half a dozen more. 

All the rest of the elements are found in rocks 
and ores. Here are tremendous amounts of 
silicon and aluminum, as well as oxygen and the 
other elements found in living things. Here, 
also, are the ores from which we get the familiar 
elements iron, gold, silver, tungsten, lead, chro- 
mium, copper, zinc, and nickel. Add to these 
a large number of elements found in special ores 
and very rarely elsewhere, and finally a few 
which only chemists and physicists know very 
well, and the list mounts to about a hundred. 
These hundred substances appear to be pure 
and resist the efforts of chemists to decompose 
them. 

The importance of an element in economic 
use may make it familiar to us. Yet many 
familiar elements, like the gold used by jeweler 
and dentist, the tungsten in the incandescent 
bulb and radio tube, and the chromium on 
flashy cars, are only rarely found among the 
elements of which the earth is made. It is inter- 
esting to take a census of the makeup of the 
earth as a whole. Since no chemist has put the 
whole earth into his test tubes, the result de- 
pends on many indirect arguments about 
whether the rocks and soils have been properly 
sampled. 

Table 3 is to be regarded as a good approxi- 
mation and nothing more; its improvement and 
then its explanation is one task of the sciences of 
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the earth—geochemistry, geophysics, and geol- 
ogy. Ina similar but more accurate way, the 
census of the human body has been taken. The 
relative abundance of the most common ele- 
ments which form the living human body is 
shown in Table 4. In Tables 3 and 4 we have 
taken the census both in terms of the masses of 
the elements present and in terms of the atomic 
population. In the next chapter we shall learn 
how these numbers of atoms of the different 
elements can be determined. 


Spectrum Analysis 


If you hold a piece of iron wire in a gas flame, 
the flame will flare yellow for an instant. Scatter 
some crystals of common salt into the flame and 
the same yellow flare will appear much more 
strongly. The salt itself is not necessary; a 
chemist can analyze salt into two elements, 
sodium and chlorine, the first of which 1s a soft, 
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whitish metal. A small speck of sodium makes 
the flame flare even more yellow. The highway 
lamps that give off yellow light also contain 
sodium. Many other substances give the same 
yellow light; all of them contain sodium. Why, 
then, did the iron wire give this light? You can 
show that it is not the iron that gives this flame 
if you clean the surface of the wire very well; 
the color comes from the small amount of salt 
that has accumulated on the surface because 
people have handled the wire with their salty 
fingers. (Taste yours.) The yellow flame is a 
very sensitive test for sodium. The eye can 
notice the coloring of the flame which comes 
from adding much less than a microgram of the 
element. It is not easy to detect such a tiny 
amount without using the flame method. 
Sodium is not the only substance which gives 
off a characteristic color when heated. Every 
element—heated by flame or by the passage of 
the intense current of an electric arc—radiates 
a characteristic color. In fireworks a red flare is 


Red Yellow Blue 


Red Yellow Blue 


1-7 The basic idea of spectroscopy. Complex light from a source is broken down into several components of differing colors by using 
slits covered with dyed cellophane filters. The brightness of the light seen through each of the filters is graphed at the bottom of 
the figure for the two sources shown—a neon light and a flame containing a compound of sodium. The graphs represent, in a crude 
fashion, the spectra of the light sources. 
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made with strontium, a green one with barium 
or copper, and soon. But for most elements the 
radiated light combines many colors, and the 
eye alone is unable to recognize anything so 
characteristic as the yellow of sodium or the red 
of strontium. 

There is a simple principle which can be ap- 
plied with great success to turn the crude judg- 
ment of a color into a much more powerful and 
versatile measurement. Suppose you prepared 
a cardboard screen with three parallel slits cut 
into it and then pasted over each slit a piece of 
colored cellophane, using a different piece of a 
different color for each slit. For example, one 
of the slits might be red, one yellow, and the 
third blue. Now if you held this set of color 
filters against any source of light, you would 
note differences in the brightness of the light 
coming through the three filters. In sunlight 
you would see all three colored slits passing con- 
siderable light; the exact brightness of each 
would depend very much on just what dyes 
were in your filters, but all three would be con- 
spicuous. But if you looked at a sodium flame 
through your filters, the yellow slit would ap- 
pear much brighter than the others. With a 
simple visual matching of the brightness of each 
slit against any standard you might choose, or 
with the help of photographic film or of an ex- 
posure meter, you could describe the color of 
the light source numerically by giving three 
numbers, one for each of the slits of your filter. 
(See Fig. 7-7.) 

With only three filters, a number of different 
sources might still look the same; they might 
give the same relative brightness through the 
slits. But it is easy to see how to improve this 
device so that it will distinguish smaller differ- 
ences in the light from different sources. You 
would use not three slits but a dozen or two, and 
find color filters with much less marked differ- 
ences in color. You would have a few filters 
shading from deep red through orange into 
yellow, some going from yellow into green, and 
so on. Your group of filters would give you a 
whole set of numbers, one for each slit, to de- 
scribe the source of light you were looking at. 
Such a plot of the relative amount of light found 
in each of a series of colors is said to be the 
spectrum of the light source. 

With a device of this sort you could distin- 


guish the combinations of colors in the radia- 
tion of most elements. For example, the red 
glow of a neon sign would be seen to contain 
fainter but unmistakable light which would 
come through a yellow and a green filter. The 
greenish-blue glare of a mercury lamp contains 
orange, green, and yellow light. The multiple 
filters act to sort out the constituent colors and 
allow at least a rough measurement of the 
amount of each present in the source. 

Colors can be sorted out in other ways. It is 
not necessary to use dyed filters chosen some- 
what arbitrarily and arranged in arbitrary order. 
Optical instruments called spectroscopes act to 
sort out the constituent colors of a beam of light 
by shunting or dispersing one color into one 
path, a neighboring color into a neighboring but 
slightly different path, and so on, for the whole 
range of colors. 

Take a long-playing phonograph record and 
look at the reflection in the record of a small or 
distant light. When the angles between the light 
and the surface of the disc and between your eye 
and the surface are both small, the reflection is 
colored like a rainbow. The reflected red light 
and reflected blue light are actually seen at 
slightly different positions. Colors are also 
separated when a light is viewed through a 
prism from an old glass chandelier. Either the 
record or the prism gives you a crude spectro- 
scope. In such instruments the order of the 
colors is no longer whimsical. As we shall find 
in Part II, the order depends on the nature of 
the light. It follows the color order of the rain- 
bow. 

Now place a piece of cardboard containing a 
narrow slit cut in it between a mercury or neon 
lamp and the record or prism so that the only 


7-8 Using an LP record as a crude spectroscope. 


7-9 (a) The spectrum of sodium as photographed in a spectrograph. The line in the yellow is extremely intense. 
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<— Ultra Violet Violet Blue 


Green Yellow Red 


(a) 


(b) 


It has been photo- 
graphed through an absorbing filter, because otherwise the line would be so strong that we could not photograph it and the other 
lines well at the same time. The close pair of almost invisible violet lines arise from a potassium impurity. (b) A part of the sodium 
spectrum has been photographed using a spectrograph that spreads out the light more, enabling us to see more detail. The yel- 


low sodium line is really two neighboring lines known as the sodium D lines. 


light reaching the record or prism from the 
source comes through the slit (see Fig. 7-8). 
When the long dimension of the slit is perpen- 
dicular to the direction in which the colors are 
spread out, you will see a number of narrow, 
colored lines. Each of these is a separate pro- 
jection of the slit formed in a different color and 
at a different position from the others. They 
are called spectral lines. The arrangement of 
lines typical of any light source is again called 
the spectrum of the source (plural: spectra). 
Even in a spectroscope that is not very elabo- 
rate the number of distinct slit images which can 
appear, the number of possible colors, is not the 
few dozen that could be obtained with filters, 
but typically a thousand or two, and it can be 
made many more. How these devices work will 
be studied in Part I]. Here they serve us as 
would a very large set of dyed filters. 


Ultra Violet 


If all colors are present in the light from a 
source, the eye observing the output of the spec- 
troscope will see the complete rainbow pattern. 
If some color is missing, the picture shows a 
dark line at the position of the missing color. 
If some color is present in unusual quantity, a 
bright line is seen at the proper place. 

With this instrument, the sodium yellow looks 
like Fig. 7-9. The detail can be great. Now we 
see the yellow of the sodium flame is not just any 
yellow. It is a very specific color indeed, made 
by no other element. This particular pair of 
lines, appearing in the same location as in Fig. 
7-9(b), always means that sodium is present. 
Even if the yellow color is masked to the un- 
aided eye by many other colors, the spectro- 
scope will show the presence of sodium. 

In Fig. 7-10 the top line is the spectrum of 
calcium metal. Below are the spectra of three 
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The spectrum of calcium appears whenever calcium is present. The top line was photographed with calcium metal in an arc in the 
spectroscope; the second line with the salt calcium fluoride, CaF; the third with calcium carbonate, CaCO 3; and the bottom with cal- 
cium hydroxide Ca(OH)2. A spectrum was taken with the arc alone to be sure that the pattern of lines belongs only to calcium. 
Note the same pair of violet lines as in Fig. 7-9, again arising from a potassium impurity. 
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different compounds of calcium, all taken with 
the same spectroscope. Notice the strong simi- 
larity of the spectra when the same element is 
present. Also notice the complete difference 
between the spectra of calcium and sodium. In 
the region from ultraviolet through green, the 
light from calcium shows many spectral lines, 
while the light from sodium shows only very 
few. 

Each element gives out its own spectrum, dif- 
ferent from that of any other. A particular set 
of spectral lines means that a particular element 
is present. Look at the spectra of iron at differ- 
ent high temperatures (Fig. 7-11). Although 
these spectra are not exactly alike, many of the 
lines are present in all of the spectra. At each 
temperature there are enough characteristic 
lines to identify iron. 

Spectra are not always simple. The spectra 
of flames sometimes show very complicated pat- 
terns of many closely spaced lines. These 
groups of lines occur much more often in flames 
than in arcs and sparks, which are much hotter 
than flames. They are never found in very hot 
sources. This behavior suggests that they may 
result from something that is destroyed by high 
temperature, and such is indeed the case. They 
are produced by groups of atoms which are 
closely combined, and not by single atoms. At 
high temperatures these compounds decompose 
and only the line spectra of the elements are 
produced. 

A glowing source of light may be such that 
the characteristic lines do not appear in the 


spectroscope, even though the element is pres- 
ent. But if the telltale lines are seen, the ma- 
terial must be there, for no two elements give 
the same pattern of lines. Sometimes a part of 
the pattern of one element can resemble or 
obliterate that of another, but the differences 
are there, if hard to unravel. Every substance 
that can be made to give glowing gas—and that 
means all substances, though for some the tem- 
peratures are so high that special means like big 
electric sparks are needed—can be analyzed by 
its spectral lines. Now we come to the impor- 
tant point: these analyses of the spectroscopist 
agree in every cross-check with the results of the 
chemist. We find that the same near-hundred 
elements account for the observed spectra. 
Thus light becomes a tool for the chemical 
analyst, more sensitive than usual chemical 
methods. 

Spectroscopy is not restricted to visible light. 
Beyond the violet end of the spectrum the nor- 
mal eye sees nothing, but photographic plates 
or fluorescent dyes show the existence of many 
ultraviolet lines. All kinds of radiation, X rays 
and even radio waves have a kind of spectros- 
copy. These spectra tell us much more about 
matter than we could learn using visible light 
alone. 

Spectroscopic analysis is a powerful and deli- 
cate tool, forged through decades of hard work. 
In the visible-light region alone, we have identi- 
fied nearly a quarter of a million distinct lines 
and we know the exact position in the spectrum 
of more than a hundred thousand of them. Be- 
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The spectra of iron in the violet and the blue at different temperatures. From the bottom up, the spectra show the effect of in- 
creasing temperature. The three lower spectra are from iron in furnaces, the upper one from an arc. Note that new lines ap- 
pear at higher temperatures, but the lines seen at lower temperatures are still present, in some cases becoming more intense. 
(Courtesy: Arthur S. King, in The Astrophysical Journal, November 1922.) 


sides this careful collection of data, and the use 
of these data in quick chemical analyses, spec- 
troscopy has meant more. During the decades 
from 1910 to 1940, it became the testing ground 
for theories dealing with the deepest nature of 
matter. Regularities in spectral lines exist; the 
patterns that they reveal can be unraveled into 
much simpler form, and the story of that un- 
raveling is much of the story of our present 
physics, to which we shall return in Part IV. 

Finally, spectroscopy opens a path to chem- 
ical analysis, at least in rough terms, of objects 
like sun and stars which cannot be brought into 
the laboratory. Nearly a hundred years ago this 
was first done and physicists were able to deter- 
mine the key spectral lines of the elements 
present. Everywhere in the visible universe, out 
to the galaxies of remote space, the same spectra 
are found. Everywhere the same elements 
must be present. 

In the 1860’s a spectral pattern was seen 
which had never before been found. It was seen 
in a spectrum taken from the edge of the sun, 
from which only a small fraction of sunlight 
comes. Because no element was known on 
earth which gave the pattern, it was attributed 
to a new element. Finally the element was 
found in some rare minerals here on earth. It is 
the gas helium, named from the Greek word for 
“sun.” 

To see if there were still other elements that 
had not yet been found, every region of the sky 
was examined spectroscopically. Curious spec- 
tral patterns were found in nebulae, in the sun, 
and in the glow of the northern lights, but it has 
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always turned out that these patterns could be 
made by known elements under appropriate 
conditions here on earth. Only in helium, the 
first example, did we recognize a new element 
before we had any sample of it in the laboratory. 

We have seen that chemist and spectroscopist 
agree: complex as a sample may appear, it will 
yield in the end to the attack of the chemist with 
reagent and furnace, or to the spectroscopist 
with flame, arc, and spark. The sample will be 
resolved by the chemist into some of a hundred 
or so unresolvable substances: the elements. It 
will present to the spectroscopist a superposi- 
tion of some of the hundred or so typical spec- 
tral patterns which go with these elements. 

The invariable agreement of the analyses 
made by two such different means—one with 
light and the spectroscope, one with crucible, 
balance, and acid—confirms our idea that all 
matter is put together out of the same set of 
elements. 

In the next chapter we shall investigate 
whether there is yet a more basic unit for matter 
than the chemical elements. We shall look first 
at physical evidence and then at the original 
chemical evidence which led people to a belief 
in small particles of matter. From this we shall 
put together an atomic-molecular theory which 
allows us to understand and explain some of the 
similarities and some of the differences appar- 
ent in the wide array of substances around us— 
of solids and liquids and gases, of paint and 
mountains, of hair and skin, of carrots and steel 
beams and planets. All are but different collec- 
tions of the atoms of the elements. 
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FOR HOME, DESK, AND LAB 


1.* 


2 


What is the mass of | cubic meter of water at 4°C 
and atmospheric pressure? (Section 2.) 


Which is larger, the mass ratio of the sun to the 
earth, or of an oxygen molecule to an electron? 
(Section 2.) 


If you have an equal-arm balance and a I-kg 
mass, describe how you would make 4-kg masses. 


Suppose you had a |-kg mass and you wanted to 
make another, but the only balance you had was 
an equal-arm balance that you did not quite trust. 
You put the I-kg mass on one pan of the balance 
and worked over the new mass until the beam of 
the balance stood horizontal when the new mass 
was placed on the other pan. 

(a) How could you tell whether you had equal 
masses hanging from balance arms of equal 
length, or whether the balance arms were not 
quite equal in length and you had made the new 
mass just different enough to compensate? 

(b) To finish the job, you might have to adjust 
the balance arms as well as the new mass. How 
could you tell which of the two masses was larger 
and which of the two balance arms was longer? 


Assume you are sent on a South American jungle 
expedition 1o analyze ore deposits. On arrival 
you find the laboratory equipment complete ex- 
cept for the standard masses. You do have a 
nugget of pure gold of unknown mass that you 
estimate to be about one kilogram. 

(a) Could you use the nugget as a standard 
mass for the duration of your work? 

(b) It is impractical to have masses sent to you 
and you are determined to complete the work. 
How would you improvise a set of masses that 
would give dependable results? 

(c) Your quantitative results are to be mailed 
to the main laboratory in London. Obviously, 
the data in terms of your own standard mass 
would have limited meaning to them. How 
would you solve the problem of making the data 
completely useful for them? 


If you could take an analytical balance, together 
with its standard masses, to the moon, would you 
get the same reading there for any object as you 
would on earth? (Section 3.) 


The apparent pull of gravity varies with the alti- 
tude and the latitude. The relative amount of this 
pull at various places is indicated in the following 
table: 


A standard station 1.000000 
(sea level at 45° latitude) 
Canal Zone 0.997530 


12. 


13. 


Denver, Colo. 0.998923 
Worcester, Mass. 0.999652 
Greenland 1.001906 


(a) At which place would an object weigh the 
most? The least? 

(b) By what percent would each of these 
weights differ from the weight at the standard 
station? In general, what would you say about 
the variation in weight from place to place? 

(c) Does the mass of the object change from 
place to place? 


The crewmen in a spaceship are discussing 
whether they could crack a walnut with a ham- 
mer. Man A says that hitting the walnut with the 
hammer would be no more effective than hitting 
it with a feather because the hammer is weightless 
oul in space. B states that he found the mass of 
the hammer to be about one kilogram by com- 
paring it with known masses on an equal-arm 
balance; therefore, he could break the walnut as 
easily as back on earth. C maintains that the 
comparison with other masses proved nothing 
because out in space they too are weightless. 

Comment on the statements of the crewmen. 
Can they crack the walnut? 


In a pile of wheat, which has the greater density: 
the pile as a whole or an individual grain? (Sec- 
tion 4.) 


What is the mass of the air in a room 6 m by 7m 
by 3m? (Section 4.) 


The mass of the earth has been calculated to be 
5.98 x 1024kg. The radius of the earth is 6.38 x 
10° m. 

(a) What is the average density of the earth? 

(b) Would you expect the average density of 
the material near the surface to be the same as the 
average density near the center of the earth? 
State your reasons. 


(a) According to one theory, the solar system be- 
gan as a great, rotating, spherical cloud of dust, 
out of which the sun and the planets were con- 
densed by gravitational attraction. Calculate 
the average density of this dust cloud at a time 
when its radius was twice the mean radius of the 
orbit of Pluto, the outermost known planet. You 
will find the necessary information on page 365. 

(b) What is the approximate ratio of this den- 
sity to the density of room air and to the density 
of the gases in interstellar space? 


Cork is only one fourth as dense as water. Could 
you lift a sphere of cork one meter in diameter? 


14. 


16. 


17. 
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Table for Problem 20 


DENSITY MELTING 

SUBSTANCE (gm/cm3) POINT 
Silicon 

dioxide 2.65 1400°C 
Calcium 

chlorate 2.7) 100°C 
Sodium 

carbonate 1.44 32.5°C 


During World War I a number of cargo vessels 
were made of concrete. It is known that any 
object which floats must have an average density 
less than that of water. How can you account 
for the fact that these vessels floated? 


A quantity of confectioner’s sugar fills a package 
16cm x 8.0cm x 5.0cm. 

(a) How many packages can be placed in a 
freight car 22m x 2.4m x 2.4m? 

(b) If the mass of sugar in one of the small 
packages is 450 grams, what is the mass of sugar 
in the freight car? 

(c) What is the density of the sugar? 


A student knows that dense objects sink in water 
and that less dense objects float. He undertakes 
to find out something about the relations in- 
volved. He carefully measures the mass, volume, 
and submerged volume of several floating objects 
with the following results: 


SUBMERGED 
VOLUME MASS FRACTION 
Cork 60 cm3 10 gm 0.17 
Wood 36 cm3 27 gm 0.75 
Sponge rubber 40cm? 20 gm 0.50 


(a) What is the density of each material? 

(b) What is the mass of the water displaced by 
each object? 

(c) What general conclusions can you draw by 
comparing your computations with the original 
data? Your conclusions should be the same as 
those of Archimedes when he leaped from the 
bath shouting, “Eureka!” 


(a) How would you use a sensitive balance to 
determine whether the /ocal density varies in a 
sheet of notebook paper? 

(b) What assumption would you have to make 
about the paper? 

(c) How could you check the correctness of 
this assumption? Could you use the optical 
micrometer to check? 


It has been found that a plant in a pot gains more 
mass than can be accounted for by the decrease 
in mass of the plant soil and by the mass of the 


COLD 
WATER 


Insoluble 


1777 


215.2 


20. 


21. 


22. 


SOLUBILITY (gm/liter) 


HOT 
WATER ALCOHOL 
Insoluble Insoluble 
Very soluble Soluble 
4210 Insoluble 


water absorbed by the plant. Is this a violation 
of the law of conservation of mass? 


One kg of water is decomposed into the elements 
hydrogen and oxygen. The mass of hydrogen re- 
leased is 111 grams. 

(a) What mass of oxygen do you expect to be 
released? 

When hydrogen is burned in air, water is 
formed. When 10 grams of hydrogen are burned, 
350 grams of air must be used. 

(b) What mass of water is formed? (Water 
always has the same proportions of hydrogen and 
oxygen.) 

(c) What is the mass of the unburned air? 

Note: If you do these experiments, the numbers 
computed from the conservation of mass agree 
with the numbers observed. 


Three white crystalline substances—silicon di- 
oxide (quartz), calcium chlorate, and sodium car- 
bonate (washing soda)—are mixed together. It 
is desired to separate each of these substances 
from the others. Using the properties listed in 
the table, describe how you could do this. 


Hydrochloric acid vapor—a pure substance—can 
be decomposed into two different gases each of 
which acts as a pure substance. On the basis of 
this evidence alone 

(a) Can the original vapor be an element? 

(b) Can either of the other two gases be an 
element? 

(c) Can you be sure that any of the pure sub- 
stances mentioned is an element? 


When zinc metal is put into hydrochloric acid, 
the metal is “eaten,” a gas bubbles off and a “salt” 
is left behind. 

(a) On the basis of this information alone can 
you be sure which of the pure substances men- 
tioned are compounds and which are elements? 

(b) We then find that the gas acts just like 
hydrogen gas—it has the same chemical and 
physical properties. Also we find that hydro- 
chloric acid can be decomposed (see Problem 21) 
into hydrogen and chlorine. Can the “salt” be 
an element? 
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(c) According to the table of known elements 
(Appendix 3), which substances mentioned are 
elements and which are compounds? 


23. By studying the information given in Table 3 can 

you decide 

(a) Why hydrogen makes up only 0.1 percent 
of the total mass of the earth’s crust, although in 
relative abundance it ranks fifth on the list? 

(b) Whether the mass of a silicon atom is 
greater or less than that of an iron atom? 

(c) Whether silicon is more or less dense than 
iron? 


24. Table 4 suggests that a particular compound 
makes up the major portion of the human body. 
What is this compound? 


25.* What would you expect to see in the spectroscopic 
photograph of a sample containing sodium, cal- 
cium, and potassium? (Section 8.) 


26. Figure 7-10 shows four different spectra made 
with calcium metal and with three different com- 
pounds of calcium. We should expect them to 
show lines of calcium, fluorine, carbon, oxygen, 
and hydrogen, and possibly a few lines of im- 
purity elements which had not been entirely re- 
moved. 

(a) How could you tell from these pictures 
which of the lines are most likely to be calcium 
lines, and which are most likely to belong to 
fluorine, carbon, oxygen, or hydrogen? 

(b) What additional information would you 
need in order to decide whether you were right? 
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IN THE TIME of Socrates, Greek thinkers like 
Democritus taught that all matter is made from 
very small, distinct parts. These small parts 
were supposed to be identical and to be ar- 
ranged in many different ways to display to our 
senses the marvelous differences and variety of 
the material world. No one brought forth very 
convincing arguments for these ideas, but 
through the ages the tradition continued. Fi- 
nally, in the nineteenth century, physicists and 
chemists found convincing, but quite indirect, 
evidence for these ideas. Twentieth-century 
development of new instruments and new mea- 
suring methods have provided us with many 
independent and fairly direct measurements of 
atomic dimensions—all of them agreeing so 
well with one another that there is no longer 
any doubt about the reality of atoms as the 
building blocks of matter. They are as real as 
bricks or chairs; they are as much a part of our 
scientific thought as are rocks and stars—and 
they are often much easier to manipulate. 

In this chapter, we shall begin with some of 
the more recent and fairly direct physical meth- 
ods for showing the existence of atoms, for 
measuring their size, for counting them as indi- 
vidual units. Then we shall follow in detail the 
indirect but very important experimentation 
and reasoning of the nineteenth-century chem- 
ists. From all of this we shall try to build a 
coherent and logical picture of the structure of 
matter. 


Looking for Atoms 


The most direct way to see that matter has a 
fundamental structure is to look at its fine detail 
through an instrument of high magnification. 
The microscope using light can magnify linear 
dimensions a few thousand times. An electron 
microscope uses a beam of electrons in place of 
light and displays its images on a screen exactly 
like a TV screen. It can magnify linear dimen- 
sions by a million times or more. Its full field of 
view, however, is only about 10-® meter across. 
To survey fully the area of a single postage 
stamp at such magnifications would require so 
many photographs that, printed two to a page, 
they would bind into half a million standard 
volumes and crowd a good-sized library build- 
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A study of copper phthalocyanine. Fine particles of the 
pigment have been enlarged about 10% times by an optical 
microscope. The arrow points to an area shown magnified 
further in Fig. 8-1 (b). 


tena 


Magnification of 92,500 times by an electron microscope. 


The area in the rectangle is enlarged in Fig. 8—1 (c). 
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Magnification of 1.5 x 10% times by an electron micro- 
scope. 


ing! But careful analysis of a few of these tiny 
magnified portions of matter and space can 
reveal new and wonderful things. 

It is true, of course, that before we use such 
instruments intelligently we must learn how to 
interpret what we see. We must discover each 
instrument’s limitations and how to correct for 
the errors which the instrument itself may intro- 
duce. Sometimes decades of constant research 
and interpretation are required before an in- 
strument is fully understood and accepted. A 
few centuries ago the telescope was distrusted. 
It was thought to give a distorted and false pic- 
ture. As recently as twenty-five years ago the 
electron microscope had a similar history. 
Today, these instruments are fully accepted, 
and we use them as readily as we use ordinary 
eyeglasses. Careful study, cross-checking, and 
analysis have made the images of the telescope, 
of the optical microscope, and of the electron 
microscope meaningful. 

In Fig. 8-1 are shown an optical-microscope 
photograph and two electron-microscope pho- 
tographs of a certain green pigment. Photo- 
graph (a) shows the fine particles of the pigment 
magnified 103 times by an optical microscope. 
One can see very little evidence of a character- 
istic structure at this magnification. Photo- 
graph (b) is an electron micrograph reproduced 
here at a magnification of 92,500X and we can 
see the shape of the tiny, ribbonlike crystals. 
Photograph (c), another electron micrograph of 
the same material but with a total magnification 
of 1.5 x 10®X, shows a surprising difference. 
Instead of a flat crystal surface, we now can see 
a structural pattern that looks like corduroy. 
Compare this with Fig. 8-2, which is an elec- 
tron-microscope photograph of a crystal of 
virus protein. The magnification here is only 
about 80,000X, and we find the crystal con- 
structed of a regular array of virus particles, like 
a stack of many cannon balls. 

We can use the known magnifications to get 
some estimate of the size of the building blocks 
in each of the photographs above. The tiny 
crystals in Fig. 8-1(b) of the green pigment have 
linear dimensions of the order of 10-4 mm or 
10-7 m; the spacing between the corduroylike 
ridges on the surface of such a crystal is only 
about 10-9 m, however. We might suspect that 
each of these ridges would show a substructure 
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8-2 Crystal of necrosis virus protein. This electron-micrograph of a portion of a protein crystal shows the molecules to be arranged in 
a very orderly way. At this magnification (about 8 « 10? times), the molecules look like so many neatly stacked oranges. The 
actual size of the entire crystal is about 1.7 « 10-6 m. (Courtesy: Ralph Wyckoff.) 
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of some kind if we could magnify even further, 
but we are already beginning to reach the limit 
of the present electron microscope in Fig. 
8-I(c). The virus particles of Fig. 8-2 are much 
bigger than the corduroy ridges, as you can 
determine for yourself. Their large size is not 
too surprising to the chemist, who can show that 
biological materials such as this are complex 
combinations of several different chemical ele- 
ments. We have, therefore, apparently not yet 
reached the ultimate building blocks of matter 
with the electron microscope, but a few more 
years of development may take us another giant 
step downward in this direction. 


More Evidence on Size 


The photographs of the last section did not 
quite get us down to the level of individual 
atoms, but they did reveal that there is some sort 
of repeating pattern deep within apparently 


uniform matter—a structure which reflects the 
orderly stacking of natural units. 

We can approach the problem of revealing 
this structure in quite a different way. Suppose 
we were to try to cut a sample of material into 
smaller and smaller pieces until we got to its 
natural unit. When we approached the size of 
the unit, we should expect the ease of cutting to 
change. Unfortunately, the sizes of the units we 
expect are so small (10-® meter or less) that any 
such chopping process will soon fail. We cannot 
get down to the natural unit with this method. 
We have no knives sharp enough, and we could 
neither hold nor see the small pieces. 

There are less obvious ways to break matter 
down into its natural units. For instance, we 
can try to flatten out a sample of matter, ham- 
mering it as thin as possible to see if a limit is 
set by the natural unit. Unfortunately, how- 
ever, hammering is a crude process. Even the 
most skillful goldbeater, making thin gold 
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leaves for the glittering letters on a store win- 
dow, must stop when the leaf is about 2 x 10-7 
m thick. This thickness is determined not by 
the fundamental units of gold but by the diffi- 
culty of handling such a thin sheet. 

There are ways to spread out far thinner lay- 
ers of matter. Here is one which you can do in 
your school laboratory. A sample of a tallowy 
substance called stearic acid is dissolved in a 
volatile solvent like benzene. By repeatedly 
diluting the solution with more solvent, one can 
make sure that there is only a very small, but 
accurately known, amount of the solid sub- 
stance dissolved in each cubic centimeter of 
solvent. If a very small drop of this solution is 
placed on the surface of clean water, it spreads 
quickly, after which the solvent evaporates and 
the stearic acid remains. A remarkable thing 
happens. A thin layer of stearic acid floats on 
the water surface, but it spreads out only so far 
and no farther. There is a maximum area; and 
this means that there must be a minimum thick- 
ness. Furthermore, when we use a different 
number of drops we find that this thickness 
stays the same. It is naturally determined— 
determined by the dimension of the natural 
units of stearic acid. 

The natural minimum thickness of a stearic 
acid layer must be at least as great as one dimen- 
sion of the natural units of stearic acid. How 
small is it? If we dissolve half of a cubic cen- 
timeter of stearic acid in one liter (1000 cm) of 
benzene, we shall have a concentration of 5 x 
10-4 cm of stearic acid per cm? of solution. 
Since an eyedropper will give about 50 drops 
per cubic centimeter, each drop will contain 
about 10-5 cm of stearic acid. Now, one drop 
of this solution on water forms a layer with an 
area of about 50 cm?. Thus a volume of 10-5 
cm? of stearic acid spreads over 50 cm? of area, 
so the thickness of the film must be 2 x 10-7 
cm or 2 x 10-9m. This is the natural, limiting 
thickness. Incidentally, it is customary to give 
a new name to the length 10-19 m. It is called 
an angstrom. Thus we could say that the nat- 
ural thickness of a stearic acid layer on water is 
20 angstroms. 

Let us imagine a model of the layer. Perhaps 
it is made up of small cubes, each one of which 
is a natural unit of stearic acid, 20 angstroms on 


an edge. It turns out that such a picture is only 
approximate. In a better approximation, the 
layer is a collection of cylinders, each about 5 
angstroms across and a little more than 20 ang- 
stroms long. All these cylinders stand up 
obliquely on the water suface. This more pre- 
cise picture is based on detailed studies of the 
mechanical behavior of the layer, chemical 
studies, X-ray studies, electron-microscope pic- 
tures, and the like. 

Stearic acid can be decomposed into carbon, 
hydrogen, and oxygen. The natural unit of 
stearic acid, then, is not itself an atom of a 
chemical element. It is a group of atoms of 
three different elements. Such a group, which 
forms the natural unit of a complex chemical 
substance, we usually call a molecule. Also, the 
film of stearic acid molecules one layer thick is 
appropriately called a monomolecular layer or 
monolayer. 

The formation of visible monolayers suggests 
that others, less easy to detect, are likely to be 
present on every surface around us. What we 
call a clean steel surface often contains mono- 
layer areas of various sorts, some formed by the 
gases of the atmosphere. The tendency for 
surfaces to collect such thin layers is quite gen- 
eral, and is largely responsible for the somewhat 
erratic behavior of surface friction and electrical 
contacts, for the wetting of solids, and for the 
properties of lubricants. A “smooth” and 
“clean” surface is rarely either smooth or clean 
on the scale of monolayer thicknesses, so that, 
unless rigid precautions are taken, the very plac- 
ing in contact of two “smooth” surfaces is a 
somewhat haphazard thing. Most surfaces are 
covered with a patchy monolayer of air, just as 
a person getting out of water is for a while cov- 
ered with a much thicker film of water. 

The mechanics and the chemical nature of 
monolayers have been a subject of very detailed 
study for fifty years. It represents one of the 
subjects on the borderline between physics and 
chemistry. The people who study such topics 
are sometimes spoken of as physical chemists. 
Their detailed studies of monolayers add cer- 
tainty to our belief that when we measure the 
thickness of a monolayer we are measuring a 
natural unit of the substance. We are finding 
the dimensions of molecules and even of atoms. 


8-3 Counting Atomic Particles 


Atoms are so small—less than 10 angstroms 
according to our previous evidence—that there 
must be tremendous numbers of them in a small 
piece of solid matter. Your thumb is probably 
about 5 cm long, 2 cm wide, and | cm thick. 
With atoms smaller than 10 angstroms, or 10-7 
cm, on a side, your thumb is at least 5 x 107 
atoms long, 2 x 107 atoms wide, and 1 x 107 
atoms thick. Your thumb therefore contains 
at least 1022 atoms. Suppose we turn this rea- 
soning around: if we could count these atoms 
directly and measure the volume of your thumb, 
we could find out the volume occupied per 
atom. In this way we would get still another 
evaluation of an atomic dimension. Although 
we cannot count atoms in your thumb, there are 
ways of making direct counts of atoms. In this 
section we shall describe one. 

You have probably seen in the sky the vapor 
trail left behind by a jet plane that is itself in- 
visible. Fast-moving atomic particles also leave 
behind them trails that can be made visible in 
many ways. The particle sets off a change in 
the material through which it passes, and the 
change can be amplified into a visible mark. 
The bubble chamber is a device which shows 
such changes. (See Fig. 1-6.) In it a liquid is 
ready to boil, but no bubbles have yet grown. 
When a fast particle goes through the liquid, 
it disturbs the atoms of the liquid, and bubbles 
of vapor begin to form along its path. Ina short 
time the bubbles grow to visible size; and the 
wake of the particle (its track through the liquid) 
can be photographed even though, long before 
the camera has clicked, the particle has either 
come to rest or passed completely through the 
device. (See Fig. 1-7.) 

Another method of making visible the trails 
of atomic particles depends upon the fact that 
the material in a photographic plate changes 
along the path of a fast-moving particle. When 
the plate is developed, the track can be seen. 
The tracks of many fast particles are seen in 
Fig. 8-3; they originated in a speck of matter so 
small that no balance of the chemist could begin 
to weigh it. 

The effect of a single fast-moving atom is easy 
to see for yourself. It can be seen in the lumi- 
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At top are particle tracks on a photographic plate. A small 
quantity of radium, too small to be seen under a micro- 
scope, was placed on a plate and after a few days the plate 
was developed. The tracks that we see are those of the 
alpha particles (charged helium atoms) like those from po- 
lonium. If a tiny amount of radioactive material is incor- 
porated throughout the photographic emulsion on the 
plate, alpha-particle tracks like those shown in the lower 
print will result. Note the approximate scales of distance. 
(Courtesy: C. F. Powell and G. P. S. Occhialini, ‘Nuclear 
Physics in Photographs,"’ Oxford University Press.) 
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nous dial of a watch or clock which glows in the 
middle of the night because the paint contains 
a small amount of radioactive material. The 
dial paint also contains a substance much like 
that on a TV screen. In a TV picture tube a 
stream of particles strikes the screen and each 
impact causes a momentary glow. In the watch 
dial the glow arises from the atoms ejected from 
the radioactive material that has been mixed 
into the paint. 

Examine the luminous dial of a watch in com- 
plete darkness, holding the dial only an inch or 
so from your unaided eye. As your eyes become 
dark-adapted, you will see no steady glow, but 
a continual random succession of individual 
flashes of light, scintillations, like so many tiny 
fireflies. A magnifying glass will make the 
flashes appear sharper and clearer. Each flash 
signals the passage of a single fast particle which 
originated in the radioactive material. Each fast 
particle comes from the breakup of the very 
heart of a single atom—the nucleus—of the 
radioactive material. With patience and simple 
apparatus, physicists were able by 1905 to de- 
tect, identify, and measure radioactivity by 
counting scintillation flashes one by one with 
the eye. In the years just before World War I, 
the physicists working with Ernest Rutherford 
in Manchester, England, counted hundreds of 
thousands of such individual flashes in the fa- 
mous experiments that led to the discovery of 
the existence and the nature of the atomic 
nucleus. * 

There are good reasons for suspecting that 
each flash signals the breakup of one atom. 
Here is one persuasive reason. To get the same 
count of fast-moving particles, over and over 
again, there is only one essential condition. We 
must have the same amount of the radioactive 
substance. It makes no difference, for instance, 
if we hammer the substance, if we put it into 
intimate chemical combinations with other 
atoms, or if we vaporize it, spreading its atoms 
apart. The environment and the physical treat- 
ment are not relevant. The emission of fast- 


*The eye is a fine detecting device, but is reliable only for 
brief periods of time at low counting rates. Scintillation 
counting is now done by using a phototube, which creates a 
tiny pulse of electricity every time it sees a flash of light. The 
electric pulse is very weak and must be amplified by electronic 
circuits: but. unlike the eye, the phototube with its circuits 
can count 10° flashes a second, day after day. 


moving particles does not depend on anything 
external to the individual radioactive atoms 
themselves. It must reflect some profound 
change that takes place in those atoms and is 
controlled by their nature. In a little while we 
shall see further evidence showing that count- 
ing ejected particles is equivalent to counting 
atoms. This evidence will again emphasize the 
smallness of the atom and the large number of 
atoms found in a small sample of matter. 

Now let us describe an experiment in which 
we count the number of atoms in a sample of 
radioactive material. Suppose we have a mass 
of 10-7 kg, a tiny speck of the radioactive ele- 
ment polonium. (Polonium was first obtained 
by the Curies during the same experiments in 
which they discovered radium. Nowadays it is 
synthesized in the reactors at Oak Ridge, Ten- 
nesssee, and has many uses both in the labora- 
tory and in industry.) This little speck is a 
source of particles which shoot out in straight 
lines in every direction. Suppose we make a 
tiny square screen (Fig. 8-4) one-tenth milli- 
meter on an edge; cover it with a thin layer of 
luminescent material like that in a TV picture 
tube; and hold it one meter from the source. 
It would take 109 such screens to cover a sphere 
of this radius surrounding the source. Conse- 
quently, on the one screen we then count about 
one particle for every 10° the source sends out. 
(Since air slows down the particles, preventing 
them from striking the screen, we must remove 
the air between the source and the screen.) 

It is characteristic of radioactive substances 
that they emit particles at a steadily decreasing 
rate (see Fig. 8-5). In two years the activity 
of the polonium sample will have decreased 
greatly. By that time it will send out its par- 
ticles at only a few percent of the original rate. 
If we stop the count after two years’ time, we 
shall have counted more than 95 percent of all 
the particles it will ever emit. In those two years 
we get 3 x 108 scintillations on our screen. This 
from a mere speck of material barely visible to 
the eye, on a screen that catches only one- 
billionth of the total number of ejected particles! 

From this experiment we can draw a striking 
result. We counted 3 x 108 flashes; and because 
we stopped only the particles traveling within 
a small cone of directions, this number of flashes 
represented only 10-9 of the fast particles 
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8-4 Scintillation counting. A tiny radioactive source is placed 


in a chamber from which most of the air has been ex- 
hausted. As particles are emitted in all directions, a certain 
fraction of them hit the fluorescent screen. By observing the 
screen, we can count the flashes or scintillations and com- 
pute the number of particles emitted. 
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8-5 Disintegration curve of polonium. After about 138 days, a 


sample of polonium emits only half as many particles a min- 
ute as at the start. After another 138 days, its activity is 
again halved so that it is only one fourth as active. After 
another 138 days, its activity is again halved, and so on. 
We call this time interval the half-life of the element. Will 
its activity ever reach zero? 
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emitted by the sample. Somehow, within 10-7 
kg (only a tenth of a milligram) of a soft metal 
called polonium, there are processes which 
cause the ejection of 3 x 108 x 109 = 3 x 101” 
individual particles. 

Each process in which an individual particle 
is ejected is called a radioactive disintegration. 
We have sketched above some of the reasons 
for believing that one radioactive disintegration 
is associated with one individual atom. Now we 
are in a position to check up. We can find out 
how great a volume of polonium is associated 
with a disintegration. If this volume is the same 
as the volume associated with an atom, we can 
take this as additional evidence that the radio- 
active disintegration of polonium is indeed 
counting atoms. 

In order to find the volume associated with 
each disintegration, we shall divide the volume 
occupied by our sample of polonium metal by 
the number of disintegrations that go on in the 
sample. How large a volume does the sample 
occupy? Recently the density of polonium has 
been measured. It is 9400 kg/m. Therefore, 
since the mass of our sample is 10-7 kg, 


10-7 kg 
9.4 x 10% kg/m 
= 1 10-" mm, 


volume of sample = 


To find the volume associated with one disinte- 
gration, we divide the volume of the sample by 
the 3 x 101? disintegrations. 


Volume per disintegration 
_ |x 10-" m3 
~ 3 9¢ 1017 disint 
= 30 x 10-2 m3/disint. 


As a crude model, we may think of each dis- 
integration volume as a little cube. The length 
of the edges of these cubes is then given by the 
cube root of their volume. Thus each edge is 
about 3 x 10-19 m long. In other words, our 
count has given us 3 angstroms for the linear 
dimension associated with an individual dis- 
integration. At last we have arrived at the size 
of at least one kind of atom. Counting radio- 
active disintegrations is equivalent to counting 
polonium atoms, and these atoms have dimen- 
sions of no more than 3 angstroms on a side. 

The size of tungsten atoms can be examined 
with an instrument known as the field-ion mi- 
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croscope. The reasoning behind this measure- 
ment is explained in the caption of Fig. 8-6. 
From the similarity between the two lower pic- 
tures we can assume that the model is at least 
a fair representation of the arrangement of the 
atomic planes in the tungsten needle point. 
Then, if we also believe that the model shows 
how the atoms are arranged in the needle, we 
can estimate an atomic dimension from mea- 
surements on the model. If the radius of the 
needle point is 260 angstroms, as measured in 
an electron microscope, we find that the atomic 
dimension is again about an angstrom or two. 

This order of size has been confirmed for a 
wide variety of atoms of different elements. 
One of the most useful means has not even been 
discussed because of its complexity: the use of 
X rays as an indirect means of ‘seeing atoms.” 
After careful analysis of photographs, and 
cross-checking with other methods, it is possible 
to say from the X-ray evidence that all atoms 
have a size of only one to three angstroms. 


The Crowd of Atoms 


Let us reflect a bit on the tremendous numbers 
we have been counting—3 x 10!” atoms ina 
tenth of a milligram of polonium; more than 
1022 atoms in your thumb. We have seen large 
numbers before, but they were less striking. 
Furthermore, they involved an arbitrary unit 
(meter, kilogram, etc.), while now we are con- 
cerned with the count of a natural unit, an indi- 
vidual, identifiable thing, like a single scintilla- 
tion. These counts are counts of a real popu- 
lation. 

Large numbers are hard to count. If you 
were to make a career of counting, working at 
full speed, all day, every workday, and you had 
begun to do this when you first learned to count, 
retiring on a well-earned pension at 65, you 
would be judged a star at counting if you had 
reached 2 x 10%. That is about the human 
population of the whole world. Now, if every 
man, woman, and child in the whole world’s 
population spent a lifetime in just such count- 
ing, doing nothing else, they could all together 
just about count off, one by one, the atoms ina 
pinhead. Such a human team of counters 
would, on the other hand, be able to count all 
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the leaves on all the trees of the world within a 
few months. 

It is this smallness of an atom, this extrava- 
gant number in a pinhead, that makes atoms so 
difficult to detect with the unaided senses. On 
the other hand, it is this very smallness of size 
and massiveness of number which enable us to 
use the atom to explain all the wonders of mat- 
ter. It is not easy to conceive of these numbers, 
but we can understand how only atoms so small 
and so numerous can make up in their individ- 
ual motions the apparently uniform, smooth, 
and featureless air, water, or glass. On a com- 
pletely different scale, the uniformity is like that 
of a sandy beach which appears to be smooth 
when viewed from a slight distance away, show- 
ing little or no trace of the individual grains of 
sand. It is also not hard to believe that the 
atoms can combine in a myriad of ways to give 
all the materials of the world with all their dif- 
ferent properties. We shall now investigate 
some of these properties from the point of view 
of the chemist in an effort to discover the rules 
by which these uncountable swarms of atoms 
combine to form the systematic and reproduc- 
ible varieties of matter we know. 


The Laws of Chemical Composition 


Chemists have prepared a couple of hundred 
thousand distinct compounds containing car- 
bon, a few thousand without that element. 
Every day, more are being found in living mate- 
rial and in soil and rock; still others are being 
synthesized. Analyses of all these substances 
are repeatedly made, and from these analyses 
very important general conclusions have been 
drawn. They came first from John Dalton, 
around 1800, when the body of information was 
far less convincing than it has become today. 
The first of these general conclusions is the 
law of constant chemical composition. It asserts 
that every sample of a given substance, judged 
sufficiently pure by various criteria, always con- 
tains the same proportions by mass of all the 
elements into which it can be analyzed. The 
recipes do not change. Water is always one 
gram of hydrogen to eight of oxygen, common 
salt always one gram of sodium to each 1.5 
grams of chlorine, and common sugar 1.0 gram 
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8-6 A field-ion microscope, shown in the greatly simplified 
drawing, above left, was used to obtain the picture below. 
The needle is positively charged. It repels positively 
charged helium atoms (ions) in a pattern which forms on the 
fluorescent screen a magnified image of the position of the 
tungsten atoms in the tip of the needle. Above, we see the 
sharp tungsten needle (radius 260 angstroms) compared 
with the tip of an ordinary pin. At the left, we see a model 
of the tungsten needle tip made of cork balls stacked in a 
manner very similar to the molecules in the virus protein 
(Fig. 8-2). The needle is pointed directly out from the page 
and its tip is in the center. Note that the needle consists of 
a number of layers that become progressively smaller as we 
approach the tip. The balls at the corners of the planes of 
atoms are coated with luminescent paint, and a photograph 
made in the dark (left, below) shows their location. Com- 
pare this photograph with the field-ion picture of the tung- 
sten needle tip below. (Photos Courtesy: Erwin W. Muller 
and Paul Weller.) 
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of hydrogen to 6.5 grams of carbon and 8.0 
grams of oxygen, whenever it is resolved into its 
three elements. Every source of table sugar 
(the chemist calls it sucrose) gives the same 
analysis; if a sample deviates, it is always possi- 
ble to find that it is impure sugar, for its taste or 
its crystal shapes or its color or some other prop- 
erty will distinguish it from samples of the ex- 
pected constant composition. Some process 
will in the end separate the other components 
and yield whatever sucrose is there in nermal 
composition. 

The law of constant composition holds to 
high accuracy for just about all the organic car- 
bon-containing substances, and for thousands 
of others. For example, suppose that we wish 
to make some sodium chloride—common salt. 
We find that 39 grams of sodium will combine 
with 61 grams of chlorine to give 100 grams of 
salt. Now suppose we try to combine 50 grams 
of sodium with 61 grams of chlorine: we will get 
just 100 grams of salt as before. There will be 
11 grams of sodium left over; the 61 grams of 
chlorine can combine with only 39 grams of 
sodium. Moreover, when we decompose any 
sample of pure sodium chloride, we always get 
39 percent sodium and 61 percent chlorine. 

The law of constant composition, however, 
does not hold for every material of unmistak- 
able uniformity. A pail of salt water, for ex- 
ample, can be uniform in composition. Every 
sample taken from it may prove to contain ex- 
actly the same proportions of water and salt. 
Stir in a handful of salt. After thorough mixing 
the salt water is again uniform in composition, 
but the proportions of salt and water are now 
different. Unlike water or sugar, salt water does 
not have a fixed composition. Salt water is a 
solution, best described in terms of two distinct 
compounds—salt and water—of which it is 
made. The same sort of description applies to 
many alloys like brass, bronze, steel, dural, coin 
and sterling silver, jeweler’s gold, and so on. 
Brass has a wide range of color and other prop- 
erties, depending on the composition, just as 
does salted water. Many plastics also share this 
property of variable composition, even though 
they may appear homogeneous under every test. 

The behavior of the substances of constant 
composition is the principal subject matter of 
traditional chemistry; but other substances are 


so interesting and important that they have be- 
come the domains of specialists such as metal- 
lurgists and polymer chemists. We shall see 
that our picture of a world made up of a limited 
number of kinds of atoms is broad enough to 
include both. Let us for the moment try to learn 
what we can from those substances which do 
show the remarkable property of constant com- 
position. 

We can sum up by saying that there are many 
uniform materials in which chemists and spec- 
troscopists find the constituent elements always 
combined according to the same definite “‘reci- 
pes.” These materials are the compounds. In 
a compound, for each gram of one elementary 
ingredient, there is always present a definite 
number of grams of each other ingredient. 

So far these results—which were new in 
Dalton’s time—fit well enough with the idea of 
atoms. If the elements are each a collection of 
identical atoms which link together in small 
groups to form the compounds, we should ex- 
pect large-scale samples to exhibit constant 
proportions of the elements. For example, we 
found that water is always composed of one 
gram of hydrogen to eight grams of oxygen. If 
the natural unit of water—the water molecule— 
were made of one atom of hydrogen and one 
atom of oxygen, then any sample of water 
should contain equal numbers of hydrogen and 
oxygen atoms. Also, the masses of hydrogen 
and oxygen should always occur in the same 
ratio as the masses of their atoms. On the 
other hand, if the molecule of water consists of 
two hydrogen atoms and one oxygen atom (as 
we now know it does), then every sample of 
water must contain hydrogen and oxygen atoms 
in the ratio two to one. Again the ratio of the 
masses of the elements will be constant, this 
time in the ratio of the mass of two hydrogen 
atoms to that of one oxygen atom. As long as 
atoms of one kind combine in any definite way 
with those of another kind, we get the law of 
constant chemical composition. 

Perhaps there are several different kinds of 
molecules containing only hydrogen and oxy- 
gen. For example, if the water molecule is made 
of two hydrogen atoms and one oxygen—which 
we then write H2O0—a molecule with only one 
hydrogen and one oxygen atom would be a 
molecule of a different compound. There is an- 


other simple compound of hydrogen and oxy- 
gen. This is the substance we call hydrogen 
peroxide. 

How would we decide how many atoms of 
hydrogen and how many of oxygen form one 
hydrogen peroxide molecule? We can make 
one relevant test by decomposing some of the 
peroxide and finding the ratio of the masses of 
hydrogen and oxygen. The result is that in the 
peroxide as compared with water only one half 
as much hydrogen is combined with a given 
amount of oxygen. In water there are 2 grams 
of hydrogen for every 16 grams of oxygen, and 
in hydrogen peroxide there is only | gram of 
hydrogen for 16 grams of oxygen. This result 
is consistent with the idea that hydrogen per- 
oxide molecules are HO and water molecules 
H,0O; but it does not prove it. Water molecules 
might be HO, as Dalton thought (Fig. 8-7), and 
hydrogen peroxide molecules HO2. Or, if we 
know that water is H2O, the hydrogen peroxide 
molecule might be H2O2. (This means two 
hydrogen and two oxygen atoms combining to 
form the natural unit of the compound.) 

Water and hydrogen peroxide are only ex- 
amples. In the course of this chapter we shall 
see many more. For all compounds, the com- 
binations of definite numbers of atoms of vari- 
ous kinds lead to constant proportions of the 
elements. What is more, as we have seen with 
our simple example, whenever two elements 
combine in more than one way into different 
molecules, the ratio of the different masses of 
one element which combine with a given mass 
of the other comes out as a ratio of small whole 
numbers. It is not always one-to-two as it was 
for the amount of hydrogen that will combine 
with the same amount of oxygen in hydrogen 
peroxide and in water. But it is always some 
ratio of small whole numbers. This law, based 
on observation, is just what we should expect if 
it is atoms that are combining. If only whole 
numbers of atoms can combine to form a mole- 
cule, only ratios of small whole numbers are 
possible. This law of ratios is known as the law 
of multiple proportions; it is one of the other 
major pieces of evidence for the atomic compo- 
sition of matter that Dalton brought forward. 

Probably the most striking example of multi- 
ple proportions occurs for the combinations of 
nitrogen and oxygen. With one gram of nitro- 
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gen 4 of a gram of oxygen will combine to make 
laughing gas. Exactly twice as much oxygen 
($ gram) will combine to make nitric oxide. In 
other nitrogen and oxygen compounds there are 
just three times, four times, and five times the 
original amount of oxygen per gram of nitrogen. 
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8-7 Dalton’s symbols. Early in the nineteenth century (between 


1802 and 1808), John Dalton tried to discover the number 
and kind of atoms in molecules of compounds. These are 
some of the symbols he used: (1) hydrogen, (2) azote (ni- 
trogen), (3) carbon, (4) oxygen, (5) phosphorus, (6) sulfur, 
(7) magnesia, (8) lime, (9) soda, (10) potash, (11) strontia, 
(12) baryta, (13) iron, (14) zinc, (15) copper, (16) lead, 
(17) silver, (18) platinum, (19) gold, (20) mercury. Note 
(21), Dalton's formula for water. He gave it as HO, al- 
though we now know it to be H2O. Data from combining 
masses alone are not enough to determine a molecular for- 
mula. His formulas for carbon monoxide (25) and carbon 
dioxide (28) are correct. 
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In other words, with | gram of nitrogen we find 
in different compounds | x 4 gram, 2 x 4+ gram, 
3 x 4 gram, 4 x 4 gram, and 5 x 4 gram of 
oxygen. These whole numbers (and the similar 
whole numbers for other combinations of ele- 
ments) are a direct reflection of the atomic na- 
ture of matter. 

The constant proportions and in particular 
the multiple proportions which are observed in 
the chemical composition of compounds are 
strong evidence for the existence of atoms. But 
unlike Dalton, who brought this evidence for- 
ward at the beginning of the nineteenth century, 
we have seen other evidence of atoms. We have 
seen the evidence of the existence of natural 
units in monolayers and other microstructures. 
We have counted atoms by counting their 
radioactive emissions. Now we can add the 
chemical evidence to all these other indications 
of the existence of atoms. 


8-6 The Problem of Determining 


Molecular Formulas 


How many atoms of each different kind com- 
bine to form the molecules of pure substances? 
If we look back at the last section we see that the 
laws of chemical composition do not uniquely 
determine the chemical formulas for molecules. 
We could not be sure that the molecule of water 
was H2O (2 atoms of hydrogen and 1! of oxygen) 
or that hydrogen peroxide was HO. (In fact, it 
is H2O2.) How to determine exact molecular 
formulas will be the subject of the next sections. 

As often happens, there are many ways of 
determining chemical formulas, and many lines 
of evidence have contributed to the practical 
determination of a large number of them. The 
problem of making a table of chemical formulas 
is something like that of assembling one of those 
Chinese puzzles in which a set of separate 
wooden pieces lock together to form a compact 
solid. Where you place a particular piece in the 
puzzle, or a compound in the table, depends on 
where you have placed the others. By compar- 
ing the ratios of masses found in a wide variety 
of compounds and by using many other pieces 
of evidence, chemists have gradually arrived at 
formulas of which they can be certain. 

In the story of ascertaining molecular for- 


mulas, the chemical reactions of gases play a 
large part. Here we shall not follow the his- 
torical development of the story; but by using 
some information gained with modern tech- 
niques of counting radioactive disintegrations 
and some information from the traditional 
methods of gas chemistry, we shall illustrate 
how chemical formulas can be pinned down. 
The formulas so established agree with those 
worked out from the huge mass of evidence 
accumulated during the past century. They are 
checked by other modern techniques, for in- 
stance by measuring the masses of individual 
atoms and molecules with the mass spectro- 
scope which we shall study in Part IV. In order 
to illustrate the determination of molecular 
formulas we shall discuss gases briefly in the 
next section, and then in Section 8-8 we shall 
determine a few complete formulas. 


8-7 The Number of Particles in Gases 


In Section 8-3 we described an experiment 
counting polonium atoms by their radioactive 
disintegrations. As we saw there, each polo- 
nium atom sooner or later “explodes,” sending 
out a fast-moving particle which we can detect 
and count. From 10-7 kg of polonium 3 x 1017 
of these particles are eventually ejected—cor- 
responding to 3 x 1017 atoms of polonium 
originally present. But the story does not stop 
there. The ejected particles are themselves 
matter. When the polonium ejects a particle it 
loses mass. By weighing the sample after the 
experiment we find that the particles take away 
about 2 percent of the original mass. Also, by 
performing the experiment again, this time in a 
sealed glass tube, we can prevent the escape of 
the particles. At the end of this new experiment 
the tube contains not only a metal but also an- 
other substance, the gas helium. Weighing now 
shows that this helium, formed from the emitted 
particles, accounts for almost all the change in 
mass of the material. Moreover, in either ex- 
periment the metal sample remaining at the end 
is no longer polonium. It has turned into a 
more common nonradioactive metal, lead. 
Apparently, when an atom of polonium ex- 
plodes, it fires out a particle of helium, and what 
is left behind is a particle of lead. The helium 


can be collected, as was first done by Ruther- 
ford; and we can thus obtain a sample of helium 
containing a known number of helium particles. 
From 10-7 kg of polonium we get 3 x 10!7 par- 
ticles; from | gm we get 3 x 10?! particles. By 
weighing this amount of helium, we find that the 
mass is 0.02 gram, or about 6.7 x 10-24 gram 
per particle of helium. 

Now, using this information, we can learn 
something about the behavior of a gas. Wecan 
find out how many separate helium particles 
occupy a certain volume at a particular temper- 
ature and pressure. We can take a very light 
plastic balloon, a bag which when inflated has a 
definite volume, say 5 liters, and find out at 
room temperature how many particles must be 
put in the bag to fill it out so that it just barely 
maintains its shape against the pressure of the 
atmosphere outside squeezing it in. Of course, 
accurate experiments are not done in just this 
way; but with experiments which are entirely 
similar in principle and which are closely ap- 
proximated by the experiment described, we 
find that 0.89 gram of helium gas occupies a 
volume of 5 liters (5 x 10-3 m3) at atmospheric 
pressure and the temperature of melting ice 
(that is atO°C). This 0.89 gram consists of 


.89 gram 
6.7 x 10-24 gram/particle 
= 1.34 x 1023 particles of helium. 


So we conclude that 1.34 x 10?3 particles oc- 
cupy 5 liters under these conditions. 

Notice that the volume occupied by one par- 
ticle in the gas is 


5x 10-3 m3 = ~26 m3 

isa oe 
As we saw earlier in this chapter, this is about a 
thousand times greater than the typical volume, 
some 30 x 10-3° m3, occupied by an atom ina 
molecule. Can a helium particle really be so 
large? To answer this question, let us think of 
the properties of gases. We shall look at them 
in more detail later, but all of us have certainly 
observed the compression of gases. For in- 
stance, with some extra pressure, we can force 
more gas to occupy the same volume in an auto 
tire. Also we see that gases are mobile; they 
get out of our way; they mix easily with one an- 
other—one gas interpenetrating the other; and 
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they move about in a volume until they fill it, 
no matter what its shape. These common ob- 
servations indicate that gases may consist of 
many molecules which take up only a small part 
of the space occupied by the gas as a whole. 
Between the molecules there are empty regions 
larger than the molecules themselves, and it is 
through these spaces that the molecules of one 
gas move as it penetrates into another. 

A model of a gas with separate molecules fly- 
ing about and spaced widely compared to their 
own size will explain the common properties of 
gases. This model makes it reasonable that 
each helium particle is much smaller than the 
40,000 cubic angstrom* volume which it seems 
to occupy at normal temperature and pressure. 
But what then determines the number of gas 
particles that occupy a given volume? Do all 
gases have the same number of particles in 
identical volumes? Does the number depend 
on the mass of the individual molecules, or does 
it perhaps depend on some other property? To 
start answering these questions we now turn to 
a different gas. 

The gas radon is the product of the radio- 
active disintegration of radium, and we can 
determine the number of particles in a sample 
of radon.t By using radon gas we find that 
1.34 x 10°3 particles of radon would occupy a 
volume of 5 liters at atmospheric pressure and 
0°C. In other words, at 0°C and atmospheric 
pressure, the same numbers of particles of 
helium and of radon occupy exactly the same 
volumes. The mass of radon in this sample, 
however, instead of being 0.89 gram, which we 
found for the mass of helium, would be 49.5 
grams. The mass of each particle of radon is 
therefore about 55 times the mass of a helium 
particle; but as a gas the particles act the same 
way. 

* One angstrom = 10-!° m;: one cubic angstrom = 10-30 m*: 
4 x 10-26 m3 + 10-39 m3/A? = 40,000 A?. 


t+ We take a sample of radium and pump away the radon 
formed from its disintegration. Then from the rate at which 
the radium disintegrates. we find how many radon particles 
are made in any short interval of time. This gives us a known 
number. But in this case we must go further. The radon 
itself disintegrates. One half of its atoms change. each firing 
out a particle of helium, in a little under 4 days. From the 
rate at which it is steadily formed from the disintegration of 
radium and the rate at which it disintegrates itself! we can 
know exactly how many radon particles we have in a sample 
at any time. 
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Suppose we repeat the experiment for both 
helium and radon, this time working at a differ- 
ent temperature and pressure. We find that as 
long as the pressures and temperatures are the 
same for both gases, the number of particles per 
volume will be the same for helium as for radon. 

Since the same number of particles of two 
entirely different gases act the same, we would 
certainly like to know whether equal numbers of 
particles of all gases occupy identical volumes at 
the same temperature and at the same pressure. 
Unfortunately, it is not so easy to count the par- 
ticles in samples of most gases. We shall have 
to use a somewhat less direct method of investi- 
gation. This indirect method will show that the 
numbers of particles are the same. It will also 
allow us to determine molecular formulas. 


The Determination of Molecular 
Formulas 


Let us start out by collecting samples of different 
gases which contain hydrogen. Some of the 
common hydrogen-containing compounds are 
hydrochloric acid, hydrogen gas, water, and 
ammonia. Suppose that we take equal volumes 
of the gases of each of these compounds at the 
same temperature and pressure. Now we tenta- 
tively assume that the number of molecules— 
that is, the number of particles of gas—in each 
sample is the same. This assumption is known 
as Avogadro’s hypothesis, after the Italian physi- 
cist who proposed it in 1811. What conse- 
quences—what observable behavior—can we 
expect on the basis of this hypothesis? 
According to our ideas of atoms and mole- 
cules, all the molecules of a particular gas should 
be the same. If the molecules contain hydrogen, 
each molecule should contain the same number 
of hydrogen atoms. Furthermore, that number 
must be one hydrogen atom per molecule, or 
two hydrogen atoms per molecule, or three per 
molecule, etc. It can only be a whole number. 
Now if there are the same number of molecules 
in each of our different gas samples, we can con- 
clude that there should be the same mass of 
hydrogen in every sample in which the mole- 
cules contain only one atom of hydrogen. There 
should be exactly twice this mass of hydrogen in 


every gas with two atoms of hydrogen per mole- 
cule and there should be three times the mass of 
hydrogen in every gas with three atoms of 
hydrogen per molecule. If we decompose the 
compounds and measure the masses of hydro- 
gen in our various samples, these masses should 
be the same or else their ratio should be a ratio 
of small whole numbers. 

Here is a consequence of Avogadro’s hypoth- 
esis that can be tested experimentally. By the 
middle of the nineteenth century the masses of 
various elements contained in standard samples 
of gases had been measured. At that time 
Stanislao Cannizzaro made a collection of the 
results. Many such experiments have been per- 
formed since. For instance, we find the follow- 
ing experimentally: (1) the mass of hydrogen in 
a particular volume of hydrogen gas is just two 
times the mass in the same volume of hydro- 
chloric acid vapor under the same conditions; 
(2) the mass of hydrogen in water vapor is also 
just two times that in hydrochloric acid vapor; 
and (3) the mass of hydrogen in ammonia vapor 
is three times that in hydrochloric acid. Table 
1 contains these results and several others. 
Notice the whole-number ratios. Their appear- 
ance strongly supports our hypothesis that at 
the same temperature and pressure equal vol- 
umes of any gas contain the same number of 
molecules. In addition, it makes it appear 
likely that each molecule of hydrochloric acid 
contains one hydrogen atom; the molecules of 
hydrogen gas and those of water vapor contain 
two hydrogen atoms apiece, and each molecule 


TABLE | 


Masses of Hydrogen from Gas Samples of Equal 
Volume at the Same Temperature and Pressure 


MASS OF HYDROGEN 


GAS (IN GRAMS) 
Hydrochloric acid vapor 0.1 
Hydrogen 0.2 
Water vapor 0.2 
Ammonia vapor 0.3 
Methane 0.4 
Nitric acid vapor 0.1 
Acetylene 0.2 
Propane 0.8 
Ethylene 0.4 
Ammonium chloride 0.4 
Ethane 0.6 
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of ammonia vapor contains three hydrogen 
atoms. 

Of course, the molecules of hydrochloric acid 
might contain two hydrogen atoms apiece, those 
of hydrogen gas and of water vapor four hydro- 
gen atoms, and those of ammonia six hydrogen 
atoms, but this possibility seems extremely un- 
likely. Even after years and years of searching, 
chemists have not found any compounds in 
which the amount of hydrogen is less per mole- 
cule than that contained in hydrochloric acid. 
They have found no compound in which the 
amount of hydrogen is intermediate between 
the amount found in hydrochloric acid and the 
amount found in water vapor, and none inter- 
mediate between that in water vapor and that in 
ammonia vapor. If there were really two atoms 
of hydrogen in a hydrochloric acid molecule, we 
would expect to find other compounds with only 
one atom per molecule. These would give us a 
mass of hydrogen half that found in hydro- 
chloric acid. We should also find molecules 
with three atoms of hydrogen. They would 
have a mass of hydrogen between that of hydro- 
chloric acid and water vapor. The absence of 
any such compounds is strong evidence in sup- 
port of the idea that the molecules we have dis- 
cussed contain exactly one, two, and three 
atoms of hydrogen per molecule rather than 
two, four, and six, or any other number. The 
idea that the samples with the smallest amount 
of hydrogen are made of molecules with only 
one hydrogen atom follows almost directly from 
the definition of an atom as the basic unit or 
smallest amount of an element. It is bolstered 
by the fact that all the other masses are whole- 
number multiples. Consequently we reason 
that those whole numbers of the same basic 
units are present in the molecules. We have, 
therefore, found concrete evidence from which 
we can get detailed molecular composition. 

Other evidence (some of which we shall dis- 
cuss in Part IV) agrees perfectly with our conclu- 
sions. For example, a molecule of hydrogen 
gas is about twice as long as it is wide. It seems 
to be made of two units, in agreement with our 
earlier conclusion that each molecule of hydro- 
gen contains two hydrogen atoms. Further- 
more, at sufficiently high temperatures we can 
decompose the molecules of ordinary hydrogen 
gas into two atoms of hydrogen. The evidence 


is that molecules of hydrogen gas are definitely 
Hz molecules. Furthermore, we can now see 
that water vapor does contain exactly two 
hydrogen atoms per molecule; hydrochloric 
acid has one and ammonia has three. We have 
exactly determined one part of the formulas for 
these molecules. 

We have now learned the numbers of hydro- 
gen atoms per molecule in certain compounds, 
but what is the number of chlorine atoms in a 
molecule of hydrochloric acid vapor, or the 
number of oxygen atoms in a molecule of water 
vapor? There are several ways to answer these 
questions. One way is to use exactly the same 
method we employed to determine the number 
of hydrogen atoms ina molecule. For instance, 
to learn the complete formula of hydrochloric 
acid molecules, we can take a series of gaseous 
compounds of chlorine. In addition to hydro- 
chloric acid we take chlorine itself, which exists 
aS a poisonous greenish gas. We also use two 
other gases containing chlorine, the vapors of 
chloroform and of carbon tetrachloride (the 
first used by criminals in detective stories and 
the second a common poisonous cleaning fluid). 
We collect equal volumes of these gases at a 
definite temperature and pressure, and then 
measure the masses of chlorine contained in our 
samples. We find that the mass of chlorine in 
the chlorine gas is exactly twice that of the 
chlorine in hydrochloric acid. The mass of 
chlorine in chloroform vapor is three times the 
mass in the hydrochloric acid, and the mass of 
chlorine in carbon tetrachloride is just four 
times the amount in the acid. We therefore 
conclude that there is one atom of chlorine per 
molecule of hydrochloric acid, two atoms per 
molecule of chlorine gas, three per molecule of 
chloroform, and four per molecule of carbon 
tetrachloride. We have now completely deter- 
mined the molecular composition of hydro- 
chloric acid. Molecules of hydrochloric acid 
contain one atom of hydrogen and one atom of 
chlorine, and the molecular formula of hydro- 
chloric acid is HCl. Incidentally we also have 
found that, like hydrogen gas, the molecules of 
chlorine gas each contain two atoms. These 
gas molecules are Cl» just as those of hydrogen 
gas are Hp. 

We can extend this kind of analysis to many 
compounds. For example, by studying the 
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gases which contain nitrogen and oxygen we 
find that the molecule of ammonia is NH3, 
water is H2O, nitrous oxide is N2O, oxygen gas 
Oo, nitrogen is Ne, and so on. Eventually by 
using such evidence we obtain a reasonably 
complete set of chemical formulas for the 
molecules. 


8-9 The Law of Combining Volumes 


Everything seems to be in order, and the con- 
sistency of our results lends strong support to 
Avogadro’s hypothesis that equal numbers of 
gaseous molecules occupy the same volume at a 
given temperature and pressure. Further evi- 
dence for this hypothesis can be found by study- 
ing the volumes of the gases into which various 
compounds are decomposed. Suppose we de- 
compose hydrochloric acid. We start with the 
hydrochloric acid vapor occupying a known 
volume at a certain temperature and pressure. 
We decompose the hydrochloric acid into 
hydrogen and chlorine (Fig. 8-8). The hydro- 
gen and chlorine are also gaseous, and we can 
collect the hydrogen and chlorine gases sepa- 
rately. At the original temperature and pres- 
sure each gas occupies exactly half of the 
volume originally occupied by the hydrochloric 
acid vapor. 

This result is exactly what we should expect. 
Each molecule of hydrochloric acid vapor is 
HCl. Each contains only one atom of hydrogen 
and one of chlorine according to our earlier con- 
clusion (Fig. 8-8). On the other hand, each 
molecule of hydrogen contains two atoms of 
hydrogen, and each molecule of chlorine gas 
also contains two atoms. Consequently, there 
should be only half as many hydrogen and half 


Hydrochloric acid vapor 


sure, 


as many chlorine gas molecules as there were 
originally hydrochloric acid vapor molecules. 
According to Avogadro’s hypothesis, half as 
many molecules of any kind should occupy half 
the volume. Under the same conditions of tem- 
perature and pressure, therefore, the hydrogen 
gas should occupy only half the volume origi- 
nally occupied by HCI vapor, and the chlorine 
gas should also occupy half the volume. This is 
just what we find. 

Let us consider one more example. Suppose 
we decompose water. We believe that the for- 
mula of a water vapor molecule is HzO. When 
we decompose water, therefore, each molecule 
should provide one atom of oxygen and two 
atoms of hydrogen. In the decomposition of 
water vapor, therefore, we should obtain the 
same number of molecules of hydrogen that we 
originally had of water. (Remember, hydrogen 
gas is Hy; each of its molecules has two H 
atoms.) Therefore, at the same temperature 
and pressure the hydrogen gas should occupy 
the same volume as was originally occupied by 
water vapor. This is exactly what is found 
experimentally. 

Since we know that oxygen molecules contain 
two atoms apiece, and each molecule of water 
vapor supplies only one atom of oxygen, we now 
expect that under the same conditions of tem- 
perature and pressure, the volume of oxygen 
released will be only half as big as the original 
volume of water vapor. This too is exactly what 
happens. 

In general, we expect that when substances 
are decomposed the volumes of gases produced 
under the same conditions of temperature and 
pressure should bear simple whole-number rela- 
tions to each other. Also, when compounds are 
made in a chemical reaction between gases, the 
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8-8 Two volumes of HCI vapor yield one volume of hydrogen gas and one volume of chlorine gas at the original temperature and pres- 


volumes of gases used up should exhibit simple 
whole-number relations. This expectation 
about combining volumes is generally borne 
out. 

We have put history out of order—almost 
reversed it—in our discussion. The /aw of com- 
bining volumes at which we have just arrived was 
actually formulated by the French chemist Gay- 
Lussac in 1808. Then in 1811 the Italian physi- 
cist Avogadro showed that the law of combining 
volumes made sense in an atomic picture of 
matter. He introduced the assumption that 
equal volumes of gases at the same temperature 
and pressure contain the same number of mole- 
cules. The work of Cannizzaro about 1858 
convinced many that Avogadro was right. As 
we have seen, Avogadro’s hypothesis is now 
amply justified—it has become Avogadro’s law. 
With modern methods we can even count the 
number of molecules in a gas sample. 


-10 Molecular and Atomic Masses 


Because we know the number of molecules in 
a gas sample and can measure the mass of the 
sample, we can easily find the mass of a mole- 
cule. The mass of a molecule of hydrogen gas 
measured this way is about 3.34 x 10-24 gram. 
The mass of an oxygen molecule is 16 times this 
much—that is, 5.3 x 10-23 gram. We could 
write down a long list of molecular masses deter- 
mined in this way. 

From the masses of the molecules we can go 
on to the masses of atoms. We know that 
hydrogen molecules are each made of two 
hydrogen atoms. Consequently the mass of a 
hydrogen atom is 


3.34 x 10-24 gram 
2 


In the same way we find the masses of the atoms 
listed in Table 2. 

Not every element can conveniently be made 
into a gas. We obtain pure carbon, for example, 
as graphite or diamond, neither of which vapor- 
izes easily. But we can find the mass of a carbon 
atom by measuring the mass of a gaseous car- 
bon dioxide molecule. The formula for carbon 
dioxide (as the name implies) is CO2. We know 
that formula by applying the method of Section 


= 1.67 x 10-24 gram. 
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8-8 to many gaseous carbon compounds (and 
from other evidence). Now we find the mass of 
a CO,z molecule by measuring the mass in a 
standard volume of COz at standard tempera- 
ture and pressure. We find that it is 7.3 x 10-23 
gram per molecule. Since we already know 
that the mass of Oz is 5.3 x 10-23 gram, this 
leaves 2.0 x 10-23 gram for the mass of one 
carbon atom. Using similar chemical methods 
we can find the masses of all the different kinds 
of atoms. Some are shown in Table 3, and a 
complete table is included at the end of this 
book. From various methods the masses of 
some 100 elements are known with considerable 
precision. 


TABLE 2 

ATOM MASS (10-24 GRAM) 
Chlorine 58.9 
Fluorine 31.5 
Helium 6.64 
Hydrogen 1.67 
Nitrogen 23.2 
Oxygen 26.6 
Sodium 38.1 

TABLE 3 

ATOM MASS (10-24 GRAM) MASS (AMU) 
Aluminum 44.8 26.98 
Carbon 19.9 12.01 
Chlorine 58.9 35.45 
Copper 105. 63.54 
Fluorine 31.5 19.00 
Gold 327. 196.97 
Helium 6.64 4.003 
Hydrogen 1.67 1.008 
Iron 92.8 55.85 
Lead 344. 207.19 
Mercury 333. 200.59 
Neon 33.5 20.18 
Nitrogen 23.2 14.01 
Oxygen 26.6 15.999 
Silicon 46.6 28.09 
Silver 179. 107.87 
Sodium 38.1 22.99 
Sulfur 53.2 32.06 
Uranium 394. 238.03 
Zinc 109. 65.37 


142 Chapter 8 + ATOMS AND MOLECULES 

When we are dealing with the masses of 
atoms and molecules, it is sometimes incon- 
venient to express them in grams or kilograms. 
We are always dividing by a large factor (about 
1024) which scales us down from the size of our 
thumb to the size of an atom. Long before this 
scale factor was accurately known, atomic and 
molecular masses were put on a convenient 
relative scale. John Dalton himself chose the 
lightest element, hydrogen, as the basis for the 
system of relative atomic masses. 

However, later measurements showed that 
the masses of the atoms of the other elements 
were not exact integral multiples of the mass of 
the hydrogen atom. Furthermore, it was dis- 
covered that several elements were composed 
of two or more kinds of atoms, differing in mass 
but having almost identical chemical proper- 
ties; for example, 75 percent of the chlorine 
atoms found in nature have a mass of about 35 
times the hydrogen atomic mass, while 25 per- 
cent have a mass of about 37 times the hydro- 
gen atomic mass. Atoms of the same element 
which differ in mass we call different isotopes 
of the element. The two chlorine isotopes are 
called Cl85 and Cl87. As you will learn in more 
detail in Section 8-12, the superscript (called 
the mass number) labelling an isotope is an indi- 
cation of the internal structure of the atoms of 
the isotope. 

An isotope of carbon, C12, has been chosen 
as the standard for the currently used scale of 
atomic mass units.* Its atomic mass is defined 
to be precisely 12 atomic mass units; on this 
scale hydrogen has an atomic mass of 1.008 
amu and oxygen has an atomic mass of 15.999 
amu, for example (Table 3). You will notice 
that the atomic mass of carbon is listed as 12.01 
amu; this value, like the others in the table, is 
the average atomic mass of the element, when 
all isotopes are considered in their natural 
abundances. The C}3 isotope, which has an 
abundance of 1.1 percent, raises the average 
atomic mass of carbon, as it occurs in nature, 
to a value slightly greater than an even 12 amu. 

One advantage of the C!? scale over a 


*Incidentally, most of the tables of atomic masses printed 
before 1961 were based on oxygen as an even 16 amu. Due 
to a number of serious difficulties, the oxygen scale was 
officially abandoned in 1961 and replaced by the carbon-12 
scale. 
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hydrogen-based scale is that the mass of any 
isotope in amu is then very close to the mass 
number of that isotope. For example, the 
uranium isotope U?38 has an atomic mass of 
238.05 amu on the C!? scale, although it has 
only 236.20 times the mass of a hydrogen atom. 

Once we know the table of atomic masses, or 
even just the table of their relative masses, we 
can easily find the combining masses in various 
compounds. For example, nitrous oxide is 
N2O, and 28 grams of nitrogen do combine with 
16 of oxygen to give the 7-to-4 ratio mentioned 
earlier. Ammonia is NH3, and 14 grams of 
nitrogen combine with 3 of hydrogen. Nitric 
acid is HNOs, and | gram of hydrogen is com- 
bined with 14 of nitrogen and 48 of oxygen in 
that compound. 

These examples are of limited interest. The 
combining masses are well known, and they 
contributed to setting up the table. From Table 
3, however, we can get the combining masses of 
all sorts of compounds without having to deter- 
mine each one separately by experiment. Such 
computations are employed in estimating the 
amounts of various chemicals needed for all the 
chemical processes used in industry. 

A much more exciting application of our 
knowledge of relative atomic masses arises 
when we investigate an unknown compound. 
From the observed combining masses and the 
known relative masses of the atoms, we can 
then learn about the unknown chemical for- 
mula. Pretend, for example, that we don’t 
know the formula of a compound in which oxy- 
gen and hydrogen combine with the relative 
masses 16 to 1. We then learn from the table 
that in this compound oxygen and hydrogen 
atoms combine in |-to-1 ratio. The example 
is trivial—we undoubtedly have hydrogen per- 
oxide—but the principle is clear. In the same 
way the chemist has found out about more 
complex compounds. 


Avogadro's Number and Moles 


It was mentioned in the last section that 
whereas the mass of a molecule in grams is of 
the order of 10-24 gram, the mass in amu is 
of the order of one amu. What is the exact 


conversion factor? Taking, say, hydrogen, we 
see that 


1.67 « 10-24 gram = 1.008 amu 


- 1.008 
or 1.00 gram = 1.67 x 10-24 [0224 amu 


= 6.02 x 1023 amu. 


In other words, the gram unit of mass is 6.02 x 
1023 times bigger than the atomic mass unit. 
If you had 1.008 grams of hydrogen, you would 
have a mass of 6.02 x 1023 times 1.008 amu, or 
6.02 x 1023 times the mass of one hydrogen 
atom. Hence, 1.008 grams of hydrogen must 
contain 6.02 x 1023 atoms of hydrogen. Simi- 
larly, 4.003 grams of helium have a mass 6.02 x 
1023 times the mass of one helium atom and 
contain 6.02 x 1023 atoms of helium. The 
number 6.02 x 1023 is called Avogadro’s num- 
ber. 

As we have just shown, if one atom of an 
element has a mass of m amu, then Avogadro’s 
number of atoms of that element have a mass 
of m grams. For example, one atom of hydro- 
gen has a mass of 1.008 amu, and 6.02 x 1023 
atoms of hydrogen have a mass of 1.008 grams. 
We call 6.02 x 10?3 identical particles of any 
kind a mole of those particles; for example, we 
can say that a mole of hydrogen atoms has a 
mass of 1.008 grams. Similarly, a mole of oxy- 
gen atoms has a mass of 15.999 grams. 

This way of getting to a mole is long-winded 
—and even so we have omitted a lot of history in 
giving our account. If we were to reorganize 
physics now on a rational basis, we would un- 
doubtedly go a different way. We would begin 
by choosing a nice round number like 1024 to 
define a mole of identical objects. Then we 
would introduce a unit of mass ;/; that of a mole 
of carbon-12. In this way nature would supply 
a unit of mass to replace the gram, and the scale 
factor between atoms and ordinary objects 
would be a power of ten. Unfortunately such a 
change would now confront a worldwide set of 
gram masses. Many of our units like those for 
force and energy depend on the present units 
of mass. A change is impractical, and we shall 
continue to use the kilogram at Sévres and 
moles of 6.02 x 1023 objects. 

From the chemical formula of a given mole- 
cule, we can foresee what the mass of a mole of 
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that kind of molecule must be. A mole of 
hydrogen molecules (each containing two atoms 
of hydrogen) has a mass of 2.016 grams. A 
mole of water molecules has a mass of 18.015 
grams. The number of grams in a mole (of 
molecules) of a substance is the same as the 
number of atomic mass units in the mass of one 
molecule. 

In Sections 8-7 through 8-9, we learned that 
every mole of sufficiently small, separated par- 
ticles in a gas occupies the same volume at 
atmospheric pressure and the melting point of 
ice. As we saw there, 1.34 x 1073 gas mole- 
cules occupy 5.00 liters under these conditions. 
Consequently, a mole of gas molecules occupies 

; (6.02 « 1023 molecules) 
CD IMEES) 26 (1.34 « 1023 molecules) ~~ ane 
liters, at atmospheric pressure and the melting 
point of ice. 

Conversely, if a compound or an element can 
exist as a gas at this pressure and temperature, 
then by measuring the mass of 22.4 liters of this 
gas we determine the number of atomic mass 
units for one molecule of this gas. For example, 
if we found that 22.4 liters of carbon dioxide at 
0°C and atmospheric pressure had a mass of 
44.0 grams, we would know that one molecule 
of carbon dioxide has a mass of 44.0 amu. 

Although a mole of any gas of sufficiently 
small particles occupies the same volume at the 
same temperature and pressure, when the gases 
are condensed into a liquid or solid the volumes 
they occupy differ—i.e., 2.016 grams of liquid 
hydrogen do not occupy the same volume as 
31.999 grams of liquid oxygen, even when both 
liquids are at the same temperature and pres- 
sure. Rather, the volumes of liquids and solids 
depend on the sizes of the molecules themselves. 


8-12 The Innermost Structure of Matter 


Behind the diversity of compounds, chemists 
found the unity of the hundred elements. To- 
day we have gone still further. Now the units 
of the elements can themselves be analyzed. 
Although this cannot be done with the tradi- 
tional tools of the chemist, it can be done by 
such devices as the cyclotron of the nuclear 
physicist. 
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We find that all atoms appear to be made of 
the same basic units: the electron, the proton, 
and the neutron. The masses of the proton and 
the neutron are almost equal, while the electron 
has a mass only y¢5¢ as great. Isotopes of the 
same element differ by the number of neutrons 
each has. For example, the common hydrogen 
atom is composed of one proton and one elec- 
tron, but there is a rare, naturally occurring iso- 
tope of hydrogen which has an additional 
neutron. (It has a mass of 2.015 amu and is 
often called deuterium, from the Greek word 
deuteros, “second.”’) 

Now we see why one might expect that the 
mass of any atom will be approximately a 
whole-number multiple of the proton mass. To 
be sure, various corrections must be made for 
the proton-neutron mass difference, for the 
mass of the electrons, etc., but we can see that 
the mass number of an isotope, which is defined 
as the sum of the number of protons and neu- 
trons in one atom, does approximate the 
numerical value of the atomic mass in amu. 


Molecules and Solids 


The structure of matter is one of the problems 
explored by the physicist. Not only the struc- 
ture within the atom, but the arrangement of 
groups of atoms is of interest. In gases it is 
natural to speak of molecules, since the mole- 
cules, or clumps of atoms, are far apart in a gas. 
But sometimes, in some solids for example, the 
clumps are so closely tied together that it is hard 
or impossible to decide to which clump a given 
atom belongs. In a piece of common salt 
(sodium chloride), the formula for which is 
NaCl, each Na atom is surrounded by Cl atoms 
and each Cl atom by Na atoms (Fig. 8-9). 
Which way shall we break it mentally into mole- 
cules? Ina diamond all the atoms are the same, 
and there are no clumps of definite size. Groups 
of only a few hundred carbon atoms in the right 
pattern as well as groups of 1022 atoms (one-fifth 
gram) may retain most of the diamond proper- 
ties. How many atoms make a diamond mole- 
cule? Clearly the word “molecule” is not so 
valuable as the word “atom” in describing all 
atomic arrangements. Because chemistry is the 
study of all possible atomic arrangements and 
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Na = Sodium 
C! = Chlorine 


In sodium chloride, each sodium atom (smaller) is sur- 
rounded by chlorine atoms (larger) and each chlorine atom 
is surrounded by sodium atoms. Is it possible to decide 
which particular pair of atoms makes up a sodium chloride 
molecule? (A portion of Fig. 4-10 from H. P. Knauss, ‘'Dis- 
covering Physics,’’ Addison-Wesley, 1951.) 


how they come about, we must often consider 
arrangements of atoms to which the word 
“molecules” must be applied with caution. We 
now turn to a general discussion of the structure 
of solid matter, a field of study which physicists 
and chemists share. 


Crystals: The Physics of the Solid State 


The hard, smooth faces of the natural crystal of 
quartz, like the little cubes of table salt, were not 
smoothed or shaped by tools in human hands. 
But the cool symmetry of crystals has always 
fascinated men; shining crystals have been 
found where cavemen collectors stored them. 
Their uniformity in the face of the apparent 
jumble of the inorganic world seems to carry 
meaning. How can matter take forms of such 
order and beauty? 

If crystals were as rare as the fine specimens 
in the museum cases, or the cut gems of the 
jeweler, we might defer answering this question. 
The study of crystals would be a small corner 
of the study of matter, to be entered after we 
knew all the rest of the broad sweep. But this 
apparent rareness is an illusion. Nature has 
grown her beauties over the long span of geo- 


| 


8-10 Alarge group of gypsum crystals from a lead mine in Mexico. This group is over a meter high, but even the tiniest sample of gyp- 
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sum that you may grow on a microscope slide will show the same crystal structure when viewed under a lens. 


Given 


the proper conditions and a sufficiently long period of time, comparable structures can be produced by man in the laboratory. 


Crystals of sodium bromate. Similar, well-formed crystals 
may be grown in a few days’ time in your basement 
or refrigerator. These are regular tetrahedrons grown on 
seed crystals tied to a length of string. 


logical time, out of materials like quartz which 
need the conditions of the hot, compressed 
layers beneath the earth. But anyone in his 
basement can grow a fine, large crystal in a 
Mason jar out of a solution of commonplace 
chemicals such as sugar, alum, or sodium bro- 
mate (Fig. 8-11). Patience need be measured 
only in days, not eons. A wide variety of sub- 
stances will form crystals, once the proper con- 
ditions have been established. So crystals, even 
large ones, are not simply the result of unknown 
geological action. 

Small crystals are common. The microscope 
will show the crystallinity of salt or sugar or 
baking soda. More than that, every piece of 
metal, like almost every mineral substance 
down to the clay and sand of the soil, is simply 
a compacted mass of tiny crystals, whose regu- 
larities can be disclosed by the right sort of 
examination. In a sheet of aluminum the 
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8-12 Crystals are hidden in many common substances. An aluminum plate (left) was treated with an etching solution to reveal lines of 
crystallization (center). This structure is the result of cold-rolling the aluminum stock, which stretches small crystal domains along 
the material. At the right is a similar sample that was heated to very near its melting point for a considerable length of time be- 
fore etching. An intricate pattern of crystal domains can be seen to extend completely through the 3-mm thickness of the plate. 
The larger pattern segments are more than a centimeter in length. The etching process removes entire crystal filaments, leaving 
parallel crystal faces to reflect light. With some metals, the crystals will be large enough to be seen without aids; with others, the 


8-13 


crystals must be viewed under a lens. 


A photograph (magnification 6.5X) of a piece of zinc. The 
fanlike group of crystals stands out clearly because, owing 
to the natural roughness of the specimen, it is on a plane 
slightly above the rest of the material. The basic crystalline 
form is not apparent in the darker regions because they are 
in different planes. This is but one possible illustration of 
the fact that metals do occur as crystals. 


crystal structure can be brought out by treating 
with acid. The acid corrodes the various faces 
of the aluminum crystals at different rates. The 
resulting texture is visible in reflected light, and 
the crystals can be seen, distorted into long 
fibrous blocks by the rolling out of the sheet in 
the mill which reduced it from a thick ingot. If 
we heat a sheet of aluminum and allow it to re- 
main very hot for some time, it will recrystallize 
into a jumble again, but now the slowly grown 
crystals are larger and clear to see. The beauti- 
ful patterns they make are displayed in Fig. 
8-12. Under the microscope similar crystal 
patterns may be revealed by etching any sample 
of metal (Fig. 8-13). Metals, then, are really 
crystals, like the mineral specimens. 

The symmetric natural crystals of quartz are 
large. They were grown slowly, and free from 
disturbing influences. The jumbled crystals of 
rock or of metals are not different, but have 
been forced to conform in their outlines to the 
neighboring crystals pressing in on all sides. 
The crystallinity is revealed in the local uni- 
formities. Each little face maintains a kind of 
identity of its own. 

The crystal state is so widespread we cannot 
put off an effort to understand it. It is easiest 
to work with crystals large enough to see and to 
handle, but the results we shall cite hold for 
crystal grains too. 


8-15 The Geometry of Crystals 


The smooth faces of crystals vary a great deal in 
size and in shape. The true simplicity of crystals 
was pointed out by contemporaries of Newton, 
like his English rival, Robert Hooke, and the 
Danish physician Nicolaus Steno. The angles 
between corresponding faces on every crystal 
of a given substance are always the same. Dif- 
ferent substances have, in general, different sets 
of angles. For any one substance the angles are 
always characteristic. Of course, if you knock 
a chunk out of a crystal, you will not recognize 
the crystal faces on the irregular chunk. Micro- 
scopic measurements, however, show the char- 
acteristic angles between the many little facets 
along the break. Something internal fixes these 
angles. 

Press the edge of a razor blade against the face 
of a soft crystal. There are some directions 
along which the crystal splits easily, displaying a 
smooth plane on each of the two new surfaces. 
Such planes of easy cleavage bear relative direc- 
tions which again are characteristic of the sub- 
stance. Mica is a good example. It splits into 
thin, smooth sheets. Even the hard diamond is 
usually split along such a cleavage plane by a 
single blow at an early stage of working it into 
a gem. 

Today we have a theory for crystal structure. 
Two French crystallographers of the last dec- 
ades of the eighteenth century put it forward in 
somewhat different forms. Suppose a crystal to 
be a uniform stack of identical little blocks. 
These need not be shaped like bricks, with rec- 
tangular corners. They may have one of the 
shapes into which the crystal can be easily 
cleaved. For the familiar mineral crystal cal- 
cite, called Iceland spar for the region where it 
was first found, these cleavage shapes are 
rhombic (Fig. 8-14). From such “bricks” any 
shape can be built, its faces being either plane 
or stepped, but if the bricks are small enough, 
the steps will be too small to be seen. Any shape 
can be approximated by piling up these natural 
bricks, but wherever a plane face exists, it must 
bear one of a small number of angles to some 
other recognizable plane face. How plane faces 
large enough to be directly visible form out of so 
many tiny subunits is, of course, far from obvi- 
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Rhombohedral crystals of Iceland spar, a transparent 
variety of calcite, showing the planes of cleavage. (Cour- 
tesy: Ward's Natural Science Establishment.) 


ous. The little subunits must somehow tend to 
fill in gaps and irregularities in the process of 
slow crystal growth. But once the plane face is 
found, its relation to other such faces depends 
upon the nature of the units. 

Moreover, not all angles are possible in such 
a structure. To see why, look at Fig. 8-15, 
reproduced from the drawing made by Rene 
Haiiy and published in Paris in 1784. The face 
of the crystal is always made up of steps. The 
angles are determined by the number of blocks 
making up the “tread,” compared with the num- 
ber forming the “riser.” On this model, there- 
fore, the crystal angles should show a law of 
multiple proportions: for example, one riser 
unit, two riser units, or three riser units com- 
bining with a particular number of tread units 
to determine three possible angles. When we 
measure the angles on actual crystals, where of 
course the steps are not visible, we do find these 
multiple proportions in the riser-to-tread ratios. 

Such whole-number ratios, concealed in the 
more complicated geometry of angles, are con- 
vincing clues. The analogy to chemical reac- 
tions is close. There the atoms combine into 
molecules, with mass proportions which bear 
simple whole-number ratios. In crystals, the 
little units build up a crystal; the angles defined 
by the crystal faces bear relations which imply 
the same repetitive construction. Atoms are 
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8-15 Haiiy’s diagram of crystal structure. Small identical geo- 


metric forms can be stacked to make a model of any crys- 
tal. This is possible because the only angles that occur in 
crystals are those that can be formed with whole blocks. In 
this diagram, we go two blocks over and up one for each 
step. For another crystal face, we may go three over and 
up one, or four over and up one. However, we never go 7 
over and up one, or use any other such irrational combina- 
tion. (From F. S. Taylor, ‘A Short History of Science and 
Scientific Thought,’’ W. W. Norton.) 


measured by their masses; the crystal faces, by 
their relations in space. Taking the two to- 
gether, it is hard to doubt that the atoms pack 
together in space to form the building blocks 
out of which the crystals of solid matter are so 
elegantly constructed. 

We know the size and the shapes of the build- 
ing blocks well today. We have therefore modi- 
fied somewhat the idea of Haiiy. The building 
blocks are not little smooth-faced bricks, as he 
thought. Instead, they are the more or less 
complicated shapes of the atoms or molecules 
of the crystalline substance. But they pile up, 
by their mutual attractions, into a uniform pile, 
just like the virus particles of Fig. 8-2, which 
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form a tiny crystal with its symmetry and its face 
angles easily visible. With less complex crystals, 
the units of which may be single atoms as in 
diamond, or groups of atoms as in salt, or mole- 
cules of modest size as in sugar, the story is the 
same. The geometrical grouping of the indi- 
vidual atoms determines the shape of the visible 
crystals. (See Fig. 8-16.) 


Order and Disorder 


A crystal is a collection of fundamental atomic 
or molecular units arranged in a pattern which 
is repeated regularly in space. These repeated 
spatial units are called the unit cells of the 
crystal lattice. 

Somewhere the crystal has boundaries. Near 
them the internal conditions are a little differ- 
ent, for they lack layers of neighboring cells to 
surround them. So the surfaces of solid matter 
differ from its interior, Even in the interior, the 
assembly is not likely to be perfect. Sometimes 
a stray atom will be included in the lattice. In 
other places, a hole will be found; the needed 
atom is missing. Entire lines and planes will be 
missing here and there. At such points the 
lattice adjusts and conforms to what is present. 

We can even see why the law of constant 
chemical composition does not apply to all sub- 
stances. In brass, a substance formed by melt- 
ing copper with zinc, the zinc atoms can fit into 
the same lattice frame as the copper, for they are 
quite similar in size and in the attractions they 
have for their neighbors. Although a less simi- 
lar metal atom, say iron, could not be squeezed 
in without bulging and distorting the lattice, the 
zinc and copper atoms can fit more or less at 
random into the crystal. A sample of brass can 
have more or fewer copper atoms per zinc 
atom, depending on how it was prepared. Con- 
sequently, the law of constant chemical compo- 
sition does not apply. As we remarked earlier 
in the chapter, alloys like brass frequently have 
variable composition. 

Some apparently solid substances do not 
show such a regular ordering. The forces which 
tend to produce the regular order of molecules 
are too weak to enforce it during the compli- 
cated processes in which the atoms group to 
form the solid. These substances are called 
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The shape of crystals is determined by the relative placement of the crystal units. In (a) we see a two-dimensional ‘‘crystal’’ made 
of hexagonal tiles. The figure shows how identical small unit ‘‘cells’’ fit together, forming definite angles between the boundary 
edges 1, 2, 3, 4, and 5 of the large crystal. Depending on the nature of the units they can fit together only at certain definite dis- 
tances and directions from each other. The vectors A and B are the displacements between corresponding points in neighboring 
building blocks in the crystal. All the characteristic edge directions are made of some small whole number of A plus some small 
whole number of B. Edge 1 is in the direction 2A +B; edge 2 is in direction B; 3 in direction A + B; 4,A;5,A + 2B. In (b) unit 
cells of different shapes will give the same angle between the boundary edges if the displacement vectors A and B between cor- 


responding parts of neighboring cells are the same. 


amorphous. Lampblack is an example. An- 
other common class is represented by glass. 
Unlike ice or any crystal, glass does not melt at 
a well-defined temperature. Instead it first 
softens, then flows. Some plastics, many parts 
of living matter, and a few other substances like 
tars fall into this class. The atoms of glass form 
a pattern rather like a distorted crystal. Plastics 
and similar substances are made of long mole- 
cules which tangle like a plate of spaghetti. 
These materials are sometimes regarded as not 
being solid. Even hard glass will flow, like tar, 
though only very slowly, over decades. But a 
swift blow will shatter both glass and tar. 
Liquids, like water, motor oil, or syrup, flow 
even more easily. Yet it is known from X-ray 
study that neighboring molecules of these 
liquids are arranged in a crystallike order. 
Here, however, the order is local, extending over 
only a few atoms or molecules before it is lost. 
The liquid state is less fully understood than are 
the orderly crystals of the solid state of matter. 
We can now begin to understand the differ- 


ences between soot (lampblack), graphite, and 
diamond. In each substance the same atoms 
are found, but are arranged differently in space. 
Soot is the excess of carbon particles left when 
a substance is burned. In the residue, there are 
large and frequent spaces, and the tiny bits of 
carbon have no set shape or orientation. On 
the average, the carbon atoms are far apart; 
groups which are closely tied together contain 
few carbon atoms, and the weak structure is not 
ordered over any long distance even on the 
atomic scale of size. 

Graphite, on the other hand, turns out to bea 
highly ordered array of carbon atoms lying in 
loosely coupled sheets (Fig. 8-17). Within the 
sheets the atoms lie in a close-spaced regular 
array, and each sheet stays together and in order 
despite considerable pushing. These sheets are 
farther apart than the atoms within a layer; and 
the forces tying layers together are weaker than 
those tying atoms together in one layer. It is 
difficult to push one layer through another, but 
it is easy to slide one layer over another or even 
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8-17 Above is the structure of diamond, the hardest substance 


known to man. At right we see the structure of graphite. 
Both of these substances consist of the same element, car- 
bon. In diamond, the atoms are closely packed. In 
graphite, the atoms occur in spaced layers. From this we 
can see why graphite is useful as a lubricant—the layers 
can slide over one another easily. We would not expect 
this effect in the case of the diamond. The structures do 
not answer all questions, however. For instance, there is 
nothing in the structural pattern of graphite to indicate why 
it is dark in color or why pure diamond is water-clear and 
brilliant. The layers of carbon atoms in graphite are spaced 
2 or 3 angstrom units apart. (From Linus Pauling, ‘‘General 
Chemistry,” 2nd Ed. Copyright 1949, 1950, 1953, W. H. 
Freeman & Co.) 


off another. Graphite, therefore, feels (and is) 
slippery, and we use it to lubricate locks. It is 
also used in pencils because the black graphite 
slips easily onto paper. To feel the difference 
between lampblack and graphite, don’t use the 
graphite in a “lead” pencil; it is mixed with too 
much clay. You can get reasonably pure 
graphite at hardware stores. Because of its in- 
dustrial importance, pure lampblack is also 
easily available. 

A sample of diamond is more expensive, but 
small diamonds are more common than most 
people imagine. They are used as the hard cut- 
ting, grinding, or bearing surfaces in many in- 
dustrial processes. They form the needle tips of 
some phonograph pickups. While graphite is 
approximately a collection of two-dimensional 
lattices tied together loosely in the third dimen- 
sion, diamond is a close-packed three-dimen- 
sional lattice of carbon atoms (Fig. 8-17). 
While we can collect soot over a burning match 
and turn it into graphite quite easily under 
sufficient pressure and heat, we can produce 
only small diamonds, and these with difficulty. 
Over the immense span of geologic time, how- 
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ever, nature has occasionally provided the 
proper conditions to form both graphite and 
large diamonds. 

We make graphite and diamonds by repro- 
ducing the conditions under which we believe 
these materials were made in nature. Our suc- 
cess is evidence for the accuracy of our ideas 
about the origin of these substances. 


A Brief Summary 


It is possible to draw a fairly good analogy 
between printing and the atomic picture of 
matter. In printing, the “elements” are the 
twenty-six letters, with the space and the punc- 
tuation marks, Every printed character is an 
“atom,” and each atom belongs to just one of 
the elements. All the atoms of an element are 
very much alike, but not necessarily identical. 
A capital A and a lowercase a may be regarded 
as “isotopes” of the first element. Some meth- 
ods of analysis—say reading out loud—would 
not find any difference between them, just as 
chemists can hardly manage to separate iso- 
topes. Molecules of every size are found; 


words, sentences, even books, all spelled of 
letters in a particular and proper order. Crystals 
go a bit beyond the analogy, but it is not hard to 
imagine how it might be extended. 

In a way, the chemist and the physicist have 
faced matter somewhat as though it were an ex- 
traordinary cryptogram, a coded message in 
print. They have cracked the code, cracked it 
so well that we can begin to use it ourselves. 
With more and deeper understanding of the 
rules of the atomic grammar, and of its logic, we 
shall be able to produce unheard-of combina- 
tions of elements to make drugs or fibers of a 
wholly new kind. Even now, we undertake the 
task of forming new elements and of modifying 
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familiar substances like metals into new forms 
of enormous strength or hardness. The prop- 
erties of these substances are the most stringent 
test of our understanding: we make them to 
order, and they will not turn out as we expected 
unless we have the right code. 

We conclude this chapter with an essay. Our 
concentration on understanding the basic struc- 
ture of matter—on seeking evidence for atoms, 
on determining their sizes—has shut us off from 
an awareness of the wider possibilities of the 
study of matter which the chemist knows so 
well. We cannot leave this fascinating subject 
without allowing you at least a glimpse of this 
great domain of modern chemistry. 


An Essay 


The Structure and Properties of Molecules: A Distant View of Chemistry 


So far we have discussed atoms, molecules, and crystalline aggregates of these tiny 
units. But our interest has been somewhat narrow: we have pressed hard to find 
proof for the atomic nature of matter, and tried to make it sure by estimating the 
size of atoms. We know that atoms, too, have a structure, but we have been pic- 
turing little spheres or small clumps of them as our units. In the marvelous crystal- 
line world obvious in the jeweler’s window or hidden in the kitchen pots and pans, 
we took up the ordered arrangements of great crowds of atoms or of simple mole- 
cules. This is the viewpoint of a physicist. 

But the chemist too is justly proud of his knowledge of atoms and molecules. 
Though the two sciences differ in tradition and technique, they merge into one in 
the domain of molecules. The differences still color their interests: the chemist 
knows and manages many examples, even complex ones; he aims at the variety 
and interconversions of molecules. The physicist knows few molecules, but those 
he wishes to analyze down to their very depths. It was, in fact, the chemists ofa 
century ago who first came to know of atoms in a workmanlike way, long before 
they could measure their size or judge their inner nature. This is not a course in 
chemistry, yet we cannot avoid placing here in this long section a simplified and 
hasty account of what the chemist has learned, for everyone who studies physics 
must know something of how far the chemist has taken the study of molecules. 
This section is not like the rest of this volume; here we shall be swift, we shall omit 
many important lines of evidence, we shall be incomplete and often not even con- 
vincing. For our plan is to look from a distance into the great domain which 
belongs to another science. If you have studied some chemistry, there will be little 
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new here for you, but simply a reminder of what parts seem to us to belong in the 
picture. If you have not studied chemistry, you cannot really make up for that 
by reading a few pages. Yet we hope you can find here, not the full arguments, 
but a kind of physicist’s pencil sketch of the chemist’s finely printed and richly 
colored map of the molecular world. 

The chemist’s skill and joy is in understanding molecules well enough to take 
them apart and put them together again. Simple ones, like HzO or COs (the 
carbon dioxide in the gas we exhale), are written in the primer of his science, but 
his range is far wider. We have used stearic acid to form a tallowy monolayer. 
The formula for stearic acid is a more complex one than those we commonly see. 
It may be written as CygH3602. Common table sugar is written as Cy2H220)1. 

In the English language the same letters, in different proportions, spell different 
words, as you can see in /00, toot, to, tot. Molecular “spelling” follows similar 
rules. Properties as different as those of sugar and of tallow arise from the differ- 
ences between molecules all built of three kinds of atoms—C, H, and O. The 
molecules differ because the proportions of C, H, and O are different. 

In addition, molecules may differ even when they contain the same proportions 
of the same elements. Just as the same letters in different order can spell different 
words—arch and char, for example—so molecules can differ if the same atoms are 
put together in different three-dimensional patterns. The molecular clump has a 
definite geometrical shape. Not only the number of atoms and their kind deter- 
mine the properties of a substance, but even differences in the arrangements of 
atoms in space are important. Learning the structure of molecules is one of the 
main goals of the chemist. 

One example out of very many known cases will illustrate the differences in 
structure and in properties that can exist when we have not only the same propor- 
tions but even exactly the same numbers of atoms in different molecules. It is 
supplied us by two molecules in which C, H, and O combine according to the 
formula C2H¢0, ethyl alcohol and dimethyl ether. They are shown in Fig. 8-18. 
Some people drink the first, but the second is universally considered poisonous 
to drink. (It is not even used as an anesthetic; that is a different ether.) Ethyl 
alcohol melts at —117°C and boils at +78.5°C, while dimethyl ether melts at 
— 138.5°C and boils at —24°C. (Here °C stands for degrees on the Celsius or 
centigrade scale of temperature, which is discussed in Chapter 9. Recall that 
zero Celsius is the freezing temperature, and 100°C is the boiling temperature of 
water.) 


H H 


H-— C—— C ——0 ——H 


8-18 Ethyl alcohol and dimethyl ether molecules have the same H H stil Glechol 
nine atoms in the same proportions, but are different com- ¥ 
pounds with different properties. Such pairs are called H H 


‘‘isomers."' 


dimethyl ether 
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Organic Molecules 


The chemistry of the compounds of carbon is often called organic chemistry, 
because such compounds were known long ago as products of living organisms. 
For more than a century carbon compounds have been made in the laboratory 
in enormous variety. The history of the chemistry of organic compounds can 
boast of ingenious reasoning which beats any detective story. 

Analysis into atoms, which we have discussed, is the final result of chemical 
analysis. But the intermediate steps are just as important for unraveling molec- 
ular structure. The chemists found that they could prepare thousands of com- 
pounds of carbon, which had once been thought to be exclusively products of 
life. They found many examples of compounds with the same atomic propor- 
tions, the same atomic formula, that still have quite distinctly different properties. 
Such different compounds can all be broken down into the same elements. 
However, if the analyst proceeds carefully, he will not break down his compound 
all at once, but will go step by step. The kind of product he obtains at each inter- 
mediate step will depend on the specific compound he begins with. Similarly, 
compounds with the same atomic formula are distinguished by the way in which 
they can be synthesized. The different compounds can be synthesized only by 
quite a different series of steps. Consequently, chemists inferred that atoms 
appear in molecules in certain definite groups and can be split off in similar groups. 
Finally, they decided that these groups must represent actual arrangements in 
space. In this way they mapped out many molecules, some even in their full 
three-dimensional shapes, without knowing any way to determine the size of a 
single atom or molecule. 

It became possible to write out molecular formulas in ways which more and 
more closely suggested the molecular structure in space, such as these for stearic 
acid: 


CigH3602 CH;(CH»2);,COOH 
molecular formula formula showing atomic grouping 
or by the “stretched” formula, which follows. 


Tee ee Ee ee ae eae O 


H H H H H H H H H H H H H H H H H \ 


stretched formula 


Nowadays chemists make small three-dimensional models showing how atoms 
fit together, and they find great order, but by no means any monotony, in the 
result. A conventional model of the stearic acid molecule is shown in Fig. 8-19. 
The atoms are represented as balls of definite size. X-ray evidence, for example, 
indicates that the spacing of atoms in molecules tends to be characteristic of just 
which atoms are present, and what neighbors they have. Although there are 
small deviations in actual spacing, balls of definite size make a good model. 

It is not too hard to believe that the plastic or wooden model of a molecule is 
not any more like the molecule itself than the model of a Spanish galleon is like 
the real ship. The scale is of course vastly different, and the model is static while 
the real thing moves, as a whole, and internally. The parts of the model are solid 
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CH,(CH,),4 COOH 


et 


8-19 Models of the structure of molecules of stearic acid (bottom) 
and acetic acid. In the left-hand end of the stearic acid, a 
carbon atom (black) is surrounded by three H atoms (white). 
Extending to the right from this CH3 group is a chain of 16 
CHe groups—carbon atoms surrounded by two H atoms 
apiece. At the right, the chain ends in a COOH group. 
(The oxygens in the model are gray.) Acetic acid has the 
same two end groups linked together directly. 


and featureless; the real one has internal structure of a special kind. The geom- 
etry alone is correct. The wonderful result is that the chemist has found that 
real atoms, like the smiall balls of his models, do hang together in particular shapes 
with definite distances between their centers, and with specific directions at which 
they are attached to special neighbors. With these facts he can go a great way 
toward predicting what molecules he can make, how he can make them, and what 
chemical, optical, and mechanical properties his molecules will have in large 
samples. 

For about a century, organic chemists studied manifold analyses and syntheses 
without any important aid from physicists. Physicists could not then point out 
the many paths now known to the direct study of molecular structure. Today, 
the purely chemical method (drawing inferences from the chemical reactions 
among molecules) and the physical ones (using X rays and electron beams to 
demonstrate the actual geometry of the molecule) are fused. In this domain of 
science, chemists and physicists are hard to tell apart. With their combined 
techniques, estimates of the spacing of atoms can be made as precise as three 
significant figures. As a result, we know the actual spatial arrangement of some 
molecules more accurately than we can build models like those of Fig. 8-20. 
Again the story is an extraordinary tale of creative thought, of inspired conjecture, 
and of hard, painstaking testing of ideas. 

In some cases, when he knows the structure of the molecules, the chemist can 
understand their properties. In stearic acid, for example, he recognizes the group 
COOH on one end as carrying an acid property; it is highly soluble in water. The 
other long portion, a chain of seventeen carbon atoms, each bearing two hydro- 
gens, plus one final hydrogen terminating the molecule at the other end, he rec- 
ognizes as a relative of the main constituents of paraffin wax. The acid end is 
attracted by water molecules; the waxy end is repelled. He is therefore quite 
prepared to see the stearic acid form a monolayer on water. In the monolayer, 
all the molecules are standing on end, each with its acid head buried in the water 
surface and its waxy tail protruding a couple of dozen angstroms out into the 
air. More detailed studies show that the long chain of atoms in each molecule 
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8-20 Models of two small molecules: water (left), and oxygen. 
The scale of all these models is such that the diameter of an 
‘tH atom’’ represents about 1.6 x 10-19m. The colors 
are of course chosen arbitrarily. 


actually is joined to the neighboring chains. As a result of this coupling each 
chain stands tilted with respect to the water surface as we mentioned before. This 
sort of understanding is the aim of the chemist for each of the substances he can 
study. He still has much to do. He cannot yet tell us very clearly why a muscle 
fiber contracts, or how cell extracts can ferment sugar. But the answers to more 
and more such questions come month by month. 


The Chemistry of Life 


The chemistry of life is the most complex and, for us who are living beings, 
the most interesting chemistry. In the last decade or so, real progress has been 
made in understanding and even in mapping out the structure of the complex 
substances of which our bodies are made. Fats and sugar are not very simple, 
but for the analyst of biochemical molecular structure they are warming-up 
exercises compared to substances like the simple protein insulin, the powerful 
drug which controls diabetes; or albumen, the material of egg white; or the serum 
of blood. For such substances, a model of a molecule does not show just a repe- 
tition of a lot of carbon atoms, each with two hydrogen side arms. Like many 
other molecules, these proteins are built of groups of atoms, groups which exist 
separately as well as in combination. The groups themselves are moderately 
complex combinations of a dozen or so atoms, and a dozen or two different groups 
are put together. When the groups join to make a protein, they string out into 
a long helix (Fig. 8-21), a coil perhaps thousands of turns long. Along the helix 
the order of the groups must follow a certain complex sequence, just as the words 
in a book must be properly arranged to make sense. In the very simple protein 
insulin, the first one ever analyzed (by Sanger and his co-workers at Cambridge 
University, England, in the first ten years after World War II), the helix is made 
of two parallel strings of groups, each a couple of dozen groups long. Let one 
or two of these be misplaced, and the powerful action of insulin on living cells 
is lost. 

The formula for CO, is a few letters long; that for stearic acid, something more 
like a long word; for insulin, something closer to a long sentence. For the 
wonderful molecules of the nucleus of the cell, those we believe carry the inherited 
traits that make one cell or one animal or one person differ from another, the 
formulas would fill a big book. Each such molecular “book” is no less than the 
recipe for the full inheritance of a living being. 

Here is one of the most exciting branches of science today; the frontier beyond 
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which physics, chemistry, and biology meet; the problem of the structure and 
the function of the molecular patterns of living things. For the men and women 
who have these interests this is a happy time in history. Earlier, the tools which 
made this kind of subtle study possible had still to be forged. Today, the puzzle 
remains to be solved. But in this generation or the next, this problem seems likely 
to find its solution. But if the history of science is a valid guide, there will always 
be another puzzle, equally fascinating and challenging, awaiting the proper 
combinations of interests, tools, and ingenuity. 


8-21b The ‘‘skeleton"' of a protein molecule segment like that of 
Fig. 8-21(a). The diagram shows the relative sizes, posi- 
tions, and bondings of the atoms that make up a compli- 
cated protein molecule. The symbols C, N, and O repre- 
sent atoms of carbon, nitrogen, and oxygen, while the small 
unlabelled circles represent hydrogen atoms which bond the 
structure into its helical shape. The symbol R represents 
other attached structures. In which direction does this helix 
wind? (Courtesy: Linus Pauling and R. B. Corey.) 


8-21a The model shows a small section of a long protein molecule. 
In this model, almost a half-meter tall, the light-colored 
hemispheres represent hydrogen atoms, which in reality are 
about an angstrom in diameter (10—!° m). 


FOR HOME, DESK, AND LAB 


1. 


Figure 8-2 shows a crystal of necrosis virus pro- 
tein magnified about 8 x 10+ times. Measure 
the diameters of several individual protein mole- 
cules and find the volume of one molecule. Use 
the known radius of a carbon atom, about 10-19 
m, to find the order of magnitude of the number 
of atoms in the virus molecule. 


Why are you sure that there are more than 200 
atoms in a spoonful of water? Use the evidence 
of your senses, not some numbers or sizes some- 
one else tells you. 


Suppose that in repeating the stearic acid experi- 
ment you used an eyedropper which gave you 
about 25 drops per cm, instead of 50. What part 
of your data would you expect to be different 
from the data in your text? Show that you would 
still get the same result for the thickness. 
(Section 2.) 


A student performs an experiment with mono- 
layers. He mixes 5.0 cm of oleic acid with 95 
cm3 of alcohol. He dilutes 5.0 cm? of this solu- 
tion with 50 cm? more of alcohol. 

(a) What is the percent of oleic acid in the 
solution? 

(b) What is the mass of oleic acid in 1.0 cm3 of 
solution? The density of oleic acid is 0.90 
gm/cm3. 

He now finds that 1.0 cm of solution in his 
laboratory dropper gives 50 drops. One drop of 
the solution on a water surface forms a mono- 
layer film with an average diameter of 32 cm after 
the alcohol has dissolved into the water. 

(c) What is the mass of the oleic acid in the 
film? 

(d) What is the volume of the film? 

(e) What is the thickness of the film? 

(f) Can the thickness be obtained if the den- 
sity is not known? 


The natural unit of oleic acid (a molecule of it) 
has a cross-sectional area of about 4.6 « 10-19 
m? and a length of about 1.12 x 10-9 m. The 
density of oleic acid is 0.90 gm/cm3. 

(a) How many molecules are there in one milli- 
gram of oleic acid? 

(b) What is the mass of one oleic acid mole- 
cule? 

(c) This molecule is made of 54 atoms of differ- 
ent kinds. What is the average mass of these 
atoms? 

(d) Give an upper limit for the mass of the 
lightest atom in oleic acid. (Make this limit as 
small as you can.) 


How would you change Fig. 8-5 to make it the 
activity-versus-time graph of an element which 


* 
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has a half-life twice as long as that of polonium? 
(Section 3.) 


In the description of scintillation counting it was 
stated that only one particle in every 109 sent out 
from the source reaches a square screen 10-1 
meters on an edge at a distance of one meter. 
Prove that this statement is true if the source radi- 
ates equally in all directions. 


From scintillation counting we know that about 
3 x 1018 particles are emitted by a milligram of 
polonium in the course of complete decay. 

(a) Assuming that one particle is given off by 
each atom, what is the mass of a polonium atom? 

(b) Now, using the approximate density of 
polonium, 10 gm/cm?, find the volume occupied 
by a polonium atom. Check with the number 
computed in Section 8-3. 


The rate of decay of a sample of radon gas is 
timed by counting its activity. On the first day, 
0.1 milligram of radon emits 4.3 x 1016 particles. 
The following readings of percent of original 
activity were found for successive days: 


Percent of Percent of 
Days Original Days Original 
Elapsed Activity Elapsed Activity 
0 100 6 34 
l 84 7 27 
2 70 8 24 
3 59 9 20 
4 49 10 17 
5 41 


(a) Plot the activity as a function of time. 

(b) What fraction of the original quantity of 
gas would remain after twelve days have elapsed? 

(c) What fraction of the radon changes in a 
day? 

(d) How many days elapse before only half of 
the radon is left? 

(e) What is the total number of particles that a 
0.1-milligram sample of radon gives off Com- 
pare this with the polonium count. 

Note: The total number can be obtained by 
using this geometric series: 


l+ f+ fPefPters — 


Here fis the ratio of the second day’s activity to 
that of the first day. You can also approximate 
the total by using the area under the curve of 
activity vs. time. 


If you had 26 grams of sodium and wanted to 
make 50 grams of sodium chloride. how many 
grams of chlorine would you need? (Section 5.) 
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In sodium hydroxide, the combining masses are 
23 grams of sodium to 16 grams of oxygen and | 
gram of hydrogen. In water, as you know, there 
are 8 grams of oxygen to | gram of hydrogen. 

(a) If water were HO. as Dalton believed, 
could sodium hydroxide be NaOH? 

(b) What possible pairs of chemical formulas 
for water and sodium hydroxide are suggested 
by these combining masses? 


Dalton determined the ratios of the masses of 
carbon and oxygen in carbon monoxide to be as 
3/4. of hydrogen and oxygen in water as 1/8, 
and of carbon and hydrogen in the compound 
methane as 3/1. Without firm knowledge to the 
contrary, he assumed water molecules to contain 
only one hydrogen atom for each atom of oxygen, 
and he asserted correctly the 1/1 ratio of carbon 
and oxygen atoms in carbon monoxide. What is 
the ratio of numbers of carbon to hydrogen atoms 
in methane as determined by these ideas? 


How many helium particles are there in 1.0 gram 
of helium gas? (Section 7.) 


In an experiment with polonium, over a two-year 
period a total of 9 x 1017 disintegrations occur, 
as measured by counting the flashes. 
(a) What was the original mass of polonium? 
(b) What mass of helium will be formed? 


How could we find out that the molecule of oxy- 
gen gas has more than one oxygen atom in it? 


A 1.00-gm sample of a compound C,H,O, was 
analyzed and found to contain 0.52 gm of carbon, 
0.13 gm of hydrogen, and 0.35 gm of oxygen. 
What would be the simplest formula which would 
indicate the relative quantities of atoms in this 
compound? 


Copper and chlorine combine in different pro- 
portions to form two compounds, No. | and No. 
2, with relative masses of copper to chlorine 
0.895 to 1 and 1.79 to | respectively. 

(a) How does this example illustrate the law 
of multiple proportions? 

(b) Which of the following pairs of formulas 
may be correct on the basis of the information 
given? 


Compound 1 Compound 2 
Cu,Cl, and CueCl, 
Cu,Cl, and Cu,Cle 
Cu,Cle and CuiCh; 
Cu,Cls and CueCl3 


How many liters of N2O will you get from 10 
liters of nitrogen and 5 liters of oxygen, if all the 
gases are at the same temperature and pressure? 
(Section 9.) 


20. 


21;% 


22.* 


23.* 


24.* 


25. 


26. 


27.* 


28. 


29. 


30. 


If the molecule of ammonia is NH3, and we de- 
compose the ammonia gas in a given volume at a 
given temperature and pressure, what will be the 
volumes of the resulting hydrogen and nitrogen 
gases at the same temperature and pressure? 


Nitric oxide (NO) will combine with oxygen from 
the air to form nitrogen dioxide (NOz). 

(a) Write the equation for this reaction. 

(b) If one volume of NO is consumed, what 
volume of Oz is consumed? 

(c) What volume of NO,» is obtained at the 
same pressure and temperature? 


If you found that 24 grams of carbon combined 
with 8 grams of hydrogen, what would be a pos- 
sible formula for the compound formed? (Sec- 
tion 10.) 


If 163 grams of zinc oxide (ZnO) decomposes 
completely, how many grams of oxygen should 
be released? (Section 10.) 


How many grams are in one atomic mass unit? 
(Section 10.) 


How many atomic mass units are in one gram? 
(Section 10.) 


The atomic masses of copper and chlorine are 
63.5 amu and 35.5 amu. Which of the pairs of 
formulas in Problem 17 (b) are correct in the light 
of this information? 


Copper, whose atomic mass is 63.54 amu, is 
known to consist of a mixture of two stable iso- 
topes. If the one of these which constitutes ap- 
proximately 30 percent of copper has an atomic 
mass of approximately 65 amu, what is the 
atomic mass of the other isotope to the nearest 
whole number of amu? 


How many molecules are in 8.0 grams of oxygen? 
(Section 11.) 


What would happen if you spilled 10-2° mole of 
marbles in the classroom? 


The number of disintegrations per second from 
1 gm of radium is used as a unit of radioactive 
source strength. It is called a curie. Radium 
has an atomic mass of about 2 x 102 amu anda 
half-life of about 2000 years. What is the order 
of magnitude of the number of disintegrations 
per second from a source of | curie? 


Considering that each atom in a metal occupies 
a small cubical volume, compare the linear di- 
mensions of this cube for the metal with the 
lowest atomic mass, lithium (density 0.534 
gm/cm3, atomic mass 6.94 amu) and those of the 


31. 


32. 


33. 


cube for the naturally occurring metal with the 
highest atomic mass, uranium (density 18.7 gm/ 
cm3, atomic mass 238 amu.) 


The density of lead is 11.34 gm/cm and the mass 
of a lead atom is about 207 amu. Calculate the 
effective volume of each atom in this solid state. 


(a) What is the mass in grams of a mole of water? 
(b) What is the volume of this mass of water? 
(c) Find the volume occupied by one water 

molecule. 

(d) The atom of oxygen in this molecule occu- 
pies about half of the volume. What is the ap- 
proximate diameter of an oxygen atom? 


You can make a two-dimensional model of a 
simple crystal, using discs like checkers. Lay 
them flat on the table so that each touches the 
edge of the one next to it, using a ruler to keep 
them in a straight line. If you let the checkers 
represent symmetrical atoms, two crystal forms 
are possible in which each atom inside the crystal 
is in contact with a group of evenly spaced atoms. 

(a) With how many atoms is each internal 
atom in contact for each of these crystal forms? 

(b) What is the angle between the natural 
crystal faces for each? 


FOR HOME, DESK, AND LAB 159 


FURTHER READING 


These suggestions are not exhaustive but are limited 
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day Anchor, 1960: Science Study Series. 
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Crystal Growing. Doubleday Anchor, 1959: Science 
Study Series. Explores the reasons for orderliness in 
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The 
nature 

of 

a gas 


EVERY SOLID or liquid can be made into a gas, 
and all gases can be made liquid or solid. For 
example, air is a gas at ordinary pressures and 
temperatures; it is a liquid under other circum- 
stances, and there is a considerable industry 
which liquefies air by cooling it. On the other 
hand, water is a liquid at ordinary temperatures 
and pressures, although a small fraction of the 
water particles exists in the gaseous state as 
water vapor, under these conditions. (What 
we call vapors are those gases whose liquid form 
is familiar.) This fraction can be reduced by 
cooling: the dew on the grass in the early morn- 
ing is simply water vapor from the cool night 
air which has changed back to liquid form. 
Even those substances which are solids at ordi- 
nary temperatures and pressures can be turned 
into gases by sufficient heating. In fact, when 
a solid burns, the flame that you see is made up 
of glowing hot particles which have left the 
solid and are now a swirling gas. 

From the study of the gaseous form of matter, 
using rather simple means, we can begin to 
understand the lines along which physics and 
chemistry have proceeded in solving the prob- 
lems of the nature of matter. How can the 
grainy structure of matter, the arrangement of 
its atoms, determine the nature of the material 
world? It turns out that the atomic and molec- 
ular nature of a gas, which we cannot demon- 
strate by neat, orderly patterns as we can with 
crystals, goes a long way in helping us under- 
stand the nature of all matter. Here we shall 
begin the story. Its completion will demand 
more study of the physics of motion than we 
have yet made, and we shall take it up again in 
more detail in Chapter 25. The picture of a gas 
that we are about to describe was the first fruit 
of the atomic understanding of matter, and in 
its image science is trying to extend its still 
growing picture of the more complex forms of 
matter. Its success is one more piece of evi- 
dence for the depth and the range of the atomic 
picture. 


Physical Models 


In order to understand the behavior of gases, 
we are going to construct a model of a gas. 
What do we mean here when we say model? 


By a model we do not mean simply a scaled- 
down replica of an object, like a ship model or 
an airplane model. We mean an idea, a pic- 
ture, a system of concepts which creative intui- 
tion and hard work lead us to think describe 
the things we investigate. For example, when 
we talk about a model of a cloud, we don’t 
mean that a small scale-model cloud might be 
made from cotton. We mean much more than 
this. Our model of a cloud is our description 
of what happens in clouds—the updrafts, the 
turbulence, the condensation, the rain and 
snow—all this in terms of what we can measure 
in the laboratory and in terms of the ideas and 
the tested physical laws which show the rela- 
tions between such measurements. When we 
make such a model, we hope our model includes 
the essential features of the physical problems 
or systems we are investigating, but we are 
equally sure it cannot include all features. No 
model is perfect: this we know from history. 
Neither an abstract model made of ideas, nor 
a tangible one of plastic and wire is fully faith- 
ful. We therefore test all models to see how 
well they represent the real thing. 

A model is tested first by examining it logi- 
cally to find the properties that the physical 
system it represents ought to have. These prop- 
erties are then sought out in the laboratory. A 
fair agreement between the properties expected 
on the basis of the model and those actually 
found is a good sign. Probably the model can 
be improved. With improvement the model 
grows more and more precise and more and 
more complete. Finally the models which have 
stood many tests, which predict many things 
well and suggest new and unexpected experi- 
ments which in their turn agree and confirm or 
extend the model—such models are the content 
of physical theories. 

It is no use to magnify a map and think it is 
the real thing, or to analyze the brass doorknobs 
of a doll house and expect the same number of 
atoms as in a life-size doorknob. Models must 
observe the proper scale. We cannot expect a 
model to be exact in a domain which is orders 
of magnitude beyond that for which it was con- 
structed. Nevertheless, the successful models 
of the physicist are better than we might antic- 
ipate. We have kept those that have withstood 
close examination, those that withstand a push 
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outside the range of magnitudes for which our 
original picture was formed. Even so, sooner 
or later, under scrutiny limitations appear. For 
example, we have given an atomic model of 
matter: all matter is described in terms of funda- 
mental units—atoms. But atoms themselves 
have an internal structure, which requires a 
different theory, a different model which is an 
extension of the older one we have discussed. 
Our models, the physical theories that we now 
have, describe much of our world. Tomorrow 
they will expand; they will become more com- 
plete and describe more and more of the natural 
world as we uncover it through experiment. 


9-2 The Molecular Model of a Gas 


When we invent any model to explain the 
behavior of the world about us, we are guided 
by the outstanding facts that we want to explain. 
In Chapter 8, we started to make a model for 
gases, and we mentioned some of their most 
striking properties: we noted that (1) gases are 
easily compressed as compared with solids and 
liquids; (2) they move about readily and one 
gas even penetrates easily through another; and 
(3) the densities of gases are low compared with 
the densities of the liquid and solid forms of the 
same substances. 

We therefore inferred that a gas might consist 
of a large number of molecules spaced far apart, 
while solids and liquids consisted of the same 
atoms and molecules jammed close together 
(Fig. 9-1). Let us now reverse our procedure. 
We shall start with the molecular model and see 
how it might account for the properties of gases. 
In order to account for these properties, we shall 
add one more essential feature to the model. 
We shall find that the molecules must be in 
motion. 

The molecular model of a gas is simply de- 
scribed. The molecules of the gaseous sub- 
stance are the units. If the gas is simple, the 
molecules may consist of only single atoms. 
Unlike the atoms or molecules in a crystal or 
liquid, they are not in contact. Instead, they 
are far apart, as we saw in Section 8-7. Between 
them there is nothing: the void alone. If a 
solid such as Dry Ice, which is just solid carbon 
dioxide, turns into a gas at room temperature, 
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in order to maintain the gas at atmospheric 
pressure we should have to keep it in a container 
with a volume 10° times the original volume of 
the Dry Ice. Under ordinary conditions, then, 
the average spacing between molecules in a gas 
is about ten times the diameter of the molecules. 
This small density and large spacing account 
for the insubstantial nature of an ordinary gas 
sample (Fig. 9-2). 

If you recall that the molecular diameter is 
only a few angstroms, a few times 10—-'° meter, 
you will see that although the molecules are very 
widely spaced on their own scale, they are still 
closely spaced on ours. Indeed, there is no 


Gas 


Under the proper conditions any sub- 
stance can exist as a solid, a liquid, or a gas. lodine is 
represented above in each of these states. As a solid (crys- 
tal), the particles are rigidly and closely packed. As 
a liquid, the molecules are spaced apart a little and are 
capable of more motion. Asa gas, the molecules are more 
widely spaced and capable of much motion. Notice that 
the molecules are of the same size (about 6 x 10-19 m) 
in all three states. In a change of state, the space between 
molecules changes, but their size remains the same. 
(From Linus Pauling, ‘‘General Chemistry,"’ 2nd Ed. Copy- 
right 1949, 1950, 1953, W. H. Freeman & Co.) 


basic reason why the molecules should be 
spaced so closely. A gas can take on any den- 
sity; the mean spacing of molecules becomes 
larger and larger as the density becomes less 
and less. What we call a good vacuum, like 
that in a radio or picture tube, may correspond 
to a spacing of only 5 x 10-6 meter, a distance 
barely the size of the smallest object visible in 
an ordinary optical microscope. How many 
times less dense is such a gas than the ordinary 
air? 

The mobility of gases fits well with the wide 
spacing of molecules. If the molecules are 
spaced so that they cannot touch, they do not 
respond very much to one another’s presence. 
(We shall assume that they do not push or pull 
on one another across long distances.) What, 
then, maintains their spacing? Indeed, it is not 
maintained. They do not stand still, but fly 
through space like a swarm of tiny bullets. 
Occasionally they collide with one another, 
changing direction, and sooner or later they 
collide with the walls of the container. So they 
spread until they are rebounding from contain- 
ing walls on all sides. If they approach an open- 
ing in the wall, they fly on through it. If they 
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2.4 X 107m 


Molecules of oxygen ina room. A small cube of space 
shown has been enlarged millions of times to show what 
we might expect to find in such a space. - It is possible that, 
selecting other identical volumes at random, we might 
find fewer or more molecules in the various cubes. How- 
ever, it is most likely that we shall find 3 molecules of oxy- 
gen as indicated. To the right is an enlargement of one 
of the molecules. 


encounter no wall, they keep going. So they 
move out through leaks on any side. 

Can we now explain the mutual mixing of 
gases? If the gas molecules are so widely 
spaced, evidently one gas can interpenetrate 
another. Imagine a container divided into two 
parts by a tight partition separating two differ- 
ent gases. Remove the partition wall, or open 
a valve, and the flying molecules mingle, until 
finally the gas is uniformly mixed, every sub- 
volume of the container holding the same mix- 
ture of the two gases. Exactly this is observed. 

When gas is allowed to flow out of a container 
directly into an empty space, the speed of the 
molecular motion is about that of sound; this 
speed must measure the typical speed of the 
molecules. In passing through long pipes, how- 
ever, Or mixing with another gas, the apparent 
speed is much less. Here many molecules are 
jostling one another, and the motion is rather 
like that of a crowd of people pushing out of a 
small gate. Because of the bumping back and 
forth, the speed of mixing is not a fair measure 
of the speed of individual motion. The mixing 
speed should be far slower, and it 1s. 

Widely spaced molecules, moving every 
which way in empty space with speeds a bit 
faster than sound, colliding and rebounding as 
they move—that is our model for a gas. It 
satisfactorily accounts for the low density, the 
mobility, and the intermixing of gases. 

That all matter can be vaporized also fits the 
model. Every solid or liquid can be taken apart 
into its constituent molecules or atoms. When 
the attractions which cause them to fit into more 
or less close-packed patterns are overcome, the 
freed atoms or molecules form a gas. Heating 
somehow frees the molecules from their neigh- 
bors and allows them to fly out in all directions. 
Under great heat, all solid or liquid compounds 
break up into gases. When hot enough, the 
molecules of the compounds break down into 
individual atoms of their constituent elements, 
forming an atomic gas, a mixture of all the 
atoms present in the sample. This is why the 
flame, the arc, and the spark produce the char- 
acteristic spectra of atoms. In even hotter re- 
gions atoms themselves break into their con- 
stituents. 

Liquefying and freezing are the opposite 
process. If we compress a gas, we can decrease 
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its volume until the molecules touch. When we 
remove heat, the newly packed atoms are frozen 
together. Attractions between the molecules 
again bind them close together. 


9-3 Boyle’s Law 


The model we have described is plausible, even 
appealing. But it must be tested on a hard task 
before it is really acceptable. The description 
of gas pressure will serve to test the model, and 
to explain many of the familiar events of life, 
from breathing to the behavior of tires. 

To decrease the volume of a gas sample re- 
quires an effort. The gas resists compression. 
On the other hand, any sample of gas increases 
in volume until it encounters resistance. Our 
model nicely accounts for this tendency to ex- 
pand. The molecules fly against and rebound 
from walls like hail; they press momentarily 
against the walls (Fig. 9-3). This succession of 
momentary shoves is the pressure that pushes 
the walls away and resists compression. 

The push exerted on a wall is perpendicular 
to the wall. The molecules fly at the wall from 
all directions, so any push of one molecule from 
right to left is countered by a push of another 
molecule from left to right. But all of the mole- 
cules press outward against the wall; and there 


9-3 The continual motion of the molecules of a gas causes col- 


lisions not only between molecules, but also between the 
molecules and the sides of the container. The push of these 
molecules upon the sides is the pressure of the gas. 
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is no counterforce pressing inward unless the 
wall supplies it. 

Does the push on the wall vary from point 
to point? If the gas is uniform, the average 
number of molecules striking each unit area will 
be the same everywhere, and the gas will push 
impartially outward in all directions. Of course, 
if more molecules hit one area than another, this 
area is pushed harder, but there are so many 
molecules hitting any appreciable area that such 
effects smooth out in a very short time. Only 
the size of the area pushed should matter. In 
fact, the amount of the push is proportional to 
the area receiving the molecular hail. The uni- 
form perpendicular push per unit area is what 
we call the pressure of the gas (Fig. 9-4). It is 
an important quantity which we can measure by 
balancing it against the pull of gravity on some 
standard masses. 

Experimentally we can investigate the pres- 
sure exerted by a confined gas in the following 
way: Mercury fills the bottom section of a tube 
which is open on both sides to the air (Fig. 9-5). 
The height of the mercury is then the same in 
both sides of the tube. The right-hand side of 
the tube opens into a gas space Vo of a definite 
volume. A valve allows us to close this volume 
off from the air outside. Furthermore, through 


9-4 Pressure is the push per unit area. The piston on the left 


has four times the area of that on the right. The left-hand 
piston is subject to the same gas pressure, but it holds up 
four times the mass because it is struck by four times 
as many molecules each second. The same amount 
of mass is held up by each unit area. 


9-5 


9-6 


Apparatus for investigating the pressure of a gas. When 
the valve is open, the level of the mercury is the same on 
both sides of the tube. We can put an additional definite 
number of molecules in the space Vo through the tube on 
the right. 


extra height 


Ll valve shut 


mercury 


We have added additional molecules to the space Vo and 
closed the valve. The mercury column rises on the left, 
measuring the extra pressure. 


the tube with the valve in it, we can force addi- 
tional amounts of gas into the space Vo. 
Suppose we take a plastic bag of a definite 
volume, say for instance the volume Vy. When 
the plastic bag is full of air and opened to the 
atmosphere, it contains a definite number of 
molecules (actually V,/Vo times the number of 
molecules already present in Vo). We now at- 
tach the plastic bag to the end of the tube shown 
on the right of Fig. 9-5. We squeeze the gas 
out of the bag until it has all been forced into 


the volume Vo. By closing the valve, we can 
keep the gas compressed in that volume, which 
now contains more molecules than before. The 
bombardment of the surface of the mercury in 
the right-hand vessel is increased because there 
are more molecules in the same volume. The 
extra pressure shoves the mercury down on that 
side; and therefore the mercury rises on the left 
(Fig. 9-6). The extra height of the mercury on 
the left measures the extra pressure, that is, the 
pressure resulting from the bombardment of the 
extra molecules we have squeezed in. 

If we bring up another plastic-bag load of air 
and force it again into the volume on the right, 
we shall end up with two extra batches of mole- 
cules in Vp. According to our model we expect 
that the extra pressure on the mercury should 
now be doubled. Indeed we find that the height 
of the mercury on the left has risen again by the 
same amount that it did when we put in one 
plastic-bag load of molecules. We can continue 
adding known numbers of molecules to the 
right-hand volume Vo and measuring the rise of 
the mercury on the left. With these measure- 
ments we find that the pressure rises in direct 
proportion to the number of molecules in a 
given volume (Fig. 9-7). 

Suppose we do this experiment at the temper- 
ature of melting ice. At that temperature we 
know the number of molecules of any gas 
occupying a given volume at atmospheric pres- 
sure. In Chapter 8 we learned that a mole 
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volume, as measured at the temperature of melting ice. 
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(6.02 « 1073 molecules) occupies 22.4 liters at 
this temperature; and so there are 2.70 x 1025 
molecules/m3. Consequently, we know how 
many molecules we have put into Vo. For ex- 
ample, if Vp, the volume of a bag, is | liter (that 
is, 10-3 m3), each bag load is 2.70 ~« 1025 mole- 
cules/m? x 10-3 m3 = 2.70 x 1022 molecules. 
We find the pressure which the molecules exert 
by measuring the extra height of the mercury 
column on the left. At the temperature of melt- 
ing ice we find that when we have 2.70 x 1025 
molecules/m3 the gas pressure holds up a col- 
umn of mercury 76.0 cm high. And in general, 
since the pressure is proportional to the num- 
ber of molecules per unit volume, the pressure 
can be expressed by 


Pressure in cm height of mercury 
76.0 cm height of mercury 
— No. of molecules/m3 
~ 2.70 x 1025 molecules/m3" 


In symbols this is 


AY ee N/V 
76.0 2.70 x 1025 


or P= 281% 10-24 E 


where N/V is the number N of molecules di- 
vided by the volume V they occupy, P has the 
units of cm height of mercury held up, and the 
volume V is in m3. 

In Chapter 8 we found that the volume occu- 
pied by a certain number of molecules at atmos- 
pheric pressure is independent of the kind of 
molecule. Now by using different gases we can 
see whether the pressure depends on the nature 
of the gas. With these experiments we find that 
in general the pressure depends on the number 
of molecules per unit volume but not on the 
nature of the molecules. All gases behave the 
same way as long as their densities are reason- 
ably low, that is, as long as the average space 
between molecules is large compared to their 
dimensions. 

We can repeat the whole set of experiments 
with a different enclosed volume Vj, in place of 
the volume Vo; we then get the same result for 
the pressure in terms of the number of mole- 
cules per unit volume. In this way we are 
further assured that it is N/V, the number of 
molecules per unit volume, that determines the 
pressure. 

So far we have worked only at the tem- 
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perature of melting ice. We can repeat these 
experiments at the temperature of boiling 
water. Everything comes out the same except 
the proportionality factor, which is now 3.84 x 
cm of mercury 


10-24 raplecilesta’) instead of 2.81 x 10-24 
ae mice fan) which we found at the ice 


point. Again at other temperatures the pres- 
sure is proportional to the number of molecules 
per unit volume but the proportionality factor 
differs, depending on the temperature. 

In brief, then, from these experiments, we 
find that at a given temperature, the pressure 
exerted by a gas is proportional to the number 
of molecules divided by the volume they 
occupy: 


—@9N 
P=07,, 


where @ is the proportionality factor. This is 
just what we should expect as long as the mole- 
cules do not get in one another’s way too much. 
As long as they have enough space, the number 
of molecules bombarding the walls of the con- 
tainer depends on the number that are present 
in the region next to the wall; and consequently, 
the pressure should be proportional to N/V as 
we have found. If there are twice as many 
molecules per unit volume—twice as many 
in the region near the wall—then twice as many 
will hit the same area of wall in a given time, 
and the pressure will be twice as big. This law 
of the behavior of gases is known as Boyle’s law, 
after Robert Boyle, brilliant contemporary of 
Newton, who first showed it experimentally. 
You can also demonstrate Boyle’s law by ex- 
perimenting with a particular sample of gas in 
a container closed by a piston (Fig. 9-8). By 
placing more and more mass on the piston you 
can increase the pressure on the gas and watch 
the enclosed volume V decrease. If you make 
all changes slowly, the gas stays at room tem- 
perature. Thenif you plot V/V versus the mass 
pressing down, as in Fig. 9-9, you see that the 
volume is inversely proportional to the pres- 
sure. (Remember, the container is closed so 
that only V, not N, changes.) Here you must 
remember to include the pressure of the atmos- 
phere. The bombardment of the gas in the 
atmosphere shoves down on the piston about 


as hard as a column of mercury 76.0 cm high. 
The atmospheric pressure actually varies de- 
pending on the amount of air that happens to be 
above us, but 76.0 cm of mercury is about the 
value at sea level, and it is used to define a 
standard atmospheric pressure. 

Boyle’s law fits the molecular model of a gas 
beautifully. It is just what we should expect 
if a lot of widely spaced molecules race around 
hitting the walls of a container. The model 
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9-8 Apparatus to demonstrate Boyle's law. As additional 


books (masses) are placed on the platform, the air in the 
cylinder is compressed and the height of the air column 
becomes less. The number of books used serves as 
a measure of the pressure, and the height of the air 
column gauges the volume. 


N/V 


0 ] 2 3 4 5 
Mass pressing down 
(number of books) 


9-9 Boyle’s-law curve. The data plotted in the above curve 


we obtain by using the apparatus of Fig. 9-8. Under these 
conditions, N/V does not become zero when there is no 
mass on the platform, because the pressure of the atmos- 
phere is still pushing down. 


looks good. Let us seek its limitations. Sup- 
pose we increase the pressure on our sample 
greatly. We squeeze more and more gas into 
the same volume. The density goes up. 
Finally the molecules are no longer flying about 
freely. They must touch each other a great part 
of the time, and we are outside the range of our 
simple model in which it is assumed that the 
molecules are far apart. The model is therefore 
no longer valid. When the gas is so compressed, 
the pressure against the walls will no longer 
depend upon the collisions of the moving mole- 
cules. It has become the pressure required to 
squeeze the molecules themselves into a smaller 
volume. This is a property, not of the motion 
of molecules, but of their internal structure. 
Long before the molecules are so tightly 
jammed together, the model fails; and so does 
Boyle’s law. 

At pressures of thousands of atmospheres, 
gases show marked departures from the Boyle’s 
law straight-line plot. As the pressure goes up, 
the volume decreases much less rapidly than be- 
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fore. Indeed the variation is not much different 
from the small variation of the volume of a solid 
or liquid with external pressure. The density of 
water or even Of steel really does depend upon 
how hard the molecules are packed in. At a 
pressure of a thousand atmospheres, like that in 
the deepest abysses of the ocean, water has a 
density 4 percent above what we normally 
observe. It is believed that in the center of the 
earth iron is brought by pressure to a density 
like that of lead. Normally we do not specify 
the pressure when we give the density of liquid 
or solid, because the single density we state is a 
good approximation even if we change the pres- 
sure by a large factor. 

The gas law of Boyle holds for all gases at 
low-enough densities, when the molecules are 
far apart compared to their own dimensions. 
Indeed, it holds to higher densities for gases 
with simple molecules, like oxygen or hydrogen, 
than it does for those gases with large, compli- 
cated molecules, like alcohol vapor. The in- 
vestigation of the deviations from Boyle’s law 
is one path toward a more detailed but more 
complex study of molecules. Here we shall re- 
main in the simple region of low densities. 


Temperature and Gas Thermometers 


Usually we measure changes in temperature by 
the changes in volume of a liquid, often mercury 
or alcohol. Each of these substances expands in 
its own pattern as temperature rises—and water 
even contracts a little just above the melting 
point of ice. But gases which behave in accord 
with Boyle’s law (that is, all gases in which the 
molecules are sufficiently far apart) behave ex- 
actly alike. These Boyle’s-law gases therefore 
measure temperature in a more fundamental 
way than does the expansion of other sub- 
stances, and a rational definition of tempera- 
ture can be made by using the behavior of these 
gases. 

In the last section we found that for gases at 
the temperature of melting ice the pressure in 
cm of mercury is P = 2.81 x 10-24 N/V. Here 
N is the number of molecules occupying the vol- 
ume V. At the temperature of boiling water we 
found that P = 3.84 x 10-24 N/V. In general, 
in the expression P = @(N/V) the proportion- 
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ality factor 8 depends on the temperature and 
on nothing else. In other words, at a given tem- 
perature 0, the value of PV/N is the same for all 
gases of low density, for all values of pressure 
and all numbers N of molecules present. The 
volume V they occupy always comes out so that 
@ is the same as long as the temperature is the 
same. Furthermore, @ for all these gases rises 
steadily with increasing temperature. Conse- 
quently, @ is the natural measure of temperature. 

We could choose the values of @—that is, 


cm of mercury 
(molecules/m?) 
cm of mercury 
(molecules/m?) 


2.81 « 10-24 at melting ice, 


3.84 «x 10-24 


at boiling water, 


etc.—as our basic scale of temperature. In 
effect we shall make that choice. Historically, 
however, other temperature scales were intro- 
duced earlier. Their relation to the basic scale 
is shown in Fig. 9-10. As we see there, the 
Kelvin scale is proportional to this basic scale; 
it is the same scale with more convenient units 
called degrees Kelvin and written °K. The 
centigrade scale has units of the same size as the 
Kelvin scale, but zero is arbitrarily shifted to the 
temperature of melting ice, which is 273° K or 
2.81 x 10-24 On eh mercury: on the basic gas 
(molecules/m?) 

scale. Notice that there are 100°C (or 100°K) 
between the temperatures of melting ice and 
boiling water. 

The units on these scales were chosen in this 
way for convenience. Thermometers for scien- 
tific use are usually calibrated to read the centi- 
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9-10 The relationship between the basic scale of temperature, the Kelvin scale, and the centigrade (or Celsius) scale. 


grade temperature, but we should remember 
that the zero on that scale is the result of an 
arbitrary choice. It might as well have been set 
at the temperature of melting gold. The Kelvin 
and the gas scales, on the other hand, have a 
natural zero—the absolute zero which we shall 
discuss briefly in the next section. 


9-5 Temperature and the Gas Model 


In the last section, we saw that the proportion- 
ality factor 8 in Boyle’s law leads us to a reason- 
able definition of temperature. The factor @ is 
independent of the nature of the gas. It depends 
only on the temperature as defined by the melt- 
ing point of ice, or the boiling point of water, or 
some other physical indicator. We can learn 
more about the nature of temperature if we now 
examine what @ is according to our molecular 
model of gases. Boyle’s law is 


-@N 
P=65,. 


We have already seen why it is reasonable that 
the pressure is proportional to the number of 
molecules per unit volume. Whatever else 
affects the pressure is summarized in 8. What 
then on a molecular model should be contained 
in @? Now with a given number of molecules in 
a region near a wall, the pressure on the wall 
must depend on how fast the molecules move. 
If they move very slowly, only a few molecules 
will bump into the wall in a second and they will 
not hit it very hard. If, on the other hand, the 


molecules are moving fast, many molecules will 
reach the wall and each molecule that gets there 
will hit the wall harder—just as a fast-moving 
baseball jolts you harder when you try to catch 
it than does a slow-moving one. The pressure 
on the wall, therefore, must rise if the speed of 
molecular motion rises, and fall if the speed of 
molecular motion falls. The proportionality 
factor @ in Boyle’s law contains this dependence 
on the speed of molecular motion. 

At least one more thing enters the propor- 
tionality constant 6. A cannonball and a table- 
tennis ball moving at the same speed do not hit 
a Stationary object equally hard. The more 
massive cannonball hits far harder than the less 
massive table-tennis ball. The molecular mass 
is also contained in the proportionality constant 
@. But when we increase the temperature we do 
not change the molecular mass. A bottle of gas 
at a high temperature has the same mass on a 
balance as that of the same bottle of gas at low 
temperature. On the molecular picture of gases, 
therefore, increasing the temperature must 
mean increasing molecular speeds. 

We must extend the molecular model to in- 
clude the idea that higher temperature means 
higher molecular speed. A good deal of com- 
mon experience fits in with this conclusion. 
For instance, raising the temperature usually 
speeds up chemical reactions. This agrees with 
the idea that the molecules are then moving 
faster. At the higher speeds they should hit one 
another harder and more frequently. The colli- 
sions should break apart the molecules and re- 
arrange the atoms more often; and the reactions 
should therefore take place faster. 

Furthermore, the idea that increasing molec- 
ular motion goes with increasing temperature 
should not be restricted to gases. A hot gas 
will communicate its temperature to cold sur- 
roundings, increasing the speed and vigor of the 
small motions of the molecules in liquids or 
solids and of the atoms in molecules. 

Suppose the walls of the container are made 
of metal with its atoms neatly arranged in each 
of the little crystal grains. The atoms cannot in 
general leave their lattice sites; but they vibrate 
to and fro in place like so many little balls 
mounted on springs. This incessant motion is 
measured by the temperature, no less than the 
motion of the free-flying molecules of a gas. 
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The flying molecules also vibrate internally, one 
atom against another, and spin end over end, 
tumbling as they fly. Sometimes a gas molecule 
strikes an atom of a crystal in the wall, and sets 
it into more rapid vibration. The molecule re- 
bounds, a little slowed. Sometimes a slow mole- 
cule drifts near the rapidly vibrating atom of the 
crystal lattice, receives a kick from the vibrating 
atom, and goes away faster than it came in. 
This constant exchange of the vigor of atomic 
and molecular motion is the means by which 
temperatures are equalized, and motion con- 
tinued. 

When they heat up, solids change by melting 
or even by vaporizing, if the temperature is high 
enough. The molecular motion increases as the 
temperature rises until it becomes so great that 
the atoms and molecules can change places or 
even fly apart. At the higher temperatures, the 
molecular motion is so intense that the flying 
gas molecules knock each other apart. The gas 
is reduced to atoms. That is why only the 
spectra of the elements, spectra of single atoms, 
are seen in the glow of really hot sources of light. 

When we shove the plunger of a bicycle pump 
down, the moving plunger hits the molecules of 
gas in the pump and increases the molecular 
speeds. Higher speed means higher tempera- 
ture just as much as higher temperature means 
higher speed. The gas should become hotter. 
In fact, it does; the temperature of the gas may 
rise so much that the outside of the cylinder 
feels hot. Our connection between molecular 
speed and temperature makes sense again. 
Higher temperature, higher speed. 

Lower the temperature, and the molecules 
slow down. They fly slowly about. Finally 
they move so slowly that the molecular attrac- 
tions may cause them to hold together, and not 
to rebound after collisions with each other or 
with the walls. As the temperature falls below 
100° K, air, for instance, first becomes liquid and 
then solid, its two main components, nitrogen 
and oxygen, undergoing the changes at some- 
what different temperatures. At 5°K and ordi- 
nary atmospheric pressure, there are no gases, 
and only helium does not solidify; it becomes an 
extraordinary new sort of stuff, rather like a 
liquid, but with properties not found in any 
other known substance. It is called a super- 
fluid. 
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Low temperatures favor orderliness, regu- 
larity, the careful fitting together of atoms and 
molecules. This is the deep reason behind the 
crystal and the snowflake. Order is cold. At 
high temperatures, we have the reverse. Every- 
thing is in rapid motion, all is disorder, chaos. 
Within all of this chaotic motion, the averages 
of density, pressure, and other properties re- 
main predictable. In fact, the wonderful regu- 
larities of gases depend on disorder. Gas is all 
motion and disorder; there are no regular pat- 
terns, no specific shapes or necessary densities. 
Heat is disorder. 

Life seems to require just the right mixture of 
order and disorder: it cannot function in a 
frozen state of complete and rigid order, though 
it can survive. On the other hand, it cannot 
even survive too great disorder. For the devel- 
opment of life, the temperature must be just 
right. As far as we now know, life is restricted 
to the special environment we live in, to the 
range of temperatures from about 200°K to 
400°K. This is a narrow range in a universe 
where temperatures vary from a couple of de- 
grees Kelvin in some parts of space to tens of 
millions of degrees in the centers of stars. 

When we consider atoms and molecules, 
speeds increase with temperature; order de- 
creases. No molecular motion is the least we 
can have, and no more perfect order is possible 
than a completely frozen crystal pattern. The 
natural zero of temperature, 6 = 0, which we 
get by extrapolating the behavior of gases in the 
Boyle’s-law region down to low temperatures, 
appears to correspond to zero molecular speed. 
As there is no lower speed, the zero appears to 
have an absolute significance. Zero on the 
Kelvin scale (which is the same as 8 = 0) is often 
called absolute zero. 

Lord Kelvin, the great English physicist and 
electrical engineer, gave different arguments for 
the Kelvin temperature scale and the idea of 
absolute zero. His reasoning was based on the 
general laws found to describe the operation of 
heat engines. These laws do not depend on the 
molecular picture. Consequently Kelvin’s work 
established the temperature scale and the signi- 
ficance of absolute zero independent of the 
molecular interpretation of the gas laws. On 
the other hand, the idea that there is no molec- 
ular motion at absolute zero is not so sure. It is 


attractive because of our interpretation of the 
gas laws, but in going to 0°K we extrapolate far 
outside the realm of gas behavior. The motions 
all become motions of molecules or atoms close 
together. We now believe that for such motions 
there is a least amount, and the coldest state is 
not quite so motionless as extrapolation from 
the gas laws indicates. Extrapolation to abso- 
lute zero turns out to mean something different 
from extrapolation to absolute rest. 

One unexpected result has turned up in the 
gas laws. A sample of a given number of mas- 
sive molecules and one of the same number of 
light molecules exert the same pressure on the 
walls of a given volume at a given temperature. 
The pressure depends neither on the molecular 
mass nor on the molecular nature; it depends 
only on the number of molecules present. This 
is strange, for we expect a barrage of baseballs 
to push harder than one of hailstones. There 
seems to be only one way out: for a particular 
value of temperature heavy molecules must 
move more slowly than light ones. By measur- 
ing the speeds with which molecules of gases at 
the same temperature fly through a hole from a 
gas into vacuum (Fig. 9-11), we find that heavy 
molecules actually move with lower average 
speeds than light molecules. Indeed, the ex- 
periments indicate that mv?, the average value 
of the molecular mass times the square of the 
molecular speed, is proportional to the tempera- 
ture. 

It is easy to see approximately how these 


revolving 


Ist slit cylinder 


2nd slit 


3rd slit 


Measuring the speed of molecules. Molecules emerge 
from the gas in the oven into a vacuum and are formed into 
a narrow beam by the second slit. The third slit permits a 
short burst to enter the revolving cylinder. Because the 
cylinder is revolving, the molecules do not land directly op- 
posite the slit. Using the position where they do hit and the 
cylinder’s rate of rotation, it is possible to compute the 
speed of the molecules. (From O. Oldenberg, ‘‘Introduc- 
tion to Atomic Physics,’"’ McGraw-Hill Book Company.) 
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differences in speed come about. Molecular 
motion is not achieved by magic. Molecules 
move because they are struck by other moving 
molecules. Massive ones are harder to set in 
motion, and the same blows will set lighter 
molecules into faster motion. This suggests, 
though it does not prove, the observed result. 

The nature of heat and of temperature is far 
too rich a tale to dismiss with these paragraphs; 
Chapter 25 will go a bit beyond our present de- 
scription. After we have studied some me- 
chanics, we shall give more detailed reasons 
showing that the temperature of a gas is propor- 
tional to mv2. Further study, which we cannot 
go into in this book, indicates that if we wait, the 
average values of mv? for different kinds of 
molecules which hit each other should become 
the same. The temperature does tend to 
equalize in just this way. In the bicycle pump, 
after compression the motions of the molecules 
in the hot gas slow down while the other mole- 
cules around speed up. After a while the tem- 
peratures of the pump and that of its surround- 
ings equalize near the original temperature of 
the larger collection of molecules. 


Brownian Motion and Noise 


On a sufficiently small scale, the density of a gas 
depends on what little volume you choose to 
consider. Here and there a molecule flies along; 
the rest of the space is empty. The constant 
density we usually observe must be an average 
one: the number of molecules in a small cube if 
we count them at different times and average the 
results. (See Fig. 9-2.) The same is true for 
pressure. The pressure we detect by weight or 
with a gauge is also an average pressure, aver- 
aged over space and over time. A quick-reading 
tiny gauge would fluctuate wildly, reading high 
when a molecule struck, low when no molecule 
was present. With such a gauge we would 
obtain direct evidence of the chaotic motions of 
gas molecules, but our normal gauges read only 
averages. 

Is there no sign of this chaos that we can 
directly perceive? Because it is all on a very 
small scale, we do not usually see the wild fluc- 
tuations. Nevertheless, the chaos of the mole- 
cules can be directly seen in a fascinating group 
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9-12 Brownian motion. Pictured is the erratic motion of a parti- 


cle as photographed once every 20 seconds. In each time 
interval, the particle moved from one point to the next. Be- 
tween photographic exposures, the particle may well have 
traveled an erratic path similar to the entire path shown. 


of experiments. The botanist Robert Brown 
was skilled in the use of a simple microscope 
such as you might well build in the laboratory. 
In 1827, using a single lens, a bead of glass, “the 
focal length of which is about 4; of an inch,” he 
was excited to see that tiny particles from the 
pollen grains of flowers constantly moved about 
in the water in which they were immersed. 
“These motions were such as to satisfy me,” he 
wrote, “that they belonged to the particle itself,” 
and were not due, for example, to currents in the 
water. He thought that these particles moved 
because they were alive, that he had discovered 
a new characteristic of life; but then he found 
that even boiled particles continued to move. 
Finally, he found, as we now know well, that 
any very small particle never stands still. This 
motion is called Brownian motion. 

We can record the Brownian motion of a 
small particle as in Fig. 9-12, where the random- 
ness and chaos of its way are made plain. About 
fifty years ago, when the nature of this motion 
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was understood, it became one of the most con- 
vincing pieces of evidence for the matter-of-fact 
reality of the molecule. 

Such a small particle behaves like a huge 
molecule. If itis big enough to see in the micro- 
scope, it is big enough to contain some 10!° or 
1011 atoms; it is really gigantic on the molecular 
scale. Whether it is in a liquid or ina gas, at any 
moment such a particle is being struck by 
swarms of moving molecules. They exert a 
fluctuating push on the little grain. Now it is 
pushed a little harder from one side, now from 
the other, and it moves accordingly. It spins, 
too, as the molecular chaos twists it about. 
From the fundamental laws of heat and from 
the mathematical theory of probability, it is 
possible to calculate just what the average mo- 
tion of such a particle should be, and measure- 
ments of its path confirm these calculations. 
The path is different only in scale from the path 
of a single molecule as it passes from collision 
to collision. It is the same kind of path that 
molecules take as they slowly diffuse, carrying 
the odor of ammonia or cooking gas across a 
room. 

In Fig. 9-13 we see little grains, heavier than 
the liquid in which they are immersed. They are 
kept up against gravity by the effect of Brownian 


Early in this century Jean Perrin carefully 
observed the numbers of small particles 
suspended at various depths in a liquid. 
He found the distribution of suspended 
particles which is illustrated here onan — 
enlarged scale. It resembles the dis- 7. - +." 

tribution of molecules in a gas. The “~~ 2.: ¥ >" 
upper particles in the suspension(orthe | ..° 2.08. * 
upper molecules in the gas) pushdown = "v.12 
on those below and crowd them to- Teh iongeey 
gether. Those nearest the bottom have 
the most particles above them and so are 
pushed closest together, with the result 
that the density is greatest near the bot- 
tom. This illustrates what happens in 
the earth's atmosphere, in which one 
half of the mass is in the first 5.5 km 
above the earth's surface. The higher 
we go, the less dense the air becomes. 


motion. They behave like the molecules of the 
atmosphere, which are denser near the bottom, 
and more dilute near the top; but in this toy 
“atmosphere” the height extends only a fraction 
of a millimeter, while the air extends upward for 
a distance of many kilometers. The height of 
the suspension times the effective mass of the 
grains regarded as molecules is equal to the 
height of the air times the mass of its molecules. 
Iron filings or even nails would also have such 
an “atmospheric” height; but as molecules they 
are so heavy that this height would be quite 
without meaning—it is less than the size of the 
filings or nails themselves, in fact an extremely 
small fraction of the size of one atom. 

Even large-scale objects show Brownian mo- 
tion; but usually it is too small to detect. It is 
small because big objects don’t respond fast and 
because so many molecules strike that their 
effects almost exactly balance in small time 
intervals. With sufficiently sensitive apparatus, 
however, we may see the fluctuations even in 
moderately large objects. In Fig. 9-14 a small 
mirror, free to turn, is shown mounted in a 
chamber which is carefully protected from all 
vibration, air currents, and other disturbances. 
It turns to and fro in a random way—another 
example of Brownian motion. Because a small 
change in the angle of the mirror can make a 
large displacement in the position of a reflected 
light beam, we can detect these fluctuations. 

The Brownian motion plainly sets a limit to 
the use of small instruments to measure small 
quantities. The beam of a balance undergoes 
Brownian motion, and this sets a limit on the 
precision with which two masses can be com- 
pared. Every pointer on every instrument feels 
this same gentle but irresistible trembling. It 
sets a general limit to the precision of measure- 
ment. In electrical measurements, it puts a 
random fluctuating signal into every circuit. 
This signal can be heard as noise, called Johnson 
noise after its first observer. It is simply another 
manifestation of the Brownian motion of the 
materials of the circuit, and it cannot be elimi- 
nated. A TV receiver in a quiet location shows 
between channels a random pattern called 
“snow,” much of which is simply the effect of 
the random electrical signals of the Johnson 
noise. It seems probable, too, that the human 
ear is just on the borderline of being able to hear 
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the Brownian motion of the air as a constant 
noise in the quietest of rooms, where only the 
random molecular motion exists. Only one 
way is known to reduce Brownian motion: cold. 
At low temperatures, Brownian motion and 
Johnson noise diminish. A thermometer has 
been made which works by measuring the noise. 

The size of the Brownian fluctuations can be 
used to measure Avogadro’s number No. If 
No were small so that molecules were as big as 
sand grains, the fluctuations we observe in the 
motion of pollen or of little mirrors would be 
large—that is, assuming the pollen and the 
mirrors do not change in size. If No were even 
larger than it is, the observed fluctuations would 
be balanced out more completely than they are. 


Demonstrating another case of Brownian motion. —Ligiit 
from the source is focused on the freely suspended mirror 
in a protective chamber. Any motion of the mirror causes 
the spot of light reflected to the camera to move on the film. 
As the film moves through the camera, the reflected spot of 
light creates a wavy track, showing that the mirror turns 
slowly to and fro. Typical tracks are shown below. 


14b During this exposure, the pressure in the chamber was 


equal to atmospheric pressure. 


14c This track was prepared under conditions similar to (b) 


except that the pressure in the chamber was reduced 
to about 1 x 10-5 of atmospheric pressure (enough to 
support a mercury column 4 x 10-3 mm high). The effect 
of the molecular collisions is now much more apparent. 


Vio vacuum pump 
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From the size of the fluctuations, the numbers of 
molecules causing the motion can be calculated. 
From detailed theory and observation of 
Brownian effects, Perrin and others in the first 
decades of this century made several measure- 
ments of No. The Brownian motions are thus 
connected directly with the molecular scale, and 
we know quantitatively that they reflect the 
thermal motion of the submicroscopic world. 

These fluctuation effects go far to confirm the 
kinetic model of gases, and indeed the kinetic 
model of all gross matter. Here is evidence that 
molecules in liquids and solids are in motion. 
They have this property in common with gases, 
whose behavior is so much simpler. The inces- 
sant molecular chaos is all but visible. 


camera 


light source 
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Gases Without Walls 


It seems a paradox to speak of a gas without 
walls. Surely such a gas would spread out 
rapidly and dissipate. In fact, however, we live 
immersed in one. The atmosphere is a gas with 
only an inner wall, the surface of the earth. 
Above the earth there is no second wall. Grav- 
ity holds the molecules of the atmosphere in 
place. In the relatively dense air near sea level, 
a molecule flies only a micron (10-® m) or less 
before hitting another molecule. At the upper 
fringe of the atmosphere, hundreds of kilo- 


meters high, the density is low; the molecules fly 
many kilometers between collisions. There the 
molecules act like so many little bullets; they fly 
in curved paths, arcing up when hit from below 
and returning downward under the pull of the 
earth. There is no sharp edge to our atmos- 
phere, only a gradual fading out of the density 
of the air. 

The star cluster of Fig. 9-15 is another sort of 
gas without walls. Its “molecules” are great 
stars; they fly about but rarely escape their 
mutual gravitational attractions. Thus it is 


with the galaxies. In a galaxy like ours there is 


9-15 The Large Cloud of Magellan. This is a satellite galaxy of the Milky Way at a distance of 1.75 X 10° light-years from the earth. 
It is similar in nature to a gas that is not confined by walls. The stars represent the atoms in the ‘‘gas,'’ although actually there 


are also atoms of ordinary gas among the stars. 


a “gas” of stars and also a gas of atoms filling the 
spaces between the stars. The motions and the 
attractions which rule these structures are the 


subject matter of astrophysics. 


The idea of a 


system without walls and without solidity is one 
which we shall meet over and over again; the 
atom itself is such a structure and the nucleus 


another. 


It is worthwhile recalling that the 


atmosphere gives us an example of how such 
things may be. 
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(a) Outline the atomic model of solids that was 
discussed briefly in the last chapter. 

(b) How is the volume of a solid related to the 
volumes of the individual atoms? For instance, 
is the volume of a solid about the same as the 
total volume of the individual atoms? Much 
greater? Much less? 

(c) On an atomic model, how would you ex- 
pect the compressibilities of solids and gases té 
differ? 


Does the shape or exact size of the molecules 
enter into our molecular model of a gas in Section 
9-27? Why? 


Suppose a | m3 sample of a gas in which the mole- 
cules are 10-9 m apart on the average expands 
until the molecules are separated by an average 
distance of 3 x 10-9 m. To what volume does 
the gas expand? (Section 2.) 


A container divided into two compartments by a 
partition contains a different gas in each compart- 
ment. Ifa valve is opened between the compart- 
ments, the two gases soon mix. What properties 
of our molecular model of a gas account for this 
mixing? (Section 2.) 


Consider a model for gases in which a gas is 
made of widely spaced molecules which are at 


rest. What phenomena does this model explain,. 


and what does it fail to explain? 


(a) What will happen when you turn a glass 
upside down and shove it down into water? 


9.* 


10.* 


11. 
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(b) Can you use this effect to reconstruct the 
reasoning that Hero of Alexandria used to show 
that air is a material substance? 


What evidence can you think of that shows the 
mobility, interpenetrability, and mixing of gases? 
As a Start, answer the questions, “How do most 
odors reach you?” and “What happens to the air 
when you move around?” 


Two students set out to determine the density of 
air. First they weigh an empty container and find 
its mass to be 20 gm. Next they inflate a limp 
plastic balloon to a diameter of 2] cm and 
squeeze its contents into the container. The con- 
tainer with the air from the balloon now is found 
to have a mass of 26 gm. What is the density of 
air from this measurement? 


What is the number of molecules in 22.4 liters of 
a gas at the temperature of melting ice and a 
pressure of two atmospheres? (Section 3.) 


What would happen to the pressure in a container 
if after a period of time 4 of the molecules inside 
became stuck to the walls? (Section 3.) 


At sea level a mercury barometer reads a pressure 
of 76 cm of mercury, and at an elevation of 1500 
meters it reads 63 cm. What is the relative den- 
sity of the air at this altitude compared with that 
at sea level? Assume that the temperature is the 
same at both levels. 


A scuba-diving tank with a volume of 12 liters is 
filled with air at high pressure and is allowed to 
cool down to room temperature. The pressure 
in the tank is measured to be 170 atmospheres 
and the mass of the tank is now 2.5 kg more than 
when it was empty. 

(a) What is the density of the air in the tank? 

(b) What is the density of the air in the room? 


To the apparatus shown in Fig. 9-5 we attach a 
plastic bag of volume Vo full of gas. We squeeze 
this gas into the gas space Vo on the right side of 
the apparatus. The height of the mercury on the 
left rises about 76cm. We close the valve on the 
right; then we attach another bag of gas of vol- 
ume Vy at atmospheric pressure. Finally we 
open the valve and squeeze the gas out of this 
bag into the volume ly. 

(a) By what additional height does the column 
of mercury rise? 

(b) With the plastic bag still attached we open 
the valve. By what amount does the column of 
mercury fall? 

(c) Why does the column fall farther than 76 
cm? 
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In a mercury barometer (Fig. 9-16) at sea level, 
the normal pressure of the air (one atmosphere), 
acting on the mercury in the dish, supports a 
column of mercury in a closed tube. 

(a) What height 4 would you expect for the 
column of mercury in the barometer? 

(b) If you go up in the air until the density has 
fallen to half its sea-level value, what height / 
would you now expect? 


empty 
{no air) 
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Does Boyle’s law predict the pressure of a real gas 
better when the volume of the gas is decreased or 
when the volume is increased? (Section 3.) 


How does the size of a centigrade degree compare 
with the size of a degree on the Kelvin scale? 
(Section 4.) 


How is zero on the centigrade scale related to zero 
on the Kelvin scale? (Section 4.) 


A flask contains air at 1 atmosphere pressure and 
20°C. To what temperature must this flask be 
heated to drive out one fifth of the molecules orig- 
inally present? 


An evacuated tank has a mass of 500.00 grams. 
When filled with hydrogen at 300°K, it has a mass 
of 500.20 grams. What is its mass when 


20. 


21; 


22° 


23.* 


24. 


25. 


(a) filled to the same pressure with nitrogen 
(molecular mass 28 amu)? 

(b) filled to the same pressure with hydrogen, 
but at a temperature of 100°K? 


(a) A gas thermometer containing helium is at 
the temperature of melting ammonia in which it 
has been immersed for some time. The volume 
of He at standard atmospheric pressure is read. 
Then the thermometer is moved into a bath of 
boiling water. The pressure on the He gas vol- 
ume is still atmospheric pressure. By what factor 
does the volume of He change? (Use Fig. 9-10 to 
estimate the temperature of melting ammonia.) 

(b) If the thermometer had a constant volume, 
by what factor would the pressure of the He gas 
change? 

(c) If we used oxygen gas instead of He in the 
thermometer, how would that affect the answers 
to (a) and (b)? 


Consider two tanks of equal volume. One con- 
tains hydrogen (molecular mass 2 amu); the other 
contains an equal mass of helium (molecular mass 
4). Both tanks are at a temperature of 300°K. 
The pressure in the hydrogen gas is 4 atmos- 
pheres. 

(a) What are the relative numbers of molecules 
in the two tanks? 

(b) What is the pressure in the helium? 

(c) If the temperature of the tank containing 
hydrogen can be changed, while the helium tank 
is kept at 300°K, at what temperature of the 
hydrogen tank would the two pressures be the 
same? 


We can compare the plunger of a bicycle pump 
to a Ping-Pong paddle. What happens to the 
speed of the Ping-Pong ball if you shove the 
paddle toward the ball as you hit it? If you draw 
the paddle back as you hit the ball? (Section 5.) 


What is the total number of molecules in a mix- 
ture of two gases in a volume of 22.4 liters at 0°C 
and a pressure of one atmosphere? (Section 5.) 


The pressure in a tube of volume 1.00 x 10-3 m3 
containing helium has been reduced to 1.00 x 
10-2 cm height of mercury at 0°C. 

(a) What is the number of molecules per unit 
volume? What is the total number of molecules 
in the tube? 

(b) The tube is immersed in liquid nitrogen. 
After a while, the pressure gauge connected to it 
settles down to 2.68 x 10-3cm of mercury. What 
is the temperature on the basic gas scale (@)? 
What is the temperature on the Kelvin scale? 

(c) If the helium were replaced by air, how 
would your answers to (a) and (b) be affected? 
(Look at Fig. 9-10.) 


Is air containing water vapor denser or less dense 


26. 


27.* 


28.* 


o Number of trials 


than dry air at the same temperature and pres- 
sure? 


When a car is driven for an extended period, par- 
ticularly in summer, the tires and their inflating 
air are heated both from the flexing and friction 
on the tires and from the warmth of the road 
surface. When the daytime temperature is 27°C, 
by what factor would you expect the pressure to 
increase with a 30°C temperature rise in the tire 
and air? 


In Fig. 9-12, we see an example of Brownian mo- 
tion. The motion of how many different particles 
is shown in the figure? (Section 6.) 


What would be the effect on the motion of the 
mirror if the temperature of the chamber shown 
in Fig. 9-14 were reduced? (Section 6.) 


Start 
Net distance in one direction 
moved in a given time 
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29. 


Brownian motion occurs because in a short inter- 
val of time a particle is hit by more molecules 
from one side than from the other. In this way 
the particle moves at random to the right or the 
left. 

(a) As a rough model of this Brownian motion, 
flip a coin and move one pace to the right if it 
comes up heads, or one pace to the left if it comes 
up tails. Flip the coin 10 times over, following 
the directions it gives you each time. Then write 
down how far away you are from your starting 
point and whether you are to the right or to the 
left. Go through this whole procedure several 
times. After 10 flips do you always come out at 
the same place? 

(b) Pool your results with those of your class- 
mates and make a plot showing (vertically) the 
total number of times that any of you came to a 
given final position against (horizontally) the 
final position measured from the starting point. 
For example, if in all the various tries you or any 
one of your classmates landed 3 paces to the left 
18 different times, you will plot a point on the 
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graph 3 units to the left of center and 18 units 
high. If you and your classmates landed back at 
the start 27 times, you will plot a point at the cen- 
ter of the horizontal axis 27 units high, etc. 

(c) Examine this plot to see where you (or a 
particle in Brownian motion) are most likely to 
end up. Should the curve be symmetric about 
the starting point? Is it? 

(d) If you measure the distances moved with- 
out regard to direction away from the starting 
point, about what is the average distance in paces 
gone in 10 flips? Would you expect this average 
to be zero? 

(e) Compare the kind of motion you have just 
studied with observations of real Brownian mo- 
tion. See Fig. 9-17 or take your own observa- 
tions of Brownian motion. Remember that the 
coin flipping, telling you which way to go, repre- 
sents chance bombardment of molecules hitting 
a Brownian particle. 


FURTHER READING 


These suggestions are not exhaustive but are limited 
to works that have been found especially useful and 
at the same time generally available. 


Born, Max, The Restless Universe. Dover. Second 
Revised Edition, 1957. Starting with a particle 
model of a gas the author leads the reader through 
heat concepts. particle counting, Avogadro’s num- 
ber, and light scattering to the periodic table of the 
elements. (Chapter 1) 

CONANT, JAMES B., Harvard Case Histories in Experi- 
mental Science. Harvard University Press, 1950. 
Includes extensive quotations from the letters and 
papers of Robert Boyle, together with a critical 
analysis of how discoveries are made through ex- 
perimentation. (Case 1) 

Davis, KENNETH S., and Day. JOHN ARTHUR, Water— 
The Mirror of Science. Doubleday Anchor, 1961: 
Science Study Series. (Chapter 3) 

EINSTEIN, ALBERT, and INFELD, LEOPOLD, The Evolu- 
tion of Physics. Simon & Schuster, 1938; paperback. 
1961. A clear description of Brownian motion in 
relation to the kinetic theory of gases. (Pages 59-67) 

Gamow, GeorGE, One, Two, Three ... Infinity. Men- 
tor Books. 1957. An entertaining and informal de- 
scription of the ideal gas model and the concepts of 
disorder. (Pages 184-219) 

Hotton, G., and Rotter, D. H. D., Foundations of 
Modern Physical Science. Addison-Wesley, 1958. 
(Chapter 25) 

MacDonaLp, D. K. C., Near Zero. Doubleday An- 
chor, 1961: Science Study Series. A good exposition 
of the technology and scientific frontiers of low 
temperature physics. (Chapters | and 2) 

SANDFORT, JOHN F., Heat Engines. Doubleday An- 
chor, 1962: Science Study Series. (Chapters 4 and 5) 
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Measurement 


10-1 


THE DELICACY of a quartz-fiber microbalance 
(Fig. 7-3) shows how painstaking the precision 
methods of physical measurement can become. 
But the notion that measurement is always 
something finicky and precise is foreign to 
physics. Gauging a length of wire at a glance 
or measuring a stellar distance so roughly that 
it may be in error by several powers of ten can 
be valuable measurements indeed. Measure- 
ment is the means by which we make progress, 
by which we test and refine our concepts of how 
the world works. By measurement, whether the 
roughest estimate or the most precise deter- 
mination, we confront our ideas with a quanti- 
tative test. The lesson that such a test is neces- 
sary has been learned by generations of physi- 
cists in the dearest of schools: hard experience. 

In the present brief chapter we consider mea- 
surement itself as a branch of physics. What is 
measurement, and how does it work? What 
limitations does it encounter, and why? These 
questions are not easy ones; they are recon- 
sidered by generation after generation of physi- 
cists as the things they measure and the methods 
of measurement change with the growth of skill 
and possibility. The understanding of measure- 
ment has been greatly clarified even within the 
last few years. 


Decision—the Unit of Measurement 


The study of measurement has found a natural 
unit: the decision or choice between two alter- 
natives. Any photograph reproduced in this 
book shows some sort of pattern, appearing in 
various shades of gray, ranging from near-black 
to near-white. But an enlargement shows that 
what is printed on the page is nothing but black 
ink, one uniform strength of black, on the white 
paper (Fig. 10-1). Many such dots, around 
2700 per square centimeter, form the picture. 
The dots vary greatly in size, but not at all in 
the shade of black. If you divide up the photo- 
graph (which is called a halftone whenever 
reproduced in this way) by a rectangular coordi- 
nate mesh so small that several squares of the 
mesh are found in even the smallest printed 
halftone dot, you can describe the whole pic- 
ture in full detail by giving the successive 
coordinates of the squares, and saying black or 
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10-1 The halftone. The enlargement (at 
far right) made of a small section 
(center) of the black-and-white illus- 
tration shows that the printed picture 
consists of black dots. The larger 
the dots, the more nearly black the 
picture appears. The smaller the 
dots, the more nearly white the illus- 
tration appears. The actual enlarge- 
ment shown is about 10 times. 


1 meter 1 meter 1 meter 


7 2 Cama & 


(a) (b) 


| meter 4 meter 1 meter i meter 


| 1} Tt | 
(c) (d) 


10-2 Decision in measurement. The drawings above illustrate the first few decisions that are made in the simplest measurement. The 
longer the series, the more accurate will be the measurement that you are making. 
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white as the color of each square. Your long 
list of simple decisions, black or white, repre- 
sents the halftone. You can symbolize black 
as yes for ink and white as no for no ink, or write 
1 for an inked and 0 for a blank square. A 
reproduction made according to your numbers 
would do justice to the picture. The most com- 
plicated scene can be represented by a series of 
such alternatives, of such simple choices. 

We can do the same with measurement. The 
most rudimentary measurement of the length of 
a table, say, would be made by bringing up a 
meter stick and making just one decision, one 
choice. You ask the question, “Is the table 
longer than the meter stick, or not?” The 
answer is simply yes or no. This answer tells 
you very little; it is only the beginning of mea- 
surement. Suppose the answer is yes. Then you 
bring up two meter sticks end to end, or lay 
yours Out twice, and ask the next question: “Is 
the table longer than the two sticks together?” 
Say the answer is no, then the true length must 
lie between one and two meters. Now you must 
subdivide the meter, and bring up half-sticks, 
quarter-sticks, and so on. With a long series 
of such questions, you can cite the length to a 
large number of significant figures. The more 
precise a measurement, the greater the number 
of choices needed; you can check for yourself, 
if you like arithmetical games, that it takes three 
or four choices for each significant figure. If, 
instead of measuring a simple length, you wish 
to measure a more complex quantity (e.g., a dis- 
placement vector), you must make more choices 
because you need to specify more numbers (e.g., 
the three components of the vector). 

Even in counting, you make decisions. Is the 
object one you want to count, or not? When we 
count the number of particles emitted by a 
radioactive source, we look at a developed 
photographic plate or at a cloud chamber and 
decide whether or not various patterns of silver 
or of water drops mean that a particle passed. 
We must decide yes or no. Or perhaps an elec- 
trical counter collecting the light from a scintil- 
lating plastic says yes, there is a big enough 
fluctuation in the light to mean the passage of a 
particle, or no, it is not big enough. 

Any count whatever, any measurement what- 
ever, can be put into these yes or no terms. We 


can reduce all measurements to a common 
basis, and we can thus begin to measure mea- 
surement itself. It seems very reasonable to say 
that the unit of all measurement is the decision, 
and the number of decisions required measures 
what is contained in the measurement. 


10-2 Amplification and Display 


Somehow the final result of all measurements 
must be communicated to us. Sometimes we 
make the measurements directly with our own 
senses, as when we count scintillations. Some- 
times automatic equipment presents us with 
numbers on a dial; all we need to do is distin- 
guish the digits. Sometimes we make a kind of 
measurement on the measuring instrument it- 
self, for example, when we carefully read a 
pointer on a scale with the aid of a magnifying 
glass. In all of these cases, sooner or later we 
make some decisions. That is really our role 
in the measurement. The instrument, be it eye 
or meter or complex rack of electronic chassis, 
must display something to us or to some other 
observer so that we may make at least one 
decision. 

Just how we display the result of measure- 
ment is a question of the state of the art. Once 
the unaided senses would do; they display their 
readings within the body. Often some aid. is 
needed, most frequently amplification: some 
small or weak physical event is made to cause 
a much larger one, and the larger one is eventu- 
ally displayed directly to the senses of the 
observer. Amplifiers act as a means of extend- 
ing our natural instruments. They are not in 
any important way different from the senses 
except that instead of being born with them, 
men make them. From our point of view all 
means of studying the physical world stand on 
an equal footing: all must be used with care, 
all have some limitations. A measurement 
starts in some original physical event and ends 
in some decisions by an observer. Whether it 
passes directly to the eye or first through a com- 
plicated radar system may be all-important for 
its usefulness and meaning, but it does not affect 
the general concept of the measurement. 
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Decimal Binary Sealer 
0 0 coae 
1 1 0e@e@ 
2 10 ec@e 
3 11 00@e @ 
4 100 eeoce 
5 101 o@e08@ 
9 1001 oee0 
13 1101 0@00 
, O=on = off 


10-3 Display devices. A few of the many ways to display to our senses the information derived from inanimate objects are shown 
above. A pointer over a scale, as on a pressure gauge (top, left), is used to transmit information to the eye. The microme- 
ter caliper (above, center), developed by C. M. Witcher, has ridges to present information to a blind man through his sense of 
touch. Information can be amplified and displayed to the sense of hearing by electronic devices and earphones (left), A 
fluorescent screen, such as the radarscope (also above), is used to transmit to the eye information such as the radar lunar echoes 
(top, right). Information for use in computers often is displayed on punched cards or tape. Above, center, is a machine for pre- 
paring these. Many electronic devices display their results in lights, turned on or off in a binary number system. Shown above 
are decimal numbers, corresponding binary numbers, and combinations of lights representing those numbers on an electronic 
scaler. 


10-3 


10-4 
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Signals and Noise 


It is not always possible to make a decision. 
That is the origin of the limitations of measure- 
ment, of error. The edge of the table may be so 
roughly sawed that some of the wood fibers go 
past the mark, some do not. Each mark ona 
scale always has some width, so that there are 
times when you cannot say whether a pointer 
is past the mark or not. If the mark were infi- 
nitely sharp, further decisions would always 
clear up which side you were on. Since it is not, 
there is a limit to what you can do without sub- 
dividing the mark itself. Finally, you come 
down to the scale on which molecular chaos, the 
Brownian motion, becomes limiting. The radio 
operator cannot always distinguish dot from 
dash; even on the quietest nights, the Johnson 
noise, Brownian motion within his own circuits, 
will cause him confusion. Brownian motion 
creates “noise” in all measurements and results 
in a constant danger of false decisiqns, espe- 
cially when the measurement is a sensitive or 
delicate one. The true basis for decision, called 
the signal-to-noise ratio, is a quantity which 
expresses how accurately any measurement can 
be made. If the signal is weaker than the noise, 
not many measurements are reliable. 

Amplifiers increase the signal until it can be 
displayed to the observer; but they amplify the 
noise too. A perfect amplifier cannot improve 
the signal-to-noise ratio; any imperfect one— 
no perfect one has yet been designed—will add 
a little noise of its own, and so make the mea- 
surement a little less reliable. 

In high-fidelity sound reproduction the signal 
is the music; the noise comes from the texture 
of the record or tape, from the amplifier, or from 
a passing truck outside. The display is to the 
ear of the listener. The number of choices we 
make each second as we listen to the music is in 
the tens of thousands. Measurement is similar, 
but it usually involves something new, not the 
reproduction of something old. 


Black Boxes and Calibration 


Suppose you looked at an automobile radio or, 
better yet, at the radio rack in the cockpit of a 
commercial airliner. You would see one or a 


collection of black metal boxes. Various wires 
go in and out of the boxes, interconnecting 
them, or going to the outside world, to antenna 
or ground, to the power source, or to a point of 
display like a loudspeaker or a meter. If you 
peered under a box lid, you would see a maze 
of colored wires and of little bits and pieces of 
electronic equipment. You would probably not 
grasp the purpose of each wire; yet you could 
turn the dials and make the equipment operate. 

Such experience has given us a useful and ex- 
pressive phrase: we speak of a physical system 
of any kind as a “black box” when we make use 
of it without analyzing how it functions, with- 
out lifting the lid. Sooner or later we hope to 
lift the lid on all the black boxes, but we have 
not done so yet. The point is that real progress 
can be made by the use of black boxes. With 
some care we can successfully use an instrument 
whose operation we do not understand. 

The eye is a fine example. It is a real black 
box. But we know from innumerable cross- 
checks how to use it, how to judge light and 
dark, or large and small, or fast and slow. We 


know its limitations, too. So far in this book 


the microscope is a black box. Yet it is not 
likely that the use of the microscope is decep- 
tive. To measure the size of a hair with it, we 
simply look at the hair against a finely ruled 
grating. The experience of ordinary viewing 
convinces us that when we see the hair beside 
the rule we can measure its size pretty well, even 
if we are looking through a microscope at the 
two of them. We are using the microscope as 
a black box; but we gain confidence in it by use. 

Quite generally, we find out how to use black 
boxes by using them to study known objects, 
objects like the little ruler which we feel we can 
understand from earlier experience. For ex- 
ample, we can use the split-field range finder of 
a camera even when we don’t know how it 
works. We learn by use that when we fit both 
parts of an object together in the viewer, the 
reading on the range-finder scale gives the dis- 
tance to the object. If the range finder has no 
scale, we can make a scale for it by using it on 
known distances. Then we can use the range 
finder to measure unknown distances. The use 
of a black box in known physical situations 
allows us to learn how it performs even if we 
don’t find out why. When its performance is 
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10-4 ‘Black Boxes."’ The mobile rack (below) uses numerous 
electronic black boxes. Notice the meters, lights, oscillo- 
scope, and recording graph that display information to the 
user. The operation of the black box (above) may involve 
only the use of the meter, controls, and input jacks in the 
front. The maintenance of it would involve the checking 
and replacing of tubes, etc. (right) or of the maze of 
wires, resistors, capacitors, etc., under the chassis. Both 
use and maintenance can be accomplished without an 
understanding of why it works as it does. 


known, we can use it to make new measure- 
ments. On the basis of use we can decide what 
display of the instrument (black box or not) 
corresponds to the value of the quantity we want 
to measure. This process, learning the perform- 
ance of an instrument by measuring what we 
already know, is called calibration. Usually we 
calibrate measuring instruments, as you may 
have done for your microbalance or your range 
finder. 

Physics is a great enterprise of human beings. 
No one knows it all or can do it all. All of us 
use some black boxes, and instruments are at 
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least partly black box to everyone. The prin- 
ciple of the equal-arm balance is clear, but gen- 
erations of design and experiment lie behind the 
shape of the beams made so that they will not 
bend, the support of the pans made so that they 
hang vertically, and a thousand other points. 
For every user but a skilled and experienced 
designer of the balance, some of this remains as 
a black box. Even the designer probably re- 
gards as black box the agate bearing on which 
his knife edge rests. He knows agate is hard 
and durable, but he does not know why. The 
properties of the agate depend on its molecular 
structure; that remains in a black box for the 
designer. 

Although we have used the microscope as a 
black box, it cannot be all black box to every- 
one. Most man-made things cannot be com- 
plete black boxes, for someone has to make 
them. They are partly black box because we 
are aware of so much that we have yet to under- 
stand. 

Curiosity to open the black boxes is needed 
for the understanding of physics. But also one 
needs the judgment to know when and where 
black boxes may be safely used. Confidence in 
the black box comes with calibration, use, cross- 


10-5 A mechanical-optical black box. The illustration gives us 


very little idea of what the instrument is, much less how it 
works. An interior view is given in Fig. 7-3. It is a quartz- 
fiber microbalance with its cover plate in place. The instru- 
ment is shown here as it is used. 


10-5 


check, ultimately with opening the lid and trac- 
ing out the method of operation. What remains 
a black box today will be opened in a genera- 
tion; but its opening is likely to involve the skill- 
ful use of all sorts of black boxes, black boxes 
which we have never seen. 


Interaction 


No measurement can be made without some 
interaction with the object or the event mea- 
sured. You can measure a table with a meter 
stick in a dark room, but you must touch the 
table. If you have light in the room, you can 
line up the end of the stick with the table edge 
by sighting, but the light must strike the table 
and return to your eye. Even the planets can- 
not be measured without disturbing them, if 
ever so little. The sunlight pushes them a little 
out of the paths they would otherwise take. No 
sunlight, no measurements. Radar too could 
be used, but its signal must strike and return. 
All this seems trivial; but consider a single 
atom. No meter stick can fail to disturb it; 
even light may push it or distort it badly. 

We must be careful to see that our measure- 
ments do not modify unduly the quantity we 
want to measure. Guarding against too much 
disturbance is an easy thing in large-scale phys- 
ics, for we have delicate probes, such as light. 
In the physics of the atom the problems of the 
interaction between the means of measurement 
and the objects measured take the center of 
interest, for we have no probes that will not dis- 
turb these tiny structures. We must try to allow 
for the disturbance as best we can. 


10-6 Light 


Most of the decisions we make, most of the in- 
formation we get about the world, we take in 
through the eyes. In the brain of man, the area 
called the visual cortex, which receives the sig- 
nals from the eye, is larger than that for all other 
senses taken together. The eye is a black box, 
one we use with daring and precision. We are 
all experts in its use. But in a dark room, the 
eye is useless. It depends on light signals. 
What is light? We have used it in many of 


the measurements described in this part of the 
book. We have made assumptions about its 
behavior. Light actuates our most important 
instruments. It is everywhere in our world. 
We depend on it so much that we cannot really 
allow it to remain unexamined. 

Light is not matter, but sometimes it issues 
from matter. It is something different from all 
that we have studied. In the second part of this 
book it will be the central topic. 


FOR HOME, DESK, AND LAB 


1. Analyze the series of decisions you make in dis- 
covering that your watch reads 37 minutes and 23 
seconds past eleven o’clock. How will the set of 
decisions change if the watch is turned 90 degrees 
from its normal position? If you read the face in 
a mirror what decisions would you make? 


2. Which measurement is more complex and why: 
measuring a table approximately 2.5 feet long to 
the nearest sixteenth inch, or measuring the diam- 
eter of a hair to the nearest hundredth of a milli- 
meter under the microscope? Discuss the decisions 
required. 


3. Make a table showing all possible combinations of 
on-off conditions of a set of five lights. Use these 
to make an on-off code representing the alphabet. 


FURTHER READING 


These suggestions are not exhaustive but are limited 
to works that have been found especially useful and 
at the same time generally available. 


BONDI, HERMANN, The Universe at Large. Doubleday 
Anchor, 1960: Science Study Series. Considers 
measurement applied on an astronomical scale. 
(Chapter 5) 

RASSWEILER, MERRILL P.. and Harris, J. MERLE, 
Mathematics and Measurements. Row, Peterson, 
1955. (Chapters 1, 2, and 3) 

Rocers, Eric M., Physics for the Inquiring Mind. 
Princeton University Press, 1960. (Chapter 24) 

WILSON, ROBERT R., and LITTAUER, RAPHAEL, Accel- 
erators: Machines of Nuclear Physics. Doubleday 
Anchor, 1960: Science Study Series. Why the use 
of high energy is necessary for measurements on sub- 
atomic levels and identifies the resulting problems 
that place limits of accuracy in measurement. 
(Chapter 1) 
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FOR HOME, DESK, AND LAB 


Calibration. An object with known dimensions can be used 
to calibrate a black box. The diffraction grating (enlarged 
above) has been ruled with 15,000 lines to the inch by ad- 
vancing a screw 1/15,000 inch at a time as the surface is 
ruled. We can use this grating to calibrate the electron 
microscope with which this enlarged photograph was made. 


Interaction. Whatever measurement we attempt, the oper- 
ation has some interaction with the thing being measured. 
The smaller the thing being measured, the more noticeable 
is the effect of interaction. When we check the air pressure 
in a bicycle tire, the interaction is not negligible. Each time 
we place the gauge on the valve stem a little air is removed 


from the tire. After a few times, the pressure of the air in 
the tire has been lowered quite a bit. 


part 
| 


Reflection of water waves. 
Water waves strike a barrier 
and reflect, much as light is 
reflected from a mirror. This 
similarity suggests that a 
wave model may be useful 
in describing light. We shall 
use waves on ropes and 
springs, too, in our study of 
wave behavior. And we shall 
find that what we learn gives 
us a major key to understand- 
ing the structure of atoms. 


chapter 
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How 
light 
behaves 


1-1 


Most of the information that reaches us comes 
to us through the sense of sight. From the very 
beginning of history, men have puzzled about 
the nature of the light that affects our eyes. The 
questions they asked were probably the same 
that have occurred to you. What is light? How 
does it travel, and how fast? Is seeing always 
believing? Why are some objects colored, some 
white, and some black? 


Sources of Light 


Anyone who has spent a moonless night in the 
country, in a forest, or at sea knows how very 
dark it can be when the sun is on the other side 
of the earth. At early dawn, objects that we 
could not see a few minutes earlier begin to take 
shape. Then details sharpen, colors appear and 
brighten, and daylight begins. It is the sun, seen 
to rise above the horizon in the east, that brings 
with it the light that gives shape, detail, and 
color to our world. 

The sun, the stars, lamps, even lightning 
bugs, give off light. They are called luminous 
bodies (from the Latin word /umen, meaning 
light). Other objects—trees, grass, the pages of 
this book, for example—are nonluminous. 
They are visible only when they receive light 
from some luminous source and reflect it to our 
eyes. 

Whether a body is luminous or nonluminous 
depends as much on its condition as on the 
material of which it is made. By changing the 
conditions we can make many familiar sub- 
stances luminous or nonluminous at will. The 
filament, or fine wire, inside an electric light 
bulb is nonluminous unless it is heated by an 
electric current passing through it. We can take 
a cold piece of iron and make it glow with a red, 
yellow, or white light by heating it in a bed of 
burning coals or over a gas flame. When solids 
and such liquids as melted metals are heated to 
temperatures above 800 degrees Celsius (about 
1400 degrees Fahrenheit), they become sources 
of light. Such heated materials are known as 
incandescent bodies. 

Careful observation shows that the light from 
candle flames comes from many small, hot 
particles of carbon that are burning within the 
flame. When hot they give off the candle light. 
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Thus the flame is another incandescent source 
of light. Many of the carbon particles are not 
completely burned in an ordinary flame. They 
cool off as they are carried by the air above the 
flame, become nonluminous, and make up the 
main part of the rising smoke. 

Not all light sources are incandescent. Neon 
tubes and fluorescent lamps, like electric light 
bulbs, give off a bright light as long as an elec- 
tric current passes through them; touching each 
of them, however, convinces us at once that 
there must be a difference in the way the light 
is produced. The neon and fluorescent tubes 
remain quite cool, whereas the incandescent 
bulb soon becomes too hot to touch. Pursuing 
this difference further, we find that by gradually 
increasing the current in the filament of the in- 
candescent bulb we can increase its brightness, 
but that there is also an accompanying change 
in color. At first we see a dull red glow which 
changes to a bright yellow and, with sufficient 
current, can become what we call “white hot” 
like the heated iron. On the other hand, if we 
increase the current through a neon tube to in- 
crease the brightness, we observe no change in 
color. Thus we have discovered a basic differ- 
ence between incandescent sources and other 
sources. In the former, changes in brightness, 
temperature, and color seem to be closely 
linked, while in the latter the color of the source 
depends mainly on the nature of the material 
and does not vary with brightness. 

A great deal of light reaches our eyes from 
nonluminous surfaces. To convince ourselves, 
we need only to imagine how the average room 
would appear if the walls and other surfaces 
were covered with a paint so black that it re- 
flected none of the light reaching it. The lights 
would appear as bright glares against dark 
backgrounds. If the earth had no atmosphere 
to reflect or scatter sunlight, the sun and the 
stars could be seen at the same time against a 
dead-black sky. White ceilings or bright walls 
reflect and diffuse much of the light they receive 
and so increase the brightness within the room. 
In fact, when we use indirect lighting we hide 
the lamps from sight, and all of the light reaches 
us after being diffused from the walls and ceil- 
ing. On a larger scale the moon, which we often 
think of as a source of light at night, is really 
an indirect-lighting device that reflects sunlight. 


Considering this fact, can you explain the 
phases of the moon, that is, the changing ap- 
pearance of the moon in the course of a month? 
Can you see why a full moon rises approxi- 
mately at sunset and why a new moon rises 
approximately at sunrise? 


11-2 Transparent, Colored, and Opaque 


Materials 


When you look through a clean window at a 
brightly illuminated scene outside, you are 
hardly conscious of the fact that the glass is 
there. Substances that transmit light in this 
way are said to be transparent. Later in the 
day, when dusk has come, look out through the 
same window from inside a lighted room. In 
addition to the world outside, you now see in 
the glass a reflection of yourself and of the 
room. The light by which you see yourself must 
have started from within the room. Instead of 
going through the glass to the outside, this light 
was returned to you. It was reflected. 

Does the thickness of a transparent body 
have any effect on the amount of light it trans- 
mits? A single piece of the glass seems to 
transmit light almost perfectly, but if you pile 
up a thick stack of ten or twenty pieces of clear 
glass, some light is absorbed and the light pass- 
ing through it dims and appears somewhat 
colored. Evidently we become aware of clear 
materials like plastics, glass, and water partly 
because they reflect as well as transmit light, 
and partly because some of the light is absorbed. 

Such materials have another important effect 
on light. When light enters or leaves them, the 
direction of its motion changes in an interesting 
way. Figure 11-1 shows a straight stick ex- 
tending into a tank of clean water. The appar- 
ent bending of the stick at the point at which it 
enters the water certainly indicates that some- 
thing happens to the light which passes from 
the stick to the camera. Another illustration 
of the same effect is shown in Fig. 11-2 (a). The 
coin on the right is in an empty container, and 
an identical coin is in a water-filled container 
on the left. The coins were photographed 
simultaneously with the apparatus shown in 
Fig. 11-2 (b). The coin in the water looks 
nearer to the camera and bigger than the other 
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11-1 This photograph shows the apparent bending of a meter 
stick at the point where it enters water. The gray shape 
sloping down from the stick is a reflection. 


11-2a The ‘‘floating’’ coin. See Fig. 11-2 (b). 


11-2b The position of camera and containers used in photograph- 
ing the ‘‘floating’’ coin in Fig. 11—2 (a). 


one. This “floating” coin effect and the illusion 
of the “bent” stick occur because light changes 
direction when it goes from one material, such 
as glass or water, into another material, such as 
air. This bending of a light path is called re- 
fraction. A detailed study of refraction con- 
tributes greatly to our understanding of what 
light is. We shall return to it several times. 

Thus far, we have dealt only with colorless, 
almost perfectly transparent bodies. We all 
know that there are many transparent mate- 
rials which are colored. We can see objects 
through them, but the objects appear in differ- 
ent colors. These materials clearly do some- 
thing to the light passing through them. Do 
they add something to it, or do they take some- 
thing away? At first glance this may seem like 
a very difficult question, yet a few simple ex- 
periments can give us an answer. 

First of all, look through a piece of red glass 
at a sheet of white paper, illuminated by sun- 
light or by electric light. The paper now ap- 
pears red. White light left the paper, but the 
red glass did something to the light to make it 
appearred. Suppose a second piece of red glass 
is placed between the first piece and your eye, 
so that the light must pass through both pieces. 
If the glass adds something to the light, the 
paper should appear a more brilliant red than 
before. If the glass subtracts something, we 
might expect that most of this “something” 
would be removed by the first piece of glass. 
The second piece should then have very little 
effect on the appearance of the paper. In fact, 
if we actually try two pieces of red glass this 
way, we find that the second has little effect. 

We can account for the little change in color 
by arguing that one piece does not subtract 
quite all of the non-red parts of the light; there 
is something left for the second red glass to take 
away, and the red color we see through the two 
pieces may appear somewhat redder. We can 
do the same experiment with two pieces of 
green glass just as we did with the two pieces of 
red glass. As might be expected, the second 
green plate has little effect; at most, the paper 
appears a bit more green. Now what will hap- 
pen if we try red and green together? After 
subtracting everything but green with the green 
glass, and everything but red with the red glass, 
we can certainly expect that what is left will be 
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neither red nor green. At this stage of our in- 
vestigation, we have not yet enough knowledge 
of the process of subtraction to predict what 
the color will be, but we can certainly say that 
much less light should reach us through the two 
pieces of glass than through either alone. When 
we try the experiment, we find, surely enough, 
that the brightness of the paper is tremendously 
reduced and that the little color left is neither 
red nor green but is rather a weak yellow or 
amber. This result convinces us of the correct- 
ness of the subtraction idea. 

What is the “something” that is subtracted 
from white light to give color? This is a ques- 
tion whose answer we must postpone until we 
have learned a good deal more about light. 
Perhaps we can be satisfied for the moment with 
the recognition that white light is something 
more complex than light of a single color. We 
shall not, in fact, come anywhere near to com- 
plete answers to many of the questions about 
color in this book. As any artist will tell you, 
the color you see is determined by the nature 
of the illuminated object, the nature of the light 
that is illuminating it, and the condition of your 
eye at the time that the color is seen. It also 
depends on the other objects you see at the 
same time. 

Red and green glass together subtract almost 


Regular and diffuse reflection. 
the mirror. 
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everything from white light. Most common 
materials go further and either reflect or absorb 
everything in white light, allowing no light to 
be transmitted. We cannot see through even 
quite thin pieces of metals, wood, cardboard, 
or heavy cloth. Such materials are opaque. 
Opaque materials reflect some of the light that 
falls on them and absorb the rest, so that no 
light passes through them. 


Reflection 


All bodies, whether transparent or opaque, 
reflect some of the light that falls upon them. 
That is, they send some of the light back to the 
same side of the body as that from which it 
came. Most surfaces give a diffuse reflection. 
They send light off in many directions. It is by 
the help of this diffused light that we see illu- 
minated bodies, observe their texture and color, 
and distinguish them from their surroundings. 

A few materials, such as highly polished 
sheets of silver, aluminum, or steel, absorb little 
from white light and also reflect in a much more 
regular manner than do rougher surfaces. An 
ordinary mirror consists of a thin film of silver 
placed on the back of a plate of glass. In Fig. 
11-3, light from the same source shines on both 


The white cardboard (far left) sends more of the light from the lamp toward the camera than does 


11-4 Nearly perfect reflection. 
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a mirror and a piece of white paper. The paper 
appears well illuminated and is white against 
the dark background. On the other hand, the 
mirror appears quite dark. The same amount 
of light is reaching the two, and we know that 
this mirror reflects light very well, as is indicated 
by the reflection of the white candle. Why, 
then, is the paper brighter than the mirror in 
the photograph? The mirror sends all the light 
reflected from the lamp away from the camera, 
while the paper sends reflected light in all direc- 
tions so that some of it reaches the camera. 

It is the regularity of reflection from smooth 
surfaces that allows the formation of images. 
Figure 11-4 shows a waterfront scene with 
boats and piers reflected in the water. Is the 
picture printed right-side up? Turn the page 
upside down and examine it again. There are 
several clues in the picture that tell you if it is 
right-side up or not. 


What can you learn about images by simple 
observation? Look at yourself in a mirror. Is 
the view that you get of your image exactly like 
the view that other people get of you? Move 
your right hand. Does your image move a right 
or a left hand in response? Place an object such 
as a pencil against the mirror, then hold a simi- 
lar one in your hand and observe the images. 
Does the image of the object in your hand seem 
to be on the mirror beside the other pencil, or 
behind the mirror? How do they compare in 
apparent size? How does the distance of the 
image of the object behind the mirror compare 
with the distance between your hand and the 
mirror? 

In Chapter 12 we shall try to see if we can 
find something about the laws of reflection that 
will allow us to discuss “why,” as well as “what” 
happens when images are formed by mirrors or 
other smooth reflecting surfaces. 


Is the picture right-side up? Which are the actual boats? Which are their reflections? 


W-5 


l1-4 


Photograph of a flatiron taken by its own invisible ‘‘light.” 
What is the name of this invisible ‘‘light'’? 


Light-Sensitive Devices 


We have not yet mentioned how we know that 
light is present or what its color may be. We 
have taken for granted that marvelous instru- 
ment, the human eye. A thorough study of the 
eye would include discussions of how light is 
refracted to fall on the nerve cells of the retina 
at the back of the eyeball, how the eye adjusts 
itself to see clearly objects at different distances 
or of different brightnesses, how the effects of 
color are produced, and also a discussion of the 
things that can go wrong with our vision. Such 
a study could easily occupy us for a full year or 
more. Here we shall have to be content with 
the observation that in passing through struc- 
tures in the front of the eye light is refracted in 
such a way that an image is formed on the ret- 
ina. Chemical changes take place at the retina, 
and as a result electrical impulses are sent along 
the nerves to the brain. 

There are many instruments, other than the 
eye, that respond chemically or electrically to 
the action of light. These instruments are often 
used in the laboratory to study light by methods 
that are more convenient or more satisfactory 
than is visual observation. The best-known 
substances that are photosensitive are some of 
the chemical compounds containing silver. 
Such compounds are used in photographic 
films. The full process involved in the exposure 
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and development of the film is complex, but the 
essential thing is that those portions of the film 
on which light has fallen are left, after chemical 
treatment, with a deposit of finely divided silver. 
In this state the silver does not appear as bright, 
shiny metal, but as dull, opaque particles, the 
familiar black portions of a film negative. The 
portions not exposed to light become clear and 
transparent. Color film, sensitive to different 
colors of light, is made by the addition of vari- 
ous dyes and by changes in composition. 
There are also a number of devices that give 
an electric current when light falls on them, 
without any chemical changes taking place. 
Chief among these are photoelectric cells, or 
photocells, which we shall discuss later (Chap- 
ter 33). The electric current that flows through 
a photocell is proportional to the light intensity. 


Invisible Light 


Photocells, photographic films, or other detec- 
tors of light sometimes show the presence of 
light when none is visible to the eye. For exam- 
ple, Fig. 11-5 shows a photograph of an ordi- 
nary flatiron, taken in a totally dark room using 
a special kind of photographic film. Apparently 
the flatiron is giving off “light” of some sort, 
although we cannot see it as a luminous object. 
We might guess that the light given off is the 
same thing as the heat which we feel when we 
hold a hand a few inches away from a heated 
iron. As we shall see later, this guess is correct: 
heat radiation is indeed a form of light known 
as infrared radiation. About one-third of the 
radiation that reaches us from the sun is heat 
radiation: most of the rest is visible light. 

Like the eye’s retina, an ordinary photocell 
cannot detect heat radiation. This may be 
shown by placing a photocell near a heated 
flatiron in a dark room. We know from the 
photographic evidence that the iron gives off 
heat radiation, yet the photocell shows no re- 
sponse. A different result is obtained, however, 
if we use a mercury-arc lamp as a source of light. 
A good lamp for this purpose is one of the small 
sterilizing lamps sometimes used in refrigera- 
tors. (These lamps are constructed with a spe- 
cial kind of glass, known as Corex.) When a 
photocell is placed near such a lamp, the elec- 
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tric current passing through the cell increases 
with the intensity of the light striking it. Ifa 
piece of ordinary window glass, which is almost 
perfectly transparent to visible light, is placed 
between the lamp and the photocell, the cur- 
rent in the photocell decreases appreciably. 
From this simple procedure we learn several 
things. We observe no difference in the light 
from the lamp when looking through the win- 
dow glass, but the photocell obviously does. 
There must be some part of the radiation from 
the lamp which is invisible to the eye, and which 
is not transmitted by window glass. It is evi- 
dent, too. that Corex must be transparent to 
this invisible light; otherwise it would not reach 
the photocell. As we shall see, the mercury 
lamp emits u/traviolet light in addition to visible 
light. This radiation is not only invisible—it is 
harmful to the human eye. One should there- 
fore avoid looking at sources of ultraviolet light. 

In Section 7-8 we saw that a ruled surface 
like a phonograph record reflects light of differ- 
ent colors in different directions. Spectra are 
formed in which the red goes in one direction 
followed by orange, yellow, green, blue, and 
violet in order as the directions change. By 
using the appropriate detectors, we can show 
that the invisible light from the mercury lamp 
is always deviated into the region beyond the 
violet, and the light from the hot iron goes at 
the other end of the spectrum, “below” the red. 
The names ultraviolet and infrared mean “ex- 
treme violet” and “beneath the red,” respec- 
tively. Where visible light ends and invisible 
infrared and ultraviolet begin depends on the 
detector. We see one part of the spectrum; 
other animals seem to see slightly different 
parts; and photographic films and other instru- 
ments see much further into the regions of the 
spectrum that we find invisible. 


11-6 How Light Travels 


The sun and the stars are so familiar that we 
seldom think of the vast stretches of almost 
empty space that separate them from us. Yet 
we know that the sun is about 1.5 « 101! meters 
away from the earth, that the nearest star is 
about three hundred thousand times as far, and 
that countless stars have been seen at distances 


so remote that comprehension almost fails us. 
All the information from which we have learned 
about this vast universe has come to us “riding 
swiftly astride beams of light.” It must there- 
fore be true that light can travel over very great 
distances and that it can travel freely in empty 
space. Light is very different from sound in this 
respect, for sound can be transmitted from a 
source to our ears only through substances such 
as steel, water, or air. The difference between 
the two can be illustrated by a simple laboratory 
experiment. An electric bell and a small lamp 
are hung by wires inside a glass jar, which can 
be evacuated by a pump. As we pump the air 
from the jar the sound of the bell becomes 
fainter until finally it is scarcely heard. If light 
were equally affected, we should see the jar 
slowly darken and its contents fade into empty 
blackness. Instead, everything inside is just as 
brightly visible as it was before we pumped the 
air out. 

As familiar as the sun itself are the shadows 
it casts. What can we learn from them about 
light? As we walk or run along on a sunny day, 
our shadows keep pace with us. This simple 
experience shows that light must travel much 
faster than we can run, for the shadows of our 
heads must lag behind us by the distance we 
move while light goes from our heads to the 
ground. Shadow shapes, too, reveal informa- 
tion about the nature of light. In Fig. 11-6 a 
set of lines connects various points on a shadow 
to the corresponding points on the object which 
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shadow to points on the object casting the shadow are 
nearly parallel; all point to the light source. 


casts the shadow. The lines are almost parallel 
and they all point to the source of the light. 
Evidently light travels in straight lines. 

To learn more about how light travels, let us 
examine the behavior of light beams within a 
darkened room or box. Figure 11-7 shows a 
light source which is pointed at a piece of paper. 
We know that the light comes from the source 
and we see it reflected from the paper, but we 
do not see it between the two objects. Common 
sense suggests, however, that the light must 
travel between the two. In Fig. 11-8 fine smoke 
particles have been introduced into the air and 
now the beam shows clearly all the way. The 
straight edges of the beam connect the source 
with the edges of the illuminated spot, con- 
firming our belief that light travels in straight 
lines. The fact that we saw nothing of the beam 
until the smoke was introduced tells us that 
light enters our eyes only when we are looking 
directly toward a source or when there are illu- 
minated bodies that can reflect light directly to 
our eyes. In this case the light was reflected 
from the paper and from smoke particles, mak- 
ing them act like new sources to send the light 
on new straight-line paths toward our eyes. 


1-7 Diffraction 


We have seen evidence that light generally trav- 
els in straight lines, yet it is easy to find some 
exceptions to this rule. You have probably had 
the experience of looking at a distant light, such 
as a street lamp, through a window screen. 
You probably noticed that you saw not only the 
distant light but also two lines of color, at right 
angles to each other. A related effect may be 
observed if you hold two fingers in front of your 
eye in such a way that you look at a light 
through the very fine slit between them when 
they are not quite pressed tightly together [Fig. 
11-9 (a)]. This experiment is most effective if 
the light comes from a long, thin source, such 
as a neon tube or a fluorescent lamp, and you 
hold your fingers parallel to the source. The 
narrow, alternating bands of dark and light that 
appear are certainly something different from 
what you ordinarily see in the light coming 
through a large opening [Fig. | 1-9 (b)]. 

These happenings can be partially explained 
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11-7 Light beams are invisible. Here we see the light source 


and the reflection from the white cardboard, but nothing 
in between source and target. 


11-8 If fine particles are introduced into the air, as above, the 


light beam shows clearly all the way from the source to 
the cardboard target. Compare with Fig. 11-7. 


if we suppose that light bends slightly as it 
passes the edge of an obstacle. We would then 
expect the edges of a// shadows to be slightly 
fuzzy, rather than perfectly sharp. When the 
sources of light are large and the openings 
through which light passes are large, this fuzzi- 
ness is insignificant in comparison with the 
whole pattern of light and we do not notice it. 
When the source is far away and the openings 
are small, as are those in a piece of window 
screen, or between two fingers. the effect of the 
bending becomes important. This explanation, 
however, is not complete. We shall have to add 
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more to it before it accounts for the dark and 
light bands. 

The thought processes you have just gone 
through are a good example of the way in which 
scientists approach truth in a step-by-step fash- 
ion. For most purposes, the statement that 
light travels in straight lines accounts for many 
observations very well. A closer look at things 
shows us that it cannot always be accepted as 
completely true and that light does bend very 
slightly around obstacles. The bending is, how- 
ever, so slight that we can neglect it for most 
purposes. We say that the assumption of 
straight-line travel is a first approximation to 
the description of the behavior of light. The 
second approximation to the behavior of light 
is more complicated and more troublesome to 
use, so we shall employ it only when the phe- 
nomena that we are studying demand that we 
do so. We shall find, for example, certain light 
effects that seem to be completely unrelated 
until we consider their explanation in terms of 
this bending of light around obstacles. 

The pattern shown in Fig. 11-9 (b) is but one 
of the many odd shadow pictures that can be 11-9b A diffraction pattern similar to one seen through a slit 
formed by two fingers. This picture of a blue light source 
was taken with blue-sensitive film. The black lines are 
supports holding the filament. 


; 


obtained as a result of the fact that light does 
bend around opaque bodies in its path. This 
bending is known as diffraction. 

Diffraction accounts in part for the fact that 
the images of stars in telescopes appear as small 
blurs of light instead of sharp points. The blurs 
arise from the bending of light as it goes through 
the smallest “hole” in the telescope. Figure 
11-10 shows the shadow of a small hole. 


11-8 The Speed of Light 


All of us have, at one time or another, heard the 
roar of a jet plane high in the sky and instinc- 
tively looked for it in the direction of the sound. 
We finally saw it far ahead of the sound. Then 
in deciding where the airplane actually was, we 
believed our eyes rather than our ears. Why 
did we trust our eyes? We know that sound 
takes some time to travel so great a distance 
11-9a A simple way to observe diffraction. and that light travels far faster than sound. We 


11-10 Shadow of a small hole. The lack of sharply defined edges 


and the presence of the light and dark bands are caused 
by the diffraction of light. 


did not assume that the plane was beyond the 
point where we saw it, because we believe that 
light travels fast indeed! 

Galileo suggested a method for finding the 
speed of light, similar to the method he used to 
measure the speed of sound. Two men with 
lanterns were placed at a measured distance 
apart. The first uncovered his lantern and 
started a clock, and the second uncovered his 
lantern when he saw the light from the first. 
When the first man saw the second’s light, he 
stopped the clock, thus measuring the time for 
light to travel from the first man to the second 
and back—or so Galileo hoped. This experi- 
ment failed to give the speed of light because 
light travels so fast. But it was not a complete 
failure. It showed that the speed of light was 
too great to allow its passage to be measured 
over short distances with the crude timing 
mechanisms then available. 

A satisfactory method of measuring the speed 
of light was first proposed by Roemer in 1676. 
This method does not need a highly precise 
measurement of a very short time interval. 
Longer time intervals are easier to measure. 
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Roemer increased the time interval by increas- 
ing the distance the light travels. He used astro- 
nomical measurements to find the time taken 
for light to cross the diameter of the earth’s 
orbit. What Roemer did was to observe the 
times at which some of the moons of Jupiter 
went into eclipse as they passed into that plan- 
et’s shadow. These eclipses occur at regular 
intervals. For example, the brightest of the 
satellites revolves in its orbit about Jupiter in 
just a little over seven days and it is eclipsed 
once during every revolution. Using the aver- 
age time between eclipses as the time of rota- 
tion of the satellite, he found that the eclipses 
occurred about 11 minutes early when the earth 
was nearest Jupiter and 11 minutes late when it 
was farthest away, because the light had to 
travel across the earth’s orbit. Roemer could 
not find a good value of the speed of light from 
these observations. His measurements were 
inaccurate and also, at that time, the size of the 
earth’s orbit was not accurately known. The 
great contribution of Roemer’s work was the 
demonstration that light took a measurable 
time to cross the earth’s orbit and that it there- 
fore travels at a finite speed. 

Later measurements of the delays in eclipse 
times showed that the interval required to cross 
the orbit is 16 min 20 sec rather than 22 min as 
Roemer found. The average distance of the 
earth from the sun is now known to be 1.47 x 
1011 meters; hence the speed of light is 


¢ = 2X 147 x 10" m _ 3.99 y 108 m/sec. 
980 sec 


The first determination of the speed of light 
over a distance short enough to be practical on 
the surface of the earth was made by Armand 
Fizeau in 1848. It required the invention of a 
timing device that could measure very short in- 
tervals with accuracy. We shall discuss Fizeau’s 
method in Chapter 14. 


198 


Chapter 1] » HOW LIGHT BEHAVES 


FOR HOME, DESK, AND LAB 


1.* 


2.* 


4.* 


Which of these objects are luminous (when in 
normal operation)? (Section 1.) 


Camera Chrome trim on car 

Firefly Electric stove heating element 
Flash bulb Diamond 

Mirror 


How can you tell whether an object is luminous 
or nonluminous? (Section 1.) 


Try to see whether light reflected from colored 
glass takes on color from the glass. 


Under white light object A appears white and 
object B appears green. How will they appear 
under red light? (Section 2.) 


We have seen that glass, although transparent, 
does not transmit all of the light that enters it, 
some of the light being absorbed. Is this also 
true of clear water? Be prepared to discuss what 
evidence you would look for to support your 
answer. 


The color of the sun appears to change. For ex- 
ample, it looks redder at sunset than at noon. 
What can you conclude from this regarding the 
passage of light of different colors through the 
air? Can you relate this phenomenon to the fact 
that the sky is blue? 


Figure 11-8 shows clearly that smoke scatters 
light toward our eyes, even though the light was 
originally traveling in such a direction that it 
would not reach us. In view of this, why does a 
dense cloud of smoke overhead appear dark, 
rather than light? Write briefly. Be prepared to 
discuss. 


It was stated in Section !1-2 that color is a com- 
plicated phenomenon, depending on many fac- 
tors, not just on the kind of light reaching a 
surface and on the nature of the surface. You 
can readily convince yourself of this. Cut a small 
square of light-gray paper or cardboard, about 
| inch on a side, and place it in the center of a 
large piece of white paper. View it from a dis- 
tance of about 2 feet and under bright illumina- 
tion. 

(a) Describe its color and brightness. 

(b) Move the gray square to the center of a 
large piece of bright-red paper and view it under 
the same conditions as before. Again describe 
its color and brightness. Are they the same as 
before? 

(c) Finally, move the gray square to a piece of 
black paper. What happens now? 


14. 


We have seen that when light from a white object 
falls on a photographic film it produces a deposit 
of black silver after development. This results 
in the familiar negative image on the film. If you 
shine light through the negative onto another 
photographic film, after development what kind 
of an image will you have? 


Move this book toward you, with one eye closed 
or covered. When the book has just reached the 
point at which the print blurs, have someone 
measure the distance of the book from your eye. 
Repeat the experiment with the other eye. Are 
the two distances approximately equal? Try this 
with a few people of different ages, and record 
the results along with their ages. 

(a) Is there a limit to the ability of the eye to 
adjust itself for clear vision? 

(b) Is this limit the same for all persons, or for 
the two eyes of any one person? 

(c) Does it vary, in general, with the age of the 
person? Compare your answers with those found 
by other people in the class. 


In Fig. 11-5, why does the underside of the flat- 
iron appear brighter than the rest of it? (Sec- 
tion 5.) 


It is the ultraviolet radiation from the sun that 
causes suntanning. Can you get suntanned ina 
glass-roofed solarium? (Section 5.) 


“Light travels in a straight line.” Name instances 
where this is not true. (Section 6.) 


Remembering that we see the moon by reflected 
light, can you show that: 

(a) A moon rising in the east at midnight can- 
not be a full moon. 

(b) A new moon cannot be seen for long after 
dark. 

Hint: Make diagrams showing the positions of 
the sun, earth, and moon at different phases of 
the moon. 


In measuring large and small distances, we make 
the assumption that light travels in straight lines. 
(a) Describe an experiment which shows that 
light travels in straight lines. 
(b) Can your experiment be modified to show 
that in some cases it does not? 


Artificial satellites can often be seen as bright ob- 
jects high in the sky long after sunset. What must 
be the minimum altitude of a satellite moving 
above the earth’s equator for it to be still visible 
directly overhead two hours after sunset? 


17, 


(a) How long does it take light to reach the earth 
from the sun? 

(b) If the light from the nearest star takes 4.3 
years to reach us, how far away is the star? 

(c) Why is it convenient to express distances 
to stars in terms of light-years, rather than in 
meters, kilometers, or miles? 


Radio waves travel at the same speed as light in 
empty space or in air. 

(a) How long does it take a radio signal to 
travel from New York to San Francisco, a dis- 
tance of about 4.8 x 103 km? 

(b) A radar transmitter, which sends out radio 
signals of a particular type, when pointed at the 
moon receives a reflection 2.7 sec after the signal 
is sent. What does this experiment give as the 
distance of the moon from the earth? 


(a) How would the 2.7 sec required for a radio 
wave to travel to the moon and back affect the 
conversation between an astronaut on the moon 
and ground station personnel? 

(b) Extend (a) to astronauts on Mars when it 
is at its nearest or farthest position from the earth. 
(The distance from the earth to the sun is 1.5 x 
1011 m and from Mars to the sun is 2.3 « 1011 m.) 
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(c) Extend (a) to an astronaut traveling close 
to the next nearest star, from which the light re- 
quires 4.3 years to reach us. 


FURTHER READING 


These suggestions are not exhaustive but are limited 
to works that have been found especially useful and 
at the same time generally available. 


BRAGG, SiR WILLIAM, The Universe of Light. Macmil- 
lan, 1933; Dover, 1959. The entire book is interest- 
ing as well as easy reading. 

BROWN, SANBORN C., Count Rumford. Doubleday 
Anchor, 1962: Science Study Series. (Chapters 10 
and 18) 

GRIFFIN, DONALD R., Echoes of Bats and Men. Double- 
day Anchor, 1959: Science Study Series. 

MINNAERT, M., Light and Color in the Open Air. Dover, 
1954. A classic, describing many light effects such 
as rainbows, mirages, sunset colors, and blue sky. 

WEIsskoPF, VICTOR F., Knowledge and Wonder. 
Doubleday Anchor, 1963: Science Study Series. 
(Chapter 3) 
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12 


Reflection 
and 
images 


12-1 Shadows 


Examine your own shadow, cast by the sun on 
a smooth floor or pavement. Notice the differ- 
ence in sharpness between the outline of the 
shadow of your feet and that of your head. This 
difference is even more noticeable in the shadow 
of a thin vertical stick or rod as shown in the 
top half of Fig. 12-1. Apparently the shadow 
becomes wider and less sharp as the distance 
from the object to the edge of its shadow in- 
creases. The fuzziness of shadows also depends 
on the source of light. The bottom half of Fig. 
12-1 shows the shadow cast when the source is 
a lamp behind a screen in which a very small 
hole has been punched. This shadow is quite 
sharply defined over its entire length. The 
shadows cast by tiny light sources are generally 


A 


Shadows cast by an extended source of light (top) and by a 
point source of light (bottom). Notice the difference in 
their sharpness. 


quite sharp. indicating that light propagates in 
straight lines. 

The sharp shadows cast by a source of light 
so small that it may be considered a point give 
us a hint about the reason for the less sharp 
appearance of shadows in sunlight. Every point 
on the surface of the sun sends out light, and 
the shadow as a whole is not really a single 
shadow but is the combination of a very large 
number of individual shadows cast by light 
from each point on the sun’s surface. Figure 
12-2 indicates how the shadow is formed when 
the source of light has considerable extent, like 
the sun. Traveling in straight lines, light from 
no part of the source can reach the circular re- 
gion between c and d; hence this region of the 
shadow is black. In the dotted region between 
the circle ab and the circle cd, light from some 
parts of the source gets past the object and onto 
the screen. Hence the shadow is less dark, and 
it finally fades off to an indistinct edge at the 
circle ab. Outside the shaded region between 
a and 5, light arrives from all places on the 
source. 
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screen 


Light source 


12-2 Formation of a shadow from an extended light source. 


Sketch is a cross section through the light source and ob- 
stacle in a plane perpendicular to the screen. 


The dark part of a shadow, which no light 
from the source reaches, is called the umbra. 
The less black parts make up the penumbra. 
When we are in the umbra of the shadow of the 
moon, the sun is in total eclipse. When we are 
in the penumbra, we can see part of the sun, 
and we say the eclipse is partial. 


2-3 Beams and pencils of light. In the top picture, light coming from the source through a pinhole forms a cone-shaped beam. 


Below, a second pinhole in line with the first produces a narrow pencil of light. 
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12-2 Light Beams, Pencils, and Rays 


Point sources of light clearly give less compli- 
cated shadows than do extended sources. Fig- 
ure 12-3 (top) shows beams of light coming 
from a point source through a pinhole. In the 
upper picture, we see a cone marked out by the 
beam. Can you explain why it is a cone rather 
than acylinder? The axis of the cone (the line 
joining the center of the pinhole to the center 
of the base of the cone) passes through the cen- 
ter of the source and the pinhole. 

By putting two pinholes in line, as shown in 
Fig. 12-3 (bottom), we get a very narrow pencil 
of light. It is often convenient to imagine such 


a pencil of light that is smaller and finer than 12-5 An experiment for testing your ability to judge distance 
with one eye. 


any pencil that we can produce in practice. The 
finest pencil that one can imagine is just a 
straight line. We call this extreme pencil a ray 
of light. Of course, we can never produce single 
light rays, but the idea of a ray is a very useful 
one. It allows us to draw on paper lines that 
represent the directions in which light is trav- 
eling. A pencil of light can be found in nature; 
a ray of light is something we have invented to 
represent a very small pencil. 

We often draw a few rays, for example, to 
indicate the limits of the illuminated region, the 
umbra and penumbra in Fig. 12-2. The rays 
we draw are not distinguishable in the light, 
which apparently goes in all directions from all 
points on the surface of the source. The rays 
we draw are useful like the lines on an archi- 
tect’s plan, but they are no more light than his 
lines are walls or windows. Light does not 
make rays; we do. They help us describe the 
way light behaves. 

We know that light beams or pencils striking 
reflecting objects illuminate them so that they 
act as new sources. Light thus interacts with 
the material on which it falls, i.e., the light beam 
influences the material, and the material in- 
fluences the behavior of the light beam. Can 
light beams also interact with each other? We 
can answer this question by letting the light 
beams from two different sources pass through 
a single pinhole, as is shown in Fig. 12-4. We 
12-4 An experiment showing that two beams of light can pass find that each beam passes through the hole as 

through each other. if the other beam were not there. 


In general, each light beam from two or more 
sources behaves as if the other beams were not 
present, and this independence of action is very 
important. The procedure of studying the pen- 
cils or rays from different sources or different 
parts of a source would otherwise be of little 
value. Tracing the rays that show the direc- 
tions of two jets of water, for example, does not 
tell us much about where they go when they hit 
each other. It is because the light from each 
of two sources acts as if it were alone that we 
can trace rays to find the regions of light and 
shadow when both sources are present. 


12-3 How We Locate Objects 


We can always locate the position of a point 
source of light if we know the directions of sev- 
eral of the rays that come from this source. We 
simply draw two or more of these rays back- 
ward until they meet. The point of intersection 
is the location of the source. When a cone of 
rays comes to our eye from such a source, we 
automatically change the shape of the eye so 
that the diverging rays from the source are 
focused, and we can see an image of the source. 
This process of focusing our eyes gives us in- 
formation equivalent to that of tracing back the 
rays, and in certain circumstances, without 
being aware of it, we use this information to 
estimate the distance to the source. 

We can estimate distances more easily with 
two eyes than we can with one. To convince 
yourself of this, have a friend hold a thin piece 
of wire away from other objects (Fig. 12-5). 
With another similar wire in your hand, try to 
touch the end of his wire when it is about as far 
away as youcan reach. You will find that you 
can do this with considerable accuracy. Now 
try the same experiment with one eye closed. 
You will find it much more difficult to bring the 
two wires together. 

One of the reasons you judge distances better 
with both eyes open is indicated by this experi- 
ment. Light coming from the end of an object 
must travel in different directions to reach the 
two eyes (Fig. 12-6). This is a simple case of 
triangulation (see Chapter 3). Here the base 
line is the distance between the eyes; and if the 
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two eyes were independent persons, they could 
figure out the distance to the object by plotting 
the base line and the angles to the lines of sight 
or by doing trigonometric calculations. Of 
course our brain does not tell us the distance 
by such calculation. Instead the whole act of 
converging our eyes on the right sight lines and 
focusing them to the right cones of rays has 
been calibrated by our past experience. Our 
acquired knowledge of the distances associated 
with the particular act of converging and focus- 
ing tells us directly where the object is—and it 
tells us with more accuracy than just the act of 
focusing with one eye. 

If you leave other objects around when you 
try to measure distance, or if you use blocks in- 
stead of thin wires, you will be able to touch one 
object to another still more easily. In such cir- 
cumstances our brains take advantage of other 
clues, for example, the stereo effect that arises 
from the slightly different view of the faces of 
the blocks seen by each eye. These two views 
differ more as the object is moved closer. The 
size and position of nearby objects also help the 
brain to judge the distance of the wires. 


12-6 Binocular vision. We judge distance by the angle at which 


the eyes are converged on the subject, as well as by focus- 
ing them on the cones of rays. 
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12-7a Specular reflection. A beam of light striking a polished 


metal surface produces a sharply defined reflected beam. 


12-7b Diffuse reflection. When a beam of light strikes a piece 


of white paper, light is reflected in all directions. 


12-8 An experiment that demonstrates the first and second laws 
of specular reflection. The beams seem to cross because 
you see in the mirror the reflections of the lighted regions 
on the cardboard. 


There are many clues, such as size, shadows, 
and motion of familiar objects, that help us to 
estimate how far an object is from us. When 
these clues are present, the direct interpretation 
of the rays in the cones of light entering the eyes 
and of the angle between the cones becomes less 
important, but at short distances these obvious 
physical clues are definitely used. 


12-4 The Laws of Reflection 


All that we have said in the last section applies 
to finding the apparent position of a source of 
light. This position, however, need not be the 
actual position of the source. Ifthe rays of light 
coming from the source have had their direc- 
tion changed by reflection or refraction (see 
Chapter 11), when we trace the rays straight 
backward their point of intersection will not be 
the actual point from which the rays started. 
Nevertheless we shall see the source apparently 
located at the point of intersection. We are see- 
ing an image of the source, not the source itself. 

In Chapter 11 we briefly discussed the images 
seen in mirrors. We noted, for example, the 
fact that your image in a plane mirror appears 
to be a distance behind the mirror equal to your 
distance in front of it. Can we find laws of re- 
flection that explain the position of such 
images? Figure 12-7 (a) shows a pencil of light 
falling on a polished metal plate; the pencil is 
made visible by smoke. We notice at once that 
the reflected pencil PR is as sharply defined as is 
the incident pencil JP. Polished metals, liquid 
surfaces, and mirrors that reflect in such a fash- 
ion that the reflected pencils are sharply defined 
are said to be specular reflectors. Materials such 
as white paper give diffuse reflection. [See Fig. 
12-7 (b).] 

To study specular reflection we place a sheet 
of white cardboard on the reflecting plate in 
such a way that the two pencils just skim along 
its surface as in Fig. 12-8. We find that the 
cardboard must be held perpendicular to the re- 
flecting surface. If we do the experiment over 
and over again, changing the direction in which 
the incident pencil strikes the surface, we 
always get the same result—the cardboard (and 
therefore the plane of the two pencils) is always 
perpendicular to the reflecting surface. 


12-5 


As a further step draw a line through the 
middle of the cardboard at right angles to one 
edge. Then place the cardboard in a position 
perpendicular to the reflecting surface as be- 
fore, with the end of the line just touching the 
point at which the incident pencil strikes. Since 
the line is on the cardboard, it is in the same 
plane as the two pencils of light and also per- 
pendicular to the reflecting surface. This ob- 
servation gives us the first law of specular reflec- 
tion: 


When light is reflected from a plane specular 
surface, the incident ray, the reflected ray, 
and the normal (the perpendicular) to the 
surface at the point of contact all lie in the 
same plane. 


Now suppose that we measure the angles be- 
tween the normal and the two rays, as indicated 
in Fig. 12-8. We find that the angle between 
the reflected ray and the normal, called the angle 
of reflection, is equal to the angle between the 
incident ray and the normal, called the angle of 
incidence. This result is confirmed whenever 
we compare these two angles; hence we can 
state the second law of specular reflection: 


The angle of reflection is equal to the angle 
of incidence. 


Images in Plane Mirrors 


Can these two laws of reflection help us locate 
and explain the nature of the images in ordinary 
mirrors? In Fig. 12-9 an arrow, HT, is placed 
near a mirror. We now ask whether light rays 
starting from any point, such as the head of the 
arrow H, and reflected from the mirror to the 
eye, seem to come from a common point. The 
reflected rays were accurately drawn according 
to the laws of reflection. As the figure shows, 
the two rays from H reach the eye as if they 
came from the common point H’. This suggests 
that the head of the arrow appears to be at H’. 
Similarly, the white rays in the figure indicate 
that the tail of the arrow T appears to us as if it 
were at 7”. 

If we were to draw a third ray originating 
from H, would it also appear to come from H’? 
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What about a fourth ray? We shall use the laws 
of reflection to prove that all the rays originat- 
ing from H and reflected from the mirror appear 
to come from H’. 

Consider a ray from H. In accord with the 
laws of reflection, this ray, the perpendicular to 
the mirror’s surface, and the reflected ray are 
in a plane. Figure 12-10 is drawn in this plane 
and in it the angles of incidence / and reflection 
rare equal. The plane itself is perpendicular to 
the surface of the mirror. Consequently the 
perpendicular to the mirror from H is also in- 
cluded in the same plane. This perpendicular 
is the line HM in the figure. The dotted exten- 
sion of the reflected ray cuts this perpendicular 
at some point #7’ (still in the same plane). 

Now the angles marked / and 2 in the figure 
are equal because angles / and j are equal and 


Mirror 


12-9 The formation of an image in a plane mirror. 


12-10 The geometry of a single ray reflected from a plane mirror. 
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A 


12-11 Location of the virtual image. This experiment verifies our 
calculations based on the laws of reflection. 


12-12 Multiple reflections in two mirrors. One candle produces 


three reflected images. 


Can you explain why? 


angles r and 2 are equal. Therefore, the two 
right triangles have all their corresponding 
angles equal and they have a common side LM 
between corresponding angles. Hence, the 
corresponding sides H’M and HM are equal. 
Hf’ is therefore as far behind the mirror (on the 
perpendicular through #7) as H is in front of 
the mirror. 

We can repeat this reasoning, using another 
ray leaving H in a different direction. The 
point LZ on the mirror will be different, but the 
points H and M are the same. Consequently 
the right triangle HML will still be congruent to 
the right triangle H’ML. Therefore, the point 
H’ will be the same as before. We can apply 
the argument to a third ray and so on. There- 
fore all the rays which originated from H and 
were reflected by the mirror appear to diverge 
from H’. The point H’ is the image of H. This 
image H’ is on the perpendicular to the mirror 
through H and is the same distance behind the 
mirror as # is in front of the mirror. 

Summing up our findings, we have shown 
that those rays which start originally at the 
point H and are reflected by the mirror appear 
to diverge from the point H’ located on the ex- 
tended perpendicular from H to the mirror. 
The point H’ is as far behind the mirror as H 
is in front of it. As far as the eye is concerned, 
then, there appears to be a point source of light 
at H’. We speak of this point as the image of H. 

By the same reasoning we can locate the 
image of any point on the arrow, and thus find 
the complete image of the arrow. Every point 
on the image is exactly opposite the correspond- 
ing point on the object and equally far from the 
mirror surface. The image and object are ex- 
actly similar and of the same size. 

In our construction we have extended the re- 
flected rays behind the mirror, but it is quite 
clear that we could not find the light from the 
arrow by going behind the mirror. Because the 
mirror causes the rays to appear as if they come 
from the points of the image, although they 
actually do not, we say that a virtual image is 
formed. We use this term to distinguish it from 
a real image, which we shall meet later. 

We have obtained the location of the virtual 
image by a calculation based on the two laws of 
reflection. It is easy to verify the results of this 
calculation by a simple experiment. A small 


mirror is mounted perpendicular to a tabletop, 
and an object having a height somewhat greater 
than the mirror is placed in front of it, as shown 
in Fig. 12-11. An identical object is then placed 
behind the mirror and is moved about until its 
top portion (seen over the top of the mirror) 
appears as a continuation of the image when it 
and the image are viewed from any possible posi- 
tion. The real object behind the mirror then is 
in the same position as the virtual image. 
Measurements show that this is the position 
given by our calculation. 

Now that we have found a way to locate 
images in one mirror, we can easily locate all the 
images where there are several mirrors as in 
Fig. 12-12. For example, in Fig. 12-12 we see 
a candle and its three images formed in the 
mirrors which are set at right angles to each 
other. The location of the only image difficult 
to understand is illustrated in Fig. 12-13. By 
tracing back the “rays” entering the eye, using 
only the laws of specular reflection, we do find 
that they diverge from the candle. 


2-6 Parabolic Mirrors 


On the top of the Pic du Midi in the French 
Pyrenees research workers curious about the 
effects of ultrahigh temperatures have been able 
to use mirrors to concentrate enough sunlight to 
cook steel. In India, using inexpensive ‘mirror 
ovens,” housewives cook dinner with concen- 
trated sunlight. Astronomers use the large 
mirrors in their telescopes to concentrate the 
faint light from distant stars; they can thus 
produce images on photographic plates of stars 
that cannot be seen by the eye alone. What 
shape mirror has this ability to concentrate 
light? 

We cannot concentrate light with a plane 
mirror, for the light always diverges, appearing 
to come from the virtual image behind the mir- 
ror. But by using several plane mirrors, we 
can cause several pencils of light from the same 
source to cross each other in a small region of 
space. To be specific let us assume that the 
source is far away—a star, perhaps—and there- 
fore the pencils of light that come from it to our 
mirrors are almost parallel. The farther the 
source, the smaller the angles between the pen- 
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cils of light, until for a star all the pencils reach- 
ing the earth are practically parallel. In Fig. 
12-14 twenty-five mirrors cocked at slightly dif- 
ferent angles are arranged to reflect parallel 
light so that it passes through a single small 
region. We see the region because the smoke 
there scatters some of the light in the many 
crossing pencils. Other regions are equally 
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12-13 Formation of an image by double reflection. 


12-14 Construction of an approximately parabolic mirror from 


plane mirrors. 
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smoke-filled but appear darker because few 
pencils of light cross there. The pencils of light 
pass through the small region of overlap and 
then diverge from one another, each going on 
just as it does when others do not cut across it. 

We can concentrate the light further if we 
use more and smaller mirrors. Cut each one of 
our twenty-five mirrors into four pieces, for ex- 
ample. Then each pencil has only one-fourth 
of the previous cross-sectional area, and we can 
make them converge into a smaller region. 
Now cut the mirrors again, making them still 
smaller. The region of overlap is cut down still 
more. Do it all over, time after time. Eventu- 
ally the mirrors are infinitely small, or at least 
as small as we can make them; but they inter- 
cept the same amount of light that our original 
twenty-five mirrors did. They reflect the same 
amount and send it all through a single tiny 
spot. 

To carry out the construction of a mirror 
which focuses a large amount of light at a single 
spot by successively dividing and adjusting the 
orientation of plane mirrors hung up in space is 
easy in concept but difficult in practice. We 
can illustrate the procedure, however, with the 
somewhat easier job of concentrating parallel 
light on a line instead of a spot. Two stages in 
this process which you can carry out without 
too much difficulty are shown in Fig. 12-15. It 
is easy to imagine the similar processes carried 
out in space to produce the single spot. 

As we subdivide and reorient plane mirrors in 
space, we construct closer and closer approxi- 
mations to a mirror with a continuously curved 
surface; and we can imagine the indefinite con- 
tinuation of the process which results in a 
smooth mirror which focuses the parallel light. 
The shape of the smooth surface (called a para- 
boloid of revolution or parabolic mirror) is de- 
termined exactly by our imaginary procedure. 
The spot F to which all the reflected light con- 
verges is called the principal focus of the para- 
bolic mirror. In Fig. 12-16 a cross section is 
shown through the principal focus parallel to 
the direction of the incident light. Each of the 
rays we draw indicates how the light is reflected. 
It stays in the plane of the figure according to 
the laws of reflection; and the angle of reflection 
of each ray equals the angle of incidence. The 
curve shown, which is the intersection of the 


parabolic mirror with the plane of the figure, is 
called a parabola. The surface of the mirror is 
called a paraboloid of revolution because it can 
be generated by rotating the parabola of Fig. 
12-16 about the incident ray through the prin- 
cipal focus F. 

When we make parabolic mirrors, we usually 
start by making a smooth surface that is approx- 


12-15 (a) The converging of light by five plane mirrors. (b) As the 


number of mirrors is increased to ten, the light is converged 
into a smaller region. 


12-16 The converging of light by a curved mirror. 


imately parabolic; then, if necessary, we im- 
prove it by distorting, grinding, and polishing 
until light sent in parallel to the axis of revolu- 
tion is brought to an accurate focus. 


[2-7 Searchlights 


We have seen that all of the light that falls ona 
parabolic mirror in a direction parallel to the 
axis is reflected in such a way that it passes 
through the principal focus. Since light can 
travel in either direction over a given path, by 
putting a tiny intense source of light at the prin- 
cipal focus of a parabolic mirror we can inter- 
change the incident and reflected rays. It fol- 
lows, then, that any light starting from the 
principal focus will, after reflection, be travel- 
ing parallel to the axis of the mirror. Many 
searchlights are constructed on this principle 
as shown in Fig. 12-17. All light from the 
source that strikes the parabola travels outward 
in parallel paths to form a narrow, intense beam 
that penetrates to great distances through space. 
The light emitted from the source within the 
cone AFB, however, never strikes the mirror, 
and it therefore spreads out. But even this light 
can be used if a small spherical mirror, shown 
dark gray in the figure, is mounted in front of 
the source in such a location that the center of 
the sphere is at the source. Such a spherical 
mirror will reflect all rays back through the 
principal focus because the rays will all hit per- 
pendicular to the mirror and will be reflected 
back along the same path to the parabolic mir- 
ror (see also the end of Section 12-9). Ofcourse 
the small mirror will block off the light reflected 
from the central section of the big one, but this 
loss is not very important if the little mirror is 
made very small and is mounted close to the 
source at F. 

How narrow is the parallel beam of light sent 
out by a searchlight? That depends on the 
opening of the parabolic mirror. Furthermore, 
the construction of the mirror also depends on 
the distance between the principal focus and the 
central point on the surface of the parabolic 
mirror. Once this distance is chosen, the shape 
of the parabola is fixed. The distance from the 
focus to the center of the mirror is therefore 


12-17 


12-8 
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A 


A searchlight. The ‘‘black’’ rays from the source are re- 
flected parallel; the ‘‘white’’ rays spread out unless the 
small, ‘‘dark-gray"’ mirror reflects them back to the para- 
bolic mirror. 


very important. It is given a special name and 
called the focal distance or the focal length of the 
parabola. We shall use the letter ffor the focal 
length of any parabolic mirror. 


Astronomical Telescopes 


We know that a parabolic mirror brings to a 
focus all the light that arrives parallel to the axis 
of revolution; also, when we place a tiny source 
at the focus of such a mirror it sends out a paral- 
lel beam. What happens to light that does not 
come in parallel to the axis or to light that di- 
verges from a source which is not at the princi- 
pal focus? The answers to these questions will 
lead us to understand such varied devices as 
astronomical telescopes and shaving mirrors. 
Two ways are open to answer our questions. 
We can do experiments with parabolic mirrors, 
or we can decide logically what should happen 
according to the two laws of reflection. Indeed, 
no one will stop us from using both or mixing 
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the two methods; and we certainly must check 
our logical conclusions by appropriate measure- 
ments. 

Let us start again with the light from a star 
hitting a parabolic mirror. Suppose this time 
that the parallel pencils of light do not come in 
along the axis of the mirror; instead, the direc- 
tion of the rays is at an angle a to the axis. In 
Fig. 12-18 a plane is shown which includes the 
axis of the mirror and some of the rays repre- 
senting the propagation of light from a star. By 
carefully constructing the reflected rays so that 
the angle of reflection in each case equals the 
angle of incidence, we can find out crudely how 
we expect the mirror to work. As we see in the 
figure, the various reflected rays pass through a 
small region located near the principal focus on 
the side of the axis opposite the star. They do 
not pass through a single point, because to make 
them do so we should have to have the axis 
parallel to the incident rays; but very careful 
construction (or calculation based on geometry) 
shows that they do come close to one point even 
when we include those rays that are not in the 
plane of the figure. The mirror should therefore 
form a blurred spot of light at the position J 
where the light almost focuses. 

We can find the approximate position of J by 
tracing just two rays. These we choose so as to 
make the job of ray tracing as easy as possible. 
In particular we know that a ray through the 
principal focus will go out parallel to the axis. 
Also a ray that comes in parallel to the axis will 
go out through the focus. And finally a ray that 
hits the center of the symmetric mirror will 
leave it on the other side of the axis, going out 
on a symmetric path. Two of these rays will 
always allow us to find the image J. In Fig. 
12-19 we locate J by tracing the ray that comes 
in through F (and therefore must go out parallel 
to the axis) and the ray that hits the mirror just 
at the center point. The image J lies at approx- 
imately the same distance from the center of the 
mirror as F, but it is at the same angle on one 
side of the axis that the star is on the other. 
Consequently, the images of several stars as seen 
from the center of the mirror form the same pat- 
tern as the stars themselves do in the sky; they 
are just turned top for bottom and right for left. 
Also, a photograph taken on a photographic 
plate placed perpendicular to the axis at F 


to star 


axis F 


12-18 Formation of the image of a star that is not on the axis of 
the telescope. 


axis F 


12-19 Simplified version of Fig. 12-18, showing how to find the 
position of the image. 


stars as seen stars as photographed 


(a) (b) 


12-20 A sketch of stars as seen in the sky and photographed with 
a telescope. Try looking at the page upside down. 


shows the spacing of the stars correctly (Fig. 12- 
20). The parabolic mirror therefore makes an 
astronomical telescope. It gathers light from 
the stars and concentrates it on nearby spots in 
positions corresponding to the positions of the 
stars on the celestial sphere. Nearly all modern 
large telescopes use parabolic mirrors. 

The heart of the Hale telescope at Mt. Palo- 
mar is a parabolic mirror 5 meters in diameter. 


A metal framework which supports the para- 
bolic mirror is mounted on axles and bearings 
in such a way that it can be pointed at various 
spots in the heavens. Figure 12-21 shows the 
actual reflecting telescope and gives an idea of 
the mounting required. This mounting can be 
controlled so that it follows the apparent mo- 
tion of a star from east to west while a picture is 
being taken. With such telescopes photographs 
of the sky are taken, and every detail of our pre- 
dictions and of the more careful calculations 
that predict the extent of blurring is borne out. 
A photographic film, exposed for a long time, 
will gather more light and record a fainter image 
than can our eyes. It also gives a permanent 
record of the relative intensity and positions of 
star images. Large astronomical telescopes are 
seldom used to produce images directly visible 
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to the eye, for the eye is too insensitive and un- 
reliable as a recording instrument. 

Even with long exposure times, we need as 
much light as we can get to record images of 
faint stars and galaxies on a photographic plate; 
and so telescopes with large-diameter mirrors 
are used to increase the amount of light col- 
lected. The largest telescopes gather enough 
light so that, with very sensitive photographic 
plates and long exposure times, faint galaxies as 
far away as 1022 km have been recorded. The 
light-gathering power of large telescopes is even 
great enough so that the light from stars can be 
photographed through a spectroscope attached 
to the telescope. Thus we observe the charac- 
teristic spectra of the elements in stars and learn 
that they are made of the same elements we find 
in our own sun and on earth (Section 7-8). 


12-21 The Hale telescope at Mt. Palomar Observatory. The arrow (bottom, center) points to the mirror. 


12-9 


12-22 
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Images and Illusions 


You can shoot bullets through the light bulb of 
Fig. 12-22 without marring its surface or caus- 
ing the light to flicker. You can pass your hand 
right through the bulb without feeling a thing. 
It’s the little lamp that isn’t there. The light is 
there, all right; and it was perfectly visible to 
someone near the camera when the picture was 
taken. The ruler in the picture was there too, 
made of genuine wood. If your bullets hit it, it 
would splinter; your hand could not pass 
through it. 

The little bulb is an image, the image of an 
honest light bulb located well out of sight about 
17 meters in front of the image. The image was 
formed by a parabolic mirror almost 2 meters 
behind the illusory bulb. 

Thus we see that parabolic mirrors do form 
images of extended nearby objects. Indeed, 
this experiment can tell us more. We know that 
the genuine light bulb stood upright on its base 
while its image was suspended in space upside 
down. If we change the distance to the light 
bulb, the image moves, and it changes size. 
When we move the genuine bulb toward the 
mirror, the image moves away from the mirror 
toward the incoming source. It also grows 
bigger. 


Real image formed by a parabolic mirror. Notice the size 
measured on the centimeter scale. 


From a series of such experiments, using 
parabolic mirrors of different focal lengths and 
moving the source through a whole set of dis- 
tances in front of each mirror, we can discover 
simple systematic relations between the dis- 
tances and between the size of the image and of 
the object, as the source is usually called in this 
kind of work. To discover these relations from 
the results of such experiments without using 
the laws of reflection is possible, but it requires 
lots of experiment and a good guess about how 
to represent the results simply and accurately. 

On the other hand, once we know from ex- 
periment that images are actually formed, trac- 
ing a few rays in accord with the laws of reflec- 
tion will lead us to the relations between object 
and image with very little work. A few checks 
with experimental results will then show that 
the laws of reflection are not leading us astray, 
and we can predict confidently what will happen 
with any parabolic mirror and an object at any 
distance in front of it. 

Suppose that an object is located in front ofa 
parabolic mirror a distance S, beyond the prin- 
cipal focus (Fig. 12-23). The height of the 
object above the axis is H,. Let us consider the 
light coming from the top of the object that hits 
the mirror. In particular follow the two rays 
drawn in the figure. One represents light pass- 
ing through the focus, F, to the mirror and back 
out parallel to the axis. The other starts paral- 
lel to the axis and therefore must be reflected 
through the focus. Where they intersect after 
reflection must be the place where the light 
comes together again to form the image of the 
top of the object. These two rays are all we 
need, because any other reflected rays from the 
top of the object will pass through a very small 
region of space surrounding the intersection of 
the two rays we chose. We found the same 
thing was true for light coming from a star 
when the incident light was not entirely parallel 
to the mirror axis. 

We see an image of the top of the object be- 
cause the light moving along various paths is 
sent through an image point and diverges from 
there to our eye or camera just as if a small ver- 
sion of the object were located there. The 
intersection of the two rays tells not only how 
far away from F the image of the top is, but also 
determines the length H; of the whole image as 
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it extends down from the axis. Anytime we 
want to draw such a two-ray picture to scale, we 
can find out what the laws of reflection predict 
about the image. For example, consider the 
first experiment we discussed in this section. 
We used the following setup to obtain the 
photograph in Fig. 12-22. The genuine light 
bulb was placed 17.50 m in front of the principal 
focus of the mirror. The focal length of the 
mirror, determined by using parallel light from 
the sun, was 1.75 m. So the distance between 
source and mirror was 19.25 m. The image is 
seen 0.175 m in front of the focal point or 1.92 
m from the mirror. Furthermore, an ordinary 
large electric light bulb 19 cm high was the 
source; and the image, as measured on the 
centimeter scale beside it, is only 1.9 cm high as 
well as upside down. Tracing our two rays ona 
scale drawing of this setup shows that the image 
should lie 17.5 cm, or 0.175 m, in front of F, and 
that it should be only ;4 as tall as the object, in 
agreement with the experimental facts. With 
similar drawings you can predict the size and 
position of the image for other arrangements of 
object and mirror, or for mirrors of different 
focal length. 

The geometry of these two-ray drawings is so 
simple that it hardly seems necessary to go fur- 
ther in specifying the relations. But it is a 
nuisance to draw diagrams all the time, and the 
simplicity of the geometry suggests that we can 
express our results in extremely simple forms 


12-24 


12-23 Finding the size and location of an image of an object at finite distance. The image is located by tracing two rays. 


for numerical computation. Let’s start with the 
relation of image to object size. 

In Fig. 12-24 we have left out everything but 
the ray from the top of the object going through 
the principal focus. Because this ray is reflected 
parallel to the axis and passes through the 
image, the “top” of the image must lie the same 
distance away from the axis as the reflected por- 
tion of this ray. Therefore, H; has the same 
height as the perpendicular from F to the re- 
flected ray. Now we can get the ratio of ; and 
H, immediately from the shaded similar tri- 
angles. Because fand S, are the bases and H; 
and H, the corresponding altitudes, we get 


Finding the ratio of image size to object size by similar tri- 
angles. The ray from the top of the object through the 
principal focus is used to relate the ratio of the sizes to the 
ratio of the focal length and object distance. 


12-25 
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In fact, the base of the little triangle is a bit 
shorter than / because of the curvature of the 
mirror; but, as long as the object isn’t too big, 
the ray will cut the axis at a small angle; and the 
point where it hits the mirror will be almost 
exactly the distance f away from the principal 
focus. 

In this excellent approximation, then, to 
determine the ratio of image size to object size 
all we need to know is the ratio of focal length 
to the distance of the object from the principal 
focus. Using the example of Fig. 12-22 with 
f= 1.75 mand S, = 17.5 m, we get 


Hite 1a 
H, 175 10° 


In the experiment it was also 75. 

Now let’s see what additional information we 
can obtain from the ray which comes in parallel 
to the axis and is reflected through the principal 
focus. We can use it to construct the shaded 
similar triangles in Fig. 12-25. From these tri- 
angles we find 


again with a small error because in place of fwe 
should use f minus the small distance pointed 
out in the figure. When this relation is com- 


bined with a 2 é, ween 7 = E 
or SiSo = fi, 


The distances of image and object from the 
focus are in inverse proportion. As the object 
comes toward the mirror, the image must move 


small distance 


Ss; f 


Finding another relation between image and object size. 
The ray from the top of the object parallel to the axis is 
used to relate the ratio of the sizes to the ratio of focal 
length and image distance. 


out so that the product S,S, stays equal to f?. 
This, of course, is just what we found when we 
moved the light bulb at the beginning of this 
section. Originally S, was 17.5 m and S; was 
0.175 m, giving the product S,S; = (17.5)(0.175) 
= (1.75)*, which is the square of the focal 
length. You should work out what S, and S; 
were after we moved the light 8.75 m closer to 
the mirror. Use the new S, and the equation 
Si = f?/S, to find S;. Experimentally the illu- 
sory little bulb moves 0.175 m and doubles in 
height. Does your calculation agree? 


Using S; = an Hy = f H,, we can 
So So 
quickly predict the positions and sizes of images 
in any parabolic mirror. 

One example of the application of S.S; = f? 
is too attractive to resist. Let us ask: at what 
distance from the principal focus must the ob- 
ject be placed so that the image will be at the 
same place? That is, when are S, and Sj equal? 
Clearly the answer is: when both S, and S; are 
equal to f; that is, when object and image are 
both located at a distance 2f from the central 
point of the mirror surface. Furthermore, 
image and object are the same size, for 


A, = Zt o gives H, = Ay. 
So 

When the object not only is located on the 
axis at the point a distance fin front of the focal 
point, but also is very small, the mirror will then 
reflect the light back into the small region sur- 
rounding the object itself. The idea that light 
striking a parabolic mirror can bounce back 
where it came from might be surprising. As we 
saw when we discussed the searchlight, a spher- 
ical mirror will bounce light coming from the 
point at the center of the sphere right back to 
that point. Apparently, the effective portion of 
a parabolic mirror must closely resemble a por- 
tion of a sphere. In particular, a parabolic 
mirror of focal length f must be almost the same 
as a section of a sphere of radius 2/. 

The relation is shown in Fig. 12-26 where a 
circle with center at C and a parabola with focus 
at F are both drawn through the central point 
on the mirror surface. It is only far from the 
axis that we find appreciable difference as the 
sphere closes around in front and the parabo- 
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loid opens up. As long as we use only the cen- 
tral portion, we can just as well use a spherical 
mirror in place of a parabolic one. In fact, 
because it is usually cheaper to build part of a 
sphere than part of a paraboloid, we often use 
spherical mirrors of radius 2/ when we want to 
obtain a mirror of focal length /- 


12-10 Real and Virtual Images 


The illusory light bulb of Section 12-9 is a real 
image. The pencils of light that we see really 
converge to it and diverge from it to our eyes. 
It is thus distinguished from the virtual image 
seen in a plane mirror. There may be no light 
passing through a virtual image, but the light is 
sure to pass through a real image, and a photo- 
graph can be made by putting the film at the 
image as we noted in the case of the astronom- 
ical telescope. It would hardly help to put a 
film behind a plane mirror at an image position. 
By studying parabolic mirrors (or their ap- 
proximate spherical equivalents), we can learn 
2-26 The relation of spherical and parabolic mirrors. The com- a bit about the CIPSUIESA DEES _ which rue ae 
mon principal focus is at F, and the center of the sphere form real images and those in which the images 
is at C. are virtual. The clue is provided by our pre- 


paraboloid 


Small section of mirror 
reflecting light from 
top of object to eye 


object | 


image 


Small section of mirror 
reflecting light from 
bottom of object to eye 


bo7 The formation of a virtual image in a concave mirror. The rays entering the eye from a point on the object are reflected by a 
very small section of the mirror, which can be treated approximately as a piece of plane mirror. Two such small sections are 
ndicated. Note that they are oriented slightly differently. These differences in orientation result in a magnified virtual image. 
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vious conclusions. From the relation S; = 
f?/So we find that as we bring the object nearer 
to the focal point, the image runs away. When 
S,. gets very small, S;, the image distance, be- 
comes huge; and as the object passes through 
the principal focus, the real image disappears 
at infinite distance in front of the mirror. 

If we continue to move the object closer to 
the mirror, we are not surprised to find a virtual 
image approaching from far behind the mirror 
and reaching the surface when the object does. 
After all, a small-enough section of the mirror 
is hard to tell from a plane; and when the object 
is close, only a small section of the mirror re- 
flects light from the object to us. The small 
effective section of the mirror then acts like a 
plane mirror and forms a virtual image. (See 
Fig. 12-27.) 


Ho 
ieee tc 
eer ar = 
ae 
| 
bo 5, | 
| 


rays are used to find the expected location of the image. 


A two-ray diagram (Fig. 12-28) now makes it 
easy to see that whenever the object is between 
the focus and the mirror we get a virtual image. 
We use the same two rays—the principal rays, 
they are called—the one parallel to the axis, 
which must reflect through the focus, and the 
one coming from the focus to the mirror and 
then going out parallel to the axis. As Fig. 
12-28 shows, after reflection these rays appear 
to come from an intersection behind the mirror, 
and the image is always magnified compared to 
the object. Ray tracing will work out the details 
just as before; and if you want to check experi- 
mentally, the inside of a shiny metal bowl or 
even a large spoon will do almost as well as a 
shaving mirror. An accurate sphere or parab- 
ola will help to get accurate measurements, but 
won't change the nature of your observations. 


axis of revolution 


12-28 Formation of a virtual image in a concave mirror. The object lies between the principal focus F and the mirror. The principal 
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In Fig. 12-2, is it possible to place the screen in 
such a way as to obtain the penumbra without the 
umbra? (Section 1.) 


Figure 12-2 shows how a fuzzy shadow is pro- 
duced. How could you produce a sharper shadow 
of the same obstacle? 


We sometimes see total eclipses of the sun by the 
moon, and sometimes annular eclipses. In the 
latter, a ring of light from the sun is seen around 
the edge of the moon. 

(a) By drawing a diagram of the earth, moon, 
and sun, explain why two different kinds of solar 
eclipses occur. Do the distances of the moon 
from the earth and of the earth from the sun re- 
main the same? 

(b) The moon is about a quarter of a million 
miles from the earth, and the sun is about 93 
million miles away. If the moon has a diameter 
of two thousand miles, what is the approximate 
diameter of the sun? 


In the upper photo of Fig. 12-3, what would hap- 
pen to the cone of light if the source were moved 
farther away? (Section 2.) 


Two surveyors are determining the location of a 
tower by triangulation. One of them is fooled by 
a mirror, as shown in Fig. 12-29. Where will 
they locate the tower? (Section 3.) 


In Fig. 12-30, which is the angle of incidence and 
which is the angle of reflection? (Section 4.) 


How many different rays can strike a mirror at 
the same point and with the same angle of inci- 
dence? (Section 4.) 


For a given incident ray of light striking a mirror, 
how many possible reflected rays are there? 
(Section 4.) 


If you can see the eyes of someone in a compli- 
cated system of mirrors, is it possible for him to 
see your eyes? 


In studying Brownian motion a pencil of light 
was used to amplify the twisting motion of a small 
mirror bombarded by air molecules (Fig. 9-14). 
When used in this way, to amplify small motions, 
a combination of light source and mirror is called 
an optical lever or amplifier. 

(a) If the mirror twists through an angle of 
.06°, through what angle does the reflected pencil 
move? What fraction of 360° does this angle 
represent? 

(b) If the distance from mirror to camera is 
2 m, about how far does the reflected pencil move 
across the camera lens? 


second surveyor 


FOR HOME, DESK, AND LAB. 217 


first surveyor 
e 


mirror 


12-29 For Problem 5. 


mirror 


12-30 For Problem 6. 


11. 


(c) What effect does the position of the light 
source have on the amplification? 


Place a plane mirror (one about 30-40 cm high is 
convenient) with its center approximately at eye 
level. Hold a meter stick vertically just in front 
of your face. with the middle of the stick at eye 
level; stand in front of and facing the mirror. 

(a) Move toward and away from the mirror. 
Does your motion change the amount of the stick 
that you can see? 

(b) Formulate a general rule connecting the 
length of the stick that can be seen with the height 
of the mirror. By making a ray diagram. show 
that this rule holds for all distances from the 
mirror. 

(c) Clothing stores often have mirrors that ex- 
tend all the way to the floor, designed to allow 
a customer to see his or her full length. Is it 
necessary for this purpose for the mirror to be as 
long as it is? 

(d) If the shortest customer has eyes at a height 
of 5 ft. 0 in., what is the maximum allowable 
height of the bottom of the mirror from the floor 
if the customer's feet are to be visible? 
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20. 
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The rearview mirror Of a car is so placed that its 
upper and lower edges are horizontal and its 
center is at the same level as the center of the rear 
window. The driver’s eye is also at this level, 
and the line of sight from his eye to the center of 
the mirror makes an angle of 30° with the line 
joining the centers of the mirror and the window. 
(See Fig. 12-31.) The distance from his eye to 
the mirror is 2.0 ft., and that from the mirror to 
the window is 8.0 ft. What is the least width of 
the mirror that is needed if the entire width (3.0 
ft.) of the rear window is to be seen? 


A periscope can be made by mounting two plane 
mirrors at the ends of a tube. (Fig. 12-32.) The 
mirrors face each other, are parallel, and each 
makes an angle of 45° with the axis of the tube. 
An eyehole is cut in the tube opposite the center 
of one mirror, and a larger hole is cut in the other 
end of the tube, opposite the other mirror. Sup- 
pose that the distance between the two mirrors is 
4 fi. Oin., and that you are using the periscope to 
look over a fence at a man 6 ft. 0 in. tall who is 
50 ft. away. 

(a) What is the smallest possible height of the 
hole in the top of the periscope? 

(b) What is the smallest possible size of the 
top mirror? 

Hint: Draw rays from the man to the eye, and 
remember the properties of similar triangles. 


Measure the focal length in millimeters on the 
drawing of the parabolic mirror in Fig. 12-17. 
(Section 7.) 


What would happen to the rays of light in Fig. 
12-16 if a small plane mirror were placed at F 
facing the mirror? (Section 7.) 


Why do we need to use only two rays in Fig. 12-19 
to locate the image of the star? (Section 8.) 


(a) What will happen if, in Fig. 12-23, the real 
light bulb is placed at the position where the real 
image was previously formed? 

(b) Can you state a general rule about moving 
an object to the position of its real image? 


In Fig. 12-23, if you put your eyes at the position 
of the letter S;, could you see the image? (Section 


9.) 


A nail 4.0 cm high stands in front of a concave 
mirror at a distance of 15 cm from the principal 
focus. The focal length of the mirror is 20 cm. 
What is the size of the image? 


The image of a candle is 30 cm from the center of 
a concave mirror. The candle is 10 cm long and 
its image is 5.0cm long. What is the focal length 
of the mirror? 


12-31 For Problem 12. 
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12-32 The periscope of Problem 13. 


21. 


An arrow 6 cm in length is placed 1 cm above and 
parallel to the principal axis of a concave mirror 
with a focal length of 5 cm. The arrow points 
toward the mirror with its point 11 cm from the 
mirror. 

(a) Before making a ray diagram, describe 
what you think the image will look like, and its 
position. 

(b) Construct a full-scale ray diagram and lo- 
cate the image. 

(c) Describe what happens to the image as the 
tail of the arrow is raised to a position 3 cm above 
the axis, while the point of the arrow is kept ina 
fixed position. Show this final position of object 
and image on your ray diagram in another color. 

(d) In what direction will the object arrow 
point when the image is parallel to the axis? 


22. 


23. 
24. 


25.* 


27. 


28. 


29. 


(e) If the arrow were on the principal axis, and 
all dimensions the same, where would the image 
be located? Would the image be the same length 
as before? 


How large an image of the sun will be formed by 
the Palomar telescope, whose focal length is 18 m? 
The sun's diameter is about 1.4 x 10° m, and it 
is 1.5 % 1011 m away. 


What is the focal length of a plane mirror? 


The distances of an object and its image in a con- 
cave mirror are often measured from the center 
of the mirror, instead of from the principal focus. 
We call these distances D, and Dj respectively. 
We have S, = D, — fand S; = D; — f where f 
is the focal length. Using these relations, show 


 _ f2 2b EV tds 
that from S,5; = f? follows De pe 


Is a real image formed by a parabolic mirror ever 
larger than the actual object? (Section 10.) 


Is a virtual image formed by the parabolic mirror 
of Fig. 12-28 ever smaller than the actual object? 
(Section 10.) 


In Section 12-9 the question is asked: At what 
distance from the principal focus must the object 
be placed so that the image will be at the same 
place? Show that this question has two answers 
and explain the second answer, which was not 
discussed in the chapter. 


Be prepared to discuss what happens to the image 
as the object is moved along the principal axis of 
a concave mirror from infinity to the mirror. 


Our discussion of curved mirrors has been lim- 
ited to the inner, or concave, surface. The outer, 
or convex, surfaces of these curves will also pro- 
duce images. Such mirrors are called convex 
mirrors and are often used as side mirrors on a 
car or as ornamental mirrors in a room. Using 
the laws of reflection and assuming the surface 
to be parabolic, demonstrate the following facts 
by suitable constructions. 
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(a) The area reflected to the eye by a convex 
circular mirror is larger than that reflected by a 
plane mirror of the same diameter in the same 
position. 

(b) Light rays parallel to the axis reflect as 
though they were coming from a point behind the 
mirror. This is the principal focus of the mirror. 
It is called a virtual focus. Why? 

(c) Rays starting from a fixed point on the axis 
are reflected in such a way that they seem to come 
from a point on the axis behind the mirror. The 
image is therefore virtual. 

(d) The image formed is smaller than the ob- 
ject and is not inverted. 

(e) As the object moves in from a great dis- 
tance, the image moves toward the mirror. 

(f) There is a limit to the distance of the image 
from the mirror—that is, this distance can never 
be greater than a certain value. What is this 
value? Try drawing ray diagrams. 


30. Compare Fig. 12-16, a paraboloid which reflects 
all rays parallel to its principal axis through its 
principal focus, with Fig. 12-26 and explain why 
all parallel rays striking the surface of the sphere 
would not reflect through F. 


FURTHER READING 


These suggestions are not exhaustive but are limited 
to works that have been found especially useful and 
at the same time generally available. 


GRIFFIN, DONALD R., Echoes of Bats and Men. Double- 
day Anchor, 1959: Science Study Series. 

JENKINS, FRANCIS A., and WHITE, Harvey E., Funda- 
mentals of Optics. McGraw-Hill, 1957. Covers 
geometric optics on plane and spherical surfaces. 
(Chapters 2, 3, and 6) 

LITTLE, NoEL C., Physics. D.C. Heath, 1953. Treats 
lenses and mirrors with the Newton form of the lens 
equation. This is one of the few college texts that 
do. (Chapter 5) 

MINnAERT, M., Light and Color in the Open Air. Dover. 
1954. A very handy reference explaining many light 
phenomena. 


ch apter 13-1 Refraction 
In order to make an experimental study of re- 
7 3 flection we set up apparatus to observe single 
pencils and beams of light being reflected from 
surfaces. By systematic observations we ar- 
rived at two simple laws of specular reflection. 
These laws, in turn, make it possible to explain 
the formation of images in both plane and 
curved mirrors. We thus see that the reduction 
of a wide range of phenomena to a couple of 
straightforward laws is a great gain in simplicity 
and gives us a powerful tool for prediction. It 
would be difficult to remember the character- 
istics of all the images we can produce with 
different mirrors and a wide variety of positions 
for the object. If, however, we know how to 
use these two laws we can arrive at a detailed 
description of the image formed by any com- 
bination of mirrors. Further, we can predict 
what kinds of images will be formed by mirrors 


—p f types that we have not studied experimen- 
Refraction aly. 


Let us see if a similar study will give us simple 
explanations of the second group of optical 
phenomena we discussed in Chapter 11. There 
we noted that light penetrates the surface of cer- 
tain materials and in doing so often changes its 
direction. This bending of a light beam as it 
passes from one material into another we called 
refraction. We saw some examples of refraction 
in the floating-coin illusion (Fig. 11-2) and in 
the bent-stick illusion (Fig. 11-1). Although the 
effect of the bending of light is clearly shown by 


13-1 Light passing from air into water. 


such observations, they tell us little about what 
happens to individual pencils of light. We can 
simplify our study by isolating a single refracted 
pencil of light as shown in Fig. 13-1. This pho- 
tograph shows a rather broad pencil of light 
passing through air, and entering the water in 
an aquarium. Notice that the direction of the 
pencil changes abruptly at the water surface and 
some of the light is reflected from the surface, 
back into the air. 

We may call the incoming pencil of light the 
incident pencil, as we did in our study of reflec- 
tion. In Fig. 13-1 the angle between this pencil 
and the normal to the surface is the angle of 
incidence. The light pencil after bending at the 


13-2 The refraction of light entering glass at different angles of incidence. 
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water surface is called the refracted pencil, and 
the angle that it makes with the normal is the 
angle of refraction. 

By inserting a white plastic protractor into 
the aquarium, as in the figure, we can learn 
more about the direction taken by these rays. 
When we place the protractor perpendicular to 
the water surface so that the incident rays just 
glance along the protractor surface, the re- 
fracted rays just glance along the protractor sur- 
face also. We may repeat this experiment with 
different angles of incidence and different pairs 
of materials. For most materials we find the 
same result. It is summarized in the first law 
of refraction: 


au NUM 
Sa | My iy 


/ 
/ 


‘ 
\\ 


o 
Oo 


‘aut! 
as" 


\ 
WW 


| 
6) 


\ 
S 


Uy 


vA 
Uf 
My 


\ 


1 Ww 
| \ A \\ \ A) 
Lido N 


iif) 
Ly 


Minny 
1 


a 
90 


| 


4 UY, J 0 
Uy, | 


\\ 
Uy) [cat | ; \ aw 
Moy ii 


in| 
HL 


13-2 


222 Chapter 13 - REFRACTION 


The incident ray, the refracted ray, and the 
normal to the surface are all in the same plane.* 

Notice the similarity between the first law of 
refraction and the first law of reflection (Section 
12-4). 


Experiments on the Angles in Refraction 


The second law of reflection tells us that the 
angles of incidence and reflection are equal. 
Will experimental observation help us to arrive 
at some similar relationship between the angles 
of incidence and refraction? 

If we wish to make reasonably accurate mea- 
surements of the angles of incidence and refrac- 
tion, we need narrower pencils of light than 
those shown in Fig. 13-1, so that we can approx- 
imate single rays. We must change the angle of 
incidence through a wide range and measure the 
various angles of refraction. Finally we must 
do all this for various pairs of materials to find 
a general law. 

Using air and glass we carried out the experi- 
ment indicated in Fig. 13-2. We constructed a 
light source that is moved easily through an 
angle of nearly 90 degrees and is adjustable so 
that the narrow pencil of light coming from it 
can just glance along the surface of a piece of 
white paper to make the pencil visible. A semi- 
circle of glass, placed in the path of the pencil 
of light as shown, served as-the second material. 
The back of this plate was ground until slightly 
rough and then painted white so that the pencil 
is visible as it traverses the glass. The glass 
semicircle is mounted on a circular scale with 
both centers at the same point, and the normal 
to the diameter of the semicircle passes through 
zero on the scale indicating the number of de- 
grees. The incoming narrow ray is directed 
exactly at the common center. We can there- 
fore measure the angle of incidence and the 
angle of refraction associated with it. The re- 
flected ray is also visible in the pictures, and we 
can use the measured angle of reflection to 
check the accuracy of alignment. 

Pictures were made with this experimental 
arrangement with the pencil of light adjusted to 
angles of incidence of 0°, 10°, 20°, 30°, 40°, 50°, 


*In some crystalline substances the incident ray, the normal 
to the surface, and the refracted ray are not in the same plane. 


60°, 70°, and 80°. Some of the pictures are 
shown in Fig. 13-2, and all the data appear in 
Table 1. Study this series of pictures carefully. 
Do you agree that the following conclusions can 
be reached? 

(1) The angle of refraction for light passing 
from air to glass is always less than the angle of 
incidence, except when the latter is 0°. 

(2) The behavior of the reflected pencil is de- 
scribed by the ordinary laws of specular reflec- 
tion. 

(3) The light passing through the glass travels 
along a radius and therefore hits the curved sur- 
face perpendicularly. It is not refracted at this 
boundary but goes straight out as it passes again 
into the air. 


TABLE 1 
ANGLE OF ANGLE OF 
INCIDENCE / REFRACTION I 
IN DEGREES IN DEGREES RATIO i/r 
0 0 Indeterminate 
10 6.7 1.50 
20 13.3 1.50 
30 19.6 1.53 
40 25.2 1.59 
50 30.7 1.63 
60 35.1 1.71 
70 38.6 1.81 
80 40.6 1.97 


Relation between the angle of incidence i and the angle 
of refraction x for the passage of light from air to glass. 


Each of these observations will be important 
to us eventually. For the moment let us con- 
centrate on the first, studying the relation of the 
angles more closely. Table | shows the values 
of the angle of incidence i and refraction r 
which we measured. 

Certainly, angle r is always smaller than the 
corresponding angle 7. We might try to inves- 
tigate the ratio //r to see whether it is constant, 
but we find, as shown in the last column of 
Table 1, that when we calculate the ratios they 
vary from about 1.5 at small angles i to more 
than 1.9 when i = 80°. The ratio is not a con- 
stant, but the angles of refraction do vary in a 
regular way with the angles of incidence. This 
regular relation becomes clear when we plot the 
graph shown in Fig. 13-3. This is the graph of 
the angle r versus angle 7. It was made by plot- 
ting the experimental points, which are marked, 
and drawing a smooth curve through the points. 


50° 


40° 


30° 


20° 


Angle of Refraction r 


10° 


0° 10° 20° 30° 40° 
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50° 60° 70° 80° 90° 


Angle of Incidence i 


3-3 Graph of r versus i. 


We can use the graph to predict what the 
angle of refraction would be for any given angle 
of incidence. For example, we can be quite 
sure what angle of refraction we shall find when 
the angle of incidence is 45°. From the graph 
we get 27.8°. A measurement taken with the 
same apparatus with which we got our original 
data gave the value 27.6°, in close agreement 
with our expectation. 

Now a question naturally arises. Is the graph 
we have drawn correct for all pairs of materials 
that we might use, or is it true only for the pas- 
sage of light from air into glass? To answer this 
question we may try a new experiment with a 
different pair of materials. The dashed line in 
Fig. 13-3 shows the graph obtained from a 
series of measurements made with light passing 
from air into water. Notice that for a given 
angle of incidence the angle of refraction is 
always greater in water than it is in glass. Fur- 
thermore, when light just passes from air into 
more air of the same density, the pencil of light 
is not bent and therefore r = i. This gives a 
straight-line graph at 45° slope instead of a 
curve that bends over. Evidently, different 
pairs of materials lead to different graphs of r 
versus /. 


13-3 The Index of Refraction: Snell’s Law 


It is possible to perform a series of similar ex- 
periments, using many different materials, and 
to plot a whole series of graphs of the type 
shown in Fig. 13-3. A book full of these graphs 
could be very useful in describing just how light 
is refracted in any pair of substances that have 
been studied. But it is less convenient than 
having a single law. 

We have already tried the relation i/r = con- 
stant and found that it does not hold for all 
angles. But, as Fig. 13-4 shows, for small 
angles of incidence the law is that i/r is con- 
stant, about 1.5 for glass and 1.33 for water. At 
larger angles the constancy fails, and i/r rises. 

One way to look for a convenient represen- 
tation of the relation of r to / is to try to extend 
the constancy of the ratio i/r by finding simple 
functions of i and r that maintain the constant 
ratio at all angles. Following this program we 
would look for functions which are proportional 
to the angles when they are small and which 
compensate for the rise in //r when the angles 
get large. That we shall find such functions is 
not clear before we start; in fact, data on re- 


224 Chapter 13 - REFRACTION 


2.0 
1.8 


1.6 


1.4 —— =e 


om aoe qe eo ee ee 


12 


1.0 


i/r 


0.8 
0.6 


0.4 


0° 10° 20° 30° 40° 


air to glass 


a 
-— 
—_ ae 
ee 
——_—— aes ae 
cir to water 
50° 60° 70° 80° 90° 


Angle of Incidence i 


13-4 Graph of i/r versus i. 


fraction were known to Ptolemy and used for 
a thousand years before an adequate simple law 
of refraction was stated. Finally in 1621 
Willebrord Snell found a beautiful way to de- 
scribe the relation of i and r. The same relation 
was published by Descartes in 1638 in the form 
we now use. 

We can explain the discovery of Snell and 
Descartes with the aid of Fig. 13-5. In the fig- 
ure a ray of light is indicated coming in from 
the upper left. It enters the glass at the point 
P where it is refracted. A circle has been drawn 
in the plane of the rays with its center at P; and 
the normal to the surface of the glass is shown. 
The arcs AB and ED on the circumference of 
the circle are proportional to the angles / and r. 
Therefore 

i _ AB 
r ED 
This is the ratio plotted in Fig. 13-4, the ratio 
found to be nearly constant for small angles but 
not for large ones. 

In effect, what Descartes and Snell did was to 
try to relate i and r by examining the ratio of the 
semichords AC and FD. That is, in place of 
AB/ED they calculated AC/FD for a wide 
range of angles. For small angles, their ratio 


is the same as i/r because the chords and arcs 
are almost equal, but for large angles the chords 
and arcs are substantially different so that the 
chord ratio behaves differently. Let us look at 
this chord ratio for our experimental data taken 
with glass (Table 1). 

We can find AC/FD by measuring the semi- 
chords in a series of figures like Fig. 13-5. We 
make the figures with the measured angles i and 
r from our table of experimental results. Mea- 
suring the semichords and calculating their ratio 
gives the results shown in Table 2. 


TABLE 2 

i AC r FD AC 
IN DEG. IN CM IN DEG. IN CM FD 
10 3.47 6.7 2.30 1.50 
20 6.84 13.3 4.60 1.49 
30 10.00 19.6 6.71 1.49 
40 12.83 25.2 8.52 1.51 
50 15.32 30.7 10.20 1.50 
60 17.32 35.1 11.50 1.51 
70 18.79 38.6 12.50 1.50 
80 19.69 40.6 13.02 1.51 


The ratio of the semichords for the refraction of light 
in glass (see Fig. 13-5). The constancy of the ratio of 
the semichords (last column) illustrates Snell’s law. 


Our measurements of i, r, AC, and FD are not 
absolutely precise; our last written figures are in- 
deed subject to slight question in each case. 
Nevertheless the values of AC/FD are very 
nearly the same for all the angles of incidence; 
and it seems very likely that AC/FD is a con- 
stant. The value of this constant for the partic- 
ular kind of glass we used is clearly between 1.49 
and 1.51, probably very close to 1.50. If we as- 
sume that we really are dealing with a constant 
and in line with our data try the value 1.50, we 
find that all our measurements are compatible. 
All agree with 1.50 to within experimental ac- 
curacy. Better experiments with smaller experi- 
mental uncertainties confirm that we have a 
constant whose value is close to 1.50. 

We can also get the same ratio by using what 
are known as the sines of the angles. In a right 
triangle (Fig. 13-6) we define the sine of one of 
the acute angles as the ratio of the side opposite 
this angle to the hypotenuse: 


ana. 
c 
The sines of all angles have been tabulated, and 
a table is included in the Appendix. Looking 


back at Fig. 13-5, we see that 


+ pee inp = FD 
sin i = 4P and sinr= PD: 
Because AP and PD are both radii of the same 
circle we can express sin r as FD/AP; and con- 


sequently 


sini AC/AP _ AC 
sinr FD/AP” FD’ 


The ratio of the sines of the angles of incidence 
and refraction is the same as the ratio of the 
semichords. It is equal to the same constant 
that we found experimentally for their ratio. 
In going from air to glass, therefore, 


sin! 1:30 

sin r 
according to our experiments. Because the 
sines of all angles have been tabulated, this 
form of our result is often more convenient than 
the expression in terms of the ratio AC/FD. We 
need not construct and measure the semichords 
on a set of drawings; we only look up the values 
of sines in the tables. (See Appendix.) 
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13-5 The geometry of refraction from which Snell's law is found. 


B 
c 
a 
A 
b Cc 


13-6 The sine of angle A is a/c. 


The use of the sines of / and r in place of the 
angles has allowed us to carry through our idea 
of trying to find a function that gives a constant 
ratio at all angles, large angles as well as small. 
We have thus found a simple law of refraction 
describing the passage of light from air to glass 
at any angle. 

The next question is obvious: when the light 
passes from air into some other substance, is the 
ratio sin //sin r also independent of the angle of 
incidence? For many substances the experi- 
mental answer is “yes.” For water, for example, 
sin //sin r is constant, and the value of the con- 
stant is 1.33. We might even have expected this 
value since we already know that i/r for water 
is about 1.33 for small angles where the ratio of 
the sines and the ratio of the angles is nearly the 
same. (See Fig. 13-4.) For other substances 
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the constant ratio sin //sin r has different values. TABLE 3 
The value for a particular substance is a prop- 
erty of the substance like its boiling or melting 
temperature. It may even help to identify the Glass* 1.5-1.9 


SUBSTANCE INDEX OF REFRACTION 


substance. The constant is called the index of Diamond 2.42 
Ri Bie : Fused quartz 1.46 
refraction of the substance or, if you want to be Giacis crystal 154 
more careful, the index of refraction for light Glycerin 1.47 
going from air into the substance. Some of Carbon disulfide 1.63 
these indices are listed in Table 3. Oleic acid 1.46 
The law that sin i/sin r is constant for all Water 1.33 
angles of incidence is Snell’s law. It tremen- *The index of glass depends on its composition. Most 


dously simplifies our description of refraction. ordinary glasses have indices slightly above 1.5. 


If we wish to know how light will be bent on 
entering any material from air, we need have 
available only the index of refraction of the 
material. A collection of these indices, suffi- 
cient to include nearly all important substances, 
can be placed on a single page of a book and 
can replace many books full of graphs of the 
type shown in Fig. 13-3. Further, when we 
start on the development of a theory, or model, 
of light in Chapter 14, we now have a simple 
and general law of behavior of light that our 
theory must explain. We can test any model 
that we invent by seeing whether it can account 
for Snell’s law, the second law of refraction for 
which we have been searching. 


13-7 Light passing through a block of glass with parallel faces. 


13-4 The Absolute Index of Refraction 


We should note that all our photographs of the 
refraction of light have been for cases of light 
passing from air into glass, or water, etc. What 
would we find for the index of refraction when 
the light travels from a vacuum into glass? As 
a matter of fact, with the limited accuracy of 
our experimental equipment, we would notice 
no difference; the same value for the index 
would result. This we might expect because of 
the very low density of air. But measurements 
made with great precision actually show a 
slightly greater index for light passing from a 
vacuum into glass than for air to glass. Fora 
sample of glass with index 1.50000 in air, the 
index in a vacuum is 1.50044. 

The index of refraction of any substance in a 
vacuum is called its absolute index of refraction. 13-8 The angles and their relations for light passing through a 
The value of the index from air to the substance block of glass with parallel faces. 
is so close to the value of the absolute index that 
we rarely need to distinguish between them. 


Ouir 
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13-5 The Passage of Light from Glass 


(or Water) to Air: Reversibility 


Thus far we have concentrated our attention 
on what happens to light as it enters glass or 
some other substance from air. Suppose that 
we now investigate what happens when light 
goes in the opposite direction, from glass into 
air. We have already found out that when light 
reaches the surface along the normal, the part 
that goes out enters the air without being bent. 
To find out what happens when the light ap- 
proaches the glass-air surface at other angles we 
may make use of a glass block with parallel 
surfaces. As we see in Fig. 13-7, a pencil of 
light that is incident on one side of the glass 
leaves the glass on the other side traveling par- 
allel to the incident direction. The refraction 
in going from glass to air, therefore, is exactly 
‘the opposite of the refraction in going from air 
to glass. 

This situation is illustrated in the ray diagram 
of Fig. 13-8. Here the light is traveling in the 
direction shown by the arrows. As it passes 
from air to glass, the angle of incidence is @air 
and the angle of refraction is Ogiass.- The two 
are related according to Snell’s law by the 
equation: 

sin air 


——_—_ = Ar 
- glass» 
SiN Oglass 


where Mgiass 1S the index of refraction of light 
passing from air into glass (very nearly the 
absolute index of glass). When the light ap- 
proaches the second surface on its way from 
glass to air, it is incident on the surface at the 
angle @,1as; because the two surfaces are par- 
allel. Furthermore we found experimentally 
that the rays entering and leaving the glass are 
parallel; and since the two normals are parallel, 
the two angles in air are equal. Therefore the 
rays leave the glass at the angle Oi. We can 
therefore conclude that in leaving the glass the 
angles of incidence and of refraction are related 
as 
sini Sin Ogiass 2, ou 


sinr Sin Bair — Neglass 


This is Snell’s law again, the ratio of sin/ to sinr 
is a constant; and the index of refraction for 
light going from glass to air is just the inverse 


of the index for light going the other way. Be- 
cause one index is the inverse of the other, we 
do not need two indices of refraction, one from 
air to glass and another from glass to air. We 
can use the single air-to-glass index, and write 
the relation of the angles in passing either from 
air to glass or from glass to air as 


sin Oair = Nelass sin Betas: 


From experiments in which light goes from 
other substances into air we conclude that 
Snell’s law applies equally well to light entering 
or leaving a substance. It is therefore conven- 
ient to write the law in the general form 


sin Oair = Mm SiN Om, 


where nm is the index for light going from air 
into the material m, and @,, is the angle between 
the normal to the surface and the rays in that 
material. The letter m stands for the name of 
the material. For example, for light traveling 
from air to diamond or diamond to air, we will 
have 
sin Bair = NAdiamond sin Baiamond 
= 2.42 sin Oaiamond: 


The general relation, sin @ai, = Mm SiN Om, im- 
plies that light paths described by Snell’s law 
are reversible. In this respect they are just like 
light paths in which specular reflection takes 
place (Section 12-7). You can easily convince 
yourself of this reversibility with experiments 
like this: Suppose one of us is under water and 
the other is above. As in Fig. 13-9, we are look- 
ing each other in the eye. From the general 
form of Snell’s law, the path of the rays of light 
going through the water’s surface is described 
b 

sin 6, = 1.33 sin by 


regardless of whether @, or @y is the angle of in- 
cidence; thus the light rays from your eye to 
mine should follow the same path as those from 
my eye to yours. Now comes the test. We 
arrange a barrier (c in Fig. 13-9) with a small 
hole in it so that you can just see my eye through 
it. I then find that this is just the position of the 
barrier that also allows me to see your eye. 
Many experiments with many different sub- 
stances confirm the prediction of Snell’s law 
and the laws of reflection that such light paths 
are reversible. 
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dependent of the thickness of air between the 
glass and the water. Consequently we may hope 
that it relates Ogiass tO Owater in the special case 
when the thickness of the air layer is zero; that 
is, when the water and glass are touching. In- 
deed, if you try it, you will find that this relation 
holds. Further, it is not restricted to glass and 
water. In general, for two materials, 1 and 2, 
for which Snell’s law holds 


ny sin 8, = ng sin Oo 


no matter which way the light is going. The 
symmetry of this form of Snell’s law shows the 
reversibility of light paths as they pass any sur- 
face for which the law is valid. 

It may seem that in going from the form 
sin i/sin r = const to n,; sin 6, = nz sin 62, we 
have substantially modified Snell’s law. That 
this is not the case, we can see by a slight rear- 
rangement of the above equation. In going 
from material | to material 2, 0; is the angle of 
incidence, and @ is the angle of refraction. Our 


esl eren at ¥ 


iim mas general statement can then be read 


sin’ sin@; ne 


sinr sin@. 74° 


Tas Tnestevergbiltg et light pais It still says that the ratio of the sines of the angle 


of incidence and refraction is a constant since 
nN2/n, is constant. This constant is called the 
relative index of the two materials or the index 
of refraction of light passing from material | 
into material 2. It is often written m2 (read 


13-6 The Passage of Light from Glass None two): 
to Water 


We can now predict what happens when light 
goes from glass to water. Suppose for a mo- 
ment there is a layer of air between two parallel 
surfaces of glass and water as in Fig. 13-10. 
Then as the light leaves the glass, it goes into 
the air at angle 6,i, such that 


glass 


sin Bair = Neglass sin Cena 


It next enters the water and proceeds through 


the water at angle @water such that 


‘ a water 
SiN-O5r = Mwater SiO water 


Therefore 


Netass SIN Ociass = Nwarer SiN Owater- 


This expression relates @water tO Ogiass, and isin- 13-10 Light passing from glass to water through a layer of air. 


The statement 
sin 6; 
sin 6 


= M12, 


therefore, takes us back to the basic statement 
of the law. 
Moreover, since 
ne 
A2=—, 
ny 
we can find the relative indices for any pairs of 
materials in terms of their absolute indices. 
From the relatively few absolute indices, all the 
relative indices can be computed. For example, 
the relative index for light going from water to 
glass is 
n 1.50 
Nwe = = = = },]3. 


Ny 1.33: 


3-7 Total Internal Reflection 


| 


If we apply Snell’s law blindly to all possible 
cases, we soon get into trouble. A difficulty 
arises when we try to compute the direction of 
the refracted ray for light traveling from a 
medium with a higher absolute index of refrac- 
tion to a medium with a lower index. For ex- 
ample, consider light passing from glass, with 
n = 1.50, to air, at the particular angle of inci- 
dence of 41.8°. The sine of this angle is 0.667. 
The sine of the angle of refraction is given by 
Snell’s law as 


sin Oair = Nelass SIN Opiass- 
Hence 
sin 6,i, = 1.50(0.667) = 1.00. 


When sin @ = 1, @ is 90°; therefore a3, is 90°. 
In other words, the refracted light emerges from 
the glass in a direction parallel to the surface; 
it just glances along the surface. This angle of 
refraction is the largest one possible. What if 
a beam strikes the surface at an angle of inci- 
dence greater than 41.8°? 

Let us try to set up an experiment that will 
tell us what actually happens. We can do this 
with the arrangement shown in Fig. 13-11, in 
which several pencils of light, diverging from 
one another, enter the left side of a glass prism. 
After refraction at the first surface, they meet 
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the surface at the top of the prism at different 
angles. Notice that the pencils in the right- 
hand part of the beam do not result in any re- 
fracted pencils; instead, they are totally re- 
flected back into the glass. This phenomenon 
is known as fotal internal reflection. The small- 
est angle of incidence for which total internal 
reflection occurs is called the critical angle. If 
you measure the angle of incidence for the last 
two pencils on the right you will find that they 
are larger than 41.8°. 

In general for light going from medium | into 
medium 2 as in Fig. 13-11, the critical angle in 
medium | occurs when 6. = 90°: then from 
Snell’s law, 


ny sin 6; = ne sin Oo, 
we get ny, sin 6 = ne: 
i no 
or sin 6. = —. 
ny 


Clearly, total reflection can occur only when ny, 
is greater than no. 

It may seem strange that light suddenly stops 
being refracted and is totally reflected when the 
critical angle is reached. In fact there is no sud- 
den change. As you see in Fig. 13-11, when 
the angle of incidence at the glass-to-air surface 


13-11 Pencils of light entering a glass prism from the lower left. 


The two pencils entering nearest the bottom of the prism 
are totally reflected at the horizontal glass-to-air surface; 
the other four pencils are partially reflected and partially 
refracted at this surface. 
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increases, more light (a brighter beam) is re- 
flected and less light (a dimmer beam) is re- 
fracted; and as the critical angle is approached, 
we arrive at the point where all the light is 
reflected and none transmitted. 

Sometimes light is piped around corners by 
means of total internal reflections. The “light 
pipe” consists of a cylindrical rod of transparent 
plastic. Light enters at one end of the rod 
nearly normal to the end surface. Any part of 
this light which reaches the side walls will have 
an incident angle greater than the critical angle 
and therefore will not escape into the surround- 
ing air. Instead, a succession of total reflections 
will carry it around in the rod and it will finally 
emerge at the far end. 

An interesting example of total internal re- 
flection may be seen by a fish that looks upward 
through the surface of a large, smooth pond or 
lake (Fig. 13-12). He sees the trees around 
the pond hanging overhead in a small circle. 
They are surrounded by a mirror that reflects 
a man swimming near the bottom so that he 
appears to be swimming somewhere above the 
surface. 


13-8 Refraction by Prisms; Dispersion 


When we send light through a slab of glass 
having parallel faces, the rays emerging are 
parallel to the incident rays. We can, however, 
change the direction of a light beam by using a 
piece of glass with two nonparallel faces (Fig. 
13-13). In fact, whenever the two faces are not 
parallel, the light will emerge in a new direction. 

Furthermore, a careful examination shows 
that, even when the incident beam is made of 
parallel pencils of light, the beam emerging 
from the prism diverges, or spreads out (Fig. 
13-14). To investigate this spreading, which 
does not seem to be quite consistent with the 
laws of refraction, we shall allow the light to 
travel a considerable distance from the prism 
and then examine it. We shall use a very nar- 
row incident pencil so that the spreading will be 
large compared to the pencil width. A simple 
arrangement for doing this is shown in Fig. 13- 
15 (a). Light from a distant white source, such 
as the sun or an incandescent light bulb, is 
allowed to pass through a narrow aperture in 
an opaque barrier. This aperture produces a 


13-12 The effect of refraction and total re- 
flection on the images seen by a fish. 
The rays of light from the tree appear 
to be coming from the virtual image 
up in the sky. Because this image is 
far away, the fish may not notice that 
the trunk stretches off toward infinite 
distance. From his point of view it is 
foreshortened. The fish can hardly 
see any of the ground, because it is 
compressed into such a small angle 
in the image. (The images of the 
swimmer and of the tree were drawn 
by following more than one ray from 
each of several points, such as the 
top of the tree, its base, and so on. 
Only one of the rays is shown from 
each point.) 
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13-13 Light bent by passing through a glass block with non- 
parallel faces. 


incident beam refracted beam 
————_ 
awl SS 


13-14 A beam of white light diverging as a result of passing 
through a prism. The divergence is exaggerated. 


13-15 The dispersion of white light by a prism into a colored 
| spectrum. 
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narrow beam of light. A screen is set up at 
some distance from the prism. It is found that 
the light falling on the screen is no longer 
“white.” Instead, a brilliant spectrum of colors 
—violet, blue, green, yellow, orange, and red— 
is spread across the screen. The colors are like 
those that we see in a rainbow, with red at one 
end and violet at the other. The red deviates 
least from its original direction, and the violet 
most. 

The deviation produced by a prism is deter- 
mined by the angle between the surfaces 
through which the light passes, by the direction 
of incidence on the first face, and by the index 
of refraction of the prism. Of these, the only 
quantity that can differ for the different colors 
of light is the index of refraction. We are thus 
forced to conclude that we must give up some of 
the simplicity achieved in our earlier experi- 
ments. Having decided that we could describe 
the refractive properties of any substance in 
terms of a single number, its refractive index, 
we now find that the refractive index appears to 
depend on the color of the light! Apparently 
white light is made up of light of different col- 
ors; and a material such as glass has different 
refractive indices for the different colors. 

If this explanation is correct, then we should 
expect to find the spreading of white light into 
colors in some of our previous experiments on 
refraction. Indeed, with careful examination of 
the refracted beam, it is possible to see a slight 
separation of colors in both the experimental 
arrangement of Fig. 13-2 and also that of Fig. 
13-7. In the first case, it is necessary to exam- 
ine the light at a considerable distance from the 
semicircle of glass; in the second case it is nec- 
essary to use a very thick glass block; in both 
cases the effect is greatest for large angles of 
incidence. But the important thing is that the 
effect is present. It does indeed seem to be re- 
lated to the nature of the refractive index, not 
to some special property of a prism. The prism 
is simply a convenient shape for amplifying the 
effect into something that is easily visible. 

When a beam of white light strikes the prism 
as illustrated in Fig. 13-15 (b), the violet light is 
deviated most, while the red light is deviated 
least. Now, no matter which way light passes 
between air and another medium, Snell’s law 
tells us that the bending of the light is greater 
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the greater the index of refraction of the me- 
dium. Consequently we learn that the index 
of refraction of the glass is greater for violet 
light than it is for red. The variation with color 
of the index of refraction for a glass that is used 
in many lenses is given in Table 4. 


TABLE 4 
Index of refraction of “crown” glass 


COLOR: VIOLET BLUE GREEN YELLOW ORANGE RED 


Index: 1.532 1.528 1.519 1.517) 1.514 1.513 


The difference between the index of refrac- 
tion for violet and for red light is seen from the 
table to be only 0.019, just over one percent of 
the average index of 1.52. It is not surprising 
that such a small variation was difficult to detect 
in our first experiments. In fact, unless one is 
particularly concerned with these color effects, 
it is often possible to calculate results that are 
in close agreement with experiment by sup- 
posing that light has a single index of refraction 
for all colors. 

The spreading out of light into a spectrum is 


Experiments with a prism. (a) Light 

of one spectral color remains the 

same color on further analysis with a (a) 
prism. (b) Light of one spectral color 
is always deviated through the same 
angle when passing on similar paths 
through identical prisms. (c) The 
spectral colors combine to make 
white light. 


called dispersion. lt was first studied in the 
seventeenth century by René Descartes and Sir 
Isaac Newton. Newton performed the addi- 
tional experiment of trying to break up one 
portion of the spectrum by inserting a prism in 
light of a particular color, say red. All that 
happens is that the red is slightly further spread 
out but it remains red [Fig. 13-16 (a)]. Unlike 
the original white light, it does not split into a 
complete colored spectrum. 

You will recall from Section 7-8 that not all 
sources emit light of all colors. What will we 
see on the screen if we send the yellow light 
from sodium through a narrow slit and then a 
prism? Only a yellow image of the slit will 
appear on the screen. By sufficient spreading 
out of the spectrum, we can see greater detail. 
For example, if the dispersion is great enough, 
this yellow image proves to be made up of two 
bright lines. (See Fig. 7-9.) But no matter 
how much we spread the yellow lines we do not 
change their color or analyze them into any- 
thing except finer detail. The individual colors 
of the spectrum cannot be decomposed; they 
are simple and basic in a way that white light is 
not. Yellow light from a spectrum will always 


violet ? 
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green 


red 
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deviate the same way through a prism. It will 
deviate less than green and more than red [Fig. 
13-16 (b)], no matter how many prisms we use. 
A color-blind man can use the deviation to 
identify the kind of light. 

Our conclusions are supported by a further 
experiment of Newton’s proving that white light 
is a combination of many colors. He recom- 
bined the spectrum to make white light. We 
can do the experiment by breaking up a narrow 
beam into a spectrum by a prism, and then plac- 
ing in the spectrum a second prism with a 
greater angle between its faces [Fig. 13-16 (c)]. 
Because of its greater angle this prism deviates 
the different colors more than the original prism 
and the light converges again. The pencils of 
light of different colors then overlap in some 
region beyond the second prism, and in this 
region the light on a screen again appears white. 
This is what Newton found, as you can too if 
you repeat his experiment with two glass or 
plastic prisms. 


The Convergence of Light by 
a Set of Prisms 


We found in Chapter 12 that we could control 
and redirect light beams by the use of curved 
mirrors. Devices that can accomplish similar 
purposes through refraction, instead of reflec- 
tion, are called lenses. To understand how a 
lens operates, let us examine the behavior of 
light in passing through the combination of a 
plate of glass with parallel sides and the two 
triangular prisms shown in Fig. 13-17 (a). If 
a parallel beam of light falls on this system from 
the left, so that it is normally incident on the 
plate of glass, it will behave as indicated by the 
rays shown in the figure. The light that passes 
through the plate in the center will continue 
along‘its original direction, since the angle of 
incidence is 0°. Light striking the upper prism 
will be deviated downward by an amount de- 
pending on the opening angle of the prism and 
on its index of refraction. Similarly, light strik- 
ing the lower prism will be deviated upward. 
As a result, there is a region, shown shaded in 
the figure, through which passes almost all of 


(a) 


(b) 


(c) 


13-17 Construction of a lens by the process of subdividing pris- 


matic sections. 


the light that falls on the plate and the prisms. 

The convergence of a parallel beam of light 
into a limited region by this system resembles 
the convergence of a similar beam by a set of 
mirrors. (See Section 12-6.) While working 
with mirrors, we decreased the size of the region 
into which the light was converged by using an 
increased number of mirrors, each smaller than 
the original one. Let us try the same scheme 
here. Figure 13-17 (b) shows parts of the central 
plate and of the two prisms cut away and re- 
placed by pieces of new prisms. The size of the 
shaded region is clearly smaller than it was 
before. 

If we continue the process of removing parts 
of the prisms and replacing them by sections 
having smaller opening angles, we come closer 
and closer to a piece of glass with the smoothly 
curved surface shown in Fig. 13-17 (c). This 
device is the limit that is approached as we in- 
crease the number of prisms indefinitely, just as 
the parabolic mirror of Fig. 12-16 was the limit 
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approached as we used more and more plane 
mirrors to converge parallel light. In Fig. 13-18 
we have actually carried out the construction 
indicated in Fig. 13-17. The lens produced by 
the process that we have outlined converges all 
of the parallel light that strikes it to a line, as 
shown in Fig. 13-19. 


Lenses 


The device we have just constructed is called a 
cylindrical lens. Notice that we have not given 
any definition of the surfaces of the lens, except 
that they are obtained by increasing indefinitely 
the number of sections of prisms that are used 
to converge the light. It is possible to show that 
these surfaces are approximated very closely by 
circular cylinders. In other words, the lines 
representing the surfaces in Fig. 13-17 (c) are 
arcs of circles. The differences between the 
ideal surfaces and those of circular cylinders 
are very slight if two conditions are satisfied: 
(1) the thickness of the lens is considerably 
smaller than its width; and (2) the width is con- 
siderably smaller than the distance from the 
lens to the line at which parallel light is con- 
verged. 

Cylindrical lenses bring the light from a dis- 
tant point source of light to a focus along a line. 
For most purposes we prefer that the light from 
a point source should be focused at a point. 
This focusing can be accomplished by con- 
structing a lens whose surfaces curve equally in 
all directions. Such surfaces are portions of 
spheres. Almost all lenses are bounded by two 
spherical surfaces. 

The line passing through the center of the lens 
and on which the centers of the two spheres are 
located is called the axis of the lens. The point 
on this axis at which incident parallel rays focus 
or converge is the principal focus, F. The dis- 
tance of the principal focus from the center of 
the lens is known as the focal length, f. 

The two surfaces of a lens do not always have 
the same radius. For example, the lens shown 
in Fig. 13-20 has a spherical surface of much 
larger radius at its right-hand boundary than it 
has at its left. 

If a lens is thin compared to its focal length, 
no matter which side of the lens the light enters, 


13-18 The experiments diagramed in Fig. 13-17. 


13-19 Convergence of light by a cylindrical lens like the one 


shown in Fig. 13-17. Note that the light is brought to a 
focus along a line. 
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13-20 A lens with surfaces of unequal radii. 


the focal length is always the same. This sym- 
metry is obvious if the lens is itself symmetric. 
That it is true for all thin lenses can easily be 
shown by an experiment in which a lens is used 
to focus the parallel rays of the sun to a point 
on a piece of paper or cardboard. If the lens is 
then flipped over, the focus occurs at the same 
distance from the lens (Fig. 13-21). 

This result is also predicted by a detailed 
application of Snell’s law from which we find 
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where R, and Rg are the radii of the opposing 
spherical surfaces and n is the relative index of 
refraction for light passing from any medium 
into the lens. This equation is known as the 
“lensmaker’s formula.” We see that inter- 
changing R, and Rg», which is equivalent to turn- 
ing the lens over, does not change the calculated 
value of f- 

From this equation, we can also see that when 
R, and Ry» are small, the lens will have a short 
focal length. This is illustrated in Fig. 13-22, 
where we see that the paths of light rays through 
the lens in (b) are bent more sharply, so that the 
focal length is shorter than in (a). 


Real Images Formed by Lenses 


We have thus far concentrated our attention on 
the focusing of light by a lens when the light 
comes from a very distant object. In the prac- 
tical use of lenses, we are commonly interested 
in the light coming from nearby objects, and 
we all know that lenses do form images of such 
objects. We can locate the images with the help 
of the knowledge that we have gained about the 
behavior of initially parallel rays. 

Figure 13-23 shows a lens, an object of height 
H,, and its image of height H;. To find the lo- 
cation of this image, we draw the two principal 
rays from the top of the object, one ray parallel 
to the axis and the other through the principal 
focus Fz. The ray parallel to the axis is bent 
by the lens so as to pass through the principal 
focus F;. We also know that rays coming from 
the right and parallel to the axis would be devi- 
ated to pass through the other principal! focus 
Fz. It follows from the reversibility of light 
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(a) 


13-21 The principal foci of a lens. For thin lenses the focal dis- 


tance is the same for parallel light entering either the side 
with a small radius (a) or the side with a larger radius (b). 


ne (b) 
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13-22 The shorter the radius of the surface of a lens, the shorter 


the focal length. 
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13-23 The formation of a real image by a converging lens. 


paths that the ray from the top of the object 
that passes through Fy, from the left must travel 
parallel to the axis after it has passed through 
the lens. All rays starting from the top of the 
object will converge very close to the point at 
which these two bent rays intersect. This point 
is therefore the real image of the top of the 
object. 

We could have chosen any other point on the 
object and located its image in the same way. 
Had we done so for a number of points, we 
would have found that the image falls along the 
line that is shown in the figure. 

You probably have noticed that, in construct- 
ing the two principal rays, we have not consid- 
ered the exact path of the ray within the lens, 
but have broken it sharply. This approximate 
construction is good enough for our present 
purposes because our location of the two prin- 
cipal foci is accurate only if the lens thickness 
(at its center) is small compared with the focal 
length. The only lenses to which our construc- 
tion accurately applies are therefore thin lenses. 
For the purposes of ray diagrams, we may con- 
sider such lenses to be circular plates perpen- 
dicular to the axis. 

Convex lenses, like parabolic mirrors, focus 
parallel rays to a point. Lenses, therefore, obey 
the same equation relating image distance, focal 
length, and object distance as do mirrors: 


SiS. = f?. 


The proof of this equation in the case of con- 
vex lenses is the same as for mirrors (Section 
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12-9). As there, we use the shaded similar tri- 
angles formed by the principal rays shown in 
Fig. 13-23. Considering first the shaded similar 
triangles to the left of the lens, we see that Hi/H, 
= f/S,. The shaded triangles to the right of 
the lens give Hi/H, = S;,/f. Combining the 
two equations, we have 


SS; = f?. 


Using this equation for numerical results and 
Fig. 13-23 as a model for ray tracing, you can 
now solve a large number of situations involv- 
ing lenses, either singly or in combination. You 
can determine object and image distances, mag- 
nification, the real or the virtual nature of the 
image—in short, you can do all of the things 
you did in the previous chapter with curved 
mirrors, but this time with lenses. 

Optical instruments of all sorts—cameras, 
projectors, telescopes, microscopes—are built 
with combinations of these lenses. You have 
only barely touched on the subject, but a whole 
industry is devoted to the design and production 
of such instruments and their components. The 
field is tremendously complex and intricate, but 
is almost entirely based on one little bit of 
physics—Snell’s law of refraction. 


FOR HOME, DESK, AND LAB 


1.* Which is the angle of incidence in the drawing in 
Fig. 13-24? Which is the angle of refraction? 
(Section 1.) 


surface 


13-24 For Problem 1. 


2.* Compare Fig. 13-1 with the upper right-hand 
photo of Fig. 13-2. In which is the light bent 
more? (Section 1.) 


3. Can you give a reason why the incident ray, re- 
fracted ray, and the normal should all be in the 
same plane? Can you imagine a material in 
which this would not be true? 


* 


4.* Figure 13-25 shows the path of light traveling 
from air into glass. Is the glass on the right or 


the left in the drawing? (Section 2.) 


surface 


13-25 For Problem 4. 


5.* In the nearly straight portion of the curve for 
water (Fig. 13-3), what is the approximate rela- 
tion between r and /? (Section 2.) 
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6. (a)What are the sines of the following angles: 
4°, 30°, 45°, 60°, 73°, 17.8°, 37.3°, 90°? 
(b) What are the angles that have the following 
sines: 0.1045, 0.0000. 0.3090, 0.8660, 1.000, 0.5000, 
0.5225, 0.9636? 
(c) Plot sin i versus 7 from 0° to 90°. 


7.* In Fig. 13-26, what is the index of refraction for 
light going from air into substance X? (Section 
3.) 


13-26 For Problem 7. 


8.* Check Fig. 13-1. Do the incident and refracted 
pencils correspond to what they should be if the 
refractive material really is water? Musy it be 
water? (Section 3.) 


9.* For a given (nonzero) angle of incidence, which 
substance listed in Table 3 causes the greatest 
change in direction of light entering it? (Section 
3.) 


10. A rectangular tank 8 cm deep is filled with water. 
A light ray enters the top surface of the water at 
a point just touching the side of the tank. After 
refraction it falls on a point on the bottom of the 
tank 3 cm from the same side of the tank. 

(a) What is the sine of the angle of refraction? 
What is the angle of refraction? 

(b) What is the sine of the angle of incidence? 
What is the angle of incidence of the entering ray? 

(c) Suppose that the same tank were filled with 
a liquid other than water and you found that in 
order to fall on the same point 3 cm from the side 
the angle of incidence of the entering ray had to 
be 31°. What is the index of refraction of the 
liquid? 


11. A narrow pencil of light enters the top surface of 
the water in a rectangular aquarium at an angle 
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of incidence of 40°. The refracted pencil con- 
tinues to the bottom of the tank, striking a hori- 
zontally placed plane mirror which reflects it back 
again to the surface, and it is again refracted as 
it emerges into the air. 

(a) What is the angle between the incident ray 
entering the water and the refracted ray emerging 
from it? 

(b) If the water in the tank is 10 cm deep, what 
is the distance between the points on the water 
surface where the ray enters and where it 
emerges? 


Sketch one of the photographs of Fig. 13-2 and 
show by arrowed rays how the picture would look 
if the light were sent from below. (Section 5.). 


If the angle of incidence were changed in Fig. 
13-7, would the two rays corresponding to the 
ones at the top of the photo still be parallel to 
each other? 


Light from the setting sun comes through the 
earth’s atmosphere along a curved path to your 
eye, so that the sun looks higher in the sky than 
it really is. How do you explain this? Illustrate 
your answer with a diagram. 


As the moon moves across the sky, it passes in 
front of stars. Compare what is seen as the moon 
passes in front of a star with what you would see 
if the moon had an atmosphere like that of the 
earth. 


In Fig. 13-27, is the relative index for light going 
from medium A into medium B greater or less 
than 1? (Section 6.) 


13-27 For Problem 16. 


17. 


If the relative index for light going from glass into 
diamond is 1.61 and the absolute index of glass is 
1.50, what is the absolute index of diamond? 


If the relative index for light going from oleic acid 
into water is 0.91 and the index of water is 1.33, 
what is that of oleic acid? 


20. 


21.* 


22. 


What will you see when you look at a piece of 
fused quartz submerged in oleic acid? (Refer to 
Table 3.) 


It is possible to place carbon disulfide, water, and 
kerosene in separate layers in that order, since 
they do not mix. A container having these three 
liquids in layers of equal depth has on its bottom 
a light source which projects a pencil of light up- 
ward through the liquids at an initial angle of 5° 
from the vertical. 

(a) Calculate the angle of refraction of the ray 
as it finally emerges from the kerosene. 

(b) Would a pencil of light travel over the same 
path in the reverse direction from kerosene 
through water into carbon disulfide? 

(c) Suppose the cylinder had been filled with 
water only. How would the angle of refraction 
of the emerging ray compare with the angle cal- 
culated above? 


What is the critical angle for light passing from 
glass to water? (Section 7.) 


In Fig. 13-28, continue the light ray until it comes 
out of the glass. 
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13-28 For Problem 22. 


23. 


24.* 


25. 


26. 


Carbon disulfide (refractive index 1.63) is poured 
into a large jar to a depth of 10.0cm. There isa 
very small light source at the center of the bottom 
of the jar. Calculate the area of the surface of 
carbon disulfide through which the light passes. 


There are filters which pass all colors except 
green. There are others which pass only red. The 
light passing either of them appears red to the 
human eye. Could you distinguish between the 
two kinds of light by using a prism? (Section 8.) 


Why is it easier to observe dispersion in a prism 
rather than in the setup shown in Fig. 13-2? 


In Fig. 13-29, a parallel beam of monochromatic 
light enters each box from the left. Draw what 
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13-29 For Problem 26. 


27. 


28. 


29.* 


30.* 


could be in each box to produce the effects shown. 
The single and double arrows on the emerging 
beams show the corresponding edges of the enter- 
ing beam. The lines without arrows show the 
other edges of the emerging beam. 


A crude converging lens can be constructed by 
placing two 30°-60°-90° glass prisms together 
with a glass block as shown in Fig. 13-30. 

(a) What is the focal length of this “lens” to 
one significant figure? 

(b) Would such a lens form a clear image? 
Explain. 


If two 45° prisms of glass (index = 1.50) are ar- 
ranged as in Fig. 13-31 they will not converge 
parallel light. Why not? What will happen to 
the light? 


What focal length does the lensmaker’s formula 
predict for a lens whose index of refraction is very 
close to that of the medium the lens is in? (Section 
10.) 


What would the lensmaker’s formula be for alens 
which has one flat surface? (Section 10.) 


13-30 For Problem 27. 


13-31 For Problem 28. 
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13-32 For Problem 34. 


31. 


33. 


34. 


A lens (index = 1.50) has a focal length in air of 
20.0 cm. 

(a) Is its focal length in water greater or less 
than in air? 

(b) What is its focal length in water? 

Hint: Notice that every individual refraction 
depends on the relative index of refraction. 


An object is | meter in front of the principal focus 
of the lens of acamera. How far behind the other 
principal focus will the image be if the focal 
length of the lens is 5 cm? (Section 11.) 


What is the minimum distance between an object 
and the real image formed by a converging lens? 
(Make a graph of the total distance versus the 
object distance. Use the focal length fof the lens 
as the unit of distance.) 


In Fig. 13-32, a parallel beam of monochromatic 
light enters each box from the left. Draw what 
could be in each box to produce the effects shown. 
The single and double arrows on the emerging 
beam show the corresponding edges of the enter- 
ing beam. 


FURTHER READING 
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reference material devoted to lenses and optical in- 
struments. (Chapters 4, 5, 9, and 10) 

LITTLE, NoeEt C., Physics. D.C. Heath, 1953. (Chap- 
ter 4) 

NEWTON, SIR Isaac, Opticks, or a Treatise of the Reflec- 
tions, Refractions, Inflections & Colours of Light. 
Based on the Fourth Edition of 1730; Dover, 1952. 


IN CHAPTER 9 we built a molecular model of a 
gas. That model accounted for the funda- 
mental properties of a gas and put them into a 
consistent picture. Let us try now to construct 
a model or theory of light which will account 
for the properties of light we have thus far 
studied. Like the model of a gas, this model 
will allow us to draw conclusions and make pre- 
dictions which in turn can be checked by further 
experiments. In doing so, we shall retrace ideas 
that were developed over several centuries. 
The main architect of the model we shall study 
in this chapter was Sir Isaac Newton. 

We have seen that light always has its source 
in some luminous body and that it travels in 
essentially straight lines. Any model of light 
must, then, include something that starts from 
the luminous body and moves along a straight 
path. The simplest thing that we can imagine 
traveling in this way is a particle, such as a base- 
ball. We might suppose that a luminous body 
gives off a stream of particles. You may object 
to this model on the grounds that baseballs or 
other particles do not travel in straight lines; 
they move in curved paths that bring them down 
to the earth. We do know, however, that the 
path of a baseball curves less and less as its 
speed is increased. We can expect that the 
paths of light particles which travel at a speed of 
3 x 108 m/sec will hardly be curved by the 
earth’s gravitational pull. With the particle 
model, therefore, we have no trouble in account- 
ing for the propagation of light in straight lines. 

Of course, light particles must be quite differ- 
ent from baseballs. In particular, unlike base- 
balls, they do not interact with each other, as we 
found out in Section 12-2. We can explain this 
lack of interaction by supposing that the par- 
ticles are very small, so small that, even for two 
intense light beams, the chance that particles in 
one beam will collide with those of the other is 
extremely small. In this way we can include the 
lack of interaction of light with light in our 
model. Our assumed light particles differ from 
baseballs, then, by their very high speeds and 
their very small size. If we keep these differ- 
ences in mind, we can try to predict the prop- 
erties of streams of light particles by studying 
the behavior of particles such as baseballs or 
marbles. 
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Reflection 


We know that light is reflected when it strikes a 
surface. Do particles such as steel balls behave 
in the same way? To answer this question, we 
merely need to throw some ball bearings onto 
various surfaces. The balls thrown onto a 
clean, smooth steel plate bounce off regularly at 
an angle of reflection approximately the same 
as their angle of incidence (Fig. 14-1). The 
paths of incidence and reflection are in a plane 
normal to the surface; also, the speed after colli- 
sion with the surface is about as great as before. 
If either the balls or the smooth surfaces are less 
resilient than steel, reflection does not take place 
with equal angles of incidence and reflection. 
Also, in such cases the speed of the balls after 
reflection is less than before—unlike light, 
which does not change its speed on reflection. 
To account for the specular reflection of light 
from smooth surfaces, therefore, we have to 
assume that light particles reflect like ideal ball 
bearings bouncing off resilient surfaces. By re- 
stricting our model to such elastic particles and 
using only surfaces which are elastic for the par- 
ticles of light, we can explain specular reflection. 

We have now seen that our particle model 
can account quite satisfactorily for the specular 
reflection of light. It can also account for the 
fact that light is sometimes reflected diffusely. 


14-1 A time exposure of a ball being reflected from a steel plate. 


The angle of reflection equals the angle of incidence. 
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14-2 The diffuse reflection of particles. This occurs when a sur- 


14-2 


face has irregularities larger than the size of the particles. 


Figure 14-2 indicates how. Individual particles 
bounce off with equal angles of incidence and 
reflection; but if the surface is uneven, the re- 
flected particles will be traveling in a variety of 
directions so that the surface as a whole scatters 
the light diffusely. We might ask just how 
smooth a “smooth” surface must be to show 
specular reflection on a large scale. The an- 
swer is that the bumps in it must be very small 
compared with the size of the particles that 
strike it. A surface that appears quite smooth 
when ball bearings are bounced from it may be 
very rough and uneven when the small light 
particles are reflected. We can therefore see 
why metals must be highly polished before they 
become good mirror surfaces. 


Refraction 


Can our particle model of light account for re- 
fraction as well as for reflection? In refraction 
the light particles are shoved off their path in air 
and onto a new path as they enter the refractive 
material. Can we design an experiment in 
which moving steel balls are shoved so as to 
change their path in the same way? 

Suppose a ball rolls along a level surface and 
then down a steep slope onto a lower level sur- 
face. While the ball rolls on the upper level 
surface, it moves in a straight line at a constant 
speed. This upper surface, let us assume, cor- 
responds to the region of air through which a 
particle of light moves in a straight line at a con- 
stant speed. When the ball comes to the steep 
slope, it is shoved in a direction perpendicular to 
the edge of the slope. The sloping region, 


therefore, can model the surface region of a re- 
fractive medium such as glass. In this surface 
region in the glass, the particles of light are sup- 
posed to be given a shove perpendicular to the 
boundary and toward the inside of the glass. 
To find out what happens to the particles of 
light as they pass through this region we need 
only look at the photograph in Fig. 14-3, 
which shows what happens to a ball as it rolls 
down the slope. There we see that the ball is 
speeded up in the direction perpendicular to the 
edge, and the direction of its path is changed. 
If the ball rolling along the upper surface meets 
the slope at an angle, it rolls out from the slope 
along the lower surface in a different direction, 
closer to the normal. In the same way, light 
passing through a surface region in which it is 
shoved toward the inside of the refractive ma- 
terial should speed up and bend toward the nor- 
mal as it enters the refractive material. The 
lower level surface on which the ball rolls corre- 
sponds to the inside of the refractive material. 
Here again the ball goes at a constant speed in 
a straight line like light inside of a piece of glass. 

We can use the rolling-ball model to investi- 
gate the relation of the angles of refraction to 
the angles of incidence. If refraction is caused 
by a shove that occurs when the light passes 
from the outside to the inside of a refractive 
medium, then the relation that we find in the 
rolling-ball model should be the same as the 
relation for light. To carry out this investiga- 
tion in the rolling-ball model, we always roll the 
balls across the upper plane at the same speed, 
because in a vacuum the light particles always 
travel at the same speed. Measurements of 
many pairs of angles show that the refraction of 
the balls agrees with Snell’s law 


sin #,/sin 8, = constant, 


where 4, is the angle between the path of the 
ball on the upper plane and the normal to the 
boundary and @, is the corresponding angle on 
the lower plane. What is more, the constant in 
Snell’s law depends on the difference in height 
between the two plane regions and on the speed 
with which the balls move. The greater the 
difference in height, the greater is the index of 
refraction; the greater the original speed, the 
smaller the index. By always using the same 
original speed, we can model materials of differ- 
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ent indices of refraction by planes of different 
heights. For example, to model the refraction 
of light going from air into water, the height of 
the sloping region must be smaller than the 
height needed to model the passage of light 
from air into glass. We find in each case that 
the rolling-ball model produces Snell’s law; and 
by adjusting the heights, we can match any in- 
dex of refraction. 

In discussing the rolling-ball model we do not 
mean that light is made of rolling balls which 
fall down hills. The point of this model (which 
was devised by Sir Isaac Newton to explain the 
laws of refraction) is that refraction can be ex- 
plained if at the surface of every refractive ma- 
terial light particles are given a shove. This 
idea is plausible. Far inside of a piece of glass 
or other refractive material, a light particle is 


14-3 A time exposure of a ball bearing rolling from a higher to 


a lower surface. The change in direction of the ball shows 
“refraction.” 
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surrounded by the same material on all sides. 
It is pushed in no direction; but at the surface 
the situation is obviously different, and a push 
or pull toward the inside might well occur. 
Then, if the push acts like that in the rolling-ball 
model, refraction is successfully explained. 

So far this model is successful. We therefore 
examine it further. We can find the relation be- 
tween the speeds of a ball on the upper and 
lower levels by taking stroboscopic pictures 
(Fig. 14-4). Analyzing many paths of many 
balls hitting the slope at different angles shows 
that, for the same v, on the upper plane, the ball 
always attains a definite speed v; on the lower 
plane. The angle of incidence on the boundary 
does not influence v,. Furthermore, just as in 
the elastic specular reflection of balls, the com- 
ponent of the velocity along the boundary does 
not change in the refraction. Only the perpen- 
dicular component of the velocity is changed; 
it is increased upon going onto the lower level, 
which is the refractive region in our model. 

These observations of the speeds in the two 
materials are related to Snell’s law. In fact, 
from them we can show that Snell’s law follows 
logically. The component of the velocity along 
the boundary is v, sin @, in the upper region and 
v; sin @, in the lower region (Fig. 14-5). Because 
this component does not change when a ball 
passes from one region to the other, we have 
Vy sin 6, = v, sin 8, or 


sin, — vy 
sin®, = vy 


Snell’s law therefore holds, and the index of re- 
fraction must be v;/vy. From the speeds v, and 
v; measured with the stroboscope, and the meas- 
ured angles, we then get a successful cross- 
check on the model. 

We can also roll balls on the lower plane 
toward the hill starting at the speed v,. Then 
we find, as we should expect, that everything is 
reversed. The balls arrive on the upper surface 
with v,, and Snell’s law holds in reverse just as 
it does for light. 

We now have a particle model of refraction, 
and—as usually happens when we have a model 
—it suggests many experiments. For example, 
our model says that the speed of light in a re- 
fractive material is independent of the angle of 
incidence and greater than the speed of light in 


14-4 Two stroboscopic pictures of the ball bearing shown in 


Fig. 14-3. The speed on the upper level is the same in 
both pictures, since the ball bearing is released from the 
same height each time. Notice that the speeds on the 
lower level are also the same, although the angles of inci- 
dence are different in the two pictures. 
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upper surface 


lower surface 


v, sin 0; 


4-5 A vector diagram illustrating what happens in Fig. 14-3 


and 14-4, The two velocity components v, sin 6, and 
v, sin 8), parallel to the boundary, are equal. 


vacuum. We should make measurements of the 
speeds of light in refractive materials and in par- 
ticular find out if they agree with 


Um 


F: = Mn, 


where vp is the speed in the refractive material, 
c the speed of light in vacuum, and ny, the index 
of refraction. We shall discuss such measure- 
ments in Section 14-7. Also we should check to 
see that the speed of light in vacuum does not 
depend on the prior history of the light. Ac- 
cording to our model, a light particle slows 
down in going from a refractive material into 
vacuum by just as much as it speeds up in going 
from vacuum into the material. The constancy 
of the speed of light in vacuum—regardless of 
where the light comes from—is a check on this 
particle model of refraction. 


14-3 Source Strength and Intensity of 


Illumination 


In order to find the ratio of the distances to two 
similar stars in Chapter 4, we used the inverse- 
square law relating the intensity of illumination 
to the distance by J = k/r?, where r is the dis- 
tance of the source of light and k must have 
something to do with the strength of the source. 
Let us now investigate the intensity of illumina- 
tion and the strength of sources a bit more 
closely. 

In order to measure the intensity of illumina- 
tion, we can use a photoelectric cell or other 
light meter, such as those used by photog- 
raphers. On these light meters is a pointer 
which moves across a scale. Higher scale read- 
ings on the meter correspond to greater illumi- 
nation as we estimate it by eye, and lower scale 
readings are obtained in dimmer light. Our first 
job is to discover a way to calibrate the meter by 
a method of our own that we understand. 

We start by finding a set of equal sources of 
light. By “equal” we mean that the light meter 
registers the same reading for each source 
when placed by itself at a set distance r, in front 
of the light meter in an otherwise dark room 
(with dark walls to eliminate reflections). We 
conclude that each light source is causing the 
same number of light particles to fall on the 
sensitive element of the light meter in one unit 
of time, say a second. 

The particle theory of light now suggests that 
if we place two of these equal sources at the 
same distance ro, twice as many particles of light 
will illuminate the light meter per second. 
Indeed, using any two of our standard light 
sources, each a distance r, away from the meter, 
we always get the same pointer reading on the 
meter; this reading indicates greater illumina- 
tion than we get with only one standard source 
at the standard position. 

Let us make our calibration of the scale for 
the light meter by marking the position of the 
pointer when one standard source is at the 
standard distance ry. We put the number | 
right on the scale at that point. We put the 
number 2 on our scale at the position of the 
pointer when two standard sources are at the 
standard distance. We can do the same thing 
with three standard sources at the standard dis- 
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tance in front of the meter,and soon. We have 
now calibrated our light meter to read illumina- 
tion in multiples of the illumination given by 
one standard source placed at the distance r, 
in front of the meter. When we use the meter 
to measure the illumination of a standard 
source at a distance different from ro, our scale 
tells us how great that illumination is in terms 
of the number of our standard sources that 
would have to be placed the distance r, in front 
of the meter to give the identical effect. 
Suppose that we originally chose the distance 
r, in front of the meter to be very long compared 
to the size of our light source and also long com- 
pared to the dimensions of the sensitive element 
of our light meter. We can now take one of the 
standard sources and move it to distances in 
front of the light meter which are smaller than 
ro. Thus, we can find out how the intensity of 
illumination at the sensitive element of the light 
meter changes as we change r, the distance from 
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30 


Intensity, I 
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0 0.40 0.80 


Distance from source, r in m 


the source to the meter. The results of such an 
experiment are shown in Table 1. 

The third column shows the product of the 
intensity and the square of the distance. This 
product is almost a constant, as we should ex- 
pect if the inverse-square law is true. 


TABLE ! 

T (METERS) I Ir? 
1.20 1.0 1.4 
1.00 1.5 1.5 

.80 2.3 1.5 
.70 3.2 1.6 
.60 43 1.5 
.50 5.4 1.4 
.40 8.5 1.4 
.30 17.7 1.6 
.25 23.5 1.5 
.20 33.3 1.3 


The intensity of illumination at different distances from 
a source. 
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14-6 The graph on the left shows the intensity of illumination at different distances from a source. The experimental values agree closely 
with points computed, assuming an inverse-square relation. The graph on the right, where intensity is plotted against 1 /r?, shows 
close agreement with a straight line. 


14-7 The particles which are spread over the area 47r? at radius 


r will be spread over the area 167? at the radius 2r. Thus 
the intensity will be only one fourth as great at distance 2r 
as it was at distance r from the point source. 


The data from Table | are plotted in Fig. 
14-6. 

The result that the illumination varies in- 
versely with the square of the distance from the 
point source is just what we would expect ac- 
cording to the particle theory of light. We sup- 
pose that illumination is directly proportional 
to the number of particles hitting a unit area in 
one second. The particles move outward in all 
directions from the source, traveling in straight 
lines, and we assume that none of them are lost 
as they travel. Ata distance r from the point 
source, the particles will be spread over a sphere 
of radius r and of area 4zr?. (See Fig. 14-7.) 
At a distance 2r from the source, the same total 
number of particles must be spread over an area 
4n(2r)2 or 16zr2._ Thus the number of particles 
per unit area at 2r, and hence the illumination 
at 2r, will be only one-fourth as great as the 
number of particles per unit area, or illumina- 
tion, at r. 

This theoretical derivation of the inverse- 
square law is just that given’ in Chapter 4, but 
in place of a vague amount of light passing 
through greater and greater areas, we now have 
a certain number of individual light particles. 

When the source and the receiver of light par- 
ticles are close together compared to their sizes, 
the light particles can pass from one to the other 
at odd angles to the surface instead of along 
paths which are nearly parallel to each other 


14-4 
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and perpendicular to the sensitive surface of the 
light meter. We are, therefore, not surprised if 
we find greater deviations from the inverse- 
square law when the source and light meter are 
close together. 

Like the standard units of distance or time, 
our standard light source is an arbitrary unit of 
source strength. Source strengths were system- 
atically measured long ago, so long ago that the 
usual unit is the candle. You can imagine the 
prescription for making a standard candle. This 
candle is to be a j in., No. 6 sperm candle burn- 
ing at the rate of 120 grains per hour. When it 
is designed to burn just this way, it should then 
be just as bright in France as it would be in 
Alaska. 

Of course, as has happened to other stand- 
ards, the prescription has been replaced by a 
new one, but the basic ideas are no different. 
The standard candle now is defined in terms of 
the light that comes through a 5-square-milli- 
meter hole behind which is a platinum body 
heated to its melting temperature. The new 
candle is much more accurately reproducible 
than the old one, but there may be some ques- 
tion as to whether or not it is easier to set up 
your own standard source. 

The standard unit of intensity of illumination 
is based in turn on the standard candle. It is 
the intensity given by one candle one foot away. 
This unit of intensity of illumination is known 
as the foot-candle.* 


Light Pressure 


Whenever a baseball or a stone hits us we feel 
a push. The pushes exerted by the tiny mole- 
cules of a gas bumping into the walls of a con- 
tainer or pounding on our skin give rise to gas 
pressure. So we found in Chapter 9. Do the 
particles of light bumping into a mirror simi- 
larly give rise to light pressure? The particle 
theory of light suggests that they do. Unfor- 
tunately, the particle theory we have developed 
so far is not specific enough to tell us how much 


* You must read this unit as a single word; it does no/ mean 
feet x candles. For example, at | ft, 3 candles give 3 foot- 
candles illumination; at 2 ft. they give (3 foot-candles) 
(1 ft/2 ft)? = } foot-candles. 
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light pressure to expect from a given stream of 
light particles. For example, we do not know 
what intensity is given by a mole of light parti- 
cles passing each second through a square 
meter. 

But even without this detailed knowledge we 
do know that if light exerts a pressure at all, it 
must be very small for an ordinary beam of 
light. We do not knock over a feather by switch- 
ing on a bright light. Even experiments with 
delicate apparatus failed to reveal the existence 
of light pressure until the beginning of our own 
century, when Peter Lebedev in Russia and 
Nichols and Hull in the United States suc- 
ceeded in finding and measuring this pressure. 
From their experimental results we know that 
the pressure of bright noon sunlight is just about 
the same as the pressure of a monolayer of oleic 
acid lying on a horizontal surface. This is a 
very small pressure, but not all light pressure 
is so small. Experiments verify the prediction 
of the particle theory that the pressure of light 
increases with the intensity of illumination. At 
the surface of the sun, for example, light pres- 
sure is several orders of magnitude larger than 
the pressure of sunlight here, and at the surfaces 
of some stars the light pressure is enormous. 


14-5 Absorption and Heating 


A good reflector of light does not warm up ap- 
preciably when placed in sunlight, whereas a 
dark, absorbing surface can become quite warm 
when exposed to the sun. Dirt, shoveled up 
from a sidewalk along with snow after a snow- 
storm, melts its way down through the snow 
when the sun comes out. The black dirt, a good 
absorber, gets warm and melts the snow be- 
neath it faster than the white reflecting snow 
melts by itself. 

Can the particle model account for this be- 
havior? When particles are neither reflected 
from a material nor transmitted by it, they must 
come to rest. When a piece of matter is hit by 
particles that neither pass through it nor bounce 
off it, does the material heat up? We can easily 
show that heating really occurs with particles by 
substituting a hammer for the particles and 
using a block of lead for the absorbing material. 
If we strike the block a series of rapid blows 


(like a series of particles striking the lead), we 
find that the hammer does not bounce back (the 
particles do not reflect) and the lead gets warm. 
As a check to see that this heating is not an 
effect we get with every particle bombardment, 
let us repeat the experiment using a heavy steel 
block. The hammer now bounces back with 
every blow (it reflects), and the steel does not 
warm up. If light particles act like particles of 
ordinary matter, we expect them to heat any 
material in which they are stopped. The parti- 
cle model therefore agrees with the observed 
heating of materials which absorb light and 
with the fact that materials which reflect or 
transmit all the light do not heat up. 

Absorbing materials are not usually black. 
They reflect some of the light which strikes 
them, and they may transmit some of it. In 
order to make a model of a substance which 
reflects some particles specularly while it ab- 
sorbs other particles from the same light beam, 
we may imagine that the material contains 
small regions that stop light particles, producing 
heat, intermingled with regions that reflect light 
particles and produce no heat. Even the best 
reflectors, such as mirrors, warm up a little 
when placed in the sun, and we conclude that 
a mirror surface must contain a few scattered 
absorbing regions. A transparent substance 
such as a pane of glass must also contain some 
absorbing regions since we observe a slight de- 
crease in the light intensity while the glass is 
inserted in a light beam. Furthermore, as ex- 
pected, the glass does become slightly warm. 


14-6 Some Difficulties with the Particle 


Theory 


We have found that we can make a particle 
model which accounts for specular and diffuse 
reflection, which gives Snell’s law of refraction, 
and which leads to the inverse-square law for 
the diminution of the intensity of illumination 
with distance. The model also suggests that 
light should exert a pressure and that heating 
should be associated with light absorption. 
These last two effects, which we had not previ- 
ously discussed, are found experimentally; and 
they may serve as examples of the value of a 
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model in leading us to new investigations. The 
model is successful in describing coherently 
much that we already know by giving us a pic- 
ture into which our knowledge fits. It also 
suggests that other things should take place 
about which we may have had no idea. It gives 
us the clue to what may otherwise be unex- 
pected, because, like the pressure of light, the 
unexpected may exist in the model. We can 
then check the model by comparing nature with 
what the model says. 

So far with our model of light we have been 
very successful. Are there any respects in which 
the particle model is less successful? Are there 
aspects of the behavior of light which are poorly 
described by the model, or even in conflict with 
it? 

Let us take a closer look at what happens 
when light is refracted. Although we know how 
to account for refraction and reflection sepa- 
rately on the particle model, can we account for 
the fact that both take place when a light beam 
reaches the surface of a refractive material? To 
produce specular reflection the surface shoves 
the particles of light in one direction; to produce 
refraction on our model it shoves them the 
opposite way. How does it decide which way 
to shove? This question bothered Newton, and 
he attempted to explain the partial reflection 
and partial refraction of light by supposing that 
the particles of light had properties which 
changed periodically with time. What happens 
to the particle then depends upon the time at 
which it hits the surface. 

Another attempt to explain the splitting up 
of light beams might be made by imagining that 
the surface is divided into little reflecting re- 
gions and little regions that refract. Either of 
these extensions of our model might account for 
a definite ratio of reflection and refraction. But 
they are in trouble because the ratio of refracted 
to reflected light decreases as the angle of inci- 
dence increases. Perhaps the difficulty can be 
overcome, but the model is getting complicated. 
When we have to fix it up too much, we look 
on it with suspicion. . 

More trouble arises when we try to account 
for diffraction. For example, there seems to be 
no simple particle explanation for the compli- 
cated diffraction pattern observed when light 
passes through a tiny hole (Fig. 11-10). In 


addition, as we shall see in the next section, 
there is trouble with the speed of light. 


14-7 The Speed of Light and the Theory 


of Refraction 


According to our particle theory, the speed vy, 
of light in a refractive material must be greater 
than the speed c in vacuum. In Section 14-2, we 
found vyz, = Chm, where n,, is the index of re- 
fraction. This is a quantitative result of the 
model which we can test if we can measure the 
speed of light over a short distance—in a tank 
of water, for example. 

In Newton’s time such a measurement was 
not possible. The first successful measurements 
of the speed of light over a measured path on 
earth were made by Fizeau (1849). His method 
of measurement is based on the same idea as 
that of the stroboscope. Think of directing a 
beam of light at the hole in a stroboscope. 
Little pulses of light are let through each time 
the opening in the whirling disc passes the 
beam. Now let these pulses strike a mirror so 
that they are reflected back to the stroboscope 
again (Fig. 14-8). On the return trip a pulse 
can pass through the stroboscope only if the 
opening in the disc is again in the right position. 

For a stroboscope with a single opening in the 
disc, the disc must rotate at least one full turn 
in the same time that the light goes to the mirror 
and back. By measuring the speed of rotation 
when light can pass both ways, we can time the 
light as it goes the known distance from the 
stroboscope to the mirror and back again. Thus 
we determine the speed of light. 

Of course, no ordinary stroboscope will turn 
fast enough. But, by designing a special high- 
speed stroboscope with many holes, Fizeau suc- 
ceeded in measuring the speed of light in air. 
Other physicists improved Fizeau’s method, 
among them the French physicist Cornu. His 
stroboscope had 200 openings and could turn 
at 54,000 revolutions per minute. As he in- 
creased its speed from zero to the maximum he 
measured twenty-eight successive eclipses and 
brightenings of the light coming back through 
the disc from a mirror 23 km away. By using a 
rotating mirror to replace the rotating disc of 


14-8 Timing a light pulse with a stroboscope. 
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the stroboscope, Foucault in France and later 
Michelson in the United States increased the 
accuracy of this method still further (Fig. 14-9). 
Michelson was able to determine the speed of 
light to an accuracy of about 3 km/sec (1 part 
in 10°). 

For this accurate measurement Michelson 
used a long path. But the same method can be 
used over short paths to find the speed of light 


light source 


glass: plate 


in liquids, such as water, though with lower 
accuracy. In 1862, Foucault measured the 
speed of light in water and found it to be close 
to 2.23 x 108 m/sec. This is almost exactly 
three-fourths of its speed in air. Sorne years 
later, Michelson determined the speed of light 
in carbon disulfide, a liquid with an index of 
refraction of 1.63, and found it to be 1.71 « 108 
m/sec. 
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Light from the source reflects from the glass plate and goes through the hole in the strobe 


disc to a distant mirror. The returning pulse passes through the strobe disc and through the glass plate to the eye of an observer. 
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14-9 Michelson reflected light from an eight-sided rotating mirror. With this equipment he made precise measurements of the speed of 


When it encounters these results our particle 
theory of light really strikes a snag. In order to 
account for Snell's law, we were forced to as- 
sume that the speed of light is higher in refrac- 
tive materials than in vacuum. Using Newton’s 
particle model, we obtained vwater = NwaterC. 
Consequently, on the model the speed in water 
should be about 4 of that in air, and in carbon 
disulfide the speed should be about 3 of that in 
air. The observed values are almost exactly 4 
and 2 of the speed in air. Not only have the 
experiments failed to show the ratios that we 
expected—they indicate that the ratios are in- 
verted. Our particle model of light appears to 
fail. 


14-8 The Status of the Particle Model 


In this chapter we tried to develop a model of 
light based on the behavior of particles. This 
attempt was successful as long as we chose only 
some of the optical phenomena we know about, 
and as long as we did not always demand pre- 
cise and quantitative agreement between the 
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FOR HOME, DESK, AND LAB 


1.* Why should a Ping-Pong table have a more even 
surface than the floor of a basketball court? 
(Section 1.) 


2. Consider the box shown in Fig. 14-10, whose in- 
side walls are perfectly reflecting. What do you 
predict will happen when you shine a beam of 
light into the box? (Use the particle model of 
light to arrive at your answer.) 
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predictions of the theory and the results of ex- 
periments. When we included all of the phe- 
nomena and asked for quantitative checks, 
however, the model failed in several important 
respects. Since our particle theory of light 
failed, it must be either abandoned or modified. 

We are now in a situation in which physicists 
often find themselves. From time to time, a 
theory which successfully connects a whole 
group of experimental results and observations 
fails to account for a new observation. Then 
we must modify the theory, or start over again 
and try to invent a new one. It is almost always 
true, however, that the efforts spent on the old 
model have not been wasted. The theory has 
served two purposes: it has shown that some of 
the things that were observed can be related to 
each other; and it has suggested new experi- 
ments. The particle picture of light, which here 
appears unsatisfactory, has played a very im- 
portant part in the history of physics, and it still 
contributes to our understanding of light. We 
shall have more to say about it in Part IV. For 
the moment we put it aside and try a different 
model. 


source 


3.* In Fig. 14-4, if you keep the speed of the ball 
bearing on the upper level constant by launching 
the ball always in the same manner, at what angle 
of incidence to the hill will you get the highest 
speed on the lower level? (Section 2.) 


4.* What does the experiment of particle model re- 
fraction suggest about the speed of light in a mate- 
rial, that was not apparent in our refraction 
experiments with light? (Section 2.) 
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5. 


The index of refraction of carbon disulfide is 
about 1.63. What should the speed of light be in 
this liquid, according to the particle model of re- 
fraction given in Section 14-2? 


The speed of light measured in a certain medium 
is 2 x 108 m/sec. 

(a) According to the particle model of light, 
what should be the index of refraction of this 
medium? 

(b) Using the index of refraction from part (a), 
what would be the path of a light ray which passes 
from air into the medium at an angle of 30° from 
the normal to the surface of the medium? 


Occasionally there occurs in the heavens an ex- 
plosion of a star, producing what is known as a 
super nova. The star suddenly becomes many 
times brighter than before. As you know, the 
stars are so far away that the light from them 
takes many years to reach us. An explosion that 
we observe must have occurred a long time ago, 
and the light has been traveling toward us ever 
since. We see the explosion as a bright white 
light, not as a series of different colors arriving at 
different times. 

(a) What does this show about the speed of 
light of different colors in vacuum? 

(b) Try to suggest a particle model for disper- 
sion in prisms consistent with the single speed of 
light of all colors in vacuum. 


How can you check several light sources to see if 
they are equal sources of light? (Section 3.) 


* Suppose a light meter gives a reading of | unit 


when it is a distance r from a light bulb. At what 
distance from the same source will the meter give 
a reading of 2 units? (Section 3.) 


Can you explain the different strengths of light 
sources in terms of particles of different size? 
How about the decrease in intensity caused by 
inserting a partially absorbing sheet of matter in 
a light beam? Can different intensities at vary- 
ing distance from a source be accounted for in 
this way? 


What assumptions do we make in using the 
inverse-square law to determine star distances? 
(See Section 4-3.) 


What does the particle theory predict about the 
intensity produced by an extremely weak light 
source-—so weak that only a few particles are 
emitted per second? How might you test this 
prediction? 


It is found that a 40-candle source placed 3.0 feet 
from a light meter gives the same scale reading 
as an unknown source 1.2 feet from the meter. 


(a) What is the strength of the unknown 
source? 
(b) What is the light intensity in foot-candles 


read on the meter? 
< 


14.* In Fig. 14-11, how far to the left of A is the light 


source, if it gives an intensity of 8 foot-candles at 
A and 4 foot-candle at B? (Section 3.) 


/_—— 2 ——+}+— 6m» 


14-11 For Problem 14. 


A light meter calibrated in foot candles is 2.0 feet 
from a mirror. A very small 25-candle-power 
source is placed midway between them. What is 
the reading of the meter if the mirror is 

(a) a plane mirror? 

(b) a concave mirror with a diameter of 6 
inches and a focal length of | foot? 


In the use of radar, a beam of radiation is sent out 
from a source. Some of this radiation falls on a 
distant object, such as an airplane, is reflected by 
the object, and is detected when it returns to its 
starting point. The radiation used behaves like 
light. Assuming that the source of the radiation 
is equivalent to a point source of light and that 
the object reflecting the radiation is a diffuse 
reflector, can you convince yourself that the in- 
tensity of the returning radiation varies inversely 
with the fourth power of the distance from the 
source to the reflecting object? 


Upon which object would light exert the greater 
pressure, a clear piece of glass or a mirror? 


A sensitive thermometer placed in the different 
parts of the spectrum from a prism will show a 
rise in temperature. This shows that all colors of 
light produce heat when absorbed. But the ther- 
mometer also shows a rise in temperature when 
its bulb is in either of the two dark regions beyond 
the two ends of the spectrum. How can the 
particle theory account for this? 


A thermometer is placed in the beam of light 
coming from a lamp. Its reading increases until 
it becomes steady at 26° C. When a piece of ordi- 
nary window glass is placed between the lamp 
and the thermometer, the reading drops to 23° C. 

(a) What can you conclude about the nature 
of the light coming from the lamp? 


20. 


21.* 


22. 


23. 


24. 


(b) If the window glass is replaced by Corex 
glass (see Section 11-5), would you expect the 
thermometer reading to be above or below 23° C? 
Above or below 26° C? 

(c) Can you be equally sure of both of your 
answers? 


A calibrated light meter shows that one glass 
plate transmits 80 percent of the light from a fixed 
source. 

(a) What fraction of the light will be trans- 
mitted by two, three, etc., up to ten such plates? 

(b) Draw a graph of the fraction of light trans- 
mitted as a function of the number of plates. 

(c) Plot the logarithm of the fraction of light 
transmitted as a function of the number of plates. 

(d) How many plates are needed to absorb 90 
percent of the light? 

(e) Be prepared to discuss the effect of reflec- 
tion on the accuracy of your results. 


Why is it possible to see light through the hole in 
the strobe disc in Fig. 14-8 when the disc is rotat- 
ing very slowly? (Section 7.) 


Using the data given in Section 14-7 about 
Cornu’s application of the Fizeau method, com- 
pute the shortest distance from the rotating disc 
to the mirror that will permit the returning beam 
to pass through the opening immediately follow- 
ing the one through which it started. 


In the Foucault-Michelson modification of the 
Fizeau method, rotating mirrors are used in place 
of the rotating disc (Fig. 14-9). Assuming 
that mirrors are rotating 500 times per second 
and that the distance from them to the fixed mir- 
ror is 10.0 km, show that a mirror face rotates 
through an angle of 12° before it reflects the beam 
a second time and that the angle between this 
reflected beam and the original direction of the 
light is therefore 24°. 


It might be imagined that on each reflection the 
speed of light decreases slightly. Assuming that 
you can measure the speed of light (see Section 
14-7), describe an experiment designed to test the 
assertion that reflection does not change the 
speed. 
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25. Can you modify your proposed experiment 
(Problem 24) to test the assertion that the speed 
of light in vacuum is independent of previous 
refractions? 


26. Suppose that someone were to propose to you 
that sound consists of small, rapidly moving par- 
ticles that are emitted by a source and that affect 
your ear when they strike it. What evidence could 
you use to support or to refute it? 


27. We have said that light particles must be very 
small. Suggest an experiment to show that they 
must also have an extremely small mass. 


28. Is it possible that the slowing down of light as it 
goes from a vacuum into a transparent material 
is some kind of friction effect? 


29.* Why does the measurement of the speed of light 
in water cast doubt on the validity of the particle 
model as developed in this chapter? (Section 7.) 
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Introduction 
to waves 


15-1 A Wave: Something Else That Travels 


In the last chapter we considered at some length 
a particle modetof light, in which we supposed 
that light consisted of a stream of particles or 
corpuscles. We found that this model fails to 
provide completely satisfactory explanations 
for some of the behavior of light that we ob- 
served. We therefore find ourselves faced with 
a choice: we can try to construct a better parti- 
cle model that will succeed where the earlier one 
failed, or we can look for a new model based on 
a completely different concept. Let us try the 
second approach. 

The most basic thing to be accounted for in 
any model of light is the fact that light travels 
through space. In looking for a new theory, 
we first ask whether there is anything except a 
particle (or stream of particles) that can move 
from one point to another. The answer is “yes.” 
Consider, for example, what happens when we 
drop a pebble into a quiet pond. A circular 
pattern spreads out from the point of impact. 
Such a disturbance is called a wave, and if you 
watch the water closely enough, as such a wave 
moves across the surface, you will find that 
although the water may be churned and jostled 
locally, it does not move forward with the wave. 
This is quite clear if you watch a bit of wood or 
a small patch of oil that may be floating on the 
pond. The wood or oil moves up and down as 
the wave passes; it does not travel along with 
the wave. In other words, a wave can travel for 
long distances, but once the disturbance has 
passed, every drop of water is left where it was 
before. 

If we look around us, we can find all sorts of 
examples of waves. For instance, we notice an 
American flag as it ripples in the breeze at the 
top of a flagpole. The ripples or waves travel 
out along the cloth. Individual spots on the 
cloth of the flag, however, hold their positions 
as the waves pass by. The fourth white star in 
the bottom line on the field of blue always re- 
mains the fourth star in the bottom line and its 
distances from the four edges of the flag remain 
unchanged. Just as the water does not travel 
with the water waves, so the cloth of the flag 
remains in place when the waves have passed 
through it. 

Some waves are periodic or nearly so; the 


motion of the material repeats itself over and 
over. Not all waves, however, have this prop- 
erty. For example, when you slam the door of 
a room, the air in the doorway is suddenly com- 
pressed, and this single short compression 
passes as a disturbance across the room, where 
it gives a sudden push to a curtain hanging over 
the window. Such a wave of short duration is 
called a pulse. 

Here is another example of a wave pulse. We 
place half a dozen pocket-billiard balls (plastic 
croquet balls will work, too) in a straight line 
so that each ball is touching the next one. We 
then roll another ball so that it strikes one end 
of the row head-on. The ball at the other end 
of the row moves away at a speed equal to that 
of the ball we rolled in. A pulse like that on the 
water surface or on the flag has traveled through 
the row of balls from one end to the other. Each 
ball has been disturbed; this disturbance has 
passed along the entire line of balls; but no ball 
has moved from one end of the line to the other. 

You see another kind of wave—let’s call it a 
“wave of starting”—if you watch a line of cars 
that has been stopped while waiting for a traffic 
signal to change from red to green. Shortly 
after the signal changes to green, the driver of 
the first car starts his car forward. A moment 
later, the driver of the second car, seeing that 
the car ahead of him is in motion, starts his car 
forward. Still later, the driver of the third car 
gets his car under way, and so on down the line 
away from the traffic signal. You can see a 
“pulse” move down the line of cars. It is inter- 
esting that this “starting pulse” travels in one 
direction while the cars travel in the other direc- 
tion. 

Just how fast the starting pulse travels back 
depends on how fast the various drivers react, 
and how their cars respond. If we were able to 
handpick a group of drivers with identical re- 
action times, and provide them with cars that 
accelerated in exactly the same way, the starting 
pulse would travel backward at a uniform speed. 

What is alike in all of these examples? In 
each case the disturbance travels through some 
medium—through the water, the cloth of a flag, 
the billiard balls, or the line of cars; but the 
medium does not go along with the disturbance. 
Disturbances which travel through media are 
what we mean by waves. We can now answer 
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the question we asked at the beginning of this 
section: is there anything except a particle that 
can move from one point to another? A wave, 
a thing which is not itself a particle of matter, 
can go from one place to another. 
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15-1 The generation and motion of a pulse along a spring shown 


by a series of pictures taken with a movie camera. 
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rae 15-2 Waves on Coil Springs 
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bil Hance anne eaten Do waves really behave like light? To find out, 


| we must know more about them. When we 
eerer know how they act, we can compare their be- 
wun Wr havior with what we know about light and with 
Reet ek tA CPS AON ae 4 other things that we can find out about it. The 
| variety of examples we have mentioned also 
terry, suggests that waves are worth studying for their 

nnn ai my Wr own sake. 
tildeeSy oe It is convenient to start our study of waves 
| with a coil spring.* Figure 15-1 shows pictures 
weeny, of a pulse traveling along such a spring. These 


Hocciseasancoomiaalialesinee pictures were taken by a movie camera at inter- 
vals of 3, of a second. 

We see that the shape of the pulse does not 
change as it moves along. Except for the fact 
that the pulse moves, its picture at one moment 
se See ee oe ae, is just like a later picture. Also we see that the 

| pulse moves the same distance in each interval 

between pictures—it moves along the spring at 
ite, ee Ne 8 constant speed. 
bs The spring as a whole is not permanently 
changed by the passage of the pulse. But what 
happens to each small piece of spring as the 
pulse goes by? To help us fix our attention on 
one piece, we can mark the spot by tying on a 
bit of white string or ribbon as shown in Fig. 
15-2. If we then shake the spring to start a 
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Wig, pulse moving along it, we can see how the 

MIRE CIE marked spot is displaced. We find that it moves 

PES aaa 2 | Fe gue ek ON eer ye att at right angles to the spring as the pulse passes 
it. 


panne Other pieces of the spring, as well as the 
marked spot, also move. We can see which 
pieces are moving and which way they go if we 
look at two pictures, one of which is taken 
shortly after the other. Here we shall use two 
successive pictures taken from Fig. 15-2. We 
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| 15-3 so that we see the pulse in two successive 

Mit, positions just as we would see it in a rapid 
HARUM nnnnnnnnnnnnnnn double exposure. Below the photo in Fig. 15-3 

, we have traced the pulse in its earlier position, 

| and the gray line shows the later position. As 


the arrows show, while the pulse moved from 


Waheas WAAAY 
* If you find it hard to get a coil spring, a flexible clothesline 


15-2. The motion of a pulse from right to left along a spring with or a rubber tube will also do pretty well. Tie one end toa 
a ribbon around one point. The ribbon moves up and down doorknob and shake the other. If the clothesline or tube is 
as the pulse goes by, but does not move in the direction sufficiently heavy, you will get good pulses that travel slowly 


of motion of the pulse. enough for easy observation. 


15-3 


The relation between the motion of a pulse traveling from 


right to left and the motion of the coil. The photograph 
shows the pulse in two successive positions. The arrows 
in the diagram indicate how the coil moves as the pulse 
passes. The large, open arrow shows the direction of the 
motion of the pulse. 


right to left, each piece of the coil in the right- 
hand half of the pulse moved down and each 
piece of coil in the left-hand half moved up. 

If the pulse were moving from left to right, 
just the reverse would be true, as we show in 
Fig. 15-4. Here we use a schematic pulse be- 
cause it is a little easier to work with and we can 
make the time interval between positions as 
short as we wish. In this way we can determine 
the instantaneous motion of the coil. Thus, if 
we know in which direction the pulse is moving, 
we can determine how each point of the spring 
moves at any particular stage in the passage of 
the pulse. On the other hand, if we know how 
the parts of the spring move, we can determine 
the direction in which the pulse is traveling. 

We now have a good notion of how the pieces 
of spring move, even though there is no visible 
motion in any one of our pictures. Really, what 
we have done is to observe (1) that any pulse 
moves undistorted at constant speed along the 


the same pulse an 
instant later 


pulse — 


5-4 The relation between the motion of a pulse traveling from 


left to right and the motion of the spring. 


15-3 
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spring and (2) that the spring itself moves only 
at right angles to the motion of the pulse. We 
can combine these two pieces of information to 
learn how each part of the spring moves at any 
time. Of course, we have looked only at the 
simplest waves, and the statement we have just 
made may not be true of all waves. Even in the 
cases we have examined, a sharp eye may detect 
slight deviations from our description. Never- 
theless we have formed a useful first picture. 
With slight changes it applies to many other 
waves. 


Superposition: Pulses Crossing 


So far we have discussed the behavior of a single 
pulse traveling in one direction. But what hap- 
pens when one pulse moves from right to left at 
the same time that another moves from left to 
right? Particularly, what happens when the 
two pulses meet? Do they pass through each 
other, or do they somehow knock each other 
out? 

The best way to find out is to try. The photo- 
graphs in Fig. 15-5 show what happens when 
two pulses are started at opposite ends of a 
spring at the same time, one traveling from left 
to right and one from right to left. The top pic- 
tures show the pulses approaching each other 
as if each had the spring to itself. As they cross 
each other, the two pulses combine to form 
complicated shapes. But after having crossed, 
they again assume their original shapes and 
travel along the spring as if nothing had hap- 
pened, as is indicated by the pictures at the 
bottom. The left-going pulse continues to 
travel to the left with its original shape. The 
right-going pulse continues to move on to the 
right with its earlier form. We can perform this 
experiment over and over with different pulses. 
We always get the same general result. 

The fact that two pulses pass through each 
other without either being altered is a funda- 
mental property of waves. If we throw two 
balls in opposite directions, and they hit each 
other, their motion is violently changed. The 
crossing of waves and the crossing of streams 
of balls made of solid matter are thus two very 
different processes. 
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15-5 Two pulses crossing each other. Notice that the two pulses 


have different shapes. Thus we can see that the one which 
was on the left at the beginning is on the right after the 
crossing, and vice versa. 


15-6 The superposition of two pulses. The displacement of the 


combined pulse is the sum of the separate displacements. 


Let us now take a closer look at the two pulses 
crossing each other (Fig. 15-5). Often the 
shape of the combined pulse does not resemble 
the shape of either of the original pulses. We 
can see its relation to them, however, if we vis- 
ualize each of the original pulses at the position 
it would occupy if alone; then we add up the 
displacements of the original pulses to get a new 
pulse. We find that the total displacement of 
any point on the spring at any instant is exactly 
equal to the sum of the displacements that 
would have been produced by the two pulses 
independently. The method is illustrated in 
Fig. 15-6. It works for any two pulses. As a 
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-7 The superposition of two equal and opposite pulses on a 


coil spring. 
other. 


In the fifth picture they almost cancel each 
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15-8 The superposition of two equal and opposite pulses. (A) 


Before complete cancellation. (B) At complete cancellation. 


matter of fact, it also works for more than two 
pulses—the displacements due to any number 
of pulses can be added. 

We can summarize the whole situation as 
follows. To find the form of the total wave dis- 
turbance at any time, we add at each point the 
displacements belonging to each pulse that is 
passing through the medium. That this simple 
addition gives the actual displacement of the 
medium is called the Superposition Principle. 

Let us apply the Superposition Principle to 
two special cases. First, let us consider the 
experiment shown in the sequence of pictures 
of Fig. 15-7. We consider the combination of 
a pulse that displaces the spring downward and 
travels along the spring from the right-hand end 
with one that displaces the spring upward and 
travels from the left. Suppose that the two 
pulses have exactly the same shape and size and 
that each is symmetrical. Notice that in one 
picture the addition of equal displacements up- 
ward (plus) and downward (minus) leaves us 
with a net displacement of zero. There is clearly 
a moment, as the pulses pass each other, when 
the whole spring appears undisplaced. (See 
also the drawing of Fig. 15-8.) Why does the 
picture not look exactly like a spring at rest? 
Let us consider the difference between an un- 
displaced spring carrying two equal and oppo- 
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15-9 The superposition of two asymmetrical but similar pulses. HAAN 
Notice that the point midway between them remains at rest 
at all times. 
site wave pulses and an undisplaced spring retanabsaies cata idiot 


carrying no wave at all. When the spring car- 
ries no wave, all the various pieces of spring 
stand still at all times. On the other hand, when 
two equal and opposite waves are passing, there AIAAIIANIIAIIAAARIAARA A 
is only one instant when the spring is passing 
through its rest position, and at that instant the 
spring is moving. The motion shows up as a 
blur in the pictures, just as a snapshot of a rap- MAMIALAARAAANIAA IYI : 
idly moving airplane appears blurred. 

Our second special case is shown in Fig. 15-9. 
Here we have two similar pulses, one coming 15-10 Reflection of a pulse from a fixed end. The reflected pulse 
from the right and one from the left. In one is upside down. 
the displacements are upward and in the other 
they are downward. These pulses differ from 
those of Fig. 15-7 in that neither is symmetrical, 
although the two are alike in shape and size. 


Because neither of the pulses is symmetrically 
shaped, they never completely cancel each 
other. But there is always one point P on the 
spring which will stand still. That point is ex- 
actly halfway between the two pulses. As the 
pulses come together, they pass simultaneously 
through that halfway point in such a way that 
the highest point of one pulse and the lowest 
point of the other just cancel each other out. 
The same argument applies to any other pair of 
corresponding points on the pulses. They al- 
ways arrive at the midpoint of the spring to- 
gether, one on top and one at the bottom. 
Consequently, the midpoint stands still. 


5-4 Reflection and Transmission 


When a pulse moving on a spring comes to an 
end that is held fixed, it bounces back. This re- 
versal of direction is called reflection, and the 
pulse that comes back is called the reflected 
pulse. In Fig. 15-10 the fixed end is on the left. 
In the original or incident pulse, which moves to 
the left, the displacement is upward. The re- 
turning pulse has its displacement downward. 
The pulse comes back upside down, but with 
the same shape that it had before it was re- 
flected. 

You may wonder why the reflected pulse is 
upside down. The reason for this behavior is 
that one point on the spring, in this case the end 
point held by the hand, does not move. We 
have already met a situation where a point on 
the spring remained at rest; this was the point 
P in Fig. 15-9. Cover the right-hand half of 
Fig. 15-9 and you will see an upward pulse 
moving to the right, “flattening out” as it ap- 
proaches P, and finally being reflected upside 
down. Now, at the front of an upward pulse, 
the spring itself moves upward (Fig. 15-3). 
When the front of the pulse in Fig. 15-9 gets to 
P, the point P should move upward. But since 
P remains at rest, the upward motion of the 
spring must be canceled by a downward mo- 
tion. The only difference between the situations 
shown in Figs. 15-9 and 15-10 is that in Fig. 
15-9 we supply the necessary downward motion 
by sending a downward pulse from the right, 
whereas in Fig. 15-10 we supply the downward 
motion by simply holding the end point fixed. 
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15-11 A pulse passing from a light spring (right) to a heavy spring. 


At the junction the pulse is partially transmitted and par- 
tially reflected. You will note that the reflected pulse is 
upside down. 
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15-12 A pulse passing from a heavy spring (left) to a light spring. 


At the junction the pulse is partially transmitted and par- 
tially reflected. The reflected pulse is right side up. 


Forcing the end point to remain at rest is just 
another way of supplying the downward mo- 
tion which cancels the motion of the spring due 
to the original pulse, and then propagates to the 
right in the form of an upside-down pulse. 

Imagine now that instead of fixing our coil 
spring at one end, we connect it to another 
spring which is much heavier and therefore 
harder to move. Our new arrangement will be 
somewhere in between the two cases (a) the 
original spring tied down, and (b) the original 
spring just lengthened by an additional piece of 
the same material. In case (a) the whole pulse 
is reflected upside down; in case (b) the whole 
pulse goes straight on. We may, therefore, 
expect that under our new arrangement part of 
the pulse will be reflected upside down, and part 
of it will go on, or as we say, will be transmitted. 
This effect is shown in Fig. 15-11 where the 
original pulse comes from the right and the 
heavier spring is on the left. We see that at the 
junction or boundary between the two springs 
—which are the media in which the wave trav- 
els—the pulse splits into two parts, a reflected 
and a transmitted pulse. Like superposition, 
the splitting into a reflected and a transmitted 
part is a typical wave property. 

What happens when a pulse goes the other 
way, traveling along the heavier spring and 
arriving at the junction between it and the light 
spring? This is not so easy to foresee. We no 
longer can bracket the behavior between two 
situations in which we know the answer. But 
experiment tells us what takes place. In Fig. 
15-12 we see a pulse moving from the left, from 
a heavy toward a light spring. Here, as in the 
opposite case, illustrated in Fig. 15-11, part of 
the pulse is transmitted and part is reflected, but 
this time the reflected pulse is right-side up. 

In summary, then, when a pulse is sent along 
a spring toward a junction with a second spring, 
we observe that the whole pulse is reflected up- 
side down whenever the second spring is very 
much heavier than the first. As the second 
spring is replaced by lighter and lighter springs, 
the reflected pulse becomes small and a larger 
and larger transmitted pulse is observed to go 
on beyond the junction. When the second 
spring is only as massive as the first, no reflected 
pulse is left and the original pulse is completely 
transmitted. Then if the second spring is made 
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-13 A pulse on a spring reflected from a junction with a very 


light thread. The whole pulse returns right side up. The 
blurring of the thread in the middle frames of the sequence 
of pictures indicates that the particles of the thread are 
moving at high speed as the pulse passes. Can you deter- 
mine the direction of this motion in each of the frames? 
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still lighter, reflection sets in again, this time 
with the reflected pulse right-side up. The 
lighter the second spring, the larger is the re- 
flected pulse. When the second spring is neg- 
ligible the reflected pulse is nearly the same size 
as the pulse sent in. This can be demonstrated 
with a heavy spring tied to a thin nylon thread 
(Fig. 15-13). 


15-5 Idealizations and Approximations 


In discussing waves along a spring, we said that 
their shape or size remains unchanged during 
the motion. Indeed, if we look again at Fig. 
15-1, we can notice hardly any change in the 
size of the pulse as it travels along. Yet, as you 
have undoubtedly noticed, a pulse slowly dimin- 
ishes and after several reflections it dies out 
completely. Is it reasonable for us to ignore 
the dying down of the pulse? Or has our de- 
scription of wave behavior been wrong in some 
fundamental way? 

To answer these questions, we start by ob- 
serving that the time it takes a pulse to die out 
varies with circumstances. For example, if the 
spring is submerged in water, the pulse dies out 
more rapidly than it does in air. The water 
offers greater resistance to the motion of the 
spring than the air does. We may expect that 
in a vacuum the pulse will require a longer time 
to disappear than in air; experiments to test 
this, although not easy to perform, justify our 
expectation. 

Even in a vacuum, the pulse eventually dies 
out because of internal resistance in the spring. 
The amount of this resistance depends on the 
material of the spring. For some materials it 
is very small and the pulse will keep moving for 
a long time. 

We may imagine a spring with no internal 
resistance kept in vacuum. On such a spring 
a pulse would travel forever. By ignoring the 
dying out of the pulses, we have idealized our 
real springs and considered them as if they were 
free from both external and internal friction. 
We are entitled to do this so long as we consider 
the behavior of a pulse only for periods of time 
in which the size of the pulse, changes so little 
that we hardly notice the change. For such 
times, the ideal resistance-free spring serves as a 
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good approximation to the real one and can 
therefore be made the subject of our discussion. 
There is a clear advantage in this, since the 
behavior of the ideal spring is much simpler 
than that of the real one. 

A similar idealization occurs in our discus- 
sion of the superposition of two pulses. We 
learned that the displacement produced by the 
combined pulse equals the sum of the displace- 
ments due to the separate pulses. But if we 
make the individual pulses too big, we find that 
the combined displacement is less than the sum 
of the two displacements. Again, when we 
ignore this deviation from the simple super- 
position, we are discussing an ideal spring in- 
stead of the real one. We are making an 
approximation rather than a complete descrip- 
tion of the real situation. But as long as we 
keep our displacements small enough so that 
we hardly notice these deviations, the ideal 
spring will be a good approximation to the real 
one; and it has the advantage of simplicity. 

These are not the first idealizations we have 
made. In Chapter 9, for example, we made an 
idealized model of a gas which leads to Boyle’s 
gas law. The law is a good approximate de- 
scription of the behavior of gases in which the 
molecules are far enough apart; but when the 
molecules are too close together, a real gas does 
not behave like an ideal one. 

Idealizations and approximations are very 
frequently made unconsciously. Consider, for 
example, what we mean when we say that the 
area of a piece of land is 1000 acres. Usually 
we get the area by measuring length and width 
and then calculating the area as if the land were 
completely flat. That is, we ignore the fact that 
there are little hills and valleys and that the area 
under consideration is really part of the surface 
of a sphere. We replace a surface of compli- 
cated shape by a simple plane rectangle. This 
procedure is useful only as long as there are no 
big mountains and the dimensions of the land 
are small compared with the radius of the earth. 
Under those conditions an idealized flat land 
serves as a good approximation. 

Most of the problems we attack in science are 
fairly complicated, and in order to make prog- 
ress toward understanding them we have to 
separate the essential from the inessential: that 
is, we have to make idealizations. In this chap- 


ter we have been studying waves. This is a very 
complicated matter on a real spring, but by 
mentally replacing the real spring by the ideal- 
ized one, we separate the essential from the in- 
essential and simplify the problem to help our 
understanding. To make the right idealization 
is one of the secrets of the successful scientist. 


15-6 A Wave Model for Light? 


In this chapter we learned about two important 
properties of waves which clearly indicate the 
advantages of a wave model of light over the 
particle model. First, we found that waves can 
pass through one another undisturbed. If we 
shine two flashlight beams across each other, 
each proceeds after the point of crossing as if the 
other had not been there. (See Fig. 12-4.) 
Similarly, we can see this page despite the light 
crossing in all directions between us and it. 
This means that the crossing of light beams re- 
sembles the crossing of waves much more than 
it does the intersection of streams of particles. 

The second important wave property is that 
of partial reflection and partial transmission at 
a boundary. Recall now what happens when 
light passes from one medium to another—say 
from air to glass. Part of the light is reflected 
and part of it is transmitted, as was shown by 
Fig. 13-2. This is just what waves do, but 
streams of particles do not split up this way. 

These two wave properties which appear in 
light lead us to go on exploring a wave model 
for light; but they are far from demonstrating 
that a wave picture is an adequate model for 
light. For example, when a light beam hits a 
glass surface the angle of reflection equals the 
angle of incidence, and the direction of the re- 
fracted beam is described by Snell’s law. On 
the basis of what we have studied so far, we can- 
not say whether a wave model accounts for the 
observed changes of direction. The waves on 
our spring are confined to move along one line 
or one dimension. Therefore, there is no way of 
changing the direction of propagation except to 
reverse it. To find if waves can really account 
for the behavior of light, we must have waves 
which move in space or at least in a plane, so 
that we can make a direct comparison. This we 
shall do in the next chapter, where we shall 
study waves on the surface of water. 


i-14 


FOR HOME, DESK, AND LAB 


1.* What is similar in all examples of waves discussed 


in Section 1? (Section 1.) 


Suppose you look out your window and see your 
neighbor across the street sitting on his porch. 
In how many ways could you do something to 
attract his attention, make him move, or other- 
wise influence his actions? Which ways involve 
mass transmission and which ways wave motion? 


3.* According to Fig. 15-4, along what part of the 


pulse is the spring momentarily at rest? (Section 
2.) 


4.* In Fig. 15-2, the ribbon first moves up and then 


down as the wave moves past it from right to left. 
Would the ribbon move up first or down first if 
the same pulse traveled from left to right? (Sec- 
tion 2.) 


Figure 15-2 shows the displacement of a point on 
a spring as a pulse goes by. Make a graph show- 
ing the displacement of this point as a function of 
time. Plot displacement vertically and time hori- 
zontally with 3-sec intervals (the interval be- 
tween pictures of Fig. 15-2). 


Sketch the motion of the spring for the pulse in 
Fig. 15-14. 


—> 


For Problem 6. A pulse moving to the right. 


7.* If two pulses traveling toward each other on a coil 


have displacements in the same direction, can 
they cancel each other when they cross? (Section 
3.) 


8.* Two pulses have maximum displacements of 3 cm 


and 4cm in the same direction. What will be the 
maximum displacement when they pass? (Sec- 
tion 3.) 


15-15 For Problem 9. 
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Using the two pulses shown in Fig. 15-15, deter- 
mine the size and shape of the combined pulse at 
this moment. Do the same thing for several other 
positions of the pulses. 


Two equal pulses moving in opposite 


directions. 


The seventh picture from the top in Fig. 15-5 
shows two pulses at the moment of crossing. 
Specify the pieces of spring that are moving and 
their direction of motion. 


In the fifth picture from the top of Fig. 15-7, 
which points are moving and in which direction 
do they move? 


A pulse, shown in Fig. 15-16, is sent along a coil 
toward the right. Draw the pulse traveling to the 
left which could momentarily cancel the pulse 
shown. (Section 3.) 


ae ee 


15-16 For Problem 12. 
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13. In the sixth picture, Fig. 15-17, we see the super- 
position of two equal pulses, each of which is 
symmetrical about its center line. 

(a) The absence of blur indicates that there is 
no motion at this instant. Show that this is true 
by using the principle of superposition. 

(b) Assume that you deform the coil spring in 
the same manner as shown in the sixth picture. 
What will happen when it is released? 


14. The sixth picture of Fig. 15-10 shows the spring 
My Pir haa at an instant when the spring is almost straight. 

Www Minnrennnnenenem Explain why there is an instant when this hap- 
: pens. 


15. Consider the asymmetric pulse coming from the 
left in Fig. 15-6. Draw the shape it will have after 
being reflected at a fixed end. 


16.* In Fig. 15-11, which has the larger displacement, 
the incident or the transmitted pulse? (Section 
4.) 


17.* In Fig. 15-11, what is the ratio of the speed of the 
pulse in the light spring to the speed in the heavy 
spring? (Section 4.) 


* 


aiasnannnnn LIVE 


18. You send out a pulse at one end of a coil, and it 
Sli Sa ae returns to you upside down and smaller in size. 


What can you deduce about the speed of the pulse 

: eens, on a second coil which is attached to the other 
Ab M4, a il? 
Vannnrrerenerencnnnnry end of your coil? 

ee 19. Diagram (a) in Fig. 15-18 shows a pulse moving 

along a rope which has sections of different den- 

Pere seamed TW pn nggy sities. Diagrams (b) and (c) show the same rope 

Brn at equal intervals of time later. Where are the 


junctions, and what are the relative densities of 
the rope between them? 


{a} 


“4 Hier), —> 
Nadeem? "Tapes (b) —) 
(©) = —> 


15-18 lem 19. 
15-17 For Problem 13. Superposition of two equal and sym- pom ireblem 


metric pulses. 


20. When light passes from air to water or vice versa, 
part of it is reflected. If this situation resembles 
that of a pulse crossing from one coil spring to 
another, in which case will you expect the light 
pulse to be reflected upside down? 


21. 


22. 


23. 


24. 


25. 


* 


Hold one end of a long rope with the other end 
tied to a rigid support. Stand looking along the 
rope and generate a wave by moving your hand 
through three fast clockwise circles. 

(a) Describe the wave generated. 

(b) Describe the reflected wave. 

(c) Describe the motion of a particle of the 
rope as the wave passes forward and back. 


How could you tell in Fig. 15-10 that the se- 
quence of events proceeds from top to bottom 
and not from bottom to top? (Section 5.) 


Whenever a pulse travels along a spring, its size 
decreases as it moves along. 

(a) Under what conditions are we justified in 
neglecting this decrease? 

(b) What is the advantage of neglecting this 
decrease? 


What do we mean by an ideal spring in the con- 
text of this chapter? 


We can say that the surface of the sea is approxi- 
mately flat. Give some examples where this is a 
good approximation and some examples where 
it is a bad approximation. 
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FURTHER READING 


These suggestions are not exhaustive but are limited 
to works that have been found especially useful and 
at the same time generally available. 


Bascom, WILLARD, Waves and Beaches. Doubleday 
Anchor, 1964: Science Study Series. A good intro- 
duction to ripple-tank work. 

GRIFFIN, DONALD R., Echoes of Bats and Men. Double- 
day Anchor, 1959: Science Study Series. A helpful 
supplement to the treatment of waves and wave 
phenomena. (Chapter 2) 

Ho.ton, G., and Rotter, D. H. D., Foundations of 
Modern Physical Science. Addison-Wesley, 1958. 
(Chapter 29) 

LITTLE, NoEL C., Physics. D.C. Heath, 1953. Wave 
propagation in one dimension; includes an extensive 
quantitative treatment of water waves and waves in 
springs. (Chapter 28) 

MICHELS, WALTER C., and PATTERSON, A. L., Elements 
of Modern Physics. Van Nostrand, 1951. (Chapter 
9) 

VAN BERGEUK, W. A., PIERCE, J. R., and Davin, E. E., 
JR., Waves and the Ear. Doubleday Anchor, 1960: 
Science Study Series. Waves from a different point 
of view. 


cha pter 16-1 Water Waves 

One of the first illustrations of waves mentioned 
1 6 in Chapter 15 was that of ripples on a pond. 
The spreading out of waves in the form of larger 
and larger circles is familiar to everyone. For 
example, a fish nibbling at a worm on a line 
gives away its presence to the angler who sees 
the circular waves produced by the up-and- 

down motion of the float attached to the line. 
Because water waves move along the surface 
and do not extend downward to any appreci- 
able depth, they are known as surface waves. If 
you have watched fish in an aquarium, perhaps 
you have noticed that they are undisturbed by 
the waves. A submarine commander does not 
fear a stormy sea as the captain of a surface ship 
might. He dives his submarine and travels 
along unaffected by the powerful waves above. 
If we look at water waves through the side 
of an aquarium, we are able to see their shape. 
W We notice that, while there are some variations, 
aves they are generally similar and look something 
like the illustration in Fig. 16-1. The upper por- 


and tions are called crests and the lower portions 


= troughs. The waves produced by a boat as it 
I ht moves through the water are a common exam- 
Ig ple. We can also see waves in an ordinary tub 
of water, but in the laboratory we use a more 
convenient apparatus called a ripple tank. The 
ripple tank (Fig. 16-2) has a glass bottom which 
makes it possible to project images of the waves 
onto a screen. These images are produced be- 
cause the crests of the waves act as converging 
lenses and tend to focus the light from the lamp 
while the troughs, acting as diverging lenses, 
tend to spread it out. Therefore the crests 
appear on the screen as bright bands while the 
troughs appear dark. 


16-1 An illustration of water waves. 
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We can also produce circular pulses in the 
ripple tank simply by dipping a finger into the 
water. Figure 16-4 is a drawing of such a pulse 

shieided posit at two different times. During the time inter- 

light source val, the pulse has expanded to form a larger 
circle. We cannot assign a direction to the 
whole circular pulse, because it moves in all 
directions. Instead, let us look at a segment of 
the circular pulse which is small enough to be 
considered straight (Fig. 16-5). The direction 
of propagation of such a segment is along the 
radius and away from the center of the circle. 
This direction is normal to the crest of the wave, 
just as the direction of propagation of straight 
waves is normal to their crests. 


glass bottom 


same pulse later 


straight pulse 


white paper screen 


16-3 A straight pulse moves at right angles to its crest. The 
arrow indicates the direction. 


16-2 The ripple tank. 


-2 Straight and Circular Pulses 


We can generate a straight pulse, like the long 
bow waves caused by a passing boat, by dipping 3 
a ruler into the surface of the water of the ripple 
tank. The motion of the pulse is such that its 
crest always remains parallel to a line marking 
its original position. The distance between 
parallel lines is measured along a perpendic- 
ular; thus the direction of motion of the pulse 


ie 


circular pulse 


(also called the direction of propagation) is per- 4 
pendicular to the wave crest. This direction is Pe 

called the normal to the crest. In Fig. 16-3 the | 

crest of a straight pulse is shown as a heavy Z 

white line. Its position at a later time is shown fhe same pulse later 


by the dashed line. The direction of propaga- 
tion is shown by the arrow. Whenever we draw 
| a Straight pulse we shall indicate its direction of 
propagation by a small arrow. 16-4 An expanding circular pulse. 
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tangent 
segment 

direction of 

propagation 

of segment 


16-5 A tiny segment of a circular pulse. The segment acts as 


though it were straight and moves along a radius away 
from the center. 


16-3 Reflection 


We recall that a pulse on a spring can be re- 
flected, and we may expect that water waves 
can also undergo reflection. Consider a straight 
pulse as it moves away from the ruler toward 
the opposite end of the tank. To reflect it we 
place a barrier in the middle of the tank parallel 
to the ruler. The pulse strikes the barrier and 
reflects back in the direction from which it 
came, just like a pulse on a spring. 

Now let us change the position of the reflect- 
ing barrier so that the pulse is no longer parallel 
to it. In Fig. 16-6 we see two straight pulses, 
one approaching and one being reflected from a 
barrier. The angle which the incident pulse 
makes with the reflecting barrier is labelled 7’, 
while the angle between the reflected pulse and 
the barrier is labelled r’. Measure the angles r’ 
and ;’ on the photograph and you will find that 
r =i’. If we repeated the experiment with dif- 
ferent angles i’, we would always find 7’ = 7’. 

This result resembles the law of reflection of 
light from mirrors, which we obtained in Sec- 
tion 12-4. There we found that the angle of re- 
flection equals the angle of incidence. But in 
optics each angle was measured between the 
direction of propagation and the normal to the 
reflecting surface. We can define the angles of 
incidence / and reflection r for waves in the same 
way, remembering that the direction of propa- 
gation is normal to the wave crest. 


16-6 A straight pulse moving up the picture and reflecting from 


a diagonal barrier. The reflected part of the pulse is 
moving off to the right. 


barrier 


reflected pulse 


16-7 A straight pulse incident on a barrier. The angle of inci- 


dence i is equal to the angle the pulse makes with the 
barrier i’. 


The construction in Fig. 16-7 shows that the 
angle of incidence / is equal to the angle i’. A 
similar construction shows thatr = r’. Our ob- 
served equality 7’ = /’ then becomes r = i, or in 
words, the angle of reflection equals the angle of 
incidence. We have shown, therefore, that 
waves and light follow the same law of reflec- 
tion (Fig. 16-8). 
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hose slow down when we fill it with water. In 
this section we shall learn how to make quan- 
titative measurements of the speed of water 
Saniad waves in the ripple tank. There are several 
ways of going about such a measurement. 

One way is to generate a straight pulse and 
measure with a stopwatch the time ¢ the pulse 


takes to travel a specified distance /. The speed 
| ™~ v is then equal to the distance traveled divided 
reflected pulse by the time taken: 
| (later) 
t v= //t. 
incident pulse | arial tothe Barto Another way is to generate two pulses, one 


after the other. By the time the second pulse is 

generated (after a time ¢) the first pulse has 

eh ci Laneen ch Ase ; dette traveled a distance /. From then on both pulses 

PUG te eee ewes poe Gee am, alee travel along, while the distance / between them 
Just as with light, the angle of reflection r equals the angle : : : 

AP incidence J. remains the same. We can measure this dis- 

tance with a ruler, and again v = //t. These 

methods are simple in principle, but in practice 


An expanding circular pulse can also be re- 
flected from a straight barrier. Figure 16-9 
shows the approach and reflection of such a 
pulse. We notice that the reflected part of the 
pulse is an arc of a circle. The center of this 
circle is at a point P’, which is at the same dis- 
tance behind the barrier as the source P is in 
front of it. The reflected pulse appears to come 
from P’. This corresponds to the situation in 
optics where we placed a point source in front 
of a mirror. The reflected light then appeared 
to come from the image point behind the mirror. 
(See Fig. 12-9 and 12-10.) By using curved 
barriers or combinations of two or more straight 
barriers, we can demonstrate with the ripple 
tank all of the phenomena of reflection that we 
studied in connection with light. Just as the 
formation of images by mirrors followed from 
the laws of reflection in optics, so does the cor- 
responding formation of images by “mirrors” 
in the ripple tank. 


1-4 Speed of Propagation and Periodic 
Waves 


Waves in different media propagate with dif- 
ferent speeds. For example, we can see the 16-9 Reflection of circular pulse from a straight barrier. In the 


waves on a coil spring speed up when we stretch upper photograph the pulse is approaching the barrier, 
the coil, and we can see the waves in a rubber while in the lower one a part of it has been reflected. 
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it is rather difficult to follow the pulses and 
measure the distances and times required. 

A third method is to generate pulses one after 
another at equal time intervals 7. In doing this, 
the wave generator repeats its motion once 
every inierval 7. Such a motion is called 
periodic, and the time interval T is called the 
period. Another way of describing this periodic 
motion is to tell how often the motion repeats 
itself in a unit time interval; that is, by giving 
the frequency f of repetition. For example, if 
the motion repeats every 1/10 sec, the frequency 
is ten times per second. In general f = 1/T. 

Let us now concentrate on some point in the 
tank. The pulses produced by the generator 
move toward this point, and they pass the point 
with the same frequency with which they leave 
the source. If ten are sent out each second, ten 
will pass each second. The frequency of the 
wave is therefore also given by f = 1/7, and T 
is the time between the passage of successive 
waves. Furthermore, as the waves move, the 
distance between any two adjacent pulses is 
always the same and is called the wavelength X 
(lambda). The wave pattern which we have 
been describing is called a periodic straight 
wave (Fig. 16-10). 

We can obtain the speed of a periodic wave in 
a manner similar to that which we used for a 
pair of pulses. We know that the pulses are 
separated by a distance A and that each pulse 
moves over this distance in a time 7. Hence 
the speed of propagation is 


Using the relation f = 1/T, we find that 
v= fa, 


or that the speed of propagation of a periodic 
wave is the product of the frequency and the 
wavelength. 

The relation that we have just obtained is by 
no means restricted to waves in a ripple tank. 
It is equally good for any periodic wave. Such 
things as the straightness of the wave, the nature 
of the ripple tank, and the properties of the 
water did not come into the argument from 
which we got our result. In particular, we could 
have followed the same procedure with circular 
periodic waves and would have found the rela- 
tionship v = fA again. In this case the wave- 


16-10 


16-1] 
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Periodic straight waves moving across a ripple tank. 


Periodic circular waves. 


length is measured along the radius (Fig. 16- 
11); and we find it is equal to the wavelength of 
a straight wave of the same frequency. The 
speed of circular waves is therefore equal to that 
of straight waves in the same medium. Further- 
more, we could have applied the above argu- 
ments to any other kind of periodic waves—for 
example, periodic waves on coils—and we 
would have the same relation v = fA. 

Now we come to the advantage of the above 
relation for the measurement of v. Imagine that 
instead of watching the wave continuously we 


look at it through a shutter which is closed most 
of the time and opens periodically for short 
time intervals. The stroboscope described in 
Chapter 2 is such a device. The first time the 
shutter opens we will get a glimpse of the wave 
pattern in a certain position. During the time 


A +\> 
\ \ \ \ \ \ \ 
\ \ \ \ \ \ \ 
\ \ \ \ \ \ \ 
B 
A 


B’ 


6-12 Crests of a periodic wave seen at successive openings A 


and B of a stroboscope shutter. In the top diagram the 
frequency of the stroboscope is greater than that of the 
waves. At the bottom, it is the same. The dashed lines, 
of course, are not visible. 


-13 Passage of waves from deep to shallow water. The deep 
water is at the bottom and the shallow water at the top 


of the picture. Note that the wavelength is shorter in the 


shallow water. 


16-5 
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the shutter is closed, all of the pulses will move 
a distance equal to their speed times the time 
the shutter is closed (Fig. 16-12). If we look 
through the shutter while it is periodically open- 
ing and closing, the pattern will usually appear 
to move. Suppose, however, that the period of 
the shutter is just the same as that of the wave. 
Then, during the time the shutter is closed, 
every pulse just moves up to the position of the 
pulse ahead of it, and we see the same pattern 
every time the shutter opens. That is, we see a 
stationary pattern from which it is easy to mea- 
sure the wavelength. Moreover, as we have 
said, the period of the shutter is equal to the pe- 
riod of the wave and it can be measured by 
counting the number of times the shutter is 
opened in a given time interval; i.e., by measur- 
ing the frequency of the shutter. This gives us /- 
Now that we have both A and ffor the wave, we 
can make use of the general relation v = fA in 
order to determine the speed. 


Refraction 


We mentioned earlier that the speed of propa- 
gation of waves depends on the properties of the 
medium through which they move. In the case 
of waves on the surface of water, the speed de- 
pends on the depth of the water. Therefore 
water of two different depths can be considered 
to be two different media for wave propagation. 
This is a very useful property, because by 
merely changing the depth of the water in part 
of the ripple tank we are able to study the be- 
havior of waves when they pass from one 
medium to another, 

To see that the speed indeed depends on the 
depth, we now make half the tank shallow by 
placing a thick glass plate on the bottom of the 
back part of the tank, thereby dividing it into 
two sections of different depths with the divid- 
ing line parallel to the waves. Let us look at the 
waves through the stroboscope. By turning it 
at the right frequency we can stop the motion of 
the pattern in both sections of the tank simul- 
taneously. Hence the frequency is the same in 
both sections; it is not affected by the change in 
depth. But Fig. 16-13 shows that the wave- 
length Az in the shallow part is shorter than A, 
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the wavelength in the deep part.* Since the 
speed of propagation is the product of the same 
frequency and the appropriate wavelength, we 
see that the speed in the shallow part (where the 
wavelength is smaller) is less than in the deep 
part—that is, ve < vy. Furthermore, in either 
half of the tank, the speed of propagation is the 
same in all directions, as we saw in the last sec- 
tion. 

Now let us repeat the experiment with an- 
other glass plate inside the tank, cut in such a 
way that the boundary between the two sections 
will form an angle with the waves. We already 
know that the wavelength in the shallow section 
is less than in the deep one. But this is not the 
only change. Figure 16-14 shows that when 
the straight waves hit the boundary, they remain 
straight but change their direction of propaga- 
tion. The new direction is closer to the normal 
to the boundary than the original direction of 
propagation. We remember from our study of 
optics that this is what happens to light when it 
passes from one medium to another in which 
its speed is less (Sections 13-2 and 14-7). For 
light this refraction is quantitatively described 
by Snell’s law. The following question now 
suggests itself. Does Snell’s law also hold true 
for waves such as those in the ripple tank, when 
they pass from one medium to another? 

There are two procedures open to us at this 
point. We can measure many angles of inci- 
dence and angles of refraction in the ripple tank, 
and thus find experimentally whether they are 
related by Snell’s law; or we can find out 
whether Snell’s law can be predicted theoreti- 
cally from the properties of waves which we 
already know. We shall take the second course 
here. 

In Section 16-3, we proved that the angle of 
incidence is equal to the angle between the inci- 
dent wave crest and the barrier. Likewise, the 
angle of refraction is equal to the angle between 
the refracted wave crest and the barrier. Let us 
now draw two consecutive wave fronts as they 


* You will notice that the waves tend to disappear toward the 
end of the shallow section. They die down only because we 
do not have an ideal state of affairs in which we can isolate 
the phenomenon we wish to study. Here, as in the experi- 
ments with the coil spring, there is a certain amount of resist- 
ance present which reduces the motion and finally causes it to 
die out. 


16-14 


16-15 


bi: 2: eo Be guil “ 


em i. tl ik l,m: 


Refraction of waves at a boundary between deep and 
shallow sections of the ripple tank. Note the weak re- 
flected waves. 


constant 


The geometry of the refraction of two consecutive wave 
fronts. 


are refracted at the barrier (Fig. 16-15). (There 
is no need to add the normals, since angles 
equal to / and r already appear in the drawing.) 
Then by definition 
sini = ac Gite 2 
AB’ AB’ 

The values of sin / and sin r change from case 
to case, but their ratio is a constant independent 
of the angle of incidence, as we see by actually 
dividing sin / by sin r: 


sini = Ay AB_ hy 


: = = = constant. 
sinr AB Xo A2 


The relation sin //sin r = constant is Snell’s law, 
this time for waves. We shall again call the 


constant the index of refraction and denote it as 
in optics by m2. Thus 
sin? 
sin r 


= Nye, and ny = - 

We can now express the value of 112 in terms 
of the speeds of propagation of the waves in the 
two media. In general the speed v is related to 
the wavelength as v = fA. In particular, then, 
Ay = 01/f, and Ag = v2/f. Hence 

aM th 
~Xq U2/f v2 
This equation says that the index of refraction 
is equal to the ratio of the speed of propagation 
in the first medium to that in the second. 

We arrived at Snell’s law and the relation of 
Ny2 to the speeds by theoretical analysis of our 
previous results. We could get the same con- 
clusions by direct measurements. First we 
could measure many pairs of angles / and r and 
thus establish that sin i/sin r = const.= mp. 
Then we could measure the speeds of propaga- 
tion in the two media and establish that m1. = 
v;/v2. Such measurements have often been 
carried out, and they do agree with our conclu- 
sions. 

We now recall that the particle model of light 
as developed by Newton (1669) also explained 
the existence of a constant index of refraction 
for a given pair of substances but predicted its 
value to be m2 = ve/v, (Sections 14-2 and 
14-7). Our wave model, advocated by Huygens 
(1677) predicts ny2 = v1/v2, just the inverse of 
Newton’s result. The position of the wave 
model of light was strengthened by various ex- 
periments at the beginning of the nineteenth 
century. But this particular question was not 
settled for almost two hundred years. In 1862 
Foucault actually measured the speed of light in 
air and in water and found that the speed in 
water was less. The exact ratio vj/ve = 1.33 
was measured by Michelson in 1883. This ratio 
agrees with the wave model because the index of 
refraction of water is 1.33 (Chapter 13). 

One point still needs clarification: not all the 
light hitting the boundary between the two 
media is refracted. Part of it is reflected even if 
both media are transparent. The same holds 
for waves. In Fig. 16-14 the size of the reflected 
wave is rather small, but you can see it if you 
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look closely. We conclude, therefore, that as 
far as refraction is concerned, waves have just 
the properties which we need in order to explain 
the behavior of light. 


16-6 Dispersion 


16-16 


16-17 


In the last section we studied the refraction of 
periodic waves as they pass from one medium to 
another. We found the index of refraction to 
be equal to the ratio of the speeds of propaga- 
tion in the two media: nyo = v,/v2. We did not 
state the frequency of the waves, because we had 
previously learned that the speeds of propaga- 
tion depend only on the media in which the 
waves travel. Accordingly, we should expect to 
find the same index of refraction for waves of 
different frequency provided we repeat the ex- 
periment with the same two media, for example, 
water of the same two depths. 

What we actually observe is shown in Fig. 
16-16 and 16-17. In Fig. 16-16 we see the re- 


Refraction of low-frequency waves. The black marker is 
placed parallel to the refracted waves. 


Refraction of high-frequency waves. The refracted waves 


are not parallel to the black marker. 
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fraction of a wave of low frequency (long wave- 
length). To indicate the direction of the re- 
fracted waves we placed a rod on the screen of 
the ripple tank. It is exactly parallel to the 
refracted wave fronts. We then increased the 
frequency (i.e., decreased the wavelength), leav- 
ing the rod untouched. Notice that in Fig. 
16-17 the rod is no longer parallel to the re- 
fracted wave crests. The wave with the higher 
frequency is clearly refracted in a direction 
slightly different from that taken by the low- 
frequency wave, although the angle of incidence 
is the same in both cases. The index of refrac- 
tion for the two media therefore depends some- 
what on the frequency of the wave. By analogy 
with the dependence of the index of refraction 
on the color of light, which we have discussed in 
Section 13-8, this phenomenon is called disper- 
sion. Since the index of refraction equals the 
ratio of the speeds of propagation in the two 
media, we have to conclude that the speed must 
depend on frequency in at least one of the two 
media; otherwise the ratio could not show such 
a dependence. A medium in which the speed 
of waves depends on the frequency is called a 
dispersive medium. 

In the ripple tank we can measure the speed 
of periodic waves of different frequencies (Sec- 
tion 16-4), and thus see directly that the speed 
changes with the frequency, provided we make 
our measurements accurately enough. The 
statement we so often make, that the speed of 
waves depends only on the medium, is therefore 
an idealization. To be sure, this idealization is 
a good approximation to the true state of affairs 
provided we are not concerned with small 
changes in the speed (Section 15-5). 

We made a similar idealization in our study of 
the refraction of light in Chapter 13. You will 
recall that the index of refraction of light at first 
appeared to be dependent only on the two 
media through which the light was passing—for 
example, air and glass. Then a closer examina- 
tion of refraction, using prisms, showed that the 
index changes slightly with color; it is a little 
larger for violet than for red. 

The index of refraction of waves depends 
slightly on the frequency. That of light depends 
slightly on the color. Is there perhaps a relation 
between the dependence of the index of refrac- 
tion of waves on the frequency and that of light 


on color? It is tempting to assume that light is 
a periodic wave and that different colors corre- 
spond to waves of different frequencies. At this 
point we cannot prove that our assumption is 
correct, but in the next chapter we shall learn 
how to measure the wavelength of light of dif- 
ferent colors. We can then find the correspond- 
ing frequencies, and we shall indeed establish 
that light waves of various frequencies appear 
to our eyes as light of various colors.* 


16-7 Diffraction 


Our study of refraction and dispersion clearly 
shows that the wave picture of light succeeds 
where the corpuscular picture fails. Yet the 
corpuscular picture predicts correctly that light 
should propagate in straight lines and cast sharp 
shadows. Can a wave model also account for 
these properties of light? Again, a good way to 
investigate these questions is to experiment with 
waves in the ripple tank. We use a straight 
wave generator and two barriers parallel to it 
placed in line with an opening between them 
(Fig. 16-18). These barriers would cast sharp 
shadows if light were incident upon them from 
the direction of the generator. What happens 
when we send in a periodic straight wave of 
wavelength A is shown in Fig. 16-19. In the 
middle of the pattern beyond the opening, the 
wave crests are almost straight, but at the sides 
they curve, giving the impression of circular 
waves originating from the edges of the open- 
ing. This means that after passing through the 
opening not all of the wave propagates in its 
original direction. Part of itis bent. This phe- 
nomenon is called diffraction. 

The diffraction of waves makes it hard to 
understand how we can explain the straight-line 
propagation of light with a wave model. If light 
is a wave, when it passes through a small hole 
some of the light should bend instead of travel- 
ing straight ahead. In a wave model of light 


*By comparing the bending of waves in Fig. 16-16 and 
16-17 with the dispersion of light by glass (see Fig. 13-15), 
we might come to the conclusion that the wavelength of violet 
light is longer than that of red light. However, blue light does 
not refract more than red in all materials. In some materials 
it is the other way around. Therefore. studying the disper- 
sion of water waves does not establish the relation between 
color and wavelength of light. 


barrier barrier 


straight wave generator 


16-18 Ripple-tank arrangement for the experiment shown in 
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Fig. 16-19. 


there must be at least one great difference be- 
tween light waves and water waves. 

What could this difference be? We know the 
wavelength A of the water waves. We do not 
know the wavelength of light waves; it may be 
very different. Let us, therefore, examine the 
diffraction of water waves of different wave 
lengths. In Fig. 16-20 we see three pictures of 
periodic waves with different wavelengths, each 
passing through the same opening. We notice a 
definite trend. In the first picture the wave- 
length is seven-tenths of the width w of the open- 
ing. There the part of the straight wave which 
gets through the opening is almost entirely con- 
verted into a circular wave. Or, in other words, 
the opening acts like a source of circular waves 
when straight waves fall on it. In the second 
picture A is five-tenths of w. In this case the 
wave which gets through is not so curved as in 
the first picture. It has a straight section in the 
middle but part of it still bends at the sides. In 
the third picture A is three-tenths of w and here 
the bending fades away close to the forward di- 
rection and we obtain an almost sharp shadow. 
Provided we keep the width of the opening w 
fixed, a further decrease in A makes the shadow 
sull sharper. We can also keep A fixed and 
change w; then we find that the amount of bend- 
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16-19 Straight waves passing through an opening. Note the 


curving of the waves around the ends of the barriers. 


3 


anes 


TEE 
DG eS Bs eS 


Ex 


x 
“ a zie i 
igh oe Re oe che a ioe tas itera ae Nd Ma 
we a at Se EE 


16-20 Three views of waves passing through the same opening. 


Note the decrease in bending at the shorter wavelengths. 
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ing does not depend on A and w separately but 
only on the fraction A/w. To sum up, waves are 
strongly diffracted when they pass through an 
opening of size comparable to their wavelength, 
and there is hardly any diffraction if the wave- 
length is very small compared to the width of 
the opening. 

We all know that light passing through a key- 
hole is not bent but seems to continue in its 
original direction. Iflightis a wave, this implies 
that its wavelength must be much less than the 
size of a keyhole. But to be certain that light is 
a periodic wave we should be able to do an ex- 
periment which will show diffraction. Two 
such experiments were described in Section 
11-7. Suppose that we repeat the experiment 
in which we examined a light source through a 
narrow slit between two fingers. When the slit 
is half a centimeter across, a long, thin light 
source viewed through it appears normal. As 
the slit is narrowed to a width of about a tenth 
of a millimeter, however, the source appears 
spread out in a direction perpendicular to your 
fingers. Moreover, you can hold your fingers 


FOR HOME, DESK, AND LAB 


1.* Ifa stick 10 cm long were placed horizontally in 
the ripple tank shown in Fig. 16-2, about how 
long would its shadow be? (Section 1.) 


2.* In Fig. 16-7, if i = 25°, what is the value of r’? 
(Section 3.) 


Ww 
* 


In Fig. 16-21, the heavy black lines are crests; 
the arrows represent the direction of propagation 
of the pulses. 

(a) Which is the incident pulse and which is 
the reflected pulse? 

(b) What is the angle of incidence? (Section 3.) 


4. A straight pulse approaches a barrier at an angle 
of 30°. What is the direction of motion of the 
pulse after reflection? Indicate it on a diagram. 


5. In Fig. 16-9, where is the object source? Where 
is the image source? 


6. Describe the wave motion that results when you 
dip your finger into the center of a circular tank 
of water. What would be the motion under ideal 
conditions? 


in any direction and the spreading out always 
appears perpendicular to them. This is a clear 
indication that the light is diffracted by the 
opening. 

We can get a little more information from our 
experiments with light if we return for a minute 
to Fig. 16-20. Examination of Fig. 16-20 sug- 
gests an explanation of the fact, stated in Chap- 
ter 11, that all shadows, even those of large 
obstacles, are slightly blurred by diffraction. 
Even in the bottom picture, where A/w is about 
3/10, the wave crests near the edge of the 
shadow are slightly bent. If we observe these 
waves at a distance far from the slit, the effect 
of this bending will be to spread the region 
reached by the waves. Since, as in the experi- 
ment with our fingers, we only begin to see the 
diffraction of light when the aperture is about 
one-tenth of a millimeter, we can now conclude 
that the wavelength of light is even smaller than 
this. 

Briefly then, from our discussion in this chap- 
ter, light can be described as waves of very small 
wavelengths. 


ci 


16-21 For Problem 3. 


7. Suppose we place a barrier in a ripple tank in the 
shape of an ellipse as in Fig. 16-22. When a cir- 
cular pulse is generated at point A, it reflects from 
the barrier and converges at point B. 

(a) From this experiment what can you say 
about the geometry of an ellipse? (Hint: con- 
sider tiny segments of the circular pulse originat- 


ing from A and see how the ellipse must be 
shaped so that all segments reach B at the same 
time.) 

(b) What will happen if we generate a pulse at 
point B? 

(c) Will such a convergence also happen when 
you dip your finger in at some point other than 
Aor B? 


6-22 Reflection from an elliptical barrier, A pulse has been 
generated at A and is photographed as it converges on B. 


A circular pulse generated at the focus of a para- 
bolic reflector is reflected as a straight pulse. 
What does this tell you about the geometric prop- 
erties of a parabola? (Hint: consider tiny seg- 
ments of the circular pulse originating at the focal 
point and see what must be the shape of the para- 
bola to produce a straight pulse.) 


In Fig. 16-23, a straight pulse approaches a right- 
angled barrier at an angle of 45°. 

(a) How does it reflect? 

(b) What happens if the wave is incident at 
some other angle? 


barrier 


16-23 A straight pulse approaching a right-angled barrier. 


10.* 
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A machine gun fires 10 rounds per second. The 
speed of the bullets is 850 m/sec. 

(a) What is the distance in the air between the 
flying bullets? 

(b) What happens to the distance between the 
bullets if you step up the rate of fire? (Section 4.) 


If a wave generator produces 12 pulses in 3 sec- 
onds, what is (a) its period? (b) its frequency? 
(Section 4.) 


Would you increase or decrease the frequency of 
the generator in a ripple tank in order to produce 
waves of greater wavelength? (Section 4.) 


(a) In a ripple tank, when one pulse is sent every 
qs sec, we find that A is 3 cm. What is the speed 
of propagation? 

(b) In the same medium we send two pulses, 
the second one 4 sec after the first. How far apart 
are they? 


Assume you are looking at a periodic wave of 
frequency f = 4 per sec through a two-slit strobo- 
scope. What do you expect to see if you rotate 
the stroboscope with a frequency of |, 2, and 4 
revolutions per sec? 


A point source in the ripple tank produces cir- 
cular periodic waves. By using a stroboscope to 
stop the motion, we measure the difference in 
radius between the first and sixth circular crests 
and find it to be 10 cm. 

(a) What is the wavelength? 

(b) Why did we not calculate the wavelength 
by using the radius, say, of the fifth pulse only? 

(c) Why do we use this method of measure- 
ment rather than take the difference between 
neighboring crests? 


Circular waves are produced in the ripple tank by 
drops of water which fall at a constant rate. The 
wavelength is observed to be 1.2 cm. The experi- 
ment is repeated with the source moving at a uni- 
form rate from one end of the tank to the other, 
along the center line. An observer near the end 
of the tank toward which the source is moving 
measures the wavelength and finds it to be 0.8 cm. 

(a) What is the ratio of the wave velocity to the 
source velocity? 

(b) What wavelength would an observer at the 
starting point measure after the source has moved 
some distance away from him? 


In Fig. 16-13, where is the boundary between the 
area of deep and shallow water? (Section 5.) 


What is the index of refraction in passing from 
the deep to the shallow water in Fig. 16-13? 
(Section 5.) 
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16-24 Curving of a straight wave when the water becomes more 
and more shallow from one side to the other. 


19. Measure the index of refraction in Fig. 16-14 by 
the method you used in the previous problem, and 
by finding the ratio of the sines of the appropriate 
angles. Compare the results. 

20.* If the frequency changed when periodic waves 
went from deep to shallow water, would a strobo- 
scope be able to stop all of the waves at one time? 
(Section 5.) 

21. A ripple-tank wave passes from a shallow to a 
deep section with an incident angle of 45° and a 
refracted angle of 60°. 

(a) What is the ratio of speeds in the two sec- 
tions? 

(b) If the wave speed is 25 cm per second in the 

deep section, what is it in the shallow one? 
22. (a) A tire on an automobile wheel has a circum- 
ference of 7.0 feet. When the wheel is turning 200 
times per minute, what is the speed of the auto- 
mobile in feet per min? 

(b) A light wave whose frequency is 6.0 x 1014 
per sec is passed through a liquid. Within the 
liquid the wavelength is measured and found to 
be 3.0 x 10-5 centimeters. What is the speed of 
light in this liquid? 

(c) What is the wavelength in vacuum (from 
which the frequency was calculated)? 

(d) What is the index of refraction of the liquid 
for light of this frequency? 


23. 


24. 


ni 


The ripple tank is arranged so that the water grad- 
ually becomes shallow from one side to the other. 
Because of this, on one side of the tank the speed 
of a wave crest is different from that on the other 
side. As a result, straight waves become curved 
(Fig. 16-24). In the picture the pulses are moving 
toward the top of the page. 

(a) Which is the shallow side? 

(b) Does a similar phenomenon occur with 
light? Be prepared to discuss this in class. 


Water waves traveling in the deep section of a 
ripple tank at 34 cm/sec meet a shallow part at an 
angle of 60°. In the shallow part all waves travel 
at 24 cm/sec. When the frequency is increased 
slightly, the waves are found to travel at 32 
cm/sec in the deep section. 

(a) Compute the angle of refraction for each 
case. 

(b) Considering the ripple-tank conditions, is 
it easier to measure the two speeds and find their 
difference directly, or to measure it indirectly by 
the angular difference found in (a)? 

(c) How can we detect small differences in the 
speed of light? 


We set up the ripple tank as shown in Fig. 16-25 
and generate a periodic straight wave. The re- 
sulting wave pattern is shown in the photograph 
in Fig. 16-26. 

(a) Explain what is taking place. 

(b) Of what optical arrangement is this a 
model? 


barrier barrier 


(deep) 


straight wave generator 


16-25 The ripple-tank arrangement used in making the picture 
in Fig. 16-26. The oval region between the barriers has 
shallow water, while water in the rest of the tank is deep. 
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16-26 The wave pattern with periodic waves and an arrangement 
as in Fig. 16-25. 


26. 


27. 


28. 


29. 


30. 


31. 


In Fig. 16-27 we see a photograph taken under 
the same conditions as those in Problem 25 except 
that here the waves have a shorter wavelength. 
(a) How do the two photographs differ? 
(b) What can you conclude from this differ- 
ence? 


Suppose the oval region in Fig. 16-25 is deep and 
the surrounding region is shallow. 
(a) What will happen to the straight waves? 
(b) Of what optical arrangement is this a 
model? 


How do we know that the wavelength of light 
must be very much less than a centimeter? 


Imagine our eyes were sensitive only to light of 
wavelength 0.1 mm. How would this affect our 
ability to see? Could you thread a needle? 


If sound is a wave phenomenon, how would you 
explain the common experience of hearing sounds 
from around corners? 


Sound waves in air usually travel at about 330 
meters per second. Audible sounds have a fre- 
quency range of about 30 to 15,000 cycles per 
second. What is the range of wavelengths of 
these sound waves? 


16-27 The same wave pattern as in Fig. 16-26 but with a shorter 
wavelength. 
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Interference 


IN CHAPTER 16 we studied the properties of 
waves to see if they can account for the common 
properties of light. We had already learned 
how light is reflected from a mirror, and we 
found that waves obey the same law of reflec- 
tion. We had also learned how light is refracted 
when it passes from one medium to another, 
and we found that the refraction of waves fol- 
lows Snell’s law just as that of light does. 

In the last section of the preceding chapter we 
recalled that light propagates in straight lines 
and produces sharp shadows. We then experi- 
mented with waves in the ripple tank and found 
they were diffracted when they passed through 
an opening. We could reduce the amount of 
diffraction by decreasing the wavelength but 
could not completely eliminate it. Therefore 
we changed our approach; we went back to 
light, and found that light is also diffracted when 
it passes through a very narrow slit. This was a 
rather convincing demonstration of the wave 
nature of light. In this chapter we shall follow 
the latter approach. That is, we shall continue 
to study in detail the properties of waves and in 
the next chapter do the corresponding experi- 
ments with light. 


17-1 Interference on a Spring 


One of the most striking results of the experi- 
ments with waves on a spring described in 
Chapter 15 was that two pulses traveling in 
opposite directions passed right through each 
other. The shape of the displacement of the 
spring could be explained by adding the dis- 
placements of the individual pulses (the prin- 
ciple of superposition). For example, Fig. 15-9 
shows the successive shapes of a spring as two 
opposite pulses pass through each other. The 
point P halfway between the two pulses remains 
undisturbed because adding the displacements 
of the individual pulses at this point produces a 
cancellation at every instant during the cross- 
ing. This behavior of two opposite pulses is 
somewhat difficult to see because you have to 
look at the pulses exactly at the moment they 
cross. However, if we use periodic waves, we 
can observe the cancellation more easily. 
When a periodic wave travels along a spring 
which is tied down at one end, every individual 


pulse is reflected upside down. Now we know 
that a reflected pulse superposes with every on- 
coming pulse it meets. Thus, suppose we first 
consider only two of the pulses, a and b, a wave- 
length A apart as they travel toward the reflect- 
ing end (Fig. 17-1). Some time after the first 
pulse is reflected it will meet the second pulse 
and there will be a cancellation at the midpoint 
P between them (Fig. 17-2). In Fig. 17-3 the 
pulses are shown as they meet. Because they 
were originally a distance ’ apart we can see 
that the point P is a distance 4/2 from the re- 
flecting end. The next pulse c, which reaches 
P later, will be superposed with the reflected 
pulse b so that the same cancellation occurs 
again. Because the wave is periodic, this will 
happen every time a pulse passes P, and, 
although the motion of the spring as a whole is 
complicated, the point P always remains at rest. 
We call such a point a node. There are other 
nodes spaced A/2 apart, as you can see by work- 
ing out where the next few must be (for example, 
the cancellation of a and c). 

It is clear that we could have obtained nodes 
just as easily by sending appropriate periodic 
waves from opposite ends of along spring. The 
use of the fixed end as a means of producing a 
wave moving in the opposite direction is only a 
convenience. 

The phenomenon we have just described— 
that is, the superposition of two periodic waves 
to produce a series of nodes, is called inter- 
ference. Rather than try to find the correspond- 
ing effect in light at once, we shall first go on to 
make a systematic study of interference between 
water waves in a ripple tank. Then we shall 
look for interference in light. 


Interference from Two Point Sources 


For the purpose of studying interference in the 
ripple tank, we shall use point sources generat- 
ing circular waves. Imagine two point sources 
side by side a distance d apart, each one gener- 
ating pulses at the same frequency. Further- 
more let them move so they dip into the water 
together—that is, so each source produces a 
crest at the same instant. When this is the case, 
we say that the sources are in phase. We can 
represent the waves the sources produce by 
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reflecting end 
(tied down) 


17-1 Two pulses travel toward the reflecting end of a spring. 


17-2 The spring after one of the pulses has been reflected. The 


reflected pulse a is upside down and traveling toward the 
incident pulse b. A third pulse c is approaching at a dis- 
tance A behind b. 


17-3 The pulses a and b of Fig. 17-1 and 17-2 meeting at 


point P. 


284 Chapter 17 + INTERFERENCE 


17-4 The circles represent the crests of waves from two sources 
S; and Sz a distance d apart. The sources are periodic 
and are in phase. The black arrow points out a region we 
shall examine more closely later (Fig. 17-7). 


S, S: 


(a) 


(b) 


17-5 The pattern we predict by applying the principle of super- 
position to the waves from the two point sources shown in 
Fig. 17-4. Lighter areas show where crest meets crest; 
zigzag area is undisturbed water, where crest meets 
trough; places where troughs meet are left dark. 


drawing two sets of concentric circles side by 
side with centers a distance d apart (Fig. 17-4). 
The circles represent the crests of the waves ex- 
panding from each source. Since the sources 
are periodic, the crests are always the same dis- 
tance apart—one wavelength. The distance be- 
tween crests is the same in both sets of circles 
because the wavelengths are the same for both 
sources. The radii of corresponding circular 
crests in each set are equal because the gener- 
ators are in phase. 

What will happen when the waves from the 
two sources overlap? Let us try to predict the 
resulting wave pattern by using the principle of 
superposition. Where two crests cross each 
other, a “double crest” will be formed. Such 
“double crests” will produce bright regions on 
the screen of a ripple tank. In Fig. 17-5 (a) we 
have emphasized these regions by brightening 
them. Where a crest from one source meets a 
trough from the other, the water will be prac- 
tically undisturbed and there will be a gray 
image on the screen. In these regions we have 
used some dots in Fig. 17-5 (a) to give a gray 
appearance. Finally, where two troughs meet, 
a very dark image will be formed on the screen. 
In Fig. 17-5 (a) we have left these regions dark. 
In Fig. 17-5(b) we have suppressed the con- 
struction lines, leaving only the pattern we ex- 
pect to see. Therefore, the superposition of the 
waves in Fig. 17-4 should result in the pattern 
in Fig. 17-5(b). An actual photograph of the 
waves from two point sources shows that this 
prediction is correct (Fig. 17-6). 

We have just constructed an interference pat- 
tern by superposing the waves from two sources. 
We have found that at one moment this pre- 
dicted pattern agrees with what we see. Now 
let us consider how the waves in the pattern 
move. We shall start by finding out how one 
“double wave crest” moves. In Fig. 17-7 we 
show the two wave crests that cross to form the 
double crest at the tail of the arrow in Fig. 17-4. 
The dashed circles in Fig. 17-7 represent the 
same two crests a short time later. Each crest 
has expanded away from its source; and as a 
result the double crest moves away from the 
region of the sources in the direction of the 
arrow. If we wait for one whole period 7, the 
wave crest from each source will have moved 
out a whole wavelength A and the double crest 
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will have moved from the tail to the head of the 
arrow in Fig. 17-4. The double crests and 
double troughs all over the ripple tank have the 
same kind of outward motion. Consequently, 
each row of double crests and double troughs 
moves away from the source region while new 
double crests and troughs are formed near the 
sources. Each row is a moving train of waves. 
What happens in the gray regions, the regions 
between the moving wave trains? Here crests 
lie on troughs at all times and the water surface 
isnot wavy. To see why, let us examine the line 
between two wave trains at any given instant. 
In Fig. 17-5(a) pick one of the dotted gray 
regions. Start at the crest of a wave from Sj. 
Because it lies on a trough from So, there is no 
7-6 A photograph of the interference pattern from two point net displacement of the water surface. It is 
sources in phase. Notice the nodal lines radiating outward. practically undisturbed. Now let us move out 
from the sources along this region. As we do, 

we descend from the crest of the wave from S$; 

and we go up from the trough of the wave from 

Sz. As long as the waves are nearly symmet- 

& rical—so that a trough looks like an inverted 
crest—the addition of the displacements of the 

two waves continues to give zero total displace- 

ment. As we look farther out, we come to a 

trough from S$, at the same place that we reach 

a crest from Sy. The upward and downward 

displacements still cancel; and we can see that 

° e by continuing out along the line through the 

intersections of crests and troughs, we shall find 
practically undisturbed water. Looking at Fig. 


7-7 The solid white lines show the double crests at the tail of 
the black arrow in Fig. 17-4. The dashed circles show two 17-6 (or, even better, at the surface of a ripple 


crests a short time later. The two black dots represent the tank), we can see these lines of undisturbed 
sources. water extending outward from the region of the 
sources and separating the moving wave trains 
of reinforced crests and troughs. By analogy 
with the nodes on a spring, we call these lines of 
zero disturbance nodal lines. In Fig. 17-8 we 
have drawn them as thick black lines. 

With different wavelength or different sepa- 
ration of the sources, the interference pattern 
changes in detail; but the general structure of 
such patterns is the same. Another pattern 
with a longer wavelength is shown in Fig. 17-9. 
Again you can see the nodal lines, and the waves 
moving out between them. The waves are 
slightly blurred because the photograph was ex- 
posed =|, of a second, and in that time the waves 
17-8 The nodal lines from two sources. Between the nodal lines moved an appreciable fraction of a wavelength. 

are moving double crests and moving double troughs. Although we considered water waves in our 
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investigation, we really have not used any spe- ]7-3 The Shape of Nodal Lines 
cial property of water waves to obtain our 


result. We used only the principle of super- If we examine the pictures (Fig. 17-6 and 17-9) 
position, which is common to all waves. The for a while we notice that, although the nodal 
results of this entire chapter apply equally well lines are slightly curved near the sources, they 
to all waves. soon become quite straight. Another striking 


fact is that the number of nodal lines decreases 
as the wavelength increases. 

In order to facilitate further discussion of 
these patterns, let us number the nodal lines so 
we will be able to refer to them conveniently. 
To do this we reexamine Fig. 17-8 and notice 
that the pattern is symmetrical—that is, it looks 
exactly the same to the left of the central line as 
it does to the right. This should not be too sur- 
prising, as our sources also look exactly the 
same left and right. For this reason we need 
count only half the nodal lines, say those to the 
right. Thus we call the first one to the right of 
the central (dotted) line the first nodal line. The 
next one is called the second nodal line, and so 
on. When we want to talk about one of the 
nodal lines and we don’t care which particular 
- é one it is, we usually say the nth nodal line, where 
nis an integer (Ist, 2nd, 3rd, etc.). 

Let us call a point on the first nodal line P, 
and connect it to the two sources by drawing 
the lines PS; and PS, (Fig. 17-10). We call 
these lines the path lengths from P to S; and 
from P to Sp. By counting the crests on the 
diagram it is easy to see that, for our particular 
point, PS; = 3A and PS, = 24, so that the 
difference in path lengths is 


PS; — PS. =}. 


17-9 A two-source interference pattern like that in Fig. 17-6, 
but with a longer wavelength. 


If we had taken any other point on the first 
nodal line, we would have found the same dif- 
ference, 4A, between the path lengths. Indeed, 
we may Say that the first nodal line is composed 
of those points P for which the difference in the 
path lengths is 4A, so that one crest and one 
trough always arrive there at the same time. 
The second nodal line can be characterized in 
17-10 The first nodal line. For any point P on the line the differ- cS ; Lae ‘ 
; , a similar way. In this case, if P is any point on 
ence in path length from P to S; and P to Sy is half a wave- ; : ‘ 
length. the second nodal line, the difference in path 
lengths is 


a ee eee ee tet ce ee Sets et 
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PS, — PS, = 3A, 


which can also be seen from Fig. 17-10. Con- 
tinuing this procedure, we arrive at an equation 
describing the nth nodal line: 
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PSPS See Sik, 


According to this equation we can construct the 
nodal lines by finding the intersections of circles 
of radii r centered at S2 with circles of radii 
r+ (n — 4)Acentered at S;, where r has a differ- 
ent value at each point along the nodal line, 
while 1 is constant along any one line (Fig. 
17-11). 


\7-4 Wavelengths, Source Separation, 


and Angles 


In a ripple tank we can measure the path lengths 
to any point on a nodal line: and, using 


PS, — PS, = (n — 4), 


we can find the wavelength A. We do not need 
to stop the waves to make such a measurement. 
The nodal lines stand still while we take our 
time measuring PS, and PS». 

It is often convenient or even necessary to 
make our measurements at a point P which is 
far away from S, and S2. But if we then mea- 
sure the two large lengths PS, and PS directly 
and subtract to find the small difference be- 
tween them, we shall have a hard time getting 
sufficient accuracy. We may subtract away 
most of our measurement, leaving only our 
errors (see Section 3-7). We therefore look for 
a more accurate way to measure the path dif- 
ference. 

For any point P far away from the sources, 
the difference in the path lengths PS, — PS» 
depends on the angle between PS; andd. Con- 
sider Fig. 17-12(a), which shows the two 
sources S; and S», and a point P very far away 
compared to the source separation d. The dis- 
tance PA is made the same as PS» so that the 
angles | and 2 are equal and PS, — PS, = AS}. 
The farther away P is, the more nearly parallel 
the lines PS; and PS. become. We shall con- 
sider only points P that are far enough from S, 
and Sz» so that for all practical purposes PS; and 
PS, are parallel. Then we can draw Fig. 
17-12(b). Because angles | and 2 have become 
right angles, the triangle AS,S>2 is a right tri- 
angle. Therefore from the definition of the 
sine of an angle (Section 13-3) 


1 Se 


17-11 Construction of a nodal line. Arcs are swung around the 


two sources with radii r andr + (n — 1/2) A respectively. 
The nodal curve runs through the intersections. The curves 
shown are for the first and second nodal lines: n = 1 and 
n= 2, 


(a) 


17-12 (a) The path difference AS, can be determined in terms of 


the source separation d and an angle. (b) When P is far 
from the sources, AS; = d sin @. 
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AS) = sin 8, 
where @ is shown in the figure. Recalling that 


AS; is the path difference, we then find 
PS, — PS. = dsin 6. 


This equation expresses the path difference in 
terms of source separation and angle. The 
angle @ tells us the direction of P with respect to 
the sources. When @ = 90°, for example, P is 
to the right on the line passing through the 
sources; when 6 = 0, P is in the direction of the 
top of Fig. 17-12 (b). 
Now when P is on the nth nodal line 


PS, — PS2 = (n — 4)d. 
Consequently, 


(n—dA =dsin& 
or sin 6, = (n — 4)A/d 


as long as P is far away from S$; and S2._ Inci- 
dentally, this result tells us that far from the 
sources the direction of a nodal line does not 
change. It is given by the angle #,. Far from 
the sources, therefore, the nodal lines must be 
straight as we noticed in the last section. Actu- 
ally, if these straight portions of the nodal lines 
are extended back toward the sources, they pass 
through the midpoint of the line between the 
sources. 

In the last section we also noticed that the 
number of nodal lines increases as the wave- 
length decreases. We can relate this observa- 
tion to our equation for the direction of the 
nodal lines far from the sources. Since sin 6, 
cannot be greater than 1, then (n — 4)A/d can- 
not be greater than 1. The largest value of n 
which satisfies this condition is the number of 
nodal lines on each side of the center line. This 
number depends only on A/d, and increases as A 
decreases. We can make an approximate 
measurement of the wavelength, merely by 
counting the number of nodal lines. 

To make an accurate determination of A, we 
can find the direction of the nth nodal line, that 
is, the angle @,, and calculate \ from the equa- 
tion sin 8, = (n — 4)A/d. In the ripple tank, @, 
is easily found; this is not always the case with 
other waves. Therefore we shall look for a way 
to determine sin 6, directly without first measur- 


center line 


Y 


iy 
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17-13 When P is far from the sources, 8, + a = 90°. 
6,, + a = 90°, A, = G,’. 
sin 0, = Xp/L. 


Since 


Also, sin 8,’ = xn/L, and so 


ing the angle 6, itself. Let the point P in Fig. 
17-13 be on the nth nodal line far away from 
the two sources S; and Sz, so that the lines CP 
and S$ ;P are practically parallel to each other 
and both are practically perpendicular to AS2. 
Since the center line is perpendicular to d, we 
see that ™,’ = 0,. But, from the figure, sin @,’ = 
X,/L where L is the distance PC and x, is the 


distance from P to the center line. Therefore 
we have 

(n — })A/d = sin®@ = sin&# = x/L 
or A= Ax/L) 


n—4 
where we have omitted the subscript , on 6, 6’, 
and x, but you must remember that @, 6’, and x 
refer to the nth nodal line. 

An example will show how simple the pro- 
cedure is. Suppose we are working with sources 
10 cm apart. We may pick a point P on the 
third nodal line, measure its distance L from the 
midpoint of d, and measure the distance x from 
the center line. Suppose we find that L is 80cm 
long and x is48cm. Therefore, x/L is 0.6. We 
can now test the accuracy of our ratio by mea- 
suring values of L and the corresponding values 
of x for other points on the third nodal line. If 
all the points are far enough away, x/L remains 
0.6. 

Now because we are working with the third 
nodal line we must use n — 4 = 5/2 and with 
d = 10cm we find 


, = Ax/L) _ 100.6) 


t= t 3 


= 2.4cm. 


Using the various nodal lines we can get sev- 
eral evaluations of A. Agreement between the 
values obtained gives us a check on our reason- 
ing and on our measurements. 


7-5 Phase 


Two generators with the same period are in 
phase when they always dip into the water to- 
gether, producing crests at the same instant. 
However, it is not necessary for two sources 
with the same period to be in phase. For ex- 
ample, one of the sources may always dip into 
the water somewhat later than the other, after a 


17-14 
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time delay ¢. Since the natural time unit fora 
particular periodic motion is its period 7, it is 
convenient to measure the time delay between 
the dips of S, and S2 in fractions p of the period. 
Thus we use p = //T to measure the delay. For 
example, if each source dips every } second and 
S2 always dips ;/5 second after S;, then the frac- 
tion p is one third. 

When two sources of the same frequency do 
not dip together we say that they are out of 
phase. The fraction p describes the phase delay 
of one source with respect to the other. There 
are no delays which are longer than the period 
T because we always measure the delay of the 
second source from the most recent dip of the 
first source, and its dips come a time interval T 
apart. Consequently there are no phase delays 
greater than |. The value of p is always be- 
tween 0 and 1. 

Let us now use two point generators of waves 
operating so that S2 has a phase delay of p with 
respect to S$}. What will the interference pat- 
tern look like? We can again try to discover 
this graphically by drawing two sets of concen- 
tric circles representing the wave crests from 
each source. As in Fig. 17-4, the crests in each 
set are always one wavelength A apart; however, 
this time the sources are not in phase, and the 
radii r; and rz of corresponding crests from the 
two sources are not equal (Fig. 17-14). The 
radii of the delayed crests from Sz are smaller 
than those of the corresponding crests from S$, 


The waves from two point sources out of phase. Source 
S2 has a phase delay p with respect to S;._ The difference 
between the radii of corresponding crests is the distance 
tory — re = pa. 
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by a distance / equal to the fraction p of a wave- 
length A: 


For example, if S2 is delayed one third of a 
period, the circles centered on Sz are smaller 
than the corresponding ones around S; by one 
third of a wavelength. 

As an example let us see what happens when 
one of the sources is half a period behind the 
other. Then the distance / is half a wavelength, 
and the phase delay p is $. In Fig. 17-15 we 
have drawn the wave crests for such a situation 
and constructed the nodal lines by joining the 
points where a crest crosses a trough. We see 
that the pattern of nodal lines is different from 
the pattern for two sources in phase. For the 
same ratio A/d the nodal lines are at the places 
where the reinforced crests used to be, and the 
reinforced crests are now where the nodal lines 
used to be. Compare Fig. 17-15 with Fig. 
17-10. In each of these figures A = 4d, but in 
Fig. 17-10 the sources dip in phase while in Fig. 
17-15 there is a phase delay p = }. 

The photograph in Fig. 17-16 was taken with 
a phase delay p = } between the sources. We 
can see, for instance, that there is now a nodal 
line along the center where in Fig. 17-6 (and 
Fig. 17-9) there are reinforced crests. 

We have given examples of the interference 
pattern for two particular choices of the phase 
delay,p = Oandp=4. Actually we could have 
chosen any phase delay from 0 to 1, and in each 
case the interference pattern would have been 
different. The series of pictures in Fig. 17-17 
shows the interference patterns in the ripple 
tank for different phase delays of Sp. Changing 
the phase delay causes the whole pattern of 
nodal lines to shift in a definite direction. As 
the phase delay of S2 increases, the radii of the 
crests from Sz fall behind those from S, by an 
increasing distance / = pA. Consequently the 
nodal lines bend more sharply around S2, away 
from the center line. This is just what we see 
in the photographs. By including the distance 
! = pA in our computation of the difference in 
path lengths from any point on a nodal line to 
the sources S$; and S», we can develop a general 
formula describing the nodal lines with any 
phase delay p. It is 


PS; — PS; = (p +n — 4d, 


17-15 


17-16 


and therefore (for the reasons given in Section 
17-4) the angles at which the straight portions 
of the nodal lines are found are given by 


sin 6, = (p + n — 4)A/d. 


These equations can be understood by noticing 
that the nodal lines are determined by the inter- 
sections of arcs of radius r + (n — 4)A around S; 
with arcs of radius r — pA around S,. At such 
points a crest from one source always arrives at 
the same time as a trough from the other. (See 
the end of Section 17-3.) 

As the phase delay of Sz changes, the wave 
trains of reinforced crests and troughs curl in 


ea el 


A photograph of the ripple-tank screen when two sources 
are operating with a phase delay p = 1/2. 
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The interference from two point sources with different phase 
delays p of the right-hand source. In the top picture the 
sources are in phase; p = 0. In the subsequent pictures 
Pp increases, passing through p = 1/2 in the third photo- 
graph. 
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$: S. 


17-18 The row of white dots represents a line of double crests 


formed when S; and S2 are in phase. The black dots rep- 
resent a line of double crests which results when Sz has a 
phase delay. The delayed waves from So are represented 
by dashed circles. 


the same way as the nodal lines. As the phase 
delay of Sy is increased, any particular wave 
train bends away from S; and progressively 
curls around S,. As an example, in Fig. 17-18 
we have drawn the wave crests from two sources 
three wavelengths apart. The white circles from 
S2 indicate waves generated when S2 dips in 
phase with S,. The dashed circles around S2 
indicate waves generated with a phase delay. 
Notice that the double crests bend around S» as 
the phase delay is introduced. In particular, 
with no phase delay there is a wave train along 
the center line perpendicular to the line through 
the sources. When Sy, is delayed, this wave 
train moves off to the right around Sz. All the 
other wave trains have a similar shift. 


17-6 Summary and Conclusion 


The interference pattern from two point sources 
in the ripple tank is characterized by a set of 
lines where the water surface remains undis- 
turbed—the nodal lines. When the sources are 
in phase these nodal lines are distributed sym- 
metrically about the center line, the perpendic- 
ular bisector of the line S,S_ joining the sources. 
In the immediate neighborhood of the sources 
the nodal lines are curved, but not very far away 
from the sources they become nearly straight. 
If the straight portions are extended back to- 
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ward the sources, they pass through the center 
point between the sources. The number of 
nodal lines and the angle between any of these 
lines and SS. is determined by A/d, the ratio of 
wavelength to source separation. This means 
that we can determine either d or A if we know 
the other. 

Even for the same wavelength and source 
spacing, different interference patterns are ob- 
tained for different phase delays p between the 
two sources. When the sources are in phase 
there is an even number of nodal lines symmet- 
rically arranged about the center liné. When 
the source S2 produces crests later than S$; with 
a time delay ¢ = pT, crests from Sz are all at 
smaller radii than the corresponding crests from 
S;. The corresponding radii differ by the dis- 
tance/ = pA. Asaresult the points where crests 
from S»2 cross troughs from S, are closer to S2. 
This means that the nodal lines are bent away 


FOR HOME, DESK, AND LAB 


1.* If a periodic wave whose pulses each had the 
shape shown in Fig. 17-19 were traveling along a 
spring, and you wanted to produce nodes by send- 
ing appropriate periodic pulses in the opposite 
direction, what shape pulses would you use? 


(Section 1.) 


17-19 For Problem 1. 


2.* In Fig. 17-3, how far from the wall will pulse c 
meet pulse a to make the next node? (Section 1.) 


3. We showed in the text (Fig. 17-1, 17-2, and 17-3) 
that when pulses are incident periodically on the 
fixed end of a spring, the point P, a distance A/2 
from the end, never moves and is, therefore, a 
node. Extend the argument to show that the 
point Ps, a distance 3/2 in front of the end, is a 
node. 


4.* In Fig. 17-20. the circles represent the crests of 
waves produced by sources S; and Sz. At which 
of the points A, B, and C is there a “double crest,” 
a “double trough,” or a nodal point? (Section 2.) 


from S; and swing in closer to S2; and the pat- 
tern becomes asymmetrical. Only for p = $do 
we again get a symmetrical pattern. Then one 
nodal line covers the center line and there is an 
odd number of nodal lines. 

When the distance between the sources is 
fixed and we generate waves of one particular 
wavelength, the interference pattern depends on 
the phase delay between the sources. Conse- 
quently, to maintain a fixed interference pat- 
tern, the phase delay must also remain constant. 
For two sources which run continuously at the 
same frequency, the phase delay will remain 
constant. But if each of the two sources is 
turned on and off in an irregular fashion, the 
phase delay will vary and with it the interference 
pattern. This shifting of the interference pat- 
tern will be of great importance in the next 
chapter, where we shall discuss the interference 
of light waves. 


5. Draw the sets of concentric circles and the inter- 
ference pattern from two sources with d = SA at 
the time: 

(a) when the generators have just produced 
crests, 

(b) when they have just produced the following 
troughs. 

How have the reinforced crests moved during 
the time interval between these drawings? 


6. Draw the interference pattern for the case d = 5A 
on a piece of paper large enough so that you can 
see the nodal lines become straight at a great dis- 
tance from the sources. Continue these straight 


Gita 


17-20 For Problem 4. 


lines back toward the sources and show that they 
all pass close to the midpoint of the line joining 
the sources. 


In Fig. 17-4, is there a nodal line along the per- 
pendicular bisector of the line joining S, and S2? 
(Section 2.) 


Fold two pieces of ruled paper into long strips 
about 2 cm wide and hold them as in Fig. 17-21. 
Imagine that the lines are wave crests. Your 


fingers then represent the sources of the waves. 
Notice how the crests from both sources add to- 


7-21 For Problem 8. 


I-22 For Problem 19. 


10.* 


17. 


20. 
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gether. Now by sliding the free ends sidewise, 
locate nodal lines and moving wave regions. 


Consider an interference pattern produced by two 
point generators. What happens at the positions 
of the nodal lines if we place a third source exactly 
like the others at the point midway between them? 


Which nodal line in Fig. 17-10 is made up of all 
points P such that PSz — PS; = 3A/2? (Section 
3.) 


You know the distances from a point on a nodal 
line to the two point sources in a ripple tank. 
What else do you have to know to calculate the 
wavelength of the waves? (Section 3.) 


Construct the nodal lines for two point sources 
with A/d = } by the method of Fig. 17-11. Is this 
really a different method from that used in Prob- 
lem 6? 


What would happen to the nodal lines if one of 
the two sources made weaker and weaker waves 
and then quit? 


For two point sources separated by a distance d 
is there a range of wavelengths A which will 
produce an interference pattern with no nodal 
lines? (Section 4.) 


Two sources 6.0 cm apart operating in phase pro- 
duce water waves with a wavelength of 1.5 cm. 
Draw the nodal lines far from the sources. Deter- 
mine the position of each line by means of inter- 
secting arcs of circles drawn from the two sources. 
Measure the angle between the second nodal line 
and the center line of the pattern. Compare the 
sine of this angle with (n — 4)A/d. 


Suggest an interference experiment to prove that 
sound is a wave phenomenon. How could you 
use such an experiment to determine the wave- 
length of sound? 


(a) From Fig. 17-6 and 17-9 find the ratio A/d 
by using the equation sin 6, = (n — 4)A/d. 

(b) The dimensions of the photographs are 
one fourth the actual size. By measuring d on the 
photographs estimate the actual value of A. 


Look up the definition of “hyperbola” and show 
that nodal lines are hyperbolas. 


In Fig. 17-22, L = 50 cm, d = 10cm, a = 30°. 
What are y and 8? Find y and B when L = 500 
cm. Does this convince you that it is a good 
approximation to set y = 8 = a when L is much 
greater than d? 


One red and one blue car are going around a 
circular racetrack 5.0km in circumference. They 
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* 


21. 


22.* 


23. 


24. 


25. 


26. 


27. 


move at constant speed. Each car takes 2.5 min- 
utes for each lap. The blue car always comes 
around 0.50 minutes behind the red. 

(a) What is the phase delay p of the blue car 
with respect to the red car? 

(b) What is the speed of each car? 

(c) If the track were only 4.0 km long, would 
this change the answers to (a) and (b)? 


In Fig. 17-14, / = 0.25 cm andA = 0.70cm. What 
is the phase delay? (Section 5.) 


Is a phase delay of 0 the same as a phase delay of 
1? (Section 5.) 


Show that for two sources with phase difference 
p, the first nodal line can be plotted from the equa- 
tion: path length difference = (p + 4)A. 


Suppose we look at an interference pattern froma 
great distance L in front of the sources and find 
that the first nodal line is a distance x from the 
center line. If x = .008Z and A = .Old, what is 
the phase delay of the sources? (See Fig. 17-13.) 
If A = .016d, what is the phase delay? 


Suppose that two point sources are generating 
waves with the same wavelength A. They are 
placed in the ripple tank a distance d = 5A apart. 

(a) If the sources are in phase, what angle @ 
does the straight part of the first nodal line make 
with the central line? 

(b) If the sources have a phase delay p = 4, 
what is 6? 

(c) How many nodal lines will be produced? 


In radioastronomy, one method for “looking” at 
different directions in the heavens is rather like 
using an adjustable-phase two point source rip- 
pler in reverse. 

Antennas A and B, tuned to the same wave- 
length, are set up a certain distance apart, and the 
signals they receive are mixed in an amplifier 
after the signal from one of them has been fed 
through a phase adjuster (Fig. 17-23). Maximum 
signal is obtained if the signals entering the re- 
ceiver at C and D are in phase. 

The phase adjuster changes the phase by 
changing the length of the transmission cable be- 
tween A and C. When the cable AC is equal in 
length to the cable BD, the signals from a point 
directly overhead will be in phase at the receiver. 
To “look” in the direction @, the cable AC must 
be lengthened. If the distance AB is 100 m, and 
if the frequency to which the receiver is tuned is 
20 megacycles/second, what phase difference 
must be introduced to make the system look in a 
direction 5° away from the vertical? 


Standard radio broadcasting stations operate on 
wavelengths of between 200 and 600 meters. 
The usual antennas are vertical towers that be- 


have like point sources of waves in the plane of 
the earth’s surface. 

(a) How could you arrange two point source 
radio antennas to give good coverage of a city 
built in a strip along the seacoast and waste a 
minimum of power over the water or in unpopu- 
lated areas? 

(b) If the city expanded inland, how would the 
station be able to provide better signal strength 
to the newly populated areas? 


28. Two sources in a ripple tank are operating at fre- 
quencies of 15 cycles per second and 16 cycles per 
second. Describe the resulting pattern of nodal 
lines. 


29. What will be the appearance of the interference 
pattern of two point sources if the phase delay 
between them is altered suddenly? 


amplifier 


17-23 For Problem 26. 
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18-1 Can We See Interference in Light? chapter 
In the last chapter we studied the interference 
patterns produced in a ripple tank by two point 1 8 
generators. Now we wish to do similar experi- 
ments with light, in order to see whether it has 
all the properties of periodic waves. 
In designing an interference experiment with 
light we must keep in mind some important dif- 
ferences in the way we observe water waves and 
light waves. We can see water waves by stand- 
ing at any place where light reflected from the 
| waves reaches our eyes. We easily recognize a 
nodal line in the ripple tank because we can see 
| where the water is undisturbed. Imagine now 
that we replace the two point generators by two 
light sources. How can we find out whether 
there are places where the light waves from the 
two sources cancel each other, places corre- 
sponding to the nodal lines in the ripple tank? 
In the ripple tank we could see the waves, but a 
we cannot look across a light beam and see the L ht 
light waves. (Recall Fig. 11-7.) To see this Ig 
! light, we shall have to get our eyes directly in 
the path of the light, or else place a reflecting Waves 
screen in the path and observe the light that is 
reflected from it. 
You can get an idea of the problem involved 
| in detecting the interference of light if you im- 
| agine that you have to study the interference of 
water waves in a completely dark room, so that 
you cannot see the water. In this case you could 
: locate the nodal lines by putting your finger in 
the water and moving it slowly across the tank. 
Most of the time you would feel the waves mov- 
ing up and down; but when you came to a nodal 
line, you would not feel any motion. Similarly, 
when we observe light waves, we can either 
| move our eyes or place a reflecting screen in the 
| path of the light. Where light waves are rein- 
forced on the screen, we can see light. Where 
a nodal line intersects the screen, we see a dark 
region. 
At what angles do we expect to see these 
bright and dark bands? We learned from the 
| ripple tank that, in the interference pattern gen- 
| erated by two point sources, the angles between 
| the nodal lines depend on A/d. For a given 
wavelength A, these angles all increase as the 
| source separation d decreases. We already 
know that the wavelength of light waves is much 
| less than a tenth of a millimeter (Section 16-7); 


_— 
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therefore, to achieve an observable separation 
of the nodal lines at a reasonable distance from 
the sources, we must place the sources close 
together. This means that they must be very 
small. 

Also, to observe clear nodal lines we need 
sources which emit waves of a definite wave- 
length or at most a small range of wavelengths; 
otherwise, the nodal lines corresponding to one 
wavelength will be buried in the crests resulting 
from the others. Imagine, for instance, that 
each source emits waves of the two different 
wavelengths which give the patterns shown in 
Fig. 17-6 and 17-9. The total pattern you 
would then observe would be a combination of 
the patterns shown in the two photographs, and 
there would be no places which remain undis- 
turbed in the total pattern. 

In the following discussion we shall assume 
that the light we observe contains a narrow- 
enough range of wavelengths so that the nodal 
lines, although they may become somewhat 
fuzzy, are not wiped out. 

Imagine that we have two very small light 
sources placed a small distance d apart and that 
a screen is placed at a large distance L away 
from them, as shown in Fig. 18-1. This arrange- 
ment seems similar to that of a ripple tank in 
which there are two neighboring sources of cir- 
cular waves. Consequently, from the results of 
Sections 17-4 and 17-5, we might expect to see 
a pattern of bright and dark bars on the screen. 
The bright bars should be the regions where 


screen 


This apparatus resembles the setup for producing inter- 
ference in a ripple tank. But with two separate, ordinary 
sources of light S; and S», we cannot find interference. 
No pattern appears on the screen. Using the special, 
phase-locked sources of light called lasers, this arrange- 
ment can be made to show a pattern (Section 18-3). 


light waves from the two sources reinforce, and 
the dark bars should occur where the waves can- 
cel. Just as in the ripple tank, if the two sources 
emit waves in phase there should be a bright 
region (that, is, a large wave) hitting the middle 
of the screen. On each side of this central bright 
region, there should be dark bars where the first 
nodal lines meet the screen; and as we go away 
from the center, bright and dark bars should 
alternate. 

In this pattern of alternating bright and dark 
bars, the mth dark bar on each side should be a 


7 from the center of 


the pattern. Consequently, the spacing between 
r 
d}- 
Also, as in the ripple tank, if one source emits 
its waves with a phase delay p compared with 
the other, the pattern should shift off center. It 
should shift sidewise on the screen by the frac- 
tion p of the distance between the dark bars. 
Can we observe these interference patterns? 
We already know that if light is a wave, its 
wavelength must be much smaller than a tenth 


distance x, = (n — H)L (>) 


neighboring dark bars should be Ax = L ( 


of a millimeter. Consequently, (3) for any 


d 
practical sources will be a very small fraction. 
However, we can choose a very large distance L 
to the screen; therefore, it should be possible to 
see the bright and dark bars. 

In reality, when we try the experiment we 
have just described we do not see an interfer- 
ence pattern. No matter how we vary d or L, 
the screen is always uniformly illuminated. 

Does our failure to observe an interference 
pattern prove that the wave model of light is a 
failure? Not necessarily. On the basis of the 
evidence we have discussed so far, the wave 
model may have failed, but another explanation 
is also possible. As we have just mentioned, 
the interference pattern produced by two 
sources depends on A, on d, and also on the 
phase delay p. If the phase delay between the 
sources changes rapidly, the nodal lines and 
the dark bars on the screen must shift position 
rapidly. Our eyes cannot follow these rapid 
shifts, so the screen will appear uniformly 
bright. In other words, the interference pat- 
terns may possibly be produced, but we fail to 
see them because they move too rapidly. 
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3-2 Interference of Light Waves: 


Young's Experiment 

We can show that our inability to observe 
interference in the experiment just described is 
due to the rapid shifting of phases. To do this, 
we resort to a trick introduced in 1801 by 
Thomas Young. He found a simple way to 
lock together the phases of two light sources so 
that any interference pattern that is formed will 
not rapidly move away. The trick is to start 
with a single light source and split the light from 
it into two parts in phase with each other. 
These two parts, which act as if they came from 
two sources locked in phase, are then allowed 
to come back together to interfere with each 
other. With Young’s method, we do indeed 
find the expected interference pattern on a dis- 
tant screen. 

Young’s experimental arrangement is shown 
in Fig. 18-2. He used sunlight passing through 
a pinhole as a single source of light. The light 
spreading out from this pinhole source fell upon 
an opaque barrier which contained two pin- 
holes, placed very close together and located 
equidistant from the source. Light originating 
from the pinhole source at any moment passed 
through the other two pinholes at the same 


barrier 


white light 


barrier 


time; the light at these two pinholes was then 
always in phase. With such an arrangement, 
the interference pattern of the light emerging 
from the pair of pinholes did not shift; it could 
be observed. 

Today we can do this experiment more eas- 
ily. We replace the sunlight and pinhole source 
by an incandescent light bulb having a long, 
straight filament; and we replace the two pin- 
holes in the opaque barrier by two long, narrow 
slits. The slits must be very close together 
(about ;|; mm apart) and placed with their long 
dimension parallel to the line filament. Figure 
18-3 is an idealized diagram of the wave pattern 
producing the interference, looking at the line 
source and slits from above. The similarity to 
a ripple-tank pattern is very clear. If you hold 
the page at the level of your eye and sight from 
the right edge of the figure toward the source, 
the nodal lines can be seen distinctly. These 
are regions of no wave disturbance and hence 
of no light; they have been marked “dark” 
where they intersect the screen. On the screen, 
we would see an interference pattern consisting 
of alternate bright and dark bars of various 
colors. The bars are parallel to the slits, with 
a bright one at the center, just as predicted by 
the wave model. 


screen 


3-2 Young's experiment. The sunlight reaching the screen from the pinholes $; and Sz all comes through the pinhole S. An interfer- 


ence pattern is visible on the screen. 
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A permanent record of the interference pat- 
tern produced by this system can be made by 
putting a camera in place of the white screen 
to record the result on film. Such a picture is 
reproduced in Fig. 18-A opposite page 302. 


18-3 The Phase of Light Sources: Atoms 


We can couple two generators in a ripple tank 
with any desired phase delay, start them, and 
let them run as long as we wish. We do not 
have such control over light sources. That is 
shown by our inability to observe interference 
between light waves unless Young’s method (or 
some similar method) is used to lock the phase 
of the two sources. We can also understand 
why the phase delay between two sources usu- 
ally shifts rapidly. Consider two separate 
sources of light. The light from each source 
comes from a large number of individual atoms; 
each atom sends out a burst of light waves only 
during a very short time. When we turn on the 
sources we start the overall process of the 
emission of light, but we do not control the in- 
dividual atoms; they emit their light waves at 
random. 


¥ 
6 


screen 
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central 
maximum 
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18-3 Waves from a line source of light passing through the slits S, and S» interfere to give alternate bright and dark bands on a screen. 
In this idealized diagram, the slit width is less than the wavelength. 


To see the significance of this situation for 
our interference experiments, let us consider a 
pair of atoms, one in each source. In all prob- 
ability these atoms, considered as light sources, 
will be out of phase by some fraction pi. The 
light waves from these two atoms will produce 
an interference pattern that depends on the 
value of p;. A short time later these particular 
atoms will have stopped radiating, so we shift 
our attention to another pair of atoms which 
happen to be radiating at that moment. Since 
we have no way of influencing their behavior, 
these atoms will also be out of phase, but this 
time probably by a different fraction po. They 
will, therefore, produce a different interference 
pattern. Still later we consider a third pair of 
atoms, and soon. A typical time during which 
an atom emits light has been found to be about 
10-9 sec. If we consider only one atom radiat- 
ing at any moment in each source, we must 
change atoms every 10-9 sec to have the radia- 
tion continue. Then the interference pattern 
would also change in an irregular fashion every 
10-° sec. Since this is certainly much too fast 
for our eyes to follow, we would see no inter- 
ference pattern at all. 

In reality there are many atoms radiating at 


the same time. At each moment the interfer- 
ence pattern will be determined by the super- 
position of light waves from all the atoms. Now 
let us concentrate on all the atoms that are radi- 
ating in One source at a given moment. They 
will have finished radiating in about 10-9 sec. 
By that time a new set of atoms will be emitting 
the light from that source. Consequently, the 
phase of the source will have changed at ran- 
dom just as if we switched from one single atom 
to another. This shifting of phase therefore 
goes on in each source in about 10-9 sec, and 
the interference pattern moves violently in this 
length of time. No wonder we cannot see any 
interference pattern. 

When we use Young’s method to obtain an 
interference pattern, the light wave emitted by 
each atom in a single source passes through two 
slits. These slits are so far away from the light 
source that the waves from any atom in the 
source travel essentially the same distance to 
each slit (Fig. 18-4). Asa result, the light waves 
passing through the slits and going on beyond 
them leave the slits with no measurable phase 
delay. The slits, therefore, act as sources of 
waves, and these sources are locked in phase. 
On the screen beyond them we see the inter- 
ference pattern that we expect. 

Within the last few years, a family of remark- 
able new light sources has been developed. In 
these sources, atoms within solids or gases are 
made to emit light, not at random but in almost 
locked phase, one atom tending to control 
another. The fixed phase condition can be 
maintained for periods thousands of times 
longer than the 10-9 second during which an 
individual atom in a hot filament emits light. 


source 
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These new devices are called lasers (for Light 
Amplification by Stimulated Emission of Radi- 
ation) and use a principle that can be applied 
in many forms. 

In an experiment done in 1963, two inde- 
pendent lasers were made to work so well as 
phase-locked sources that light interference 
fringes were seen, in exact analogy to the inter- 
ference pattern we see produced in a ripple tank 
by two independent wave generators. A tech- 
nical difficulty prevented this from being an 
easy experiment, however. Although the phase- 
lock was good, the wavelengths could not be 
made precisely equal, which caused the posi- 
tion of the central fringe to drift rapidly across 
the screen, just as the ripple-tank pattern drifts 
when the two generators run at slightly differ- 
entrates. The laser fringes were so fleeting that 
it was necessary to use high-speed television 
techniques to make a “snapshot” of the fringes 
at one position. 

Physicists hope that one day it will be pos- 
sible to make laser sources of identical wave- 
lengths, fully locked in phase. Then interfer- 
ence effects with light will become as easy to 
see and understand as those with water now 
are in the ripple tank. 


18-4 Color and Wavelength of Light 


The photograph in Fig. 18-A (opposite page 
302) was taken by letting white light from a 
small source pass through two closely spaced 
parallel slits; the light spreading out from the 
two slits was brought back together again by 
the lens of a camera to form the interference 


slits 


Because the source is far from the slits, the paths from any atom in the source to the two slits are almost parallel and the distances 


almost equal. 
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pattern on the photographic film. Notice that 
the bright bar in the center (called the central 
maximum) is white, but the edges of the bright 
bars on the sides are colored. 

We know that white light is a mixture of all 
colors, and the colored edges of the bars suggest 
that different colors are deflected at different 
angles in the interference pattern. The idea that 
different colors interfere at different angles im- 
plies that the wavelength of light is associated 
with its color. We already had some reason to 
suspect an association of color and wavelength 
when we studied dispersion. Now we can settle 
the question by further interference experi- 
ments. Let us, therefore, look at the interfer- 
ence pattern of light of one color. In Fig. 18-5 
we see the interference pattern for red light 
alone. It is a series of alternating bright and 
dark bars. The spacing of the bars in the photo- 
graph depends on the separation d of the two 
slits, the distance L from the slits to the photo- 
graphic plate, and the wavelength of the light. 
Consequently, when we know the distances d 
and L, the separation of the bars in the photo- 
graph tells us the wavelength of the light. As 
we saw in Section 18-1, the separation Ax of 
neighboring dark bars is given by 


— 7{% 
Ax = L( x) : 
On rearranging this equation we get the wave- 
length as 
\= (4) Ax. 


By measuring across a large number of bars we 
can get an accurate value of Ax to use in com- 
puting the wavelength A. For red light this 
turns out to be 

Ared = 6.5 K 10-7 m. 


We can go through the same procedure with 
light of any other color. If, for example, we use 


Interference pattern produced with red light. This is shown 
in color in the upper part of Fig. 18-B, opposite page 302. 


a blue-violet filter to select the light, we obtain 
a wavelength 
Ap-v = 4.5 & 10-7 m. 


Other typical wavelengths, similarly measured, 
are given in Table 1. Our early conjecture that 
color is associated with wavelength is borne out 
by experiment. 


TABLE 1 
Wavelengths of Light in Vacuum 
A. The wavelengths in angstrom units of the colors of 
the spectrum. The visible spectrum ranges from 


about 4000 A in the deep violet to about 7500 A 
in the deep red. (1 A = 10-19 m) 


Violet < 4500 A 
Blue 4500-5000 
Green 5000-5700 
Yellow 5700-5900 
Orange 5900-6100 
Red > 6100 


B. The wavelength of some of the strongest visible 
lines in the spectra of a few common gases. 


Lithium Neon Sodium 
6103.6 5400.6 5890 
6707.8 5832.5 5896 
5852.5 
Mercury 6402.2 Potassium 
4358.4 4044 
5460.7 4047 


The colors associated with definite wave- 
lengths are known as spectral colors. They are 
the same ones seen in the rainbow. Not all 
colors we see are of this kind. For example, 
purple is not a spectral color. If we use an inter- 
ference experiment to analyze the light that 
comes through a purple filter, we find that it is 
made of blue light and red light. Color vision 
is in fact very complicated. We sometimes see 
what appears to be a spectral color when only 
light of other wavelengths enters our eyes. The 
analysis of light by locating maxima and min- 
ima in an interference pattern makes it possible 
to characterize the light accurately in terms of 
wavelength. Thus, interference patterns extend 
our knowledge far beyond what we can learn 
with our unaided eyes. 

The experiments we have been describing are 
ones that you can do yourself. Indeed, you can 
check up on our evaluation of the wavelengths 
of red and blue-violet light just by making some 
measurements of Fig. 18-B. This photograph 
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Ce 


straight filament source 


pattern on the retina of your eye. 


was taken with a single source of white light and 
two slits. We made the different patterns that 
you see, one above the other, by placing a red- 
colored filter above a blue-violet-colored filter 
in the horizontal path of the light between the 
source and the photographic film. The ratio of 
the spacing of the bars in the two halves of the 
picture should correspond to the ratio of the 
wavelengths of red and of blue-violet light. By 
measuring the photograph we find that the sep- 
aration of the bars in the red pattern is greater 
than that in the blue-violet by a factor of about 
1.4. We can compare this to the ratio of the 
wavelengths measured independently. That 
ratio is 

Area 6.5 & 10-7m 


= lets 
Ap-v 45x 10-7m 


You can also carry out the complete set of 
experiments and measure the wavelength of 
light. Use your eye in place of the camera and 
make your own slits. You can cut them by pull- 
ing two razor blades side by side across a piece 
of glass covered with carbon. (See the Labora- 
tory Guide.) The only other equipment you 
need is a strong narrow source of light and some 
filters of colored plastic or glass. For the light 
source, a showcase lamp in which you can see 
the straight filament is a good choice (Fig. 18-6). 

We have now succeeded in showing that the 
spectral colors of light are related directly to its 
wavelength in vacuum. We have measured the 
wavelength of light of one color by measuring 
the spacing of the bars in the interference pat- 
tern from two slits. We therefore have a primi- 


8-6 Observing a two-slit interference pattern. The lens of your eye brings the light from the two slits together to form an interference 


tive spectroscope (see Chapter 7) whose opera- 
tion we understand. 

A much more efficient spectroscope that sorts 
out the colors of light by interference can be 
made by using many equally spaced slits. The 
effect of the many slits is to intensify the amount 
of light emerging from the slits in any direction 
and to make the maxima for any wavelength 
sharper. These are known as grating spectro- 
scopes and are commonly used to analyze light 
into its component wavelengths. For some 
purposes these spectroscopes are superior to 
those that use a prism to spread the light out 
into a spectrum. 


18-5 Diffraction: An Interference Effect in 


Single Slits? 


If you scratch only one slit with a razor blade 
(or a needle to make a slightly wider opening) 
and look through it at a white light source, you 
will see something like the photograph in Fig. 
18-C. There is a bright, broad central region 
surrounded by colored regions of lower inten- 
sity. In light of one color the pattern is similar. 
Figure 18-D shows what you find if you use a 
red light source—a bright center, then dark re- 
gions alternating with progressively less intense 
regions of light. 

Although the pattern of light and dark differs 
from Young’s pattern, it looks suspiciously like 
an interference pattern. There are nodes and 
maxima in light of one color, and color effects 
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when white light is employed. Because this in- 
terference effect takes place with only one slit, 
it may seem to make our interpretation of 
Young’s pattern questionable. To clarify the 
situation we shall study more carefully the be- 
havior of light passing through a single slit. 

If we look back at our earlier discussion of the 
diffraction of waves by a slit (Section 16-7), we 
notice that the single slit does not act like a 
point source of waves unless its width is less 
than a wavelength. Normally, the slits we use 
in observing diffraction or interference in light 
are much wider than the wavelength of light. 
(Both the narrower slits we scratch with a razor 
blade and the wider ones made with a needle 
are many wavelengths wide.) Perhaps they are 
10-! mm wide while the wavelength of light is 
between 4 and 7 x 10-4mm. The explanation 
of the interference patterns we see in light pass- 
ing through single slits must be found by care- 
fully examining the behavior of light as it passes 
through a narrow slit which is, nevertheless, 
many wavelengths wide. 

In Fig. 16-19 we saw how straight waves trav- 
eling through a narrow slit in a ripple tank 
spread out or diffract. The waves on the far 
side of the barrier arise from the propagation of 
the parts of the crests and troughs that enter the 
slit. Instead of producing the crests and troughs 
in the slit by letting a straight wave fall on it, 
it seems possible that we might produce them 
by a line of point sources moving up and down 
together at the position of the slit. As a test 
of this idea let us replace the slit by a line of 
very small point sources, separated by a small 
fraction of a wavelength. We shall use enough 
sources so that they just fill the space of the 
original slit. If we now run the sources in phase 
and at the same frequency as that of the orig- 
inal wave, we see (Fig. 18-7) that the pattern 
produced does look like the diffraction pattern 
of the slit. 

It seems reasonable that the wave patterns 
formed when straight waves are diffracted by a 
slit are the same as the patterns formed by the 
waves from a large number of point sources 
evenly spread through the width of the slit. We 
shall now assume this equivalence, and try to 
explain the interference patterns we observe 
through single slits by superposing the waves 
from the effective point sources in the slit. This 


18-7 A diffraction pattern of straight waves passing through a 


slit and, below, an interference pattern of a line of equally 
spaced point sources extending across the slit. Near the 
sources the effect of source separation leads to some differ- 
ence in the patterns. Far away the two patterns are the 
same. 


general procedure of predicting the further 
propagation of waves by replacing wave fronts 
with sources was applied by Huygens to a num- 
ber of problems including reflection and refrac- 
tion. 


18-6 A Theory of Diffraction by a Slit 


In our study of the interference pattern from a 
line of close-spaced point sources occupying the 
width of a slit, we shall consider the pattern only 
at distances very large compared to the slit 
width. Waves reaching such a distant point 
have traveled away from the sources along 


18-C White light passing through a single slit produced 
this pattern. 


# 


18-A Interference pattern produced by white light passing 
through two narrow slits. 


18-D With the same setup as in Fig. 18-C, red light pro- 
duced this pattern. Both patterns are called diffrac- 
tion patterns. 


18-B Interference patterns of red light and blue-violet light 
made with exactly the same setup used to make the 
white light interference pattern in Fig. 18-A. 


18-E Interference seen in white light reflected by a thin 
soap film. The film fills a circular aperture. The pic- 
ture was taken shortly after the film had drained 
enough so that the upper region is less than A/4 
thick for all wavelengths of visible light. 


18-F Right: interference seen in red light reflected from the 
same soap film. Top: at almost the same time that 
Fig. 18-E was photographed. Below: at a later time. 
Because the film has drained more, the dark region 
extends farther down at the top. 


18-G An interference pattern produced when light of one 
spectral color is reflected from the two sides of an 
air wedge made by separating two pieces of plate 
glass by a thin sheet inserted at the left end. 


How aA COLORED DIFFRACTION PATTERN IS 
FORMED BY WHITE LIGHT 


From top to bottom in Fig. 18-H you see 
the diffraction patterns of the same slit in red 
light, green light, blue light, and white light. 
If you look down the center line, you see that 
light of every spectral color is at a maximum. 
Their combination in the pattern at the bot- 
tom looks white. Now look down the line 
AA. Thered light is moderately intense; 
the green almost absent; and the blue com- 
pletely gone. Inthe white light pattern we 
seered. A little bit to the left of the line AA 
in addition to red, there will be more yellow 
and green and there you see yellow. Tothe 
right of the line the red disappears but the 
intensity of blue rises. What do you see in 
the white light pattern? 

Try the line BB, a little farther out on the 
same side of the center. Here the red light 18-H Formation of a white light diffraction pattern from the 
is almost absent, the green light is bright and diffraction patterns of the spectral colors. 
the blue light has almost disappeared. The 
resulting yellowish color in the white light 
pattern arises from the yellow-green region 
of the spectrum. Rundown any line of your 
own choosing and see how the white light 
pattern is formed. 
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almost parallel paths (Fig. 18-8). We start with 
the total wave produced by the sources at a dis- 
tant point directly in front of the slit. The path 
lengths from all the sources to that point are 
almost equal, and crests from all the sources 
arrive there together. This reinforcement of all 
the individual waves means that strong waves 

go out from the slit along the center line. 
Next we examine a point P some distance off 
1 the center line so that the angle 6 between BP 
| and the center line in Fig. 18-8 is no longer zero. 


to P 


(Point B is at the center of the slit.) Because 
PB is essentially parallel to PA, the angle be- 
tween PA and the center line is also 6. But PA 
is perpendicular to the wave front; the center 
line is perpendicular to the line of sources; 
hence, the angle between the wave front and the 
line of sources is #, also. The path lengths from 
the various sources to point P are no longer 
equal. In particular, PC is shorter than PA. 
The individual crests do not arrive at P at the 
same time, and the total wave is weaker than it 
is along the center line. 

We now move P farther away from the center 
line so that the angle increases until the differ- 
ence in the path lengths to the two ends of the 
slit becomes 


center line 


PA —PC=X. 


At this point sin 6 = A/w as we see in Fig. 18-9. 
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to P 


sources 


first pair 
8 Light rays from the various sources to a distant point P (off oe ariel 


the top of the page) are nearly parallel. However, if the 

distant point is not on the center line, the paths are of rd 

different lengths. 18-9 When sin 6 = -*, waves from the sources cancel. 
w 
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Also, as the figure shows, PB — PC = X/2. We 
can now show that the waves from the indi- 
vidual sources reaching any faraway point P 
at this angle cancel each other so that the total 
intensity far away in this direction is zero. To 
understand this cancellation we match the 
sources in pairs which cancel. Consider the 
sources just to the left of C and of B. They 
give crests at P which come 4 wavelength apart. 
In other words, at P a trough from one of these 
sources arrives with a crest from the other, and 
they cancel. Moving to the next pair of sources 
to the left, the second points to the left of C and 
B respectively, the same thing happens. Again 
we get the same result for the third pair, the 
fourth pair, and for all succeeding pairs. We 
have thus superposed the effects of all the 
sources; they all cancel in pairs; and no result- 
ant disturbance takes place at P. It does not 
matter in what order we add up the effects of 
all the sources; we must always get the same 
result. The trick of adding them in pairs is just 
an easy way of seeing what the result is. Thus 
we have shown that there is complete cancella- 
tion of waves at the angle @ given by sin 6 = 
A/w. 

As the angle @ becomes larger the cancella- 
tion is no longer perfect, and the intensity rises. 
It goes through a maximum and then falls to 
zero again when sin @ = 2A/w. We can under- 
stand the cancellation at this angle by reference 
to Fig. 18-10. All the sources in interval 1 on 
the figure can be paired with those in interval 2 
so that all pairs cancel; and the sources in in- 
terval 3 can be paired with those in interval 4 
to produce complete cancellation. The inten- 
sity in this direction is therefore zero. 

It is natural to expect a maximum intensity 
approximately halfway between sin 6 = A/w 
and sin 6 = 2 A/w, near sin @ = #A/w. At this 
angle (Fig. 18-11) we can divide the sources into 
three intervals with path differences of 4 A be- 
tween theirends. Pairing the sources in the two 
intervals on the right we find that they all cancel 
out as before. Only the third interval is left 
over. The effects of the sources at each end of 
the third interval cancel. But there are no other 
sources which can be paired off this way. Con- 
sequently, there will be at least partial reinforce- 
ment. We conclude that there is a net effect at 
sin 6 = 3A/w; but the intensity is less than that 


2d an 
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18-10 When sin 6 = 2x , there is cancellation. 
w 


18-11 When sin @ = 34, partial reinforcement occurs. 
w 


18-12 A single-slit diffraction pattern for light of one definite 


wavelength. The intensity of the light is plotted vertically 
as a function of the distance from the center line. 


which would be observed along the center line 
from one third of the sources in the slit. The 
light intensity in this maximum is therefore con- 
siderably less than it is in the maximum along 
the center line where all the sources in the slit 
contribute to a complete reinforcement. 

Beyond the node at sin @ = 2 X/w, as sin 8 
increases, the intensity rises to a still weaker 
maximum near 3 A/w, and falls to zero again at 
3 A/w. It continues its rise and fall as 6 in- 
creases, while the maxima get progressively 
weaker, as shown in Fig. 18-12. 


8-7 Experimental Checks with Single and 
Double Slits 


We now have a theory which connects the ap- 
pearance of the diffraction pattern of a slit with 
the width of the slit and the wavelength of light. 
Does the theory account for actual observa- 
tions? To be sure, we must construct slits of 
accurately known width and measure the dis- 
tances from the center line to the dark regions 
which occur in the diffraction pattern of light of 
a single color. When we make such measure- 
ments, we find that the distance between the 
nodes at the sides of the pattern is constant. 
| Also, as expected, the distance across the central 
bright band is twice the distance between the 
| other nodes. (Measure it yourself on Fig. 18-D 
opposite page 302.) Furthermore, the inten- 
+ sities of the maxima decrease with the distance 
{ from the center, as predicted by the theory. We 
therefore have reason to believe that the theory 
is good. 

Finally, we can find the wavelength of the 
light by measuring the distance between the 
center of the pattern and the first node. Using 


x/L = sin? = X/w, 


we find values of A for light of various colors. 

These values are the same as those found by 

' using two slits or a many-slit spectroscope. Our 
interpretation of both Young’s experiment and 
single-slit diffraction is probably correct. 

We can now see why we did not need to worry 
about the diffraction pattern of single slits when 
we discussed Young’s experiment. We per- 
formed Young’s experiment with very narrow 
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slits (cut with two razor blades). For such slits 
the central bright region of the diffraction pat- 
tern of each slit covers a rather large angle. Far 
enough away from the slits the central bright 
regions will largely overlap, and in this over- 
lapping region we see the simple double-slit 
pattern. The other maxima of the single-slit 
diffraction pattern occur far out to the sides, 
and they are too weak to be seen easily. For 
this, the slits have to be wider. (See Figure 
18-13.) 


al | 


18-13 When two identical, fairly wide slits are used to make an 


interference pattern, and when they are separated by a 
distance comparable to their width, the resulting pattern 
combines the features of a single-slit diffraction pattern 
and the two-slit interference pattern. (Courtesy: Bruno 
Rossi, “Optics,” Addison-Wesley Publishing Co., 1957.) 


18-8 Resolution 


We have learned from our study of single-slit 
diffraction that light from a point source pass- 
ing through a small slit or pinhole spreads out 
to give an image larger than the size of the hole. 
We also learned that small holes spread the light 
more than large holes. This diffraction caused 
by a small hole is of great importance in design- 
ing microscopes and telescopes. It determines 
the ultimate limit of their magnification. 

To see why diffraction limits magnification, 
let us consider what happens when two point 
sources, close together, send light through a pin- 
hole onto a screen. In Fig. 18-14 (a), J; is the 
image of source S,, and /2 is the image of source 
So. These images are, in fact, diffraction pat- 
terns produced by the tiny pinhole, and they are 
large and fuzzy. In Fig. 18-14 (b) everything 
is the same but the hole is smaller. This spreads 
the light still more, and the images are now so 
large that they overlap. It is difficult to decide, 
from looking at the screen, whether the pattern 
is that of two separate sources or a single odd- 
shaped source. When the hole is so small, or 
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barrier 


(a) 


pinhole 


S2 


point sources 


barrier 


(b) 


S, pinnele 


S; 


point sources 


screen 


screen 


18-14 (a) When light from two sources $; and S2 passes through a small hole, the images are fuzzy but resolved. (b) When the hole is 


very small, the images overlap and are unresolved. (See Fig. 18-15.) 


the sources are so close that the images cannot 
be distinguished, we say the sources are un- 
resolved. When we can separate them, we say 
they are resolved. The resolution of an optical 
instrument is a measure of its ability to give 
separated images of objects that are close to- 
gether. 

If we substitute a lens for the pinhole, we can 
focus the light from two point sources and pro- 
duce what appear to be sharp images. Careful 
examination of these images, however, shows 
that a lens cannot eliminate the spreading of 
light by diffraction because light in passing 
through a lens is passing through a hole of lim- 
ited size. Figure 18-15 shows a series of photo- 
graphs of three point sources seen through 
lenses of the same focal length but different 
diameter. In the top picture the light passes 


through a small-diameter lens; in the second 
picture it passes through a larger lens; and in 
the last, through a very large lens. In the top 
picture, the images are unresolved. As the lens 
becomes larger, diffraction decreases and reso- 
lution improves, until with a large lens the 
images are so clearly separated that even if the 
sources were closer together, we could still re- 
solve them. 

In a microscope, where the light passes 
through a small objective lens, we expect that 
diffraction will be important. We can usefully 
increase the magnification of a microscope until 
diffraction stops us from resolving nearby ob- 
jects. A further increase in magnification makes 
everything look larger, but it does not enable us 
to see objects which are closer together. In- 
creasing the magnifying power of microscopes 


with the best of lenses is futile beyond the point 
where detail fails to be resolved because of 
diffraction. 

Telescopes also are subject to diffraction. 
The greater the size of the objective, whether 
mirror or lens, the better is the resolution. The 
large Hale telescope on Mt. Palomar gives suf- 
ficiently good resolution to resolve individual 
stars in the Andromeda Nebula, a feat that 
smaller telescopes are unable to accomplish. 


-15 Diffraction patterns from three point sources produced by 


lenses of different diameters. As the diameter is increased 
(top to bottom), the resolution improves. (Courtesy: 
Francis Sears, “Principles of Physics, Ill," Addison-Wesley 
Publishing Co.) 
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18-9 Interference in Thin Films 


Of the many interference patterns we can see, 
among the most common are those we observe 
when light is incident on a thin soap film. When 
white light falls on a thin film it gives striking 
color effects (Fig. 18-E opposite page 302). 

To study this effect we shall examine the pat- 
tern obtained with a single color (Fig. 18-F 
opposite page 302). In the reflected light from 
the film there is a wide dark region at the top. 
In this region the soap film is very thin, because 
the water has drained down toward the bottom, 
leaving only a few clinging molecular layers 
behind. If we look farther down the film, the 
thickness increases, until finally we come to a 
thickness at which reflected light is clearly vis- 
ible. Still lower down, at greater thickness, a 
dark bar appears in the photograph; the reflec- 
tion is absent. Then continuing farther, bright 
and dark bars succeed one another as the thick- 
ness gets greater. 

That the observation of a bright or a dark bar 
really depends on the thickness of the film is 
borne out by watching the bars while a newly 
formed film is draining. When the top has 
drained to a certain thickness, a bright bar 
forms there. As the draining continues, the bar 
moves down the film, and a dark bar forms in 
the thinning region above. Bar after bar moves 
down the film, each staying with its appropriate 
thickness. Finally a dark region spreads down 
from the top when the film is very thin. 

Experiments with wedges—air between plate 
glass, for instance—show the dependence on 
thickness even more clearly (Fig. 18-G opposite 
page 303). As the angle of the wedge is reduced, 
the bars, which in this case are equally spaced, 
move apart so that each bar stays exactly at its 
appropriate thickness in the wedge. 

How can we explain these alternating bright 
and dark bars? They are very similar to the 
alternating bars in Young’s interference pat- 
tern, and their explanation is almost the same. 
When light passes through a sheet of refractive 
material, some of the light is reflected at the first 
surface it meets, and some is reflected at the 
second surface. Take a look at Fig. 13-7, or 
think of your reflection in a glass window when 
you sit in a lighted room on a dark night. Ifthe 
glass is thick, the two reflections are sufficiently 
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far apart to be apparent. Of course, a small part 
of the light that has been reflected at the bottom 
of the glass will be reflected again at the top in- 
stead of passing out. Some light may be par- 
tially reflected several times inside the glass, 
but for a weakly reflecting material like glass 
or a soap film, only the reflection as the light 
enters and the first reflection inside are usually 
appreciable (Fig. 18-16). 

For thin soap films, as well as for thick glass, 
the two strongest reflected beams of light travel 
over different paths. We shall call the beam 
which is reflected at the outside surface No. 1, 
and the beam which has passed through the film 
and has been reflected at the other side beam 
No. 2. It is the interference between these two 
beams that produces the bright and dark bars 
in the reflected light of a single color and the 
color effects when white light is incident. 

To understand the interference patterns most 
easily, let us consider only the case of light strik- 
ing the film normal to the surface. In the fig- 
ures we shall refer to (Fig. 18-17 through 18- 
21), we have drawn the rays tipped a little from 
the normal in order to be able to tell them apart. 
(Of course, these “normal rays” would not show 
any bending as they go through the surfaces.) 
We shall start with a very thin film like the one 
at the top of the soap film shown in Fig. 18-F. 
As we know from experiments with monolayers 
(Section 8-2), even if the film in this region is 
many molecular layers thick, it is still very thin 
compared with the wavelength of visible light. 
For yellow light the wavelength is about 6 x 
10-7 meter, while the thickness of a film 100 
atoms thick is only 10-8 meter. Our thin film 
is illustrated in Fig. 18-17. Because its thick- 
ness is much less than the wavelength of the 
light, the path difference between the two beams 
is very small compared to a wavelength, and we 
might expect that the two reflected beams add 
together so that a reflected crest in one and a 
reflected crest in the other are almost super- 
posed. The reflected light should then be ap- 
preciable. Instead, we see that no net reflection 
occurs. The whole top of the soap film is dark. 
Apparently the waves in the two reflected beams 
cancel each other instead of reinforcing. 

This cancellation may seem puzzling; but 
when we recall the behavior of waves reflected 
on coil springs, it is less astonishing. When a 


18-16 Rays 1 and 2 represent the two most important reflections 


from a thin film. 


| 


18-17 Although there is negligible path difference between beam 


No. 1 reflected from the top of a very thin film and beam 
No. 2 reflected from the bottom, the two reflected beams 
cancel. 


pulse traveling along a spring is reflected from 
a heavier spring in which the speed of waves is 
smaller, it turns upside down. When a pulse is 
reflected from a lighter spring where the speed 
is greater, it stays right-side up (Section 15-4). 
Here with light we have an analogous situation. 
The light beam reflected from the outside of a 
soap film is reflected from a more refractive 
material in which the wave moves more slowly, 
while the light beam reflected inside the thin 
film is reflected from air, a less refractive medi- 
um in which the wave moves faster. Perhaps we 
can picture the more refractive medium as act- 
ing like a heavy spring. Then light waves re- 
flected from the outside of the film into beam 
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No. 1 should turn upside down. An incident 
crest turns into a reflected trough. On the other 
hand, an incident crest reflected inside the film 
will be reflected into beam No. 2 as a crest. 
Because one wave is turned upside down and 
the other is not, the two waves cancel; and we 
see no reflected light. 

Let us now consider what happens as the soap 
film becomes thicker. Beam No. 2, which pene- 
trates back and forth through the soap film, has 
a longer path than the beam reflected from the 
top surface. In beam No. 2, therefore, the crests 
fall farther and farther behind as the thickness 
is increased. When the thickness becomes one 
quarter of a wavelength, the path in the soap 
film is a half wavelength long; and the crests in 
this beam have dropped behind by a half wave- 
length (Fig. 18-18). Instead of coinciding with 
troughs in beam No. I, as they do for a very thin 
film, they have now been delayed until they 
coincide with crests. The crests in the two 
beams add together, and the total reflected light 
intensity is at a maximum.* 

As we increase the thickness of the soap film 
still further, the crests in the internally reflected 
beam fall still farther behind. When the film is 
half a wavelength thick, the length of the path 
back and forth inside the film is a full wave- 
length. Since the crests in beam No. 2 have 
fallen behind by a whole wavelength, they now 
coincide with troughs in beam No. | just as they 
did when the film was extremely thin (Fig. 18- 
19). The crests and troughs in the two reflected 
beams cancel again, and we see a dark bar in 
the light reflected from the soap film at this 
thickness. As we continue to increase the thick- 
ness, every quarter wavelength we shift from 
a region in which there is no reflection to a re- 
gion of maximum reflection, or from a region of 
maximum reflection to a region of no reflection 
again. There is no reflection from the film when 
its thickness is 4 A, A, 3A, etc. Maximum re- 
flection occurs when the film is } A thick, 3A, 3A, 
and so on. It is for this reason that the bright 
and dark bars seen in a thin wedge are equally 
spaced. The thickness of the wedge increases 
at a constant rate, so the bars alternate with 
constant spacing. 


* Clearly, the wavelength we are using is the wavelength in 
the soap film. 


at 


18-18 Light reflected from the top and bottom of a film that is 


\/4 thick. Because of the extra path length A/2 in beam 
No. 2, and because the waves in beam No. 1 are turned 
upside down on reflection, the two reflected rays reinforce. 
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18-19 The two reflected rays when the film is half a wavelength 


thick. The path difference is A, and beam No. 1 is inverted 
on reflection. They cancel. 


18-10 Interference in Light Transmitted 


Through Thin Films 


When the intensity of reflected light changes as 
a function of thickness, what happens to the 
light transmitted by the film? When there is no 
reflected light we expect that the intensity of the 
transmitted light will be the same as that of the 
incident light. Experiments agree with our ex- 
pectation. At thicknesses 4A, A, $A, etc., all the 
light is transmitted. Furthermore, at those 
thicknesses for which reflection takes place, the 
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intensity of the transmitted light is less by just 
the intensity of the reflected light. 

We can understand in terms of interference 
why the transmitted light decreases when the 
reflected light increases. Like the reflected light, 
the transmitted light is made of two interfering 
beams. They are the beam of light that passes 
straight through the film without any reflections 
and a beam made of the light which is internally 
reflected twice (Fig. 18-20). Other internal re- 
flections give beams too weak to be important. 

We now examine how the two beams a and b 
in Fig. 18-20 add up for two different thick- 
nesses of the film, a thickness at which there is 
no reflection and a thickness at which there is 
maximum reflection. There is no reflection 
when the film is } A thick. In this case (Fig. 
18-21) the twice-reflected wave b is delayed by 
a whole wavelength with respect to the unre- 


18-20 The unreflected ray a and the ray that is twice reflected, b, 


are superposed in the transmitted light. 


nH 
> 


18-21 The transmitted ray and the twice-reflected ray reinforce 


when the film is A/2 thick. The extra distance traveled by 
bis X. 


18-11 


flected wave a because of its extra journey back 
and forth across the film. A crest in the twice- 
reflected wave, therefore, comes out of the bot- 
tom of the film along with a crest in the unre- 
flected wave. The two crests must be added 
together, and the net effect is to produce crests 
in the transmitted light which are larger than 
those in the unreflected beam. 

On the other hand, when there is a maximum 
reflection, at the thickness 1A for example, the 
twice-reflected wave 6 travels an extra distance 
4 compared to the unreflected beam a. The 
crest in b therefore coincides with a trough ina 
and the superposition of a and 5b results in 
smaller troughs and smaller crests in the trans- 
mitted light. We thus see that when there is no 
reflected light from the film, the transmitted 
beam is more intense; and when there is a maxi- 
mum in the reflection from the film, the trans- 
mitted light is less intense. If we work through 
the details quantitatively, we find that the sum 
of the intensity transmitted and the intensity 
reflected is, indeed, equal to the intensity of the 
incident light. 


Color Effects in Interference 


In explaining interference patterns we have con- 
centrated on those produced by light of a single 
spectral color. We can now go back to the inter- 
ference patterns of white light, shown opposite 
pages 302 and 303, and explain the many bright 
colors in those patterns. We consider the inter- 
ference pattern of each spectral color sepa- 
rately; then, by noting which spectral colors are 
present and which are absent at a given place, 
we can predict the color that we shall see at that 
place in the white light pattern. For example, 
if at one place blue light is absent but red light 
is intense, we shall see a color belonging to the 
red end of the spectrum—yellow or red. If at 
another place only blue and red light are pres- 
ent, we shall see purple. The procedure is illus- 
trated in Fig. 18-H and in the accompanying 
text opposite page 303. There it is applied to 
the white light diffraction pattern of a single 
slit. You can apply the same procedure to 
Young’s interference pattern, to thin film inter- 
ference patterns, and in fact to any other inter- 
ference pattern. 


8-12 Conclusion 


In this part of the course we have examined the 
behavior of light. We started with its simplest 
properties, propagation through vacuum, re- 
flection, and refraction. These we tried to 
explain with a particle model. We have gone 
on to the characteristic wave behavior of light, 
examining diffraction and interference. With 
the aid of the ripple tank, we have seen this kind 
of wave behavior directly. 

We now see that light behaves like waves. 
Not only does it reflect and refract like waves; 
it also exhibits interference effects. Reflection 
and refraction may be explained on a simple 
particle theory, but interference is the identify- 
ing characteristic of waves. Since the demon- 
stration of interference in light, the wave nature 
of light has never been doubted. 

Although light is an old interest, new aspects 
are still being discovered. Just in our century, 
we have shown that X rays are light waves, and 
we have measured their wavelengths by observ- 
ing interference patterns. But we have also dis- 
covered that light exhibits some particle-like be- 
havior. In certain circumstances we can even 
count these particles, as we shall see in Part IV. 
We now are beginning to understand how to 
describe both the wave and particle aspects of 
light in one theory. 

You probably have many questions to ask 
about light. For example, just how is the meas- 
ured intensity related to the height of the waves? 
We shall not answer this question here, but you 
can learn about it. Probably most of the ques- 
tions you will ask have intrigued other people, 
and something is already known about them. A 
number of them have given rise to startling de- 
velopments. Take one example: through what 
medium is light propagated? Its propagation is 
influenced by various materials, but it does pass 
through vacuum. If we assume the existence of 
a medium for the propagation of light through 
vacuum (it has been named “the aether”), we 
later find that this aether is impossible to detect. 
The failure of measurements designed to show 
the presence of the aether was one of the im- 
portant puzzles that led Einstein to formulate 
his theory of relativity. 

We can study more about light, and we can 
also study more about waves in general. The 
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relation of wave height to intensity is really a 
general question. So are many others. To 
illustrate we shall take a last example. 

You may have noticed that some rooms (usu- 
ally those with large, unbroken wall areas) have 
“dead spots” where it is very difficult to hear a 
note of a certain pitch. Nearby, this same note 
may be clearly audible. You can easily demon- 
strate this effect with a high-pitched whistle. It 
occurs because of interference between direct 
waves from the source and waves reflected from 
the walls. At some frequencies the nodes and 
maxima form a fixed pattern in the room, com- 
monly referred to as a standing wave pattern. 

While using the ripple tank you have un- 
doubtedly seen waves hitting a reflecting barrier 
head on and traveling back in the opposite 
direction. If the incident and reflected waves 
are of about equal height, close to the barrier 
you can see regularly spaced regions of no mo- 
tion alternating with zones where the water 
appears to move up and down. In this region 
we do not see the traveling waves propagating 
in either direction. Here again we have an ex- 
ample of a standing wave interference pattern. 
Standing wave patterns occur for all kinds of 
waves. We shall return to them briefly in Part 
IV when we study matter waves. 
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FOR HOME, DESK, AND LAB 


1.* Ina ripple tank the size of a lake, with long waves (a) What does this indicate about the phase 


on it, how would you search for nodal lines with a 
boat in the dark? (Section 1.) 


Why can’t we see interference from two incan- 
descent filaments? 


In an interference pattern produced by white light 
passing through two narrow slits, the distance 
between the black bars is 0.32 cm. The distance 
between slits is about .02 cm, and the distance to 


delay between the two sources? 

(b) If the wavelength ts 5400 angstroms and the 
black bars are 0.9 mm apart, how far is the source 
slit above the plane of the surface of the glass 
plate when the slit is 60 cm from the edge of the 
glass plate? 


How far would light travel in air in 3 10-9 sec? 
(Section 3.) 


the screen on which the bars are observed is 130 8. Calculate the period of yellow light. About how 
cm. Find the average wavelength of white light. many wavelengths are included in a light wave 
during emission of a light burst by a single atom? 

A source of red light produces interference 
through two narrow slits spaced a distance 9.* A double-slit interference pattern was produced 
d = .0l cm apart. At what distance from the with the yellow light of sodium, and a spacing of 
slits should we place a screen so that the first few 1.0 mm between nodes was obtained. What 
interference bars are spaced one centimeter apart? would be the spacing if violet light of potassium 
What will be the spacing of the bars if we then use were used in the same system? (Section 4.) 
violet light? 

10.* What is the ratio of the spacing of the nodes in 
When a source of light of wavelength A is used ina Fig. 18-H (facing page 303) between red and blue 
two-slit experiment with narrow slits separated a light? (Section 5.) 
distance d, at what angles do you expect to find 
the maxima in the light intensity in the interfer- 11. Suggest an optical method for measuring the 
ence pattern? width of a narrow slit. 
A double-slit source of constant phase delay can 12. What happens to the diffraction of a single slit 
be produced, using the direct light from a single when you turn the slit as in Fig. 18-23 instead of 
slit and the reflected light from a glass plate, as holding the opening perpendicular to the path of 
shown in Fig. 18-22. The interference fringes the light? Why? 
can be observed by means of a simple magnifier 
focused on the edge of the glass plate. When 13.* Why is the partial reinforcement referred to in 


observed in this manner, the dark lines are found 
to be equally spaced, starting at the reflecting 
surface of the plate. 


single slit 


e 
virtual image of slit 


18-22 For Problem 6. 


Fig. 18-11 for a single-slit interference pattern so 
much less than the central maximum for the same 
slit? (Section 6.) 


glass plate 


{18-23 For Problem 12. The light rays pass obliquely through a single slit. 


20. 


straight filament source 


(a) When yellow light passes through a slit 1 mm 
wide, at what angles are the first three nodes in the 
diffraction pattern? 

(b) If the slit is 10 times as wide? 

(c) If it is 25 as wide? 


In Fig. 18-8, how will the diffraction pattern be 
affected 

(a) if you cover the right-hand half of the 
sources? 

(b) if you cover the extreme left quarter and 
the extreme right quarter? 


When a source of wavelength A is used with three 
slits, each separated from its neighbor by the dis- 
tance d, show that you get maximum intensity at 
the same angles as for two slits only. 


Two 3-inch loudspeakers emit a steady pitch 
whose frequency is 1000 vibrations per second. 
These sources are in phase and are 2 meters apart. 

(a) At what angles would you expect to hear 
no sound? (The speed of sound is about 300 
m/sec) 

(b) What do you think would happen if you 
tried this experiment in a room with hard- 
surfaced walls? 


In Fig. 18-13, identify the dark regions arising 
from the diffraction pattern of each slit and the 
dark bars arising from interference between the 
slits. 


How does the magnification in the top picture in 
Fig. 18-15 compare with that in the bottom pic- 
ture? (Section 8.) 


Microscopes in which the object is illuminated by 
ultraviolet light can give higher magnifications 
than microscopes that use visible light. 

(a) How do you explain this? 

(b) How are the images seen if no visible light 
is used? 

(c) Since glass is opaque to ultraviolet light, 
how can such a microscope be made? 


22. 


23. 


* 
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less than 90° 


Two images can just be resolved when the central 
maximum of one falls on the first node of the 
other. 

(a) Show that the resolution of a narrow slit 
depends upon A/w where w is the slit width. 

(b) About how close together can two line 
sources be placed and still be resolved if they are 
viewed through a .0l-cm slit (about the smallest 
size you can make easily) 3 meters away from the 
sources? 


Stars are often photographed through a blue filter. 
What is the advantage of this? 


What would happen to the distance between the 
lines in Fig. 18-G (facing page 303) if red light 
were used instead of green? (Section 9.) 


24.* What is the wavelength in water of green light 


whose wavelength in vacuum is 5600 A? (The 
speed of light in water is 3c.) (Section 9.) 


25.* Several different materials are used to make A/4 


26. 


27: 


28. 


* 


thick films for red light at 6100 A. Will these 
films all have the same thickness? (Section 9.) 


In Fig. 18-G (facing page 303), if at the left-hand 
side you put 2 sheets between the glass plates in- 
stead of one, how will it affect the pattern? (Sec- 
tion 9.) 


From the photograph of a soap film at the top in 
Fig. 18-F, plot a graph of film thickness against 
vertical distance down the film. 


Two pieces of plate glass 10 cm long make an air 
wedge like that shown in Fig. 18-G. The plates 
are separated at one end by a human hair with a 
diameter of 0.09 mm. The reflected interference 
pattern is observed by looking in a direction per- 
pendicular to the surfaces of the plates. 

(a) What is the spacing of the bars if the inci- 
dent light is blue? 

(b) How many bright bars are seen per centi- 
meter if the incident light is red? 
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(c) Is the light reflected from the end where 
the plates are in contact a maximum or a mini- 
mum? 

(d) Can you tell from this experiment which 
reflected waves are turned upside down? 


29. In Fig. 18-21, (a) what is the path difference be- 
tween rays a and b? 
(b) How many times are the waves inverted? 
(c) What is the overall phase delay between 
rays a and b? 


30. Lenses are often coated with a thin film to reduce 
the intensity of reflected light. 
(a) If the index of refraction of the coating is 
1.3, what is the smallest thickness that will give a 
minimum reflection of yellow light? 
(b) Such lenses often show a faint purple color 
by reflected light. Why? 


31. Can you suggest reasons why no interference is 
seen when light reflects from the two surfaces of 
a windowpane? 


FURTHER READING 


These suggestions are not exhaustive but are limited 
to works that have been found especially useful and 
at the same time generally available. 


Fink, DoNALD G., and LuTyENs, Davip M., The 
Physics of Television. Doubleday Anchor, 1960: 
Science Study Series. A careful description of 
physical and psychological color and its relation 
to the production of color television. (Chapter 6) 

MaGieE, WILLIAM FRANCIS, A Source Book in Physics. 
McGraw-Hill, 1935. (See especially Thomas 
Young.) 

Murcuikz, Guy, Music of the Spheres. Houghton 
Mifflin, 1960. While music, light, and color are 
emphasized, a much broader area of wave phe- 
nomena is covered. (Chapters 11 and 12) 

VAN BERGEUK, W. A., PIERCE, J. R., and Davip, E. E., 
Jr., Waves and the Ear. Doubleday Anchor, 1959: 
Science Study Series. 

WEISSKOPF, VICTOR F., Knowledge and Wonder. 
Doubleday Anchor, 1963: Science Study Series. 
(Chapters 3 and 9) 

WIGHTMAN, W. P. D., The Growth of Scientific Ideas. 
Yale University Press, 1953. Provides resource ma- 
terial on the part Young, Huygens, and others played 
in the development of wave theory. (Chapters XII 
and XIV) 
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Mechanics 


A multiple-flash photograph 
of a bouncing ball. In our 
study of mechanics we shall 
study motions of bodies that 
range in size from enormous 
suns and planets, through 
things of ordinary size, like 
this ball, down to the minute 
particles in atoms. Through- 
out this great range we shall 
find a few basic ideas, such as 
momentum and energy, that 
clarify our understanding at 
any scale. 


chapter 


19 


Newton’s 
law 
of 
motion 


AUTOMOBILES move down highways or wind in 
and out of traffic; passenger planes fly high 
above us; jet planes and artificial satellites 
streak across the sky; the stars perform their 
regular progression. What makes each of them 
go? What makes anything move? Is there a 
single cause common to all motion? Is any 
cause necessary? 

So far in our study of physics we have been 
concerned almost entirely with building up a 
systematic way of describing and analyzing 
physical phenomena. We have measured the 
sizes of atoms, the distances to stars, and the 
lengths of time intervals; we have learned to 
recognize the angles in reflection and the pat- 
terns of interference of waves. In the study of 
motion this systematic description of observa- 
tions is called kinematics (Chapter 5). It is the 
description of motion without regard to the 
causes of the motions. But description alone 
can never enable us to satisfy our desire to do 
something new, to control motions, to go be- 
yond the mere description of what occurs. In 
this part of the book we shall take the next step: 
we shall examine the causes of motions or of 
changes in motion. This study is called dy- 
namics. 

Newton’s law of motion, on which we now 
base our understanding of dynamics, does go 
beyond kinematic description. For example, 


19-1 All pushes and pulls are called forces. 
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9-2 Steady motion seems to require a steady force. 


we make use of it when we design rockets and 
launch man-made satellites. In this part of the 
book, once we have understood Newton’s law, 
we Shall apply it to the motions of the moon and 
planets. Like Newton, we shall find the connec- 
tion between the time it takes a planet to move 
around the sun and the gravitational attraction 
between chunks of matter. In Part IV we shall 
use the same law of motion to study electrical 
forces and to enter the submicroscopic world. 
With this single law we shall investigate motion 
throughout all this range. 

Amid the complex motions of complicated 
bodies—flying, tumbling, and vibrating—we 
shall find certain aspects of simplicity. With 
the aid of Newton’s law we can find in all these 
various motions some properties which remain 
unchanged, new quantities which are conserved 
while all else changes. The conservation laws 
eventually carry us outside the range of me- 
chanical behavior. We can change mechanical 
energy into electrical energy. But to under- 
stand energy we start with Newton’s law. 


Ideas About Force and Motion 


Questions about the causes of motion arose in 
the mind of man more than twenty-five cen- 
turies ago, but our present answers were not 
found until the time of Galileo (1564-1642) and 
Newton (1642-1727). 

Let us start in terms of our own personal ex- 
perience. What sort of thing do we associate 
with the “cause of motion”? The answer is 
muscular pulls or pushes (Fig. 19-1). To move 


a piano across a room you have to do a lot of 
pushing. To move a sheet of paper off your 
desk takes very little push. These pulls or 
pushes we call forces. The notion of force as 
used in physics certainly started this way. Later, 
as understanding grew, the idea of force was 
extended to include all causes of motion. The 
pull of a magnet on a nail is a force; it can 
change the nail’s motion in the same way that a 
muscular force can. 

More specifically, what is the relation be- 
tween force and motion? Suppose we move a 
desk across the floor. We must apply a force 
all the time to keep it moving steadily from one 
side of the room to the other. Similarly, a horse 
must keep pulling on a wagon to keep it rolling 
at constant speed. Everyday experience seems 
to indicate that it is necessary to exert a force 
constantly in order to maintain a steady motion, 
such as motion in a straight line with constant 
speed (Fig. 19-2). Aristotle (384-322 B.C.) had 
noted this fact. He concluded that a constant 
force was required to produce a constant veloc- 
ity. It then follows that bodies would come to 
rest in the absence of force. 

The hypothesis that in the absence of outside 
forces bodies would come to rest and stay at rest 
helps us to understand a great many observed 
motions, but it does not explain a// the motions 
which occur in nature. For example, the Greeks 
were aware that bodies fall with increasing 
speed without the application of any evident 
outside force. They were also acquainted with 
the motions of the sun, moon, and stars, which 
seem to occur without pushes or pulls to main- 
tain them. There seemed to be three kinds of 
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motion. We must explain not only the motion 
of things we push around on the surface of the 
earth, but also the motion of bodies falling to 
earth and the unceasing motions of heavenly 
bodies. Aristotle explained that ordinary 
matter falls toward the earth because the earth is 
the center of the universe to which matter natu- 
rally moves. He proposed that celestial matter 
was fundamentally different in nature from 
matter on earth and that it therefore obeyed 
different laws. To Aristotle, celestial matter 
had the built-in property of supplying from 
within itself the force necessary to maintain the 
observed motions. 

We need not think that these separate ex- 
planations for three different classes of observed 
motions are foolish. We often do the same 
thing. When we see a piece of metal that 
attracts iron nails, we say it is a magnet—a dif- 
ferent kind of matter from wood; and we may 
investigate its magnetic behavior separately 
from its nonmagnetic behavior. When we see a 
comb that attracts our hair, we say it is electri- 
fied, and we may explain its electrical behavior 
separately from its usual mechanical behavior. 
Of course we try, as the Greeks tried, to explain 
all we observe, but there are other desirable ob- 
jectives. Explaining as much as we can with as 
few assumptions as possible is preferable to 
making a separate model for each new observa- 
tion. As far as we can, we describe wood, mag- 
nets, and electrified combs in a single model, as 
simple as we can make it. Likewise, we try to 
explain all motion on one theory rather than 
three. 

A modern Aristotle would hardly explain the 
unceasing nature of celestial motion by invok- 
ing a distinct kind of matter. We can send our 


slope downward 
motion downward 
speed increases 


slope upward 
motion upward 
speed decreases 


19-2 


own earthly matter into the celestial realm. The 
world of motion on earth and the unceasing mo- 
tions of the planets are now united. The artifi- 
cial satellites offer us an excellent demonstra- 
tion that we need assume no difference between 
earthly matter and celestial. Our understand- 
ing of the motion of falling bodies, of heavenly 
bodies, and of bodies which we ourselves push 
and pull along the surface of the earth isnow 
described in a single fundamental law of mo- 
tion. The satellites were designed, built, and 
fired according to this law. Their behavior is 
one of many pieces of evidence that Newton’s 
law of motion encompasses the three types of 
motions described by Aristotle. 


Motion Without Force 


For two thousand years after the time of Aris- 
totle, the apparent difference between celestial 
motion and motion on earth halted significant 
progress in dynamics. Then, in the seventeenth 
century, Galileo took the first big step toward 
creating a single explanation of both these types 
of motion. He asserted that “. .. any velocity 
once imparted to a body will be rigidly main- 
tained as long as there are no causes of accelera- 
tion or retardation, a condition which is 
approached only on horizontal planes where the 
force of friction has been minimized.” This 
statement embodies ,Galileo’s law of inertia. 
Briefly it says: When no force is exerted on a 
body, it stays at rest or it moves in a Straight line 
with constant speed. 

How did Galileo reach the startling conclu- 
sion, so different from everyday experience, that 
constant motion requires no force? He was 


no slope 
does speed change ? 


19-3 From observing motion on inclined planes, Galileo reasoned that motion along a horizontal plane is steady. 


initial position 


final p 


con 
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osition 


where is final position? 


‘19-4 Galileo observed that a ball tends to rise to its original height regardless of the slope of the incline. “With zero slope, the original 


height can never be reached. Therefore, motion along a horizontal plane should be perpetual. 


studying the motions of various objects on an 
inclined plane. He noted that “in the case of 
planes that slope downward there is already 
present a cause of acceleration, while on planes 
sloping upward there is retardation.” (See Fig. 
19-3.) From this experience he reasoned that 
when the plane slopes neither upward nor 
downward there should be neither acceleration 
nor retardation: “. .. motion along a horizontal 
plane should be constant.” Of course Galileo 
knew that such horizontal motions were not in 
fact constant, but he saw that when there was 
less friction, bodies moved for a longer time 
with nearly constant velocity. Because of his 
arguments he was convinced that friction pro- 
vided the forces which stop bodies in horizontal 
motion, and that in the absence of all forces the 
bodies would continue to move forever. He 
therefore stated his result for the idealized situa- 
tion in which no forces act. 

In a second series of experiments, Galileo 
showed that if he placed two of his inclined 
planes facing each other (as in Fig. 19-4, top), 
an object starting from rest would roll down one 
and up the other until it almost reached its 
original height. Friction prevented it from 
attaining this height, but Galileo saw that this 


height was the limit to the motion. He reasoned 
that if the slope of the upward plane is de- 
creased, as in the middle of Fig. 19-4, the dis- 
tance that the object will travel to reach its 
original height will increase. If, asin the bottom 
portion of Fig. 19-4, the slope is finally reduced 
to zero, so that the second plane is a horizontal 
surface, the object will never attain its initial 
height. It should travel on forever. “From 
this,” Galileo again concluded, “it follows that 
motion along a horizontal plane is perpetual.” 

Galileo’s experiments are not difficult, nor is 
there any evidence that he performed them with 
exceptional skill. Some, like the extension of 
the experiment at the bottom of Fig. 19-4 to the 
idealized case of perpetual motion, were not 
“real” experiments. They were experiments in 
thought alone. But they were based on solid 
fact. It is just this combination of thinking and 
fact that distinguishes Galileo’s work. It was 
this combination which allowed him to pick out 
the useful idealization despite the great variety 
of observed motions. His principle of inertia 
was the great breakthrough which enabled 
Newton to build up our present understanding 
of dynamics. 

Many of the motions Galileo analyzed, and 
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19-5a The motion of a Dry Ice puck. It moved from left to right while the light was flashed 24 times in 10 sec, or every 10/24 sec. 
The scale at the bottom is in centimeters. Here is a close approach to the ideal situation of motion without force. The puck 


has a nearly constant displacement in equal time intervals. 


19-5b A Dry Ice puck, as described in the text, rests on a smooth 


19-5¢ 


glass surface. With such apparatus we can study almost 
frictionless motion. 


Dry Ice inside the puck changes into a gas which escapes 
through the hole in the bottom of the puck. 


those which Newton later studied, were so 
highly idealized that they seem to have very little 
to do with motions of real systems as we observe 
them. But it was only by careful consideration 
of these idealized situations that Galileo and 
Newton made their great contributions to me- 
chanics. In the same way, we must look hard at 
very simple and idealized motions to obtain a 
real understanding of the basis of dynamics. 
Then, and only then, will we be ready to apply 
dynamics to the ordinary complex world. 

With modern equipment we can do experi- 
ments that almost realize Galileo’s idealized ex- 
periment on motion without force. To get the 
flash photograph of Fig. 19-5 (a), we used a Dry 
Ice puck sliding across a glass surface on a layer 
of gas. The gas bearing almost eliminates fric- 
tion. In Fig. 19-5(b) you can see the puck we 
used. It is a heavy metal disc, highly polished 
on the bottom surface and carrying a container 
full of pieces of Dry Ice. This frozen carbon 
dioxide changes slowly into a gas which escapes 
through a small hole in the center of the bottom 
of the metal disc [Fig. 19-5(c)]. Thus a thin 
layer of gas is provided continuously between 
the metal disc and the glass surface; the puck 
floats on the gas layer. 

The photograph of Fig. 19-5 (a) was taken by 
flashing a light 24 times in 10 seconds, or every 
42 sec, as the puck coasted over the smooth glass 
surface. As you can see, the displacement of 
the puck between flashes is almost constant. 
The velocity changes hardly at all. From such 
experiments we can calculate that if the puck 
were set going at about 10 miles per hour on a 
long enough horizontal surface, it would coast 
for about 4 mile! 
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19-3 Changes in Velocity When a 
Constant Force Acts 


Galileo’s law of inertia tells us that an object on 
which no force acts moves with unchanging ve- 
locity. If the velocity changes, we conclude that 
some force is acting on the object. What is the 
relation between force and change in velocity? 

We shall begin our study of this question with 
the simplest experiment we can imagine. We 
shall apply a single force to a single object. To 
minimize other effects we use one of the same 
Dry Ice pucks on the same glass surface with 
which we examined motion with no force. The 
force we now apply is therefore the only force 
we need consider. 

We need some way to recognize when the 
applied force is constant. For this purpose we 
employ a spring in the form of a loop attached 
to the puck [Fig. 19-6(a)]. It is common ex- 
perience that the force exerted by a spring in- 
creases in some manner with the stretch of the 
spring. Also, whenever a particular spring is 
stretched a definite amount it seems to exert the 
same force. We shall assume that the force ex- 
erted by our loop is the same whenever it is 
stretched the same amount [Fig. 19-6 (b)]. 

Now we pull our puck in such a way that the 
loop is always stretched the same amount, and 
record the motion of the puck by flash photog- 
raphy. The result of such an experiment is 
shown in Fig. 19-7. In this experiment the light 
flashed at intervals of 49 second. We can see 
the successive positions of the puck, and sivveieag 19-6 (a) Unextended spring loop before being mounted on puck. 
see that the extension of the loop remained con- (b) The loop extended. Whenever this loop is stretched the 
stant. The puck started from rest and moved same definite amount, we seem to get the same force. 


(b) 


| 

19-7 The flash photograph shows the puck being pulled to the right. The light flashes were separated by 10/24 sec. A constant force 

was applied by keeping the loop extension constant. The displacement of the puck in each interval marked on the photograph has 
been measured and appears in Table 1. 
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on a straight-line path in the direction of. the 
force we applied. Therefore, we can analyze 
this motion with the methods that we learned in 
Chapter 5. 

Let us call the direction of motion of the puck 
the positive direction and label it as an x axis. 
Clearly, in each time interval the displacement, 
Ax, of the puck increased. Therefore, the aver- 


age velocity v = va increased (to the right) in 


each time interval. By measuring the successive 
displacements, we can establish quantitatively 
how the average velocity changed. As the cap- 
tion under Table 1 shows, in each 49 second 
after the motion started, the average velocity in- 
creased by about 5.8 cm/sec, a constant amount 
within the limits of accuracy of our experiment. 
Dividing the change of 5.8 cm/sec by the time 
interval of 49 sec, we see that the average 
velocity changed at the constant rate of 14 
cm/sec”. Since the average velocity changed at 
a constant rate throughout the motion, we can 
safely assume that the instantaneous velocity 
also changed at the same constant rate. There- 
fore, the change of v in any interval of time Ar is 


Av = (‘8 om) At, to the right, 


ec? 


where the velocities are measured in cm/sec and 
the times are measured in seconds. 


19-8 To apply twice the original force, we attach two identical 
loops to the puck. 


19-4 


TABLE 1 
Data from Experiment Shown in Fig. 19-7 


AVERAGE VELOCITY 


IN INTERVAL CHANGE IN 
INTERVAL POSITION Ax/At = AVERAGE VELOCITY 
NO. x(cm) v(cm/flash) Av(cm/flash) 
1 41 41 
2.2 

3 92 2'5 
4 30.4 11.2 7 
5 44.0 136 2.4 

: : 2.5 
6 60.1 16.1 14 
7 78.6 18.5 . 


The zero of position was taken as the location of the puck 
at the instant of the first flash. The value of x is the posi- 
tion of the puck at the end of the given interval. The 
average velocity, measured in cm/flash, is numerically 
equal to the displacement during the given interval. The 
last column simply gives the amount by which the average 
velocity changed between successive intervals. We find 
that Av was constant within the limits a accuracy ‘fone 
experiment and was 2.4 cm/flash. Since we had 24 
flashes in 10 seconds, or 2.4 flashes/sec, the change in 
average velocity was (2.4 cm/flash) (2.4 flashes/sec) = 
5.8 cm/sec between successive time intervals of duration 
10/24 sec. 


The particular value 14 cm/sec? occurs in this 
experiment because we pulled with a particular 
force on a particular object. When we pull with 
other forces or pull on other objects, we usually 
obtain other values of the proportionality fac- 
tor. But all experiments like the one just de- 
scribed show that under influence of a constant 
force the velocity changes in direct proportion 
to the time the force acts. 


Dependence of Change of Velocity 
on Magnitude of Force 


What happens when we apply a different con- 
stant force to the same body? Let us apply 
twice the force and see what happens. This 
simple suggestion raises a new problem. We 
have seen that we could use a spring loop to re- 
move the human element from the operation of 
applying a force of a particular size, giving us 
confidence that we applied the same force 
throughout our last experiment. But how can 
we use the loop to apply twice the force? 

One simple way of getting twice the force is 
suggested by the familiar fact that two men can 


TABLE 2 
Data from Experiment Shown in Fig. 19-9 


AVERAGE VELOCITY 


IN INTERVAL CHANGE IN 
INTERVAL POSITION Ax/At = AVERAGE VELOCITY 

NO. x(cm) v(cm/flash) Av(cm/flash) 

1 8.4 8.4 

2 215 13.1 Fe 

3 39.3 17.8 48 

4 61.9 22.6 48 

5 89.3 27.4 . 


These are the results of an experiment in which the ap- 
plied force was twice that used in the first experiment 
(Table 1). The flash rate was again 2.4 flashes per 
second. Note that the change of average velocity and 
hence of instantaneous velocity is just twice as great as it 
was before. 


push harder than one. For example, two men 
may be needed to push a stalled car which one 
alone could not move. We can arrange two 
loops to give twice the force that one gives. Let 
us construct a second loop as nearly identical 
with the first as we can make it. When we 
stretch the second loop the same amount as the 
first, it should exert an equal force. We can 
assure ourselves that the forces are equal by 
doing our last experiment over again with the 
new loop. When the force is the same as before, 
the puck speeds up in just the same way as be- 
fore. We thus show that the new loop gives the 
same force as the old one. 

Now we can apply twice the old force to the 
puck. We hook both loops to the puck side by 
side and pull each of them in the same direction 
(Fig. 19-8). We make sure that each loop is 
extended the same amount as in the original ex- 
periment with one loop, and we observe the 
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motion in the same way as before. In this way 
we can double the force on the puck, leaving 
everything else the same. 

We have used this procedure to put a doubled 
force on the same puck as before. The result is 
shown in Fig. 19-9. What do we find? The 
data in Table 2, taken with exactly the same 
arrangement as before but with the force 
doubled, shows that the velocity increases twice 
as fast as before. Instead of Av = (14 
cm/sec?)At we obtain Av = (28 cm/sec?)Ar, 
where again we measure the velocities in cm/sec 
and the times in seconds. 

Further experiments show that this result is 
general. Whenever we double the force on a 
given object, we double the rate at which its 
velocity changes. Moreover, if we make the 
force three times as large by putting three iden- 
tical loops side by side, we triple the rate at 
which the velocity changes. From many mea- 
surements of this kind we conclude that the 
change in velocity of a body in a given time 
interval is proportional to the force F that acts 
on the body. 

We have now found two things. The change 
in velocity Av increases with the length of time 
interval Ar, and it is greater the greater the force. 
We can combine this information in one state- 
ment: Av is proportional to FAs. 


19-5 Inertial Mass 


The change Av produced by a given force F act- 
ing for a given time Av depends on the object on 
which the force acts. Applying equal forces for 
the same time to a baseball and to an elephant 


19-9 The puck used in the first experiment is accelerated by twice the force used betore. The interval between flashes is again 10/24 


second. 
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produces less change in the velocity of the ele- 
phant. 

Because larger bodies are less easily acceler- 
ated by forces, it is convenient to write the pro- 
portionality between FA? and Av in the form: 


FAt = mAv. 


The proportionality constant m depends on the 
object. Its value increases with the size of the 
body, at least for objects made of one uniform 
substance. 

The constant m is called the inertial mass of 
the body. By rearranging the above equation, 
we define m as FAt/Av for a given object. This 
ratio is experimentally constant and it tells how 
difficult it is to change the velocity of the body. 
As you already know, Av/At is the rate of change 
of velocity, or the acceleration a, in the direction 
of the force. The inertial mass can therefore be 
written m = F/a. The greater the force needed 
to produce a given acceleration, the greater the 
inertial mass of the object. 

Naturally we wish to know whether inertial 
mass, this measure of the difficulty of accelerat- 
ing a body, is a new property of a body. Is it 
unrelated to anything we know already, is it 
some familiar property in a different guise, or is 
it Some combination of familiar properties? To 
answer these questions, we investigate the rela- 
tion of the inertial mass to the shape, size, com- 
position—in fact to any other known property 
of an object. 

Of course, we do not look about at random. 
As the example of the elephant and baseball 
shows, our experience already indicates that size 
is a reasonable place to start. But volume alone 
will not do. A hollow elephant, on a float in the 
Mardi Gras parade, is not so hard to accelerate 
as a real elephant; so let us start with objects of 
uniform composition. Let us try the effect of 
doubling the size of an object while keeping its 
composition uniform. One easy method is to 
use two identical pucks. We can decide whether 
two pucks are identical by subjecting them to 
the same force for equal times. Ifeach gains the 
same speed, they have identical inertial masses. 

Let us pull the two identical pucks side by 
side, applying the same force to each with iden- 
tical loops. The two pucks travel along to- 
gether, each gaining the same Av as they 
progress. Next we join the pucks rigidly to- 


gether and pull them with both loops yoked side 
by side. Again, we would expect them to gain 
speed in the same way. Experiments show that 
this is so. Now let us try pulling the connected 
pucks with the force of only one loop. This is 
half the previous force; and from what we know 
already, we expect that the double puck will 
gain speed at only half the previous rate. Again 
experiment confirms our expectation. In other 
words, when we apply one standard force to two 
standard pucks, the doubled puck speeds up just 
half as fast as a single puck does. 

In all experiments with a double puck the 
ratio F/a is doubled. But this ratio is defined 
as the inertial mass of the body; so we have 
doubled the inertial mass by using two identical 
pucks. These experiments indicate that mass is 
directly proportional to the size of bodies made 
from the same material. Further experiments, 
using various numbers of pieces of the same 
substance, all agree with this conclusion. 

There is nothing magic about pucks and gas 
bearings. We can investigate the dependence of 
inertial mass on the number of pieces by joining 
together numbers of identical well-loaded 
model railroad cars, with carefully made bear- 
ings so that there is little friction in the wheels. 
Such experiments are not quite so close to the 
ideal of eliminating all forces except those we 
apply on purpose, but the proportionality of the 
inertial mass to the number of cars is still clearly 
evident. 

Our results for identical bodies are not aston- 
ishing. The real questions about inertial mass 
arise when we consider objects made of different 
materials. We cannot have a piece of silver 
identical with a piece of gold. But we can find 
pieces that have the same inertial mass, pieces 
for which F/a is the same. Such pieces are cer- 
tainly not identical in size or composition. In- 
ertial mass is, then, not entirely a matter of size. 

What happens when we join together a piece 
of silver and a piece of gold of the same inertial 
mass? To find the inertial mass of the new body 
we pull it with various forces F for certain times 
At. We find that F/a, the inertial mass of the 
new body, is just twice the inertial mass of each 
original piece. Thus when we add the pieces to- 
gether, we also add their inertial masses. In 
fact, we can take any piece of gold and any piece 
of silver and measure their individual inertial 


masses, m, and m2. When we join these bodies 
together we find that the inertial mass, m, of the 
combination, again measured as F/a, is now 
equal to the sum of the two original inertial 
masses: m = m, + m2. The same is true for 
bodies made of any other substances. Inertial 
masses are additive. 

In concluding that inertial masses add, we 
have concluded that the inertial mass does not 
depend on the shape or the chemical nature of 
an object. We did not specify how we com- 
bined silver and gold pieces, nor do we need to. 
If we melt down any object and cast it again in 
any shape we choose, the ratio F/a will not be 
affected. 

Let us go even further. Suppose we measure 
the inertial mass of a flashbulb, then flash it so 
that the magnesium and oxygen inside combine 
to form magnesium oxide. We find that the 
chemical combination has not affected the in- 
ertial mass. Or, we can place separate solutions 
of sodium carbonate (washing soda) and cal- 
cium chloride in a closed vessel (Fig. 19-10). 
We measure the inertial mass of this system, 
then upset the container so that the substances 
react to form calcium carbonate (an insoluble 
white solid) and a solution of table salt. When 
we measure the inertial mass again, we find no 
change. 

What, then, do we know about inertial mass? 
It increases in proportion to the amount of a 
single substance in an object. When various 
pieces of matter are put together, the inertial 
masses add irrespective of the nature of the ma- 
terials involved. Finally, inertial mass is con- 
served in chemical reactions. 


Inertial and Gravitational Mass 


The properties of inertial mass remind us of the 
properties of mass as measured on a balance 
(Chapter 7). When a balance is in equilibrium 
we say that we have equal masses on each side. 
The masses thus measured are called gravita- 
tional masses because at equilibrium the gravita- 
tional pull of the earth on each mass is the same. 
Actually the earth is not important; the prop- 
erty we measure is a property of the body alone. 
The balance works just as well at the top of a 
mountain, where the pull of the earth on each 
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dise on 
Dry Ice 
bearing 


19-10 Apparatus used in an experiment to show that inertial mass 


does not change in chemical reactions. 


object is weaker. It would work as well on the 
moon, where the masses we compare would be 
pulled still more weakly. The only important 
thing in measuring gravitational mass is that we 
compare gravitational pulls on the objects when 
they are in the same place in relation to the 
other pieces of matter in the universe. 

In terms of the measurements by which we 
determine them the gravitational mass and the 
inertial mass have no connection. To measure 
inertial mass we apply a force to an object and 
find its acceleration. Gravity is irrelevant. On 
the other hand, when we measure gravitational 
mass by using a balance in equilibrium under 
gravitational forces, we do not have any motion 
and we must have gravitational forces. Two 
measurements could hardly differ more com- 
pletely. Nevertheless the properties of the 
gravitational mass are strikingly similar to those 
we have just found for inertial mass. The gravi- 
tational mass of one substance is proportional 
to the amount of the substance present. Gravi- 
tational masses of any substances add. Gravi- 
tational mass is conserved in chemical reactions. 

The additivity of masses of each kind and the 
conservation of each kind of mass in chemical 
reactions suggest that the gravitational and in- 
ertial mass may be proportional for any object. 
This proportionality can be tested by measuring 
the inertial and gravitational masses of many 
different objects of many different composi- 
tions. In fact, such experiments have been done 
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many times over. To within our best experi- 
mental accuracy, the inertial masses of all 
objects are proportional to their gravitational 
masses. 

The equivalence of inertial and gravitational 
mass—their experimentally revealed propor- 
tionality—makes it convenient to use the same 
standard of mass for both. The kilogram—that 
carefully protected cylinder of platinum alloy at 
Sévres—is the standard unit of both gravita- 
tional and inertial mass. To find the inertial 
mass m of an object in kilograms, we accelerate 
the object and accelerate a standard kilogram 
mass ms with the same force. Then we know 
that m = F/a while m, = F/a,; therefore 


m as 


mM, ~ a’ 
Because m, = | kg, the mass m in kg is given by 
the ratio as/a. For example, if a certain force 
accelerates a kilogram mass at 4 m/sec? and 
another object at 2 m/sec?, the mass of the other 
object is 4 kg. 

It is often difficult to establish the idealized 
conditions in which we can attach a particular 
force to an object and can be sure that no un- 
known forces influence the resultant motion. 
But we need not measure the inertial mass of 
every object in which we are interested in this 
direct way. Because of the apparent equiva- 
lence of inertial and gravitational mass, a 
measurement of gravitational mass tells us the 
inertial mass. We need not normally worry 
about the distinction between them, and we 
usually use the word “mass” alone to refer to 
either one. 


Newton’s Law: Dynamical 
Measurement of Force; Units 


The relation FAt = mAv tells us how the change 
in velocity Av is related to the inertial mass m, to 
the cause of motion F, and to the time Ar that 
the force acts. This relation embodies Newton’s 
law of motion.* 


* What we call Newton’s law is often called his second law, 
and Galileo’s principle of inertia, which is a special case of the 
general law, is sometimes called Newton’s first law. The 
names of Newton’s first and second laws don’t change the 
content, but it may be important to know them so thal you 
can understand what someone means when he says, ““Accord- 
ing to Newton’s first law... .” 


When we know the mass of an object, we can 
use Newton’s law in either of two ways. We can 
predict the change in velocity of the object if we 
know the force F and the time Ar that it acts; or 
we can determine the force by observing the 
change in velocity it imparts to the object. 
When we observe the acceleration of a body and 
thus determine the force acting on it, it is con- 
venient to write Newton’s law as 


showing explicitly that the force is proportional 
to the acceleration. In this form the cause of the 
motion is on one side of the equation and the 
inertial mass of the body and its motion are on 
the other. 

Suppose that we observe the same object in 
two different experiments. Perhaps we see that 
it speeds up three times as fast in the second 
experiment as in the first. We can then con- 
clude that the force acting in the second ex- 
periment is three times as great as the force in 
the first experiment. In other words, we can 
use the acceleration a = Av/At of a given object 
as a measure of the force, just as we used it 
earlier to establish the equality of the forces 
exerted by two identical spring loops when they 
produced equal acceleration on the same object. 

We now have a dynamical method to deter- 
mine both inertial masses and forces. We start 
with a kilogram mass. We use the force which 
accelerates it at the rate of 1 m/sec? as our unit 
of force. It is called a newton. To measure 
another mass we determine its acceleration 
when acted on by our I-newton force. By defi- 
nition its inertial mass is F/a; and in this case 
where the force is ] newton, the mass in kilo- 
gramsism = (1 newton)/a, where ais expressed 
in meters/sec?. In this way we have used one 
standard mass to give us a standard force. Then 
we have used the standard force and the relation 
m = F/a to measure the masses of other objects 
that interest us. 

We can also use the same relation to find 
other forces. From F = ma we can determine 
any force which acts on one of our known 
masses by measuring the acceleration it pro- 
duces. The acceleration in meters/sec? times 
the mass in kg gives the force in newtons. 


9-8 Forces That Change, and 


Newton’s Law 


We have discussed Newton’s law of motion 
under what appear to be rather special condi- 
tions. For simplicity, we have accelerated 
masses from rest using a constant force. Does 
the connection that we have found between 
force and acceleration hold equally well if we 
change the magnitude of the force while a body 
is in motion? 

Suppose we push some object, initially at rest, 
with a steady force for a definite time. It will 
gain speed as long as we push it. If we stop 
pushing, acceleration ceases; the body moves on 
at constant velocity. If we begin pushing again, 
we again get acceleration. Suppose we apply 
a force in the direction opposite to the motion. 
Then we expect the acceleration to be in the 
direction of the force. Because it is opposite to 
the motion, the object should slow down instead 
of speeding up. Experiments show that the rate 
of slowing down is indeed F/m, where F is the 
force and m the inertial mass. 

Whether a body is standing still or sailing 
through outer space at 10° m/sec, a force will 
accelerate it: we always finda = F/m. We need 
not consider what velocity the body now has, 
nor what process produced this velocity. No 
matter what the past history or the present mo- 
tion of a body, a given force applied along the 
line of motion will produce the same accelera- 
tion. The equation FAr = mAv emphasizes that 
we can chop out any period of time, large or 
small, and during this Ar we will find a definite 
Av depending only on the inertial mass and the 
applied constant force—no matter what comes 
before or after in the progress of the body. 

What we have said in this section is observed 
experimentally to extremely high accuracy. But 
when we observe masses moving at increasingly 
greater speeds, slight discrepancies between the 
observed behavior and Newton’s law become 
apparent. By the time the speed has increased 
to 108 m/sec, deviations of a few percent occur. 
The equation FAt = mdAv is no longer an ade- 
quate description. By extending the range of 
observations, we thus learn that Newton’s law 
must be modified. It must be extended so that 
in its new form it makes slightly different state- 
ments about objects moving at high enough 
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speeds. On the other hand, at lower speeds it 
must continue to say the same thing that we 
have stated here. Einstein and others have for- 
mulated the needed extension for ultrahigh 
speeds. This modification does not overthrow 
Newton’s law: it includes and extends it. 


How Forces Add; the Net Force 


So far we have studied the motion of an object 
acted on by a single force. What happens when 
two or more forces act on the same object? 
Recall, for example, the Dry Ice puck pulled by 
two identical loops yoked one next to the other. 
As we learned, with this arrangement the force 
on the puck is twice that of the single loop; and 
the acceleration that results is twice the accel- 
eration imparted by one loop. The acceleration 
is proportional to the sum of the two individual 
forces. 

We can also make two identical loops, each 
stretched the same amount, pull in opposite 
directions (Fig. 19-11). Then no acceleration 
takes place. For example, if you and a friend 
pull equally hard on a book, but in opposite 
directions, the book does not accelerate. Be- 
cause they are oppositely directed, the forces on 
the book add to zero. Apparently the net force, 
the force which changes the motion, is obtained 
by adding the forces in the same way that we 
added displacements or vectors in Part I. As 
far as their effect on the motion is concerned, 
two forces of equal magnitude and opposite 
direction just cancel, and one of them can be 
considered to be the negative of the other. 


19-11 Two forces, equal in magnitude but opposite in direction, 


are acting ona Dry Ice puck. The net force is zero, and the 
observed acceleration is zero. 
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19-12 A force F, of 3 newtons is acting to the right, and a force 


19-13 


F; of 1 newton is acting to the left. Adding them like dis- 
placements, we obtain the sum F of 2 newtons acting to the 
right. This is the net force that appears in Newton's law. 


Two forces of equal magnitude act at an angle to each 
other. The object accelerates along the dotted line bisect- 
ing the angle between the directions of the two forces. We 
conclude that the net force acted along this line. 


19-14 The vector addition of the two forces that are shown in Fig. 


19-13. The sum is the net force which determines both di- 
rection and magnitude of the acceleration of a given mass. 


In general, when we apply forces on an object 
in opposite directions, the acceleration of the 
object is found to be proportional to the sum of 
the forces taken with the direction included. 
When a force of | newton acts to the left, and 
a force of 3 newtons pulls to the right on a Dry 
Ice puck, the puck accelerates to the right in 
just the way it does when a single force of 2 
newtons acts on it. The net force of 2 newtons 
is the sum of the individual forces taken as indi- 
cated in Fig. 19-12. Furthermore, when any 
number of individual forces act on an object, 
we find that Newton’s law of motion holds and 
the observed acceleration arises from the net 
force. 

Two forces need not pull in the same or in 
opposite directions; they may be pulling at an 
angle to each other. What is then the direction 
and magnitude of the net force? Suppose we 
pull equally hard on an object with each of two 
identical loops, as in Fig. 19-13. We find that 
the object accelerates along the line bisecting 
the angle between the directions of the two 
forces, the line dotted in the figure. Apparently 
we have applied a net force along the dotted 
line. It is easy to jump to the conclusion that 
the net force is the vector sum of the two sepa- 
rate forces. Experiments show that this is in- 
deed the case. The acceleration imparted by 
the two loops in Fig. 19-13 is given by F = ma, 
where F is the magnitude of the vector that we 
obtain by treating the individual forces as vec- 
tors and adding them together to get the net 
force vector (Fig. 19-14). Also when the two 
forces are not equal or when there are more than 
two forces, the magnitude and direction of the 
net force is given by the vector sum of the indi- 
vidual forces. This net force determines the 
acceleration in accord with a = F/m. 

Let us sum up what we have learned so far. 
We started out by studying the acceleration of 
bodies from rest under the influence of a single 
force. This led us to Newton’s law of motion. 
We then investigated what happens to a body 
which is already moving when a force acts on 
it in the direction of motion or opposite to it. 
We found that Newton’s law still holds. We 
then asked what happens if several forces act 
on a body. Again, Newton’s law holds as if a 
single force, the net force, acts on the body. 
The net force is the vector sum of all the forces. 


9-10 The Vector Nature of Newton’s 


Law 


Newton’s law is even more general than we have 
yet indicated. So far we have applied a net 
force only along the direction of motion of an 
object or opposite to it. Asa result of these net 
forces we change the speed of the object but not 
the direction of its motion. Forces, however, 
can be applied in other directions. We can 
shove a moving ball out of its course by pushing 
across its direction of motion. In general, then, 
we see that forces change the velocity vector 
describing the motion of an object either in 
magnitude or direction, or both. The force is 
itself a vector and Newton’s law connects it with 
the rate of change of the vector velocity. We 
should write the law as 


FAr = mAv 

or 

= AV <x 

F = m— = ma 
At 4 
where 4@ is the vector acceleration. In the next 
chapter we shall see some of the evidence for the 
vector nature of Newton’s law and discuss some 
of its implications. 


Forces in Nature 


When we pull an object, we cannot usually be 
sure that the force we exert is the only force 
acting on the object (Fig. 19-15). 

Sometimes the origin of forces on an object is 
not immediately apparent, or forces may arise 
as a result of the motion of the object. For 
example, the wind pushing on the surface of a 
balloon can exert a force, and we must pull on 
the balloon in the opposite direction to prevent 
it from blowing away. Even if the air is still, 
when we move the balloon through it, the air 
gives rise to a force opposing the motion. When 
the balloon is in motion its acceleration is not 
given by the force we apply. It is given by the 
net force. If the net force is zero the accelera- 
tion is zero and the balloon moves at constant 
velocity. 

We can measure the force exerted by a steady 
wind going past the balloon by measuring the 
extension of a loop in a string holding the bal- 
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19-15 The force we exert may not be the only force that is acting. 


loon still. This force increases with the speed 
of the wind. As we all know, when the wind 
blows faster, it blows harder. When we then 
pull the balloon through still air, we must sub- 
tract this force from the force we exert to get the 
net force that is responsible for the acceleration. 

Frictional forces become evident when we 
try to move an object along a surface. Unlike 
the retarding force which arises when we pull 
a balloon through the air, frictional forces are 
often nearly independent of the speed of the 
object. It was undoubtedly the common occur- 
rence of friction that led the Greeks to conclude 
that force was needed to maintain a constant 
motion. The force needed is equal and oppo- 
site to the forces of friction and air resistance. 
The net force is zero. 

The idea of force as a cause of motion is valu- 
able because it enables us to predict what mo- 
tion will occur in a given situation. The same 
forces occur over and over again whenever the 
same situation arises. Some forces are inde- 
pendent of motion; for example, the force of 
gravitational attraction, the weight of a body. 
As we shall see in the next chapter, this force is 
the same, whether the body moves or stands 
still. If we know our geographical position, we 
know what gravitational force to expect, and 
we can make predictions about the motions of 
a falling object. Other forces depend on the 
relative motion of one body with respect to 
another. One of the essential jobs we face is 
to learn about the forces in nature. Then we 
can use the observed forces to make predictions 
about motion and to design mechanical appa- 
ratus. 


332 


Chapter 19 +» NEWTON’S LAW OF MOTION 


FOR HOME, DESK, AND LAB 


1.* 


2;* 


& 
* 


6.* 


What is the difference between kinematics and 
dynamics? (Section 1.) 


Was it necessary for Galileo to measure time in 
order to get the extrapolation which led him to 
the law of inertia? (Section 2.) 


A ball is released from rest on the left-hand in- 
cline of Fig. 19-4 at a height of 10 cm above the 
lowest point. 

(a) If there is no friction, how high vertically 
will it rise on the right-hand incline? 

(b) If the right-hand incline rises 1 cm for 
every 10 cm of horizontal distance, how far will 
the ball travel horizontally on it? 

(c) If the incline rises only } cm for every 10cm 
of horizontal distance, how far will the ball go? 


If you roll a putty ball around the inside of a bowl, 
it soon comes to rest in the center. A steel ball 
will orbit quite a few times before coming to rest 
in the center. What would be the “ideal” motion 
of a ball in a bowl? (Section 2.) 


Why is it particularly dangerous to drive on an 
icy highway? 


If a ball is rolling with a speed of 20 cm/sec and 
no force acts on it, what will be its speed after 
5 sec? (Section 2.) 


In Table 1, what would you predict for the aver- 
age velocity during the eighth time interval if the 
puck continued to be pulled by the stretched 
loop? (Section 3.) 


Suppose a Dry Ice puck increases its velocity so 
that it travels first at 10 cm/sec, at 12 cm/sec at 
the end of the next second, 14 cm/sec at the end 
of the second after that, and so on. What can 
you tell about the force acting on the puck? 
(Section 3.) 


A body is pulled across a smooth horizontal sur- 
face by a spring loop that is kept stretched by a 
constant amount. It is found that the body is 
accelerated at 15 cm/sec?. What will be the ac- 
celeration of the body if it is pulled by two loops, 
each just like the first loop, side by side and 
stretched by that same amount? (See Fig. 19-8.) 


An object sliding on a low-friction bearing is 
pulled with a constant force. In a time interval 
of 0.3 sec the speed changes from 0.2 m/sec to 
0.4 m/sec. In a second trial, the object is pulled 
with another force. In the same length of time 
the speed now changes from 0.5 m/sec to 0.8 
m/sec. 


(a) What is the ratio of the second force to the 
first? 

(b) If the body is pulled with the second force 
for 0.9 sec, what change in speed results? 
(Note that the forces are in the direction of mo- 
tion.) 


A block is pulled along a horizontal surface by 
2, 4, 6, and 8 parallel bands of rubber. All 
bands are alike and each is stretched the same 
length in each experiment. The graph (Fig. 19- 
16) shows the resulting accelerations plotted 
versus the number of bands. 

(a) What can you conclude from the fact that 
the plot yields a straight line? 

(b) What does the intercept of the graph with 
the horizontal axis measure? 

(c) Can you use the graph to predict the accel- 
eration of the block produced by stretching one 
rubber band by the standard amount? 

(d) Suppose you repeat the experiment, chang- 
ing only the surface on which the block is pulled. 
How will the new graph relate to the old one? 
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12.* In Fig. 19-7, suppose the photograph represented 


a body moving from right to left. In which direc- 
tion would the force be acting in this case? (Sec- 
tion 4.) 


13.* A car can accelerate by 3 m/sec?. What is its 


acceleration if it is towing another car like itself? 
(Section 5.) 


20. 


21. 


Why is the flask in Fig. 19-10 closed? Be pre- 


pared to explain in class. 


Why do we make such careful distinctions be- 
tween gravitational and inertial mass, rather than 
talking about one mass only, since they are 
equivalent? 


Two objects are accelerated separately by the 


same force. Object A accelerates at 20 cm/sec? 
and B at 60 cm/sec?. What is the ratio of (a) 
their inertial masses, (b) their gravitational 


masses? (Section 6.) 


A carton is balanced by two identical cans on a 
balance. A certain force accelerates the carton 
by 2 m/sec?. How much will the same force ac- 
celerate one of the cans? (Section 6.) 


A body with a mass of 0.5 kg is accelerated at 
4 m/sec?. How large a force is acting? (Section 
7) 


A boy gives a 0.5-kg ball a speed of 6 m/sec from 
rest in 0.2 sec. What average force did he apply 
to the ball? (Section 7.) 


A force of 5 newtons gives a mass my an acceler- 
ation of 8 m/sec?, and a mass my an acceleration 
of 24 m/sec?. What acceleration would it give 
the two when they are fastened together? 


The graph in Fig. 19-17 shows the velocity, along 
a straight line, of an object of mass 2 kg, as a func- 
tion of time. Plot a graph of the force as a func- 
tion of ume. 
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For Problem 21. 


22. 


A block of mass 3.0 kg is moving along a smooth 
horizontal surface with a velocity vo at an instant 
of time ¢ = 0. A force of 18 newtons is applied 
to this body opposite to the direction of its mo- 
tion. The force slows the block down to half its 
original velocity while it moves 9.0 m. 

(a) How long does it take for this to occur? 

(b) What is vo? 
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23. 


24. 


* 


25. 


26.* 


27.* 


28. 


29. 


Consider the two masses m, and mg in Fig. 19-18. 
At time ¢ = 0, my is at rest and m2 is moving with 
velocity vp. Is it possible to apply the same con- 
stant force (in magnitude and direction) for the 
same time to both masses to bring them to equal 
velocity at a given moment? Try to solve this 
problem by a qualitative argument and then 
check your conclusion by writing down the nec- 
essary equations. Consider all cases: my < moe, 
Mm, = Mo, my > Mo. 


You observe an object covering distance in direct 
proportion to f, where f is the time elapsed. 

(a) What conclusion might you draw about the 
acceleration? Is it constant? Increasing? De- 
creasing? Zero? 

(b) What might you conclude about the forces? 
Be prepared to discuss in class. 


If several forces of different magnitudes and di- 
rections act on an object, in what direction will 
the object accelerate? (Section 9.) 


In Fig. 19-11, what would be the acceleration of 
the puck if its mass were 0.50 kg. F2 = 10 nt, and 
F, = 6 nt? (Section 9.) 


In Fig. 19-13, suppose Fy = Fo = 2.0 nt. What 
would be the net force on the puck? (Section 9.) 


A block of mass 8.0 kg, starting from rest, is 
pulled along a horizontal tabletop by a constant 
force of 2.0 newtons. It is found that this body 
moves a distance of 3.0 m in 6.0 sec. 

(a) What is the acceleration of the body? 

(b) What is the ratio of the applied force to the 
mass? 

(c) Since your answer to part (b) is not equal 
to that to part (a) (at least, it shouldn’t be), what 
conclusions can you draw about this motion? 
Give numerical results, if possible. 


Two men wish to pull down a tree by means of a 
rope fastened near the top. If they use only one 
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rope, the tree will come down on top of them. 
To prevent this, they tie two ropes 10.0 meters 
long to the same point and stand on the ground 
10.0 meters apart when they pull. If each pulls 
with a force of 300 newtons, what is the force 
exerted by the ropes on the tree? 


30. Two men and a boy are pulling a boat along a 
canal. The two men pull with forces F, and F, 
whose magnitudes and directions are indicated in 
Fig. 19-19. Find the magnitude and direction 
of the smallest force which the boy could exert to 
keep the boat in the middle of the canal. 


31.* You have to push with a force of 200 nt to slide 
a refrigerator across a floor at constant speed. 
What is the force of friction acting on the refrig- 
erator? (Section 9.) 


32. The retarding force of air resistance on a balloon 
is proportional to the square of the velocity. For 
a certain balloon, inflated a certain amount, this 
force is given in newtons by Fz = .2v? where v is 
the velocity in m/sec. The balloon and the air 
inside have a combined mass of 10 gm. 

(a) Draw graphs of the balloon’s acceleration 
as a function of velocity when you pull it with a 
1.8-newton force and with a 7.2-newton force. 

(b) What is the maximum velocity that the 
balloon will reach in each case? 

(c) If the mass were 5.0 gm, how would this 
affect the maximum velocity? 

(d) What do you think would be the effect on 
the maximum velocity if you inflated the balloon 
to a larger volume? 


33. Aristotle taught that a constant force was re- 
quired to produce a constant velocity and from 
this he concluded that, in the absence of force, 
bodies would come to rest. 

(a) Name several situations where a constant 
force seems to produce a constant velocity. 

(b) How do you explain each of the situations 
in (a) in the light of Newton’s law of motion? 


34. How would you define a unit of mass if people 
had placed a standard spring at Sévres instead of 
a standard mass? 


F, = 400 Newtons 


= 320 Newtons 


19-19 For Problem 30. 
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IN THIS chapter we shall start our study of the 
forces occurring in nature. We shall determine 
them from the motions of the bodies on which 
they act, or, when possible, by balancing the 
unknown forces against known forces that we 
can apply. Here on the surface of the earth the 
force of gravity which pulls objects toward the 
center of the earth is familiar to us all. We shall 
first study this gravitational attraction. 


Weight and the Gravitational Field 
of the Earth 


We have already learned in Chapter 7 that 
objects on the surface of the earth are pulled 
toward its center. Different objects are pulled 
down by gravitational forces of different mag- 
nitude. The magnitude of this force on an ob- 
ject is called the weight of the object. It may be 
measured by hanging the object on a spring 
calibrated in newtons. 

If we take a standard kilogram mass and 
measure its weight anywhere on the surface of 
the earth, we find it to be very nearly 9.8 new- 
tons. Actually the weight of an object differs 
slightly from place to place on the earth’s sur- 
face. However, the fractional variation in 
weight is the same for all objects. For example, 
at the North Pole a I-kg mass weighs 9.83 new- 
tons and at the equator it weighs 9.78 newtons. 
At the pole a mass of 2 kg weighs 19.66 newtons, 
and at the equator it weighs 19.56 newtons. 
Both masses change weight by 4 percent, when 
moved from pole to equator. The weight of the 
2-kg mass is always exactly twice that of a I-kg 
mass at the same place. Therefore, the gravi- 
tational force F acting on an object of gravita- 
tional mass m, can be written 


F = mg, 


where g is the proportionality factor be- 
tween the gravitational force and the gravita- 
tional mass. The mass is independent of posi- 
tion on the earth’s surface—if two masses 
balance (on an equal-arm balance) at one place 
on the earth, they balance at all other places. 
Therefore, we learn that the proportionality 
factor @ varies slightly from place to place near 
the surface of the earth, and it is the same for all 
masses at any one place. 
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TABLE | 
Gravitational Field of the Earth 


MAGNITUDE 
ALTITUDE, OF THE FIELD, 


PLACE LATITUDE METERS NEWTONS/KG 
North Pole 90° 0 9.832 
Greenland 70° 20 9.825 
Stockholm 59° 45 9.818 
Brussels 51° 102 9.811 
Banff 51° 1376 9.808 
New York 41° 38 9.803 
Chicago 42° 182 9.803 
Denver 40° 1638 9.796 
San Francisco 38° 114 9.800 
Canal Zone 9° 6 9.782 
Java 6° South 7 9.782 
New Zealand 37° South 3 9.800 


The factor g is the gravitational force per unit 
mass. It is a vector with the dimensions of 
newtons per kilogram. We can measure and 
tabulate it for a large number of locations on the 
surface of the earth. Such a collection of physi- 
cal quantities depending on position is called a 
field; and in particular the gravitational force 
per unit gravitational mass at different locations 
relative to the earth is called the gravitational 
field of the earth. Figure 20-1 represents part 
of the gravitational field around the earth, and 
Table | gives its magnitude at a number of dif- 
ferent places. 


Free Fall 


How does an object move in the gravitational 
field g of the earth? Suppose we let it fall. Its 
motion depends on the net force acting on it and 
on its inertial mass. The net force F acting on 
the falling body is given by the vector sum of the 
gravitational attraction Fz = m,g (the weight of 
the body) and the air resistance F,. It is 


F = F, + mg. 
According to Newton’s law of motion, the accel- 
eration of the object is proportional to this net 


force and inversely proportional to the inertial 
mass m;; that is, 


ao F F.+mg 


mi mj 


20-1 The gravitational field of the earth. The inner vectors 


represent the magnitude and direction of the field at the 
earth's surface. The middle set gives values for a height of 
3 x 106 meters. The outer vectors are for a height of 
6 x 10° meters. (The radius of the earth is 6 x 108 
meters.) 


Now for objects which are relatively dense, 
air resistance is very small at low speeds and 
can be neglected compared to the weight. In 
such circumstances, the gravitational attraction 
alone is important, and we expect the accelera- 
tion of the object to be 


Mme . 


a= : 
m 
Here something remarkable appears. As we 
found out in Chapter 19, the ratio Sis the 
mM 


same for all objects. Consequently the acceler- 
ation does not depend on the mass of the object. 
In fact, by measuring m; and m, in terms of the 
same standard kilogram, we have made mj; equal 


to mg; that is, a = |. It then follows that for 
a freely falling body 
a =f: 


In other words, we predict that all objects mov- 
ing under the influence of gravitation alone are 
accelerated in just the same way when located 
at the same place in the gravitational field. In 
addition, we should be able to measure the grav- 
itational field strength g at any given location 
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by observing the acceleration of any object as 20-2 A flash photograph of a falling 
it moves through this position. billiard ball. The position 
What do we find in fact? All bodies of suffi- cas mea at 
° : . 3 ime interval between succes- 
ciently high density (large mass per unit volume) sive: positions: of ihe: ball ai 
do fall with the same acceleration at the same 1/30 second. This motion is 
place. The magnitude of the acceleration with analyzed in Table 2. 
which they fall is very nearly 9.8 m/sec? any- 
where near the surface of the earth. It makes 
no difference whether we measure it in a labora- 
tory on the first floor of a building or on the top 
floor, whether the body starts from rest or has 
been projected with any reasonable vertical 
velocity. 
Careful measurements of the multiple-expo- 
sure photograph of a falling object (Fig. 20-2) 
lead to the results shown in Table 2. The ex- 
posures are at 3/5-sec intervals. These results 
illustrate our statement that the gravitational 
field near the earth’s surface results in an accel- 
eration of falling objects of about 9.8 m/sec? 
directed down. 
We have limited our attention to compact, 
dense objects carefully selected to minimize the 
frictional resistance of the air. But if you drop 
a Ping-Pong ball it falls only a short distance 
before the force of air resistance balances the 
force of gravity, and the ball moves at constant 
velocity. In general, air resistance becomes 
greater with higher velocity. Therefore, if an 


TABLE 2 
DISPLACE- AVERAGE CHANGE IN 
INTERVAL MENT VELOCITY AVERAGE VELOCITY ACCELERATION 
NUMBER Ax(cm) Ax/At = v(CM/SEC) Av(CM/SEC) Av/At(M/SEC?) 
l 7.70 231 
2 8.75 263 i a 
3 9.80 294 32 9. 6 
4 10.85 326 ; 
34 10.2 
5 11.99 360 33 99 
6 13.09 393 : 
32 9.6 
7 14.18 425 32 96 
8 15.22 457 . 
32 9.6 
9 16.31 489 35 105 
10 17.45 524 32 9. 6 
1] 18.52 556 . 
Average acceleration 9.8 


The analysis of the motion shown in Fig. 20-2. The calculated values of the accel- 
eration are constant within the limits of accuracy of our measurements. Even though 
an accurate ruler was brought right up to the picture of the ball, the last significant 
figure in the Ax column is quite uncertain and is just a reasonable estimate of a 
fraction y a millimeter. It has been retained, however, to reduce successive errors 
that would accumulate if we rounded off early. Notice that we have kept only three 
significant figures in the velocity column. 
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object falls far enough, it will gain so much ve- 
locity that the air resistance becomes equal to 
the weight. Then the body continues to fall 
with constant velocity. This final constant ve- 
locity is called the terminal velocity of the fall- 
ing body. (Problem: What happens if you 
throw a light bulb down faster than its terminal 
velocity?) 

We can check that these deviations from free 
fall are indeed the result of air resistance by 
performing experiments in a vacuum. When 
we remove the air, we find that all objects, re- 
gardless of shape or density, fall with the same 
acceleration at a particular position near the 
earth’s surface. Furthermore, because £ does 
not change direction or magnitude appreciably 
unless we move through distances comparable 
with the size of the earth, the acceleration is 
closely the same for objects falling anywhere 
within a room, within a building, a city, or even 
a state. In the region within which the gravita- 
tional field g is effectively constant and where 
gravitation alone is important, all objects fall 
with constant acceleration equal to g. Starting 
from rest, in time ¢ they pick up downward 
velocity 

v= gt 


and move down through the distance 
d = 41? 


given by the area under the graph of velocity 
versus time (Fig. 20-3). By using the flash 
photo of Fig. 20-2 again, you can show that the 
distance d moved from rest increases as }g/?. 


Projectile Motion: the Vector Nature 
of Newton’s Law of Motion 


Objects that drop straight down under the influ- 
ence of gravitational attraction alone all accel- 
erate at the same rate. Do all objects also accel- 
erate at that same rate when they move in other 
directions in the gravitational field? Figure 
20-4 shows a series of flash photographs of two 
balls. The first ball started falling from rest at 
the moment that we projected the second one 
horizontally. We see that the vertical motions 
of the two balls are identical despite the fact 
that the horizontal motions differ. Also we see 


Velocity (m/sec) 


Time (seconds) 


A velocity-time graph of a freely falling body. The vertical 
displacement, or distance fallen, is given by the area under 
the curve—the area of the triangle with base t and height 
gt. This area is tgf?. 


that the horizontal motion is at constant hori- 
zontal velocity, like motion when there is no 
force. The presence of the downward force 
does not change the horizontal motion; and the 
existence of horizontal motion does not change 
the effect of the downward force on the vertical 
motion. Our observation shows that the hori- 
zontal and vertical motions are independent. 
Each one follows from the appropriate compo- 
nent vector of the force: F, = mg, and the ver- 
tical motion is the same as free fall; F, = 0, and 
the horizontal motion is without acceleration. 

At the end of the last chapter we found that 
the net force F acting on a body is a vector. As 
we know from Chapter 6, the acceleration 4 is 
also a vector. This suggested that Newton’s 
law of motion is a vector law. In addition, when 
the force F acts in the direction of motion, the 
acceleration 4 is related to the force by F = ma. 
In the last chapter, however, we did not investi- 
gate any motion in which the net force F acted 
at an angle to the velocity ¥. We might, there- 
fore, ask the questions: Is Newton’s law of 
motion valid when F and¥ are in different direc- 
tions? Is the acceleration still in the direction 
of the force? Is the magnitude of a the same for 
the same size force? 
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Projectile motion is the first case we have ex- 
amined in which F and V are in different direc- 
tions. The observed fact is that the vertical 
gravitational force F produces the same vertical 
acceleration no matter whether there is horizon- 
tal motion or not. Although this observation is 
not enough to prove that F = ma, it provides 
supporting evidence for the idea that Newton’s 
law in this simple form holds regardless of the 
direction of motion. After discussing the path 
of a projectile, we shall examine experiments 
with other forces acting across the direction of 
motion. We shall see that the vector law F = 
ma also holds for those experiments. 


Projectile Motion: Determination 
of the Path 


In studying the motion of a projectile we en- 
counter a new problem. Previously in our study 
of dynamics, we considered objects moving in 
a straight line under the action of a net force 
along the line of motion. The second ball in 
Fig. 20-4, however, traveled in a curved path. 
One of the important problems in dynamics is 
the determination of the path in such a situation. 

If we know the position and velocity of an ob- 
ject atone moment, the path it follows as a func- 
tion of time can be found from the force on the 
object and Newton’s law of motion. For the 
projectile, however, we do not need to go all the 
way back to Newton’s law and the gravitational 
force. We can find the path by combining the 
known vertical and horizontal motions. (As 
we saw in the last section, they go on indepen- 
dently in agreement with Newton’s law and the 
known gravitational force.) For this purpose 
we choose a horizontal axis of reference (the x 
axis) and a vertical reference axis (the y axis) so 
placed that the origin (x = 0, y = 0) is at the 
point where the body is projected (Fig. 20-5). 
When the ball is projected with horizontal ve- 
locity vo, we know that it continues to move 
along the x direction at this velocity. After a 
time ¢, the x coordinate of the position of the 
ball is therefore x = vof. We also know that 
the vertical motion is the same as free fall. The 
y coordinate at the same time ¢ is therefore y = 
—tgr?, (The minus sign just tells us that the 


20-4 A flash photograph of two golf balls, one projected hori- 


zontally at the same time that the other was dropped. The 
strings are 15 cm apart, and the interval between flashes 
was 1/30 second. This photograph is the same as Fig. 
6-18. 


ball goes down rather than up.) These equa- 
tions contain all the information about bodies 
projected horizontally with an initial velocity 
equal to v,. The common value of the time rin 
the equations relates them to the motion of one 
single body rather than to the motion of two 
different bodies. 

The path which the body follows is a curve, 
and we can express this curve by an equation 
relating the vertical position y to the horizontal 
position x at the same instant of time. To find 
this equation we eliminate the time ¢ from the 
two equations y = —4gr and x = vf. From 
the second equation we see that ¢ = x/v,; and 
putting this expression for ¢ into the first equa- 
tion, we get 


~ ge) oe ee OR 
yo —tgr= i2(xX) ssa x2, 
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y—axis —> 
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20-5 The path of the second ball in Fig. 20-4 is plotted on a pair 


of coordinate axes. The scales on the figure measure the 
distance along the coordinate axes in meters. The x coor- 
dinate of the ball at any time tis vot (where vo = 2 m/sec), 
and its y coordinate is —itgt?. For example, when t 
= 0.38 sec, then x = 0.75 mandy = —0.7>m. 


_ 8x? 
20,2 


The equation y= 
is the equation of the path of the object. As 
shown in Fig. 20-5, the path is a parabola with 
its vertex at the place where the object is moving 
horizontally. 

In Fig. 20-6 we have plotted several possible 
paths which correspond to different values of 
the initial horizontal velocity v,. As we see, 
when the horizontal velocity is large, the parab- 
ola is rather flat. The projectile moves a long 
way sidewise before falling any great distance. 
On the other hand, small values of vo give 
sharply curved parabolas. The projectile moves 
a shorter distance horizontally in the time it 
takes to fall a given amount. 

Here we have analyzed the problem of a 
projectile which is fired horizontally. The more 
general case of a projectile fired with an ini- 
tial velocity ¥, at any angle with the horizontal 
can be handled in the same way. We again use 
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the fact that the vertical and horizontal motions 
are independent. From the initial velocity vec- 
tor ¥,, we find the initial horizontal and vertical 
components. The horizontal component of 
velocity never changes, and the vertical com- 
ponent undergoes a uniform change at the rate 


Avy _ 
At 


When we work through the details the result is 
again a parabolic path with a flat region whose 
extent is determined by the horizontal velocity. 
The only difference is that the top of the parab- 
ola is not at the starting point of the motion. 

What we learned in this section on projectile 
motion resembles what we learned earlier in 
Chapter 6. (Figure 20-4 is exactly the same as 
Fig. 6-18.) Yet there is an important difference. 
In Part I we dealt only with the description of 
motion (kinematics) whereas here we con- 
sidered the force which caused the motion (dy- 
namics). The gravitational force mg and New- 
ton’s law in vector form allow us to predict as 
well as describe what happens. In our study of 
the dynamics of other motions we shall lean 
heavily on kinematic descriptions given in Part 
I. If you review Sections 6-6 to 6-8 at this 
time, the next sections of this chapter should be 
easier to understand. 


Deflecting Forces and Circular Motion 


An object moves on a curved path because the 
force that pushes it has a component perpen- 
dicular to the direction of motion. The compo- 
nent of force along the path changes the speed, 
but it does not change the direction. On the 
other hand, a force perpendicular to the motion 
shoves the object sidewise so that the path 
curves. It leads to a perpendicular acceleration 
which changes the direction without changing 
the magnitude of the velocity vector as shown in 
Fig. 20-7. 

While a projectile is moving on its parabolic 
path, the force of gravity acting on it has com- 
ponents both along the path and perpendicular 
to it. The direction of the velocity changes be- 
cause the perpendicular component of force 
produces a perpendicular acceleration, and the 
magnitude of the velocity changes because the 
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x-axis —p» 


Vo= 10 m/sec 


Vo= 5 m/sec 


Vo = 2 m/sec 


20-6 Several possible paths for a body projected horizontally. Note that the parabola’s shape depends on the horizontal velocity vo. 


00-7 The change in the velocity of a body when a force acts per- 


. 


pendicular to its path. Such a force changes the direction 
of the motion, but not the speed. The magnitude of ¥’, the 
velocity after the force F has acted for the very short time 
At, is the same as that of v. 


component of the force along the path produces 
an acceleration along the path. 

In this section we shall concentrate on change 
in direction alone. Therefore we shall look for 
examples of motion in which the speed is con- 
stant. Only direction changes. 

The direction of a motion is the direction of 
its velocity vector. The simplest example of 
motion with changing direction occurs when 


the velocity vector rotates uniformly. Uniform 
rotation is familiar to all of us. The sweep sec- 
ond hand of a watch or clock, the turntable on 
your record player, the earth itself, all rotate uni- 
formly. In Part I, Fig. 6-28, we have already 
met a sequence of vectors corresponding to uni- 
form rotation. 

How is such uniform rotation produced? Sup- 
pose we push steadily on a body, always push- 
ing at right angles to its motion. Because there 
is never a component of force in the direction of 
motion, there is no acceleration along the path; 
the speed of the body stays constant while the 
direction of motion changes. Now if we keep 
the magnitude of the force constant, the direc- 
tion of the path will change the same amount 
in every equal time interval, and the path must 
be a circle. Each time the body moves at con- 
stant speed around the circle, the velocity vector 
rotates uniformly through 360 degrees. 

Thus we have reached the important conclu- 
sion that a deflecting force of constant size per- 
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pendicular to the motion makes a body move in 


(a) oe a circle with constant speed. The force and the 
acceleration of the body are directed toward the 
vAt center of the circle, and the velocity vector is 


tangent to the circle at every point. The posi- 
tion vector drawn from the center of the circle 
is of constant length and equal to the radius of 
the circle (Fig. 20-8). 

We shall now obtain two useful mathematical 
formulas for the acceleration in this circular mo- 
tion. Since the motion occurs with constant 


(b) speed v, and the body goes around the circum- 
As ference 27R of the circle in the time 7, 
v —2aR 


£ 

/ The time 7 is called the period of the motion. 
In the same time T the direction of motion has 
also turned completely around and now points 
(c) the way it did originally. The direction of mo- 
tion rotates around steadily, always staying 
perpendicular to the radius, but the speed does 
not change. Consequently the velocity vector 
just turns steadily, with the same period T. 

(See Fig. 20-8.) 
In Fig. 20-8 (b) we see (as we already noted 
~~ (d) in Chapter 6) that the velocity is carried around 
by an acceleration perpendicular to it—just as 
the radius vector is carried around by a velocity 
perpendicular to it. The tip of the velocity vec- 
tor therefore goes around a circle of radius v and 
circumference 27v in the time 7; and the mag- 
nitude of the acceleration which produces this 

change is 


_ 2av 


— as 
By combining the last two equations, we can 
eliminate either T or v, expressing the accelera- 


20-8 (a) The path of a body moving in a circle at constant speed. : : 
tion alternatively as 


Its position vector R rotates uniformly. During a complete 


period T, the body moves around the circle a distance vT p2 
= 2nR. (b) The changing velocity vector of the body. v saan R 
zotates at the same speed as R, but at an angle of 90° to 

it. In a short time interval At, the velocity changes an or as 

amount adt. In one revolution, the tip of ¥V moves once 

around the circle so aT = 27v. Part (¢) shows the chang- me 472R 
ing acceleration vector, which is always perpendicular to T2 


the velocity. Part (d) again shows the circular path of the : ‘Il Wuable i ae 
body. Here we have drawn the acceleration vectors in the These expressions wi be valuable in studying 


same direction as in (c), but with their tails on the body. The satellite motion, the planetary system, and 
acceleration vector always points from the body toward the atomic physics. 
center of the circle in which it moves. The acceleration vector is perpendicular to 
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An arrangement for measuring the centripetal force acting on a body moving in a circular path. The puck is at rest; no force is act- 
ing; the loop on the puck is not extended. 


the velocity vector; and the velocity vector is 
perpendicular to the position vector R. The 
two right angles add up to 180°. Therefore, the 
direction of the acceleration vector is opposite 
to that of R. (See Fig. 20-8.) Using this infor- 
mation about the direction of a and the last 
formula for its magnitude, we can write the vec- 
tor relation 

s 4n?R 

= 72 


If we imagine 4 with its tail on the body, we shall 
see that it points from the body toward the cen- 
ter of the curve around which the body moves. 
For this reason the acceleration is called centrip- 
etal (center-seeking) acceleration. 

Now let’s go back to the force that produces 
this acceleration. Newton’s law F = ma tells 
us how the force and acceleration are related. 
Therefore, with our mathematical expression 
for the acceleration in terms of the radius R of 
the motion and its period T, we can relate the 
force to the circular motion it produces. The 
result is 


m4r?R 
T2 


The magnitude of the force can also be related 
to the speed v and radius R as 


mv2 
fee Rp 
Remember that the direction of F is inward, 
toward the center of the circle, and the force is 
called centripetal force. The last equation actu- 
ally holds for any path where F is the perpen- 
dicular deflecting force and R the radius of cur- 
vature (the radius of a circle which just fits the 
actual path near the point in question). 

We can check our equations experimentally. 
Figure 20-9 shows an apparatus designed to do 
this with a Dry Ice puck. The puck rests ona 
horizontal glass table. One end of the string is 
attached to a bearing at the center of the table, 
and the other end is connected to a spring loop 
fastened to the puck. 

In the experiment the puck was given just the 
right push to make it move around a circle. 
Figure 20-10 is a stroboscopic flash photograph 
of the motion. The light flashed 2.4 times a 
second and was stopped before one complete 
revolution was registered. The spacing between 
successive pictures of the puck shows that the 
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speed was essentially constant. The loop on the 
puck is stretched as you see by comparing it 
with Fig. 20-9. The stretch stays the same 
throughout the motion, and from it we can find 
the force which makes the puck run around in 
a circle. 

The measured extension of the loop tells us 
the force is 2.4 newtons. The time taken to 
move through 10 intervals from the first posi- 
tion to the last is 10 intervals x 4 sec/interval. 
In this time the puck moved through a measured 
angle of 286°. Therefore the time T for one 

eat l 360° 
complete revolution is 10 x x4 % 396° = Se 
sec. The radius was 0.44 meter, and the mass 


constant force is acting. 
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of the puck and loop was 3.9 kg. Using these 
values in our expression for the magnitude of 
the centripetal force F which should make the 
puck go around the circle, we get 


_ m4n?R _ (3.9kg) 42 (.44 m) 
ae <a (5.2 sec)2 


We see that this experiment confirms our ex- 
pression for the centripetal force to within the 
accuracy of our measurements. 

Suppose the string breaks. The puck no 
longer moves in a circle, since the centripetal 
force has been removed. Since no external 
force now acts on the puck, it moves ina straight 
line at constant speed. This motion is shown in 
Fig. 20-11, where the string was burned through 


F = 2.5 nt. 


20-10 A puck moving in a circle at uniform speed. Note that the loop is extended the same amount at each position, indicating that a 


0-6 


0-11 


by a gas torch. Notice that after the string 
breaks, the puck moves along a tangent to the 
original circle; it does not move out along a 
radius. 


Earth Satellites 


Only for distances small compared with the 
earth’s radius is the weight of a body constant in 
direction and magnitude. When we throw a 
projectile as fast as is now possible with rockets, 
it may travel so far that we can no longer neglect 
the change in direction of the force of gravity. 
Because the earth is almost spherical, we con- 
clude that the force of gravity always points 
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toward its center. If we look from outer space, 
we see that the direction of the force is com- 
pletely different for different points around the 
earth (Fig. 20-1). 

If a projectile is launched horizontally with 
the right initial velocity it will move at constant 
speed in a circular orbit around the earth. How- 
ever, since it is very difficult to project an object 
in exactly the right direction, and with just the 
right speed, artificial satellites actually follow 
elliptical orbits (see next chapter). We shall 
analyze only the special case of circular motion 
of a satellite, since it is relatively simple mathe- 
matically. 

The earth satellites which have been success- 
fully launched are multistage rockets. The last 


A puck in circular motion photographed at a flash rate of 2.4 per second. When the puck reached the top of the photograph, 
the string attached to it was burned with a torch. The puck continued to move in a straight line with the velocity it had when the 
string broke. 
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stage is fired almost horizontally at high altitude 
where air resistance is small. There is no essen- 
tial difference in the dynamical behavior of a 
man-made satellite and one found in nature, 
such as the moon. But the radii of their orbits 
are different and, as a result, their periods of 
revolution (that is, the times for one trip around 
the earth) are different. 

Let us compute the period of revolution of a 
satellite moving around the earth. For motion 
in a circle the magnitude of the acceleration is 
a = v?/R, and since the centripetal force is the 
gravitational attraction of the earth, the magni- 
tude of this acceleration must be equal to g, the 
gravitational field strength. Hence the speed of 
the satellite is given by 


v? 2 
R78 or v2? = gk, 


20-12 A drawing from Newton's ‘System of the World”’ (attached 


to later editions of the ‘‘Principia’’), showing the paths that 
a body would follow if projected with various speeds from 
a high mountain. As you can see, Newton was aware that 
a body would go into an orbit around the earth if its speed 
was great enough. The orbits from V ending at D, E, F, and 
G are for projectiles thrown with higher and higher horizon- 
tal velocities. Newton recognized that air resistance would 
prevent the motion of satellites close to the earth from fol- 
lowing his ideal paths or from continuing for a long time. 
He pointed out that satellites could move permanently in 
the outer orbits. 


where R is the radius of the circle and g is the 
value of the acceleration of gravity where the 
satellite is. Suppose the satellite is 400 km 
above the earth. Then R = radius of earth + 
400 km = 6.8 x 106 meters; and g is about 8.6 
m/sec? out there. Therefore 


v2 = gR = 8.6 x 6.8 x 106 m2/sec?, 
and v = 7.6 * 103 m/sec. 


This is a speed of about 5 mi/sec or 18,000 miles 
per hour. 

To get the period T, we note that the circum- 
ference of the circle (27R) is the distance cov- 
ered in one revolution at constant speed v. 
Therefore 


2x7R =vT or Fao 
We can estimate the period of the satellite by 
substituting R = 6.8 x 106 m and the value 
v = 7.6 x 103 m/sec that we have just com- 


puted. The result is 


T=29 6.8 «x 106 


76 103 = 5.6 x 103 sec = 93 min. 


The calculations we have made for the period 
and velocity of an artificial satellite were needed 
to put the first artificial satellite in orbit. New- 
ton suggested the possibility of launching a 
satellite by firing a projectile from a high moun- 
tain with a velocity of about 5 miles per second, 
and drew the diagram of Fig. 20-12 to explain 
his proposal. It is one of the triumphs of the 
development of the dynamics of Galileo, New- 
ton, and others that it was possible to discuss 
such projects with confidence in their ultimate 
possibility. 

Why, then, was the first artificial satellite not 
placed in orbit in the seventeenth century? You 
can guess the answer. There were no guns or 
rockets powerful enough. Man’s understanding 
of broad scientific laws often runs ahead of tech- 
nology. The detailed application of scientific 
knowledge requires much time and labor. 

Sometimes it is the other way round—tech- 
nology runs ahead of science. Now that our 
technology has enabled us to establish artificial 
satellites, we shall gain new observations of the 
universe. Some of these observations have pre- 
viously been denied us by the curtain of the 
earth’s atmosphere. The new data will give us 


new knowledge of cosmic rays and of the den- 
sity of matter in interplanetary space, and will 
help shape our ideas of the universe. In the 
long run, basic knowledge and technological 
applications go hand in hand—one helps the 
other. 


'0-7 The Moon's Motion 


The moon is an earth satellite. We can compute 
its centripetal acceleration from the following 
observations. The period of the moon’s motion 
is 27.3 days, or 2.3 x 106 sec; and the distance 
from the earth to the moon is about 3.8 x 108 
meters (about 240,000 miles). The magnitude 
of the moon’s acceleration toward the earth is 


qa — AR _ 4x? x38 x 108m 
“~ T2 ~ (2.3 « 106 sec)? 
= 2.7 x 10-3 m/sec?. 


This acceleration is much smaller than the accel- 
eration of a satellite near the earth’s surface. 
Comparing it with g = 9.8 m/sec?, we see that 
the gravitational attraction has fallen off by a 
. factor of about 2.7 x 10-4. This evidence of 
_ the weakening of gravitational attraction as the 
separation increases was one of the things that 
led Newton to his law of gravitation, as we shall 
see in the next chapter. 
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20-8 Simple Harmonic Motion 


20-13 


When we stretch a spring, it pulls back with a 
force proportional to the stretch. Also, when 
we compress a spring, it pushes against us with 
a force proportional to the compression (Fig. 
20-13). If we attach a mass to a stretched 
spring and let go, it will oscillate to and fro 
owing to the force of the spring. For small 
stretch or compression (as long as we remain in 
the linear part of the graph), this force can be 
described by a 
Fa —kx. 


a 
Vv 
fo 
i) 
_ 


compression stretch 


The force exerted by a spring as a function of its stretch, 
or of its compression. When the distortion of the spring 
is not too great, the force is directly proportional to the dis- 
tortion. The curve in this region can be approximated by a 
straight line, the ends of which are shown dashed. 


14 The to-and-fro motion of a mass on a spring can be matched by one component of the motion of a mass on a circular turntable. 
' We must choose an appropriate radius for the turntable and turn it at the right speed. 
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Here k is a positive constant, and X is the dis- 
placement of the mass from the position of no 
distortion of the spring (chosen positive for 
stretch, negative for compression). The minus 
sign in the equation indicates that F is in the 
opposite direction from x; thus it is a restoring 
force which pulls the system back toward its 
equilibrium position. 

Linear restoring forces such as these always 
lead to similar to-and-fro motions, called simple 
harmonic motion. Let us examine this motion 
in some detail. If we were to use Newton’s law 
directly to predict the motion, we would be 
confronted with a mathematically complicated 
problem; but the motion can be derived from 
circular motion, as we shall now show. Circular 
motion in a plane looks just like the simple 
harmonic to-and-fro motion if we examine it 
from the edge of the plane. To get an idea of 
the motion, move your thumb steadily around a 
horizontal circle level with your eye. The 
straight-line motion you see 1s simple harmonic 
motion, as we can tell by matching such a mo- 
tion with the motion of a mass on a spring (Fig. 
20-14). 

To study this motion, we once again return to 
the fundamental property of vectors which 
allows us to represent any motion in a plane as 
the combination of two independent motions in 
fixed directions at right angles to each other. 
We shall describe circular motion at constant 
speed in terms of these rectangular components. 
We shall then examine one of these components 
in detail and also find the force associated with 
the motion described by that component. 

Figure 20-15 shows a circle around which a 
body of mass m is moving with constant speed; 
let us examine the horizontal component of this 
motion. In Fig. 20-16 we have drawn a right 
triangle with the position vector R and its vector 
component X in the horizontal direction. We 
have also drawn the similar right triangle with 
the centripetal force F and its vector compo- 
nent F,. From these similar triangles we see 
that the magnitudes of F, and X are in the same 
ratio as those of F and R and that F, and x point 
in opposite directions. 


: = 2 . 
Since F = ae R (see Section 20-5), the 
relation between x and F, is therefore 
I m4n2 = 
| Te 


20-15 


20-16 


(This equation is simply the x component of the 
mar gs 
72 R.) 

Since the mass m and the period 7 are con- 
stant for any particular motion, m4a2/T? is a 
constant, and the equation can be more simply 
written 


equation F= — 


F, = —ki, 
where the factor k = m472/T?is the constant of 
proportionality between F, and x. This shows 
that the force F, = —kx is the force that pro- 


y-axis 


x—axis 


A mass m is moving around a circle at constant speed. This 
motion can be thought of as consisting of two components 
at right angles—a horizontal and a vertical component. 
We shall look closely at the horizontal x component. 


~| 


7 


* 


A right triangle is formed by the position vector R and its 
horizontal vector component X. The centripetal force F and 
its horizontal component F, form another right triangle. The 
triangles are similar because the angle between R and x is 
equal to the angle between F and F, (since R is parallel to F, 
and & is parallel to F,). 


x) 


m472 => 
1? R 


duces the to-and-fro motion of X. Because the 
motion along the x axis depends only on the 
force along the x direction, any such force pro- 
duces a motion exactly like the motion of point 
N at the end of X in Fig. 20-17 when the point P 
in the figure goes steadily around the circle. 


0-17 The mass at N was originally displaced from the origin bya 


distance R along the x axis. If it is acted on by a force such 
that F = — ks, then it will move back and forth along the x 
axis; its motion will be the same as the x component of the 
motion of a point P moving uniformly in a circle of radius R. 


vertical 


equilibrium ~~ 


position 


0-18 A simple pendulum: a mass m ona string of length / moves 


along the arc of a circle. 
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We have now linked up the x component of 
circular motion with the motion of any mass m 
when acted on by a restoring force F = —kx no 
matter what provides the force, and this link 
enables us to calculate the period. If we have a 
mass m moving under a force F = —kx, we can 
always imagine a suitable circular motion that 
will match the motion of m. The period of the 
actual motion of m is the same as that of this 
matching circular motion. 

We can use our earlier discussion to find the 
relation between the force constant k in F = 
— kx and the period in which the mass moves to 
and fro. The period depends only on the mass 
m and on the force constant k. By rearranging 


This expression is reasonable. If the restoring 
force increases rapidly with distance (that is, if 
k is large), the mass is pushed back and forth 
rapidly: T becomes small. On the other hand, 
if the mass is large it responds more sluggishly 
to the force; and so the period is greater the 
larger the mass. One result of our reasoning 
may seem astonishing: the period does not de- 
pend on the amplitude R of the motion. This is 
a result you can easily check experimentally. 
Try it. 

A simple pendulum is just a body of mass m 
on the end of a string of length 7. (Fig. 20-18.) 
We shall describe the displacement of the mass 
from its equilibrium position by the vector S. 
The vector component of § in the hb prizontal 
direction is d (Fig. 20-19); this measures the 
horizontal displacement of m from equilibrium. 

The motion of the mass m is very nearly 
simple harmonic motion. To show this, we 
must show that there is a linear restoring force, 
a force which is proportional to the negative of 
the displacement. As we see in Fig. 20-20, the 
weight of the body mg can be broken into rec- 
tangular components. One component, shown 
dotted in the figure, is taken along the string and 
simply keeps the string pulled tight; the other 
component is perpendicular to the string, points 
along the circular path, and shoves the mass 
back toward the equilibrium position. From 
the similar triangles of Fig. 20-20, the magni- 
tude F, of this last component is given as 
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vertical 


| 


3 


eh ae 


position 


20-19 When the mass is displaced only a little way from its equi- 


librium position, there is very little difference between the 
actual displacement $ and the horizontal component of the 
displacement d. Imagine that the displacement is much 
smaller than it is shown here, compared with the length of 
the string. 


vertical 


20-20 In the left-hand triangle the weight mg has been broken into 


components along the string (dashed line) and perpendicu- 
lar to the string (F,). The other triangle shows the string of 
length |, the horizontal displacement d of the mass from the 
vertical, and the vertical center line. The two right triangles 
are similar, since F, is perpendicular to | and mg is perpen- 
dicular to d. 
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fs = d or 
mg | 
Now, as long as d and s are small compared 
with /, there is very little difference between the 
lengths of dands. Thus, we can write 


Fs = ms s. 
Also, the direction of § is very nearly perpen- 
dicular to the string if s is small, or is very nearly 
parallel to F,; but in the opposite direction. 


Therefore F. = -78 $ and we do have a linear 


restoring force of the form F, = —k8 necessary 
to give simple harmonic motion. From the 
mg 

ra ) 
the period of the pendulum. We substitute this 
expression for k into the equation for the period, 


T= 2n/™, and find T = 2/1, 
k & 


The period depends only on the length of the 
pendulum and the gravitational field strength. 
As always when the force is basically gravita- 
tional, the mass does not matter. The amplitude 
or size of the swing also does not matter as long 
as it is so small that d and s are closely the same. 
A pendulum of accurately known length and a 
good independent clock like the rotating earth 
can thus be used to measure g accurately. 


proportionality constant, k = we can find 


Experimental Frames of Reference 


Turn around. Apparently the room rotates the 
other way. The corner of the room goes around 
a circle; so does a marble on the table. But no 
force mv?/r on the marble is required to accel- 
erate the marble while it moves in its apparently 
circular path. Under the action of no net force 
the marble is simply at rest when we describe it 
with respect to the room, but it appears to be 
accelerating when you describe its motion with 
respect to yourself. 

Suppose you are in a car that is accelerating in 
a straight line. You look out and see a ball fly- 
ing through the air. It appears to curve violently 
in the horizontal plane, although you realize 
that it moves on a straight path over the ground. 


If you describe the motion of the ball with re- 
spect to the car, the ball undergoes an accelera- 
tion which does not correspond to any sensible 
forces. 

In Part I frames of reference were discussed 
in connection with the description of motion— 
that is, in connection with kinematics. The 
essential point made there is that any frame of 
reference can be used to describe a motion truly. 
So the sensible thing to do is to use the frame of 
reference that provides the simplest description. 
In other words, we have complete freedom of 
choice and use this freedom to make life as easy 
as possible. 

But how about dynamics? Have we the same 
freedom? It is sad but true that here we no 
longer can use every reference frame and keep 
Newton’s law of motion. Newton’s law of mo- 
tion is not correct in all frames of reference. To 
give a dynamical description in some frames re- 
quires more complicated laws. How then do 
we select reference frames in which Newton’s 
law of motion is correct? The answer is: from 
experimental observations. Remember how we 
were led to Galileo’s principle of inertia and to 
the statement of Newton’s law of motion; and 
remember that any conclusion which is drawn 
from experimental observation is true only 
within the accuracy of the measurements. Since 
we arrived at Newton’s law of motion from lab- 
oratory experiments on the earth, we know that 
a frame of reference rigidly attached to the earth 
is a good one—at least within the accuracy of 
our measurements. On the other hand, an ac- 
celerating car is not a frame of reference in 
which Newton’s laws hold. 


Fictitious Forces in Accelerated Frames 


We are all aware of the strange forces which 
appear when motion is observed in some frames 
of reference. If we ride in a closed car at con- 
stant speed on a straight, smooth road, no forces 
act on us except those which act when we sit in 
a chair at rest. But when you drive around a 
curve, especially at high speed, you are con- 
scious of a force: the door of the car pushes on 
your body. If you think of this experience in 
the frame of reference of the car, it appears to be 
a cause for concern. A force acts on you, but 
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20-21 If we release a puck ona frictionless table when we are ina 


room on a large merry-go-round, it seems to move on 
a curved path. Such a path is called an involute. 


you do not move. You are likely to say that an- 
other force pushes you against the door and 
holds you there. This new centrifugal force act- 
ing away from the center of the curve just bal- 
ances the force exerted by the door. In this way 
you may explain why you don’t move with re- 
spect to the car. But here is a real dilemma: 
how can a change in the motion of a reference 
system (the car) actually create new forces? Is 
this centrifugal force real? 

To answer these questions we start by looking 
at a simple experiment. We take a Dry Ice 
puck, for example, hold it at rest on a flat, fric- 
tionless surface, and let it go. What happens? 
Exactly nothing. The puck stays at rest, and we 
conclude from this observation that no net force 
acts on it. In particular, no horizontal force 
acts on the ice puck. 

Now we perform the same experiment on a 
frictionless table located on a large, rotating 
merry-go-round. Our whole laboratory rotates 
uniformly with respect to the earth. Now what 
do we observe when we let the puck go? The 
puck does not stay at rest but moves relative to 
us—that is, relative to the merry-go-round—in 
a curve of the sort seen in Fig. 20-21. It is called 
an involute. Now we are really in trouble! 
Here our observations show that, in the absence 
of forces, a body moves in an involute, not in a 
straight line with constant speed. What a con- 
tradiction of Galileo’s principle of inertia! How 
can we properly reconcile our observations with 
Galileo’s law? We might say: we are mistaken 
to think that no force acts on the puck; such a 
motion shows that there is a complicated force. 
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But what exerts this force? Nothing of which 
we are aware. So we are right back in the 
quandary from which we started. 

Now look at the whole situation from the 
standpoint of an observer on the ground. He 
sees US moving in a circle with constant speed. 
We are holding an ice puck which moves in the 
circle with us. When we let go of the puck, it 
moves in a straight line, tangent to the circle, at 
constant speed, as Galileo’s principle says it 
must. The man on the ground understands our 
dilemma and points out to us that our troubles 
have come, not from a breakdown of the laws of 
dynamics, but from the fact that we made our 
observations in a rotating system of reference. 
This rotating system is an accelerated system, 
and we can solve all our problems by allowing 
for the motion of our rotating reference system. 
Now we know the cause of our trouble. The 
apparent violation of Galileo’s principle and 
Newton’s law of motion is due to the accelera- 
tion of the rotating frame of reference relative 
to the ground. 

Thus if the observer on the merry-go-round 
holds the puck at rest relative to him, he finds 
that he must pull on it with a force which is con- 
stant in magnitude and directed inward toward 
a fixed point. He reasons that, since the puck is 
at rest (relative to him) there must be an equal 
and opposite force acting outward on the puck. 
This somewhat mysterious force he calls centrif- 
ugal force. On the other hand, the observer on 
the ground sees that the puck is accelerated 
toward the center of the merry-go-round and 
that the rotating observer is applying the needed 
centripetal force. The observer on the ground 
has no need for the centrifugal force. 

Now what about the force that we actually 
feel when we sit in a car going around a corner? 
This is the force from the door on us. This force 
is real enough; but it may be mysterious when 
we forget that we are moving around a curve. In 
the reference system of the earth everything is 
clear. The door of the car must exert a real 
centripetal force on us to cause us to go around 
the corner instead of straight ahead. In this ex- 
ample the motion in the frame of reference 
where Newton’s law holds is accelerated, and 
the forces producing the acceleration are real. 
The car, including the door and us, will not turn 
the corner unless it is pushed sidewise by the 
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road. The centrifugal force, on the other hand, 
is not real. If it were, the net force would be 
zero, and we would not go around the curve. 
The centrifugal force is a fiction, something we 
invent to make it appear that Newton’s law of 
motion applies in the frame of reference of the 
car. 

We see that centrifugal force is really not a 
force in the sense of a push or a pull exerted by 
one object on another; rather it is a fictitious or 
“phony” force that we introduce to correct for 
the acceleration of our rotating frame of refer- 
ence. 

Centrifugal force is a term which is widely 
used and poorly understood. If we use it at all, 
we must remember that it is a device used to 
make corrections for the dynamical description 
of motions in a rotating frame of reference. In 
a frame in which Newton’s description is valid, 
it simply does not exist. 


Newton's Law and the Rotation 
of the Earth 


Now we have raised another problem. We 
know that the earth spins about its axis once a 
day relative to the sun or to the fixed stars. Are 
we in a rotating frame of reference, or are the 
sun and the fixed stars themselves rotating 
about the earth? In other words, is Newton’s 
law “really” valid when we use the earth as the 
reference frame, or is it more accurate in some 
other frame of reference with respect to which 
the earth turns? If Newton’s law really applies 
to some frame of reference other than the earth, 
we should be able to find out by noticing that 
to explain the observed motions of bodies with 
respect to the earth we must introduce fictitious 
forces like centrifugal force. These fictitious 
forces must be small or they would long since 
have been apparent in our experiments. Also, 
we expect them to be small if they correspond 
to the daily rotation of the earth. To force a 
mass m to go around daily at the equator re- 
quires a centripetal force (Section 20-5) 


4n2mR/T2 = (3 « 10-2 newton/kg)m 


or about 34, of the force of gravity. An experi- 
ment to make sure that 4 percent of mg is used 
to produce this motion must be more precise 
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than the experiments we performed in estab- 
lishing Newton’s law of motion. 

The French physicist Foucault performed a 
famous experiment to demonstrate the fact that 
the earth rotates on its axis in a frame of refer- 
ence where Newton’s law holds. To perform 
this experiment we construct a pendulum by 
hanging a bob on a string, the top end of which 
is fastened to the ceiling. When set in motion, 
this pendulum will swing back and forth; and, 
if the amplitude of the motion is not too large, 
the bob will perform the simple harmonic mo- 
tion which we have met in Section 20-8. 

To start such a bob in motion we might, for 
example, pull the bob aside from its equilibrium 
position and release it from rest. It will then 
oscillate in very nearly straight-line motion. If 
we are in a proper frame of reference for New- 
ton’s law, the motion of the pendulum should 
continue indefinitely in the plane containing the 
line of oscillation and the point of suspension of 
the pendulum (see Fig. 20-18). There is no 
component of force perpendicular to this plane, 
nor has the pendulum bob an initial velocity 
component perpendicular to the plane. There- 
fore Newton’s law of motion predicts that, if 
such a pendulum starts swinging in this plane, 
it will continue to swing in the same plane in- 
definitely. This is what will happen in an iner- 
tial frame of reference, one in which Newton’s 
law is valid. 

When we perform this experiment in the lab- 
oratory we find that a pendulum does pretty 
well; it seems to stay in the plane in which it 
started and obeys Newton’s law of motion in 
fine shape. But if we wait long enough—hours 
instead of minutes—we find that slowly but 
inexorably the plane of the motion rotates rela- 
tive to its initial orientation. In fact, if we per- 
formed this Foucault pendulum experiment at 
the North Pole we would find that in just 24 
hours the plane in which the pendulum swings 
has rotated completely around through 360 
degrees, as seen by us (Fig. 20-22). This pro- 
vides the experimental evidence, obtained from 
an experiment done on the earth, that the earth 
is indeed in rotation and that frames of refer- 
ence rigidly attached to it are rotating frames 
of reference. It also shows again how little we 
are likely to notice the effects of the earth’s rota- 
tion in laboratory experiments. A pendulum 


with a period of one second oscillates about 105 
times in a day. If the frictional forces on such 
a pendulum were so small that it could really 
swing completely free in the inertial frame, the 
plane of oscillation would appear to us to rotate 
through an angle of about 10-3 degree in each 
swing at the North Pole. 

These experiments show that the earth is in- 
deed a rotating frame of reference in which 
Newton’s law is not exactly valid. But for all 
except the most precise experiments we may ig- 
nore effects of the earth’s rotation. If we want 
to be as accurate as possible, however, we must 
use Newton’s law in the frame of reference of 
the fixed stars rather than in that provided by 
the earth. 


20-22 A Foucault pendulum at the North Pole. The pendulum 


swings in nearly straight-line motion while the earth rotates 
beneath it. Toa man standing on the earth, the plane of 
the pendulum’s motion would seem to rotate. 
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If the gravitational force on an object is 49.0 
newtons where the gravitational field is 9.80 
nt/kg, what is the object’s mass? (Section }.) 


The gravitational field at the surface of the moon 
is one sixth of that at the surface of the earth. 
(a) How much would a 70-kg man weigh on 
the moon? On the earth? 
(b) What would be his mass on the earth? 
On the moon? (Section 1.) 


Which two locations would you pick from Table | 
to investigate the change in g with altitude? 


What is the magnitude of the gravitational field 
of the earth at a point where the acceleration of 
gravity is 9.81 m/sec?? (Section 2.) 


If different objects had different ratios of their 
inertial and gravitational masses, would they all 
accelerate at the same rate in the gravitational 
field of the earth? Explain. 


In Fig. 20-2, how long would you make your 
scale in order to photograph the ball over 30 time 
intervals, if the ball started from rest at the be- 
ginning of the first interval? (Section 2.) 


What is the acceleration of a falling 0.2-kg ball 
if the gravitational field is 9.80 nt/kg and the air 
resistance acting on the ball is 0.5 nt? 


A ball is thrown straight up with a velocity of 15 
m/sec. 

(a) How fast will it be going after 1.2 sec? 

(b) How far above the ground will it be at that 
time? 

(c) How fast will it be going after 2.3 sec? 

(d) How far above the ground will it be at that 
time? 

(e) What is the ball’s acceleration at the top 
of its rise? 


A stone is dropped off a cliff of height. At the 
same instant a ball is thrown straight up from 
the base of the cliff with initial velocity yj. 

(a) Assuming the ball is thrown hard enough, 
at what time f will stone and ball meet? 

(b) When they meet, is the ball still rising? 


Two 0.5-kg Dry Ice pucks on a flat table are tied 
together by a string. 

(a) What is the total gravitational force on 
these pucks? 

(b) At what rate will they speed up if pulled 
across the table by a horizontal force equal to 
the gravitational force found in (a)? 

(c) If one puck remains on the table and the 
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other hangs over the edge, what will be the accel- 
eration of the pucks? 


An object of mass m is moving on a frictionless 
inclined plane that makes an angle of 30 degrees 
with the horizontal. 

(a) What is the net force on the object? 

(b) What is its acceleration down the plane? 


A stone drops from the edge of a roof and is ob- 
served to pass by a window which is 2.0 meters 
high in 0.10 second. How far is the roof above 
the top of the window? 


How can you tell that the horizontal component 
of velocity of the ball projected horizontally in 
Fig. 20-4 is constant and its vertical component 
is not? (Section 3.) 


-A baseball is thrown from center field to home 


plate. If the ball is in the air 3.00 seconds and 
we neglect air resistance, to what vertical height 
must it have risen? 


Plot the trajectory of an object that is thrown into 
the air with an initial velocity of 10 m/sec at an 
angle of 45 degrees with the horizontal. 


‘ 2 ; 
Show that the expression Y— for centripetal ac- 
Pp R Pp 


celeration has the units of acceleration. 


What is the centripetal force needed to keep a 
3.0-kg object moving in a circle of 2.0 m radius at 
a speed of 4.0 m/sec? (Section 5.) 


What is the effect on the speed and direction of 
motion of an object when a force acts on it ina 
direction perpendicular to its path? (Section 5.) 


What is the velocity of the puck in Fig. 20-10 
when it is at the bottom of the photograph? 
(Section 5.) 


What is the acceleration of the puck in Fig. 20-10 
when it is at the bottom of the photograph? 
(Section 5.) 


How fast must a plane fly in a loop-the-loop of 
radius 1.00 km if the pilot experiences no force 
from either the seat or the safety belt when he is 
at the top of the loop? In such circumstances the 
pilot is often said to be “weightless.” 


Some people speak of a pilot coming out of a 
power dive in a jet airplane as weighing several 
times his own weight. We sometimes say that 
the same pilot, falling free before opening his 
parachute, is weightless. 

(a) Do these statements make sense in the light 
of our definition of weight as the force of gravity 
on an object? 

(b) What is meant by “several times his own 
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weight” and “weightless” above? Be prepared to 
discuss these questions in class. 


A string 5.0 m long of diameter 2.0 mm just sup- 
ports a hanging ball without breaking. 

(a) If the ball is set to swinging, the string will 
break. Why? 

(b) What diameter string of the same material 
should be used if the ball travels 7.0 m/sec at the 
bottom of its swing? 


An electron (mass = 0.91 x 10-39 kg) under the 
action of a magnetic force moves in a circle of 2.0 
cm radius at a speed of 3.0 x 106 m/sec. At 
what speed will a proton (mass = 1.6 x 10-27 kg) 
move in a circle of the same radius if it is acted 
upon by the same force? 


A body moving with a speed v is acted upon by 
a force that always acts perpendicular to the mo- 
tion of the body but increases steadily in mag- 
nitude. 

(a) Draw a sketch of the trajectory. 

(b) Does the speed of the object increase, de- 
crease, or remain unchanged? 


How must the force on an object vary with the 
displacement if simple harmonic motion is to take 
place? (Section 8.) 


At what points on the circle in Fig. 20-17 will P 


* have the same velocity as N? (Section 8.) 
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If the force constant of a spring is 8 newtons/me- 
ter, what suspended mass will give a period of 
1 sec? (Section 8.) 


What must be the length of a simple pendulum if 
it is to have a period of one second? (Section 8.) 


A block of mass m rests on a horizontal platform. 
The platform is driven vertically in simple har- 
monic motion with an amplitude of 0.098 meter. 
When at the top of its path, the block just leaves 
the surface of the platform. (This means that at 


)-23 For Problem 33. 


31. 


32. 


33. 


FOR HOME, DESK, AND LAB) 355 


this point its acceleration is 9.8 m/sec? down- 
ward.) 

(a) What is the period of the simple harmonic 
motion? 

(b) When the block is at the bottom point of 
its path, what is its acceleration? 

(c) What is the force exerted by the platform 
on the block at this bottom point? 


(a) What is the period of a pendulum consisting 
of a mass of 2.0 kg suspended on a light cord 2.4 
meters long if g = 9.8 newtons/kg? 

(b) Notice that we can use a pendulum to 
measure g. If the period of this pendulum is 3.0 
sec, what is g? 


A 2-kg ball is suspended from a spring. When 
disturbed in a vertical direction, the ball moves 
up and down in simple harmonic motion at a 
frequency of 4 cycles per second. 

(a) What is the period of the motion? 

(b) What is the upward force exerted on the 
ball by the spring when the ball is at the midpoint 
of its up-and-down path? 

(c) How much did the spring stretch when the 
ball was first attached to its end (before the oscil- 
latory motion was started)? 


A Dry Ice puck ona horizontal surface is attached 
to four identical springs as shown in Fig. 20-23. 
Points A and B are pinned when the puck is at 
rest in the midposition. The puck is displaced 
toward A by an amount d and then released. 
While it is oscillating between two springs with 
the amplitude d and a period 7, the pins A and B 
are removed as the puck passes through the mid- 
position. This allows the puck to vibrate under 
the action of all four springs. 

(a) What is the relation of the force constant 
k’ of two identical springs in series compared 
with the force constant k of one of the springs? 

(b) What is the new period of vibration? 

(c) Has the speed at the midposition been 
changed? 

(d) What is the new amplitude of the puck? 
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20-24 For Problem 36. 
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A ball is thrown vertically upward with a velocity 
of 24 meters/sec from a railroad flatcar moving 
horizontally with a velocity of 4 meters/sec. 
Describe the path of the ball as seen by an ob- 
server (a) on the flatcar, and (b) by the observer 
on the ground nearby. 


While a bus is in motion along a level, straight 
road, we roll a marble from one side to the other 
across the floor of the bus. Its path is a straight 
line relative to the bus. Later we roll it again, 
and this time the path is a parabola which bends 
toward the front of the bus (concave toward the 
front of the bus). Describe the motion of the bus 
in each case. Be prepared to discuss in class. 


i 


1 
/ 
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For some experiments in relative motion, a 
smooth, level table, shown in Fig. 20-24, is cen- 
tered on a platform which rotates uniformly at 
a rate of one revolution in 12 seconds. Two 
perpendicular lines are drawn through the center 
of the table, intersecting a circle of 1.20-meter 
radius at the points 4’, C’, B’, and D’. Two men, 
H’ and J’, sit on the platform at opposite ends of 
the line A’C’. A third man, J, is above the table 
so that he can observe the motion of a Dry Ice 
puck in a stationary frame of reference. He has 
four marks on the floor, forming two perpendic- 
ular reference lines AC and BD through the cen- 
ter of the table. (In the diagram, B is behind the 
table.) 
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(a) H’ holds the puck in his hand at A’. What 
is its velocity in J’s frame of reference at the in- 
stant A’ crosses the line AC? 

(b) As H’ passes A he gives the puck a sudden 
push so that it travels along line AC with a speed 
of 0.40 m/sec. Construct a vector diagram to 
show the velocity that H’ gave the puck in J’s 
frame of reference. 

(c) Construct a diagram which shows the posi- 
tions of the puck and of A’ at 1, 2, 3, 4, 5, and 6 
seconds in J’s frame of reference. 

(d) Make use of the diagram constructed for 
(c) to construct a diagram which will show the 
motion of the puck on the table, as seen by H’ 
and /’. (Hint: Construct this moving-frame dia- 
gram on tracing paper which can be laid over the 
diagram of the fixed-frame motion. Plot the 
position of the puck for each 15° rotation of the 
moving frame. These points can be connected to 
give a picture of the motion in the moving frame.) 


With the same situation as in Problem 36: 

(a) Suppose that 7’ launches the puck as he 
passes A so that J’ will catch the puck as he passes 
D. Construct a diagram which shows the motion 
of the puck in J’s frame of reference. What is 
the speed of the puck in this frame of reference? 

(b) Make use of the diagram constructed for 
(a) to construct a diagram which will show the 
motion of the puck on the table as seen by H’ 
and I’. 

(c) Construct a vector diagram to show the 
velocity that H’ gave the puck so that it could 
travel as in (a). 


With the same situation as in Problem 36: 

(a) With what speed and in what direction can 
H’ \aunch the puck as he passes A so that, as J 
sees it, the puck remains at A? 
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(b) What is the motion of the puck as seen by 
H’ and 1’? 

(c) The puck has a mass of 0.50 kg. After H’ 
has let go of it, what force acts on it according 
to J? What force acts on it according to H’ and 
I’ to make it move as it does in their frame of 
reference? 


39.* A long-range gun is located in the Northern 
Hemisphere. You wish to hit a point due north 
of it. In what direction should you aim the gun? 
(Section 11.) 


FURTHER READING 


These suggestions are not exhaustive but are limited 
to works that have been found especially useful and 
at the same time generally available. 


BONNER, FRANCIS T., and PHILLIPS, MELBA, Principles 
of Physical Science. Addison-Wesley, 1957. Com- 
bination of history and physics from Galileo to 
Newton. (Chapters 2 and 3) 

CoHEN, I. BERNARD, The Birth of a New Physics. 
Doubleday Anchor, 1960: Science Study Series. 
(Chapters 1, 2, 4, 5, and 7) 

Gamow, GEorGE, Gravity. Doubleday Anchor, 1962: 
Science Study Series. A very complete treatment of 
the subject. (Chapters 1, 2, 3, and 4) 

HoLton, G., and Rotter, D. H. D., Foundations of 
Modern Physical Science. Addison-Wesley, 1958. 
Projectile motion, circular and simple harmonic mo- 
tion are described at length. (Chapters 3 and 5) 
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and 
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system 


21-1 


THERE are few people who do not recognize the 
Big Dipper in the night sky. The most striking 
fact about the heavens is that the constellations, 
groups of stars such as the Big Dipper, maintain 
unaltered shapes. They move just as though 
they were tacked on the inside of a large rotating 
sphere, and we were at the center of this sphere 
watching (Fig. 21-1). Against this background 
of “fixed stars” the sun and moon move 
smoothly, as if they were attached to other 
spheres rotating at different rates about the 
earth. According to this view, the earth, large 
and immobile, is located at the center of a uni- 
verse made of celestial matter which revolves 
about it. Such a universe is called geocentric 
(earth-centered). 

Seven heavenly bodies which appeared to 
move among the fixed stars were known to an- 
cient man. The sun and moon, Mercury, Venus, 
Mars, Jupiter, and Saturn were called planets 
from the Greek word meaning “wanderer.” 
With the exception of the motion of the sun and 
moon, the motions of these bodies appear irreg- 
ular when viewed over long periods of time (Fig. 


A one-hour time exposure taken with the camera pointed 
at the North Star. The circular arcs show the apparent mo- 
tion of the stars. It was this circular motion that led the 
Greeks to visualize the stars as attached to a sphere which 
turned about the earth. (Yerkes Observatory Photo- 


graph.) 
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21-2 The peculiar apparent motion of the planet Mars with re- 


spect to the fixed stars. Mars, at various intervals, appears 
to reverse its direction of motion. (From: R. H. Baker, ‘‘As- 
tronomy,’’ D. Van Nostrand Co., Inc.) 


-3a Eudoxus's planetary system. The motions of the sun, moon, 


and planets can be approximated by an arrangement of 
spheres turning within spheres. Here the outer sphere is 
the sphere of the fixed stars. This sphere rotates once every 
24 hours from east to west on an axis through the earth's 
north and south poles. The inner sphere has the sun fixed 
to a point on its surface. The axis of the inner sphere is 
connected to the outer sphere at two points. The inner 
sphere completes a rotation once a year. 
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21-2). Their erratic motion focused the atten- 
tion of ancient men on the planets. They were 
brighter than the stars; and because their bright- 
ness changed, their distances from the earth 
seemed to change. They became associated 
with various human endeavors and emotions 
(Venus with love, Mars with war, etc.), as 
though they formed an intermediary between 
the immutable perfection of the stars and the 
restless imperfection of the earth. Later, the 
astrologers saw in the planetary positions indi- 
cations of the future course of the lives of human 
beings. 

Finding a reasonable explanation for the 
peculiar observed motion of the planets was a 
major concern of the ancient astronomers. It is 
related that Plato, the Greek philosopher (427- 
347 B.c.), set the following problems for his stu- 
dents: The stars, as we can see, move in perfect 
circular paths around the earth, but the planets 
seem to trace irregular figures. What are the 
combinations of perfect circular paths along 
which the planets really move? The form of this 


21-3b Here a planet is mounted on the surface of the innermost 


sphere. By placing the axes of the spheres at the proper 
angles, and choosing suitable speeds and directions of 
rotation, one can reproduce the motion of a planet against 
the background of the fixed stars as observed from the 
earth to a good approximation. 
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question reveals the fact that the circle was be- 
lieved to be the most perfect of all curves and 
hence alone worthy of describing celestial mo- 
tions. The efforts of all astronomers for many 
centuries were devoted at least partly to answer- 
ing this question. 


Early Planetary Systems 


Plato’s pupil Eudoxus tried to represent plane- 
tary motions by a collection of moving spheres, 
each with its center at the earth. Each planet 
was attached to the surface of a sphere which 
rotated uniformly about an axis attached to two 
opposite points on the surface of a larger sphere 
(Fig. 21-3). While the inner sphere spun uni- 
formly on its axis, the axis itself was carried 
around by a uniform motion of the outer sphere. 
In fact, the axis of the outer sphere might itself 
be attached to the surface of a still larger sphere; 
in this way the number of spheres could be ex- 
tended to represent more complex motions. 
Finally, the whole system spun around inside 
the celestial sphere which carried the fixed stars. 
With a sufficient number of spheres moving 
around inside of other spheres, Eudoxus ob- 
tained a good approximation to the motion of a 
planet. His successors improved the accuracy 
of his model by using still more spheres. In the 
course of history many planetary systems de- 
pending on the motions of the spheres were 
developed, and large numbers of spheres were 
eventually employed. In one system, there 
were thirteen spheres for Mercury alone. 

Other Greek astronomers tried to solve 
Plato’s problem in a different way. For ex- 
ample, Apollonius and Hipparchus (third and 
second centuries B.c.) developed a system in 
which a planet moves on a circle the center of 
which moves on another circle. The work of 
these early Greek astronomers led to the system 
of Claudius Ptolemy of Alexandria in the sec- 
ond century A.D. His system of circles moving 
on other circles reproduced the observed mo- 
tions of the planets reasonably accurately (Fig. 
21-4). But his curves describing the planetary 
orbits were so complicated that there were many 
complaints from those who studied them. 
Alphonso X, King of Castile in 1200, was 
prompted to say that, had he been consulted at 
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21-4 A simplified diagram of the Ptolemaic system of planetary 
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21-5 The motion of a single planet in the Ptolemaic system. The 


planet was considered to revolve in a small circle whose 
center moved in a circular orbit about the earth. 


the creation, he would have made the world on 
a simpler and better plan. A simplified Ptole- 
maic orbit of a planet is shown by the heavy line 
in Fig. 21-5; the circular motions from which 
this orbit was supposed to have originated are 
also shown. 


21-2 Copernicus’ Planetary System 


The Polish astronomer Nicolaus Copernicus 
(born in 1473) felt that the Ptolemaic system was 
too complex. The simplicity of uniform circular 
motion desired by Plato had been buried in 
complicated constructions. The truth, Coper- 
nicus thought, must be simpler. He therefore 
set Out to give a simpler answer to Plato’s prob- 
lem by choosing a different center for the system 
of circles. 


Like others before him, Copernicus realized 
that the motion of the fixed stars might be ex- 
plained by assuming that the earth rotates.* 
Our situation with respect to the heavens is then 
much like that of a passenger in an airplane. As 
the airplane turns in flight above a big city, the 
streets and avenues seem to go around. So as 
the earth rotates, the stars appear to move. 

Once he imagined that the earth rotates daily, 
Copernicus found that the orbits of the planets 
could be greatly simplified by choosing the sun 
rather than the earth as the center of the plane- 
tary system. Then the earth would be neither at 
the center of the universe nor at rest. Perhaps 
it was a planet, and revolved along with the 
other planets about the sun. In Fig. 21-6 we 
show the simple orbits followed by the earth and 
the planets as they move around the sun accord- 
ing to Copernicus. 

Copernicus justified his proposal that the 
earth moved by saying, “And although it 
seemed to me an absurd opinion, yet, because I 
knew that others before me had been granted 
the liberty of supposing whatever circles they 
chose in order to demonstrate the observations 
concerning the celestial bodies, I considered 
that I too might well be allowed to try whether 
sounder demonstrations of the revolutions of 
the heavenly bodies might be discovered by sup- 
posing some motion of the earth.... I found 
after much and long observation, that if the 
motions of the other planets were added to the 
motions of the earth, . .. not only did the ap- 
parent behavior of the others follow from this, 
but the system so connects the orders and sizes 
of the planets and their orbits, and of the whole 
heaven, that no single feature can be altered 
without confusion among the other parts and in 
all the universe. For this reason, therefore, . . . 
have I followed this system.” 

Copernicus’ system also included a large, im- 
mobile sphere on which the fixed stars were 
located. About it he said: “The first and highest 
of all the spheres is the sphere of the fixed stars. 
It encloses all the other spheres and is itself self- 
contained; it is immobile; it is certainly the por- 


*Although the main current of Greek and medieval thought 
embodied a geocentric theory, Heracleides (about 370 B.c.) 
believed that the earth rotated on its axis. and Aristarchus 
(third century B.c.) thought that the earth moved around the 
sun. 
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* OBJECTIONS TO COPERNICUS’ THEORY 


The orbits of the planets according to the planetary system 
of Copernicus. 


tion of the universe with reference to which the 
movement and positions of all the other heav- 
enly bodies must be considered. If some people 
are yet of the opinion that this sphere moves, we 
are of a contrary mind; ...” Then, describing 
the planetary spheres and their periods of rota- 
tion in which the earth appears as one of six 
planets while the moon is clearly designated as 
a satellite of the earth, he concluded: “In the 
midst of all, the sun reposes unmoving. Who, 
indeed, in this most beautiful temple would 
place the light-giver in any other part than that 
whence it can illumine all the other parts? ...” 


Objections to Copernicus’ Theory 


It must be understood that in order to achieve 
his simplified orbits Copernicus was obliged to 
discard the entire picture of the universe that 
had been developed from the time of Aristotle. 
The question as to whether or not the earth 
moved was a very serious one. All of medieval 
cosmology and physics was based on the idea 
that the earth was at rest at the center of the uni- 
verse. In part this belief was based on man’s 
inner conviction that his earth must be at the 
center of things. But in addition there seemed 
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to be good evidence of the earth’s special posi- 
tion. For one thing, if the earth moves, what is 
pushing it and why is this motion not felt? Or, 
to take another example, why do stones fall 
toward the earth if it is not the center of the 
universe? 

Copernicus expected a great deal of criticism, 
and he delayed publication of his book so long 
that he first saw a printed copy of it on the day 
he died. Anticipating many of the objections, 
he attempted to answer them beforehand. To 
the argument that his earth rotating so rapidly 
about its own axis would surely burst like a 
wheel driven too fast, he countered: “Why does 
the developer of the geocentric theory not fear 
the same fate for his rotating celestial sphere— 
so much faster because so much larger?” To 
the argument that birds in flight would be left 
behind by the rapidly moving earth, Copernicus 
answered that the atmosphere is dragged along 
with the earth. 

In fact, there were many arguments and 
counterarguments. The Copernican theory was 
denounced as “false and altogether opposed to 
the Holy Scriptures.” Martin Luther branded 
Copernicus a fool and a heretic. The argument 
over this bold new concept of the universe raged 
for more than 100 years before the notion that 
the earth could move was generally accepted. 


Tycho Brahe 


Tycho Brahe, the Danish astronomer born in 
1546, could not accept the Copernican system, 
despite its simplicity. He contributed instead 
an improved geocentric system in which the sun 
goes around the earth and the other planets go 
around the sun [Fig. 21-7(a)]. Also, to test 
astronomical models, he set out to make a really 
accurate map of the positions of the fixed stars 
and to determine the apparent positions of the 
planets as seen from the earth over a long period 
of time. He began his observations with an in- 
strument consisting of a pair of joined sticks, 
one leg to be pointed at a fixed star, the other at 
a planet. In this way he could measure their 
angular separation. Later he constructed great 
sextants and compasses with which he made 
wonderfully careful observations [Fig. 21-7 (b)]. 
He catalogued the positions of 777 stars so 


21-7b Tycho Brahe's mural quadrant. A brass arc of over 6-foot 
radius was mounted on a wall and equipped with movable 
sights. An observer (upper right) sighted on a star through 
the window in the wall at the left. Other assistants noted 
the time and recorded the angle of the observation. The 
sector of wall enclosed by the arc is covered with a mural 
painting of Tycho and other aspects of his work. 
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accurately that his observations are still used, 
and his measurements of the planetary angular 
positions over a period of twenty years contain 
no error larger than 4/60 of a degree. This 
angle is about the same as the angle subtended 
by the head of a pin held at arm’s length from 
your eye. 

Tycho’s observations of planetary positions 
were far more accurate than those available to 
Copernicus. They soon showed that the Coper- 
nican orbits were only roughly correct. A 
search then began for a more accurate descrip- 
tion of the orbits. This objective was reached, 
after Tycho’s death, by the German astronomer 
Kepler, who had worked in Tycho’s laboratory 
during the last eighteen months of Tycho’s life. 


Kepler 


Johannes Kepler, born in 1571, was a striking 
contrast to Tycho Brahe. Tycho possessed tre- 
mendous mechanical ability and skill but rela- 
tively little interest in mathematics. Kepler was 
clumsy as an experimenter but was fascinated 
by the power of mathematics. He was akin to 
the ancient Greeks in his reverence for the 
power of numbers and was intrigued by puzzles 
concerning number and size. 

After Kepler had learned the elements of 
astronomy, he became obsessed with the prob- 
lem of finding a numerical scheme underlying 
the planetary system. He wrote, “I brooded 
with the whole energy of my mind on this sub- 
ject.” He devoted his life to the analysis of the 
tables of planetary positions which Tycho had 
left him. In tackling the problem of translating 
the observations of Tycho Brahe into mathe- 
matical descriptions of planetary motions, Kep- 
ler acted like any scientist today who attempts 
to explain experimental findings in terms of 
simple mathematical laws rather than mere 
tables of numbers. With mathematical laws we 
can not only reproduce observed data, but we 
can predict the results of observations not yet 
made. Furthermore, mathematical laws are 
easier to remember and to communicate than 
mere tables of numbers. 

In his first book Kepler described his attempts 
to understand why there were precisely six 
planets in the solar system. He established a 
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21-8 Kepler's law of planetary orbits was based on the five regu- 


lar solids. According to the law, a sphere, with a radius 
equal to that of the orbit of Saturn, is circumscribed about 
a cube (a). A sphere inscribed within this cube has a ra- 
dius equal to the radius of the orbit of Jupiter. 

In (b) the sphere of the orbit of Jupiter is shown with a 
tetrahedron inscribed. A sphere inscribed within the tetra- 
hedron gives the radius of the orbit of Mars. 

In (c) the sphere for Mars has a dodecahedron inscribed. 
A sphere inscribed within that gives the orbit of the earth 
(d}. 

We may continue this process of alternate inscribing of 
spheres and regular solids, using the icosahedron (20- 
sided) and the octahedron. These will give us the orbits of 
Venus (e) and of Mercury (f), which is on a sphere inscribed 
inside the octahedron. Kepler considered the five solids as 
bridging the intervals between planetary orbits. Since 
there are only five regular solids, Kepler believed there 
could be only six planets. 


connection between the six orbits and the five 
regular geometrical solids* (Fig. 21-8). From 
this construction he obtained ratios of radii 
agreeing fairly well with the values then known 
for the planetary orbits. 

Kepler was ecstatic. He wrote, ‘‘The intense 
pleasure I have received from this discovery can 
never be told in words. I regard no longer the 
time wasted; I tired of no labor; I shunned no 
toil of reckoning, days and nights spent in cal- 
culation, until I could see whether my hypoth- 


* By a regular solid body we mean a symmetrical body with 
equal flat faces. Only five kinds of regular solid bodies can 
be constructed. 
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esis would agree with the orbits of Copernicus, 
or whether my joy was to vanish into air.” 

The relation between the radii of planetary 
orbits is typical of the kind of result Kepler set 
out to achieve with Tycho’s data. It often hap- 
pens. however, that even the prettiest correla- 
tion of the data turns out to have no deep mean- 
ing in explaining the nature of things. Today 
this discovery of Kepler’s is all but forgotten. 
His system is destroyed by the fact that there 
are more than six planets. But a seventh planet 
was not discovered until many years after his 
death. 

Kepler discovered other mathematical rela- 
tions, relations which have survived the test of 
later observations. He began his great analysis 
of Tycho’s data with an exhaustive study of the 
motion of Mars. On what sort of curve had 
Mars moved during the twenty years of Tycho’s 
observations? Observations of planetary posi- 
tions had of necessity been made from the earth. 
Would Mars move in a simple curve if one imag- 
ined the earth to be at rest, or if one imagined 
the earth to be in motion as Copernicus be- 
lieved? Kepler adopted the Copernican idea 
that the earth spun about its axis while moving 
in an orbit about the sun. Following tradition, 
he first tried a system of circles moving on circles 
to obtain possible orbits. He made innumer- 
able attempts, each involving long and labori- 
ous calculations. He had to translate each of 
Tycho’s measurements of the angle between 
Mars and the fixed stars into a position of the 
planet in space with respect to a fixed sun about 
which the earth itself was moving. 

After about seventy trials using the “eccentric 
circle” type of orbit, Kepler found one scheme 
which agreed fairly well with the facts. Then, to 
his dismay, he found that this curve, when con- 
tinued beyond the range of the data he had used, 
disagreed with other observations that Tycho 
had made of Mars’ position. 

The disagreement between Tycho’s data and 
Kepler’s calculations was about &, of a degree. 
(This is the angle through which the second 
hand on a watch moves in about 0.02 second.) 
Might not Tycho have been wrong by this small 
amount? Could not the cold of a winter’s night 
have numbed his fingers or blurred his observa- 
tions? Kepler knew Tycho’s methods and the 
painstaking care he took. Tycho could never 


21-9 Kepler's law of equal areas. Mars travels along its orbit 


with varying speed, moving fastest when it is closest to the 
sun. Kepler found that for equal time intervals, tg — ty = 
t, — ts, the areas swept out by a line between the sun and 
the planet were equal (area B = area A). In the drawing, 
the elongation of the ellipse has been exaggerated to illus- 
trate the equal-area law more clearly. 


have been wrong even by such a small amount. 
Thus, on the basis of Tycho’s data, Kepler re- 
jected the curves he had constructed. What a 
tribute this was to the experimental skill of 
Tycho Brahe! 

Saying that “upon this eight minutes [he] 
would yet build a theory of the universe,” Kep- 
ler began again. Discarding the ancient and 
cherished belief in uniform motion, he con- 
sidered possible changes of the speed of a planet 
as it moved in its orbit about the sun. He now 
made his first great discovery. He found that a 
line from the sun to a planet sweeps out equal 
areas in equal times. This has come to be 
known as Kepler’s second law (Fig. 21-9). 

After the discovery of his second law, Kepler 
finally abandoned his attempts to construct 
planetary motions out of combinations of uni- 
form circular motions and began to try various 
ovals as possible orbits. After many more 
laborious calculations, he finally achieved one 
of his most important results—his so-called first 
law. Each planet, he found, moves in an ellip- 
tical orbit with the sun at one focus. Imagine 
Kepler’s delight. After years of effort, he had 
finally found a simple curve which described the 
motions of planets. 

Kepler then set to work to find a connection 
between the size of a planet’s orbit and its 
period, the time of one revolution of the planet 
about the sun. After many trials he found the 
precise relation for which he was searching: for 
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TABLE | 
Kepler’s Third Law 


RADIUS R OF MODERN VALUES 


ORBIT OF PLANET PERIOD T R3/T? r3/72 

PLANET IN A.U. IN DAYS IN (A.U.)3/(DAY)? IN M3/SEC2 
Mercury 0.389 87.77 7.64 x 10-6 3.354 x 1018 
Venus 0.724 224.70 7.52 3.352 

Earth 1.000 365.25 7.50 3.354 

Mars 1.524 686.98 7.50 3.354 
Jupiter 5.200 4,332.62 7.490 3.355 

Saturn 9.510 10,759.20 7.430 3.353 


The values of the orbits and periods in this table are those used by Kepler. In Kepler’s day, the radii were known only 
in terms of the radius of the earth’s orbit. The radius of the earth’s orbit is called an astronomical unit (A.U.) of length. 
The nearly constant values of R3/T? illustrate Kepler’s third law. The last column is based on accurate modern mea- 
surements of the orbits and periods. 


TABLE 2 
The Solar System 
PERIOD OF MEAN RADIUS PERIOD OF 
MASS RADIUS ROTATION OF ORBIT REVOLUTION 
OBJECT (KILOGRAMS) (METERS) (SECONDS) (METERS) (SECONDS) 
Sun 1.98 x 103° 6.95 x 108 2.14 « 108 — — 
Mercury 3.28 « 1023 2.57 « 108 7.60 x 108 5.79 « 101° 7.60 « 108 
Venus 4.83 x 1024 6.31 x 108 2.6 « 109(?) 1.08 « 1011 1.94 « 107 
Earth 5.98 x 1024 6.38 « 108 8.61 x 104 1.49 « 101! 3.16 x 107 
Mars 6.37 « 1023 3.43 « 108 8.85 « 104 2.28 « 1011 5.94 x 107 
Jupiter 1.90 x 1027 7.18 x 107 3.54 x 104 7.78 « 1011 3.74 « 108 
Saturn 5.67 x 1026 6.03 x 107 3.60 x 104 1.43 « 1012 9.30 « 108 
Uranus 8.80 « 1025 2.67 « 107 3.88 x 104 2.87 « 1012 2.66 « 10° 
Neptune 1.03 « 1026 2.48 « 107 5.69 x 104 4.50 « 1012 5.20 « 109 
Pluto ? ? 2 5.9 x 1012 7.82 « 109 
Moon 7.34 « 1022 1.74 x 108 2.36 x 108 3.8 x 108 2.36 x 108 


all the planets the ratio of the cube of the radius 
of the orbit to the square of the period is the 
same.* Once he happened upon this ratio, the 
regularity was striking. (See Table 1.) The 
constancy of the ratio R3/T? is called Kepler’s 
third law. 

With this triumph Kepler wrote, “. . . what 
sixteen years ago I urged as a thing to be sought 
... that for which I joined Tycho Brahe. . . at 


*The radius R of an orbit is defined by taking one half the 
sum of the shortest and longest distances between the sun and 
the planet. Because the planetary orbits are not very different 
from circles, the distance from the sun to any point on a 
planetary orbit will do for most purposes. 


last I have brought to light and recognize its 
truth beyond my fondest expectations.... The 
die is cast, the book is written to be read now or 
by posterity. I care not which—it may well wait 
a century for a reader as God has waited six 
thousand years for an observer.” 

Kepler had carried astronomy through a mo- 
mentous advance. He had translated the mag- 
nificent tables of data of Tycho Brahe into a 
simple and comprehensive system of curves and 
rules. Kepler’s system earned him the title 
“Legislator of the Heavens.” 

Here are statements of Kepler’s three laws: 

I. Each planet moves in an elliptical path 
with the sun at one focus. 
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21-10 Approximate orbits of the principal planets. (The orbits of 


~ them to be ellipses. 
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Mercury and Venus are too small to show on this drawing.) 
They are very nearly circles, except for Pluto, and are in al- 
most the same plane. Only careful measurements show 
The orbits of Pluto and Mercury are 
the most elliptical, and the plane of Pluto’s orbit makes an 
angle of about 17° with the planes of the other orbits. In 
the figure, the portion of Pluto's orbit below the plane of 
the paper is shown by a dashed line. 


The orbits of the known planets as seen from an angle. 
approximately the same plane. 
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II. The line joining the sun and the planet 
sweeps out equal areas in equal times. 


. R3 
III. The ratio 3 


If this constant ratio is called K, the third law 
may be written 


is the same for all planets. 


R3 
T= K. 

Kepler’s three laws give a more accurate rep- 
resentation of the planetary orbits than had 
been obtained from either the Ptolemaic or the 
Copernican system with all their complexity of 
circles moving on circles. 


Kinematic Description and the 
Dynamical Problem 


Kepler’s laws are the kinematics of the plane- 
tary system. They give a simple, accurate de- 
scription of the motions of the planets, but they 
do not provide an explanation of the motions in 
terms of forces. Ptolemy’s description of plane- 
tary motion is also kinematics. What is the 


Notice that all but the outermost planet, Pluto, revolve about the sun in 
In this figure the orbit of Mercury is too small to show. 


— Ja 
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Pluto 
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1-12 The approximate sizes of the planets compared to the sun. 


The total mass of all the planets equals only 1.34 « 10-3 
of the sun's mass. 


TABLE 3 
A Scale Model of the Solar System 


It is impossible to show in a small drawing both the 
relative sizes and the distances of the planets on the 
same scale. The following table gives some idea of 
the relative sizes and distances in terms of common 
objects. To get the true dimensions of the solar system, 
every dimension should be multiplied by 4.4 x 109. 


OBJECT IN THE OBJECT IN THE DISTANCE 
SOLAR SYSTEM MODEL FROM “SUN” 
Sun basketball 

Mercury half a pinhead 13m 
Venus appleseed 25m 

Earth appleseed 34m 

Mars small appleseed 52m 
Jupiter golf ball 180 m 
Saturn Ping-Pong ball 320 m 
Uranus a marble 0.65 km 
Neptune a marble 1.0km 

Pluto ? 1.3km 
Nearest star basketball 8 x 103 km 


essential difference in the two kinematic de- 
scriptions? 

Both descriptions are reasonably accurate. 
Each allows us to predict where we shall see a 
particular planet at a given time. The difference 
lies in the point of view. Kepler’s description 
appears simpler to us. He followed Copernicus 
in choosing the fixed stars as a framework with 
respect to which the planetary motions are 
specified, and like Copernicus he used the sun as 
the origin from which to measure the planetary 
positions. It is simpler to describe planetary 
motions using the sun as the origin than it is to 
describe the motions as seen from the earth, and 
we can conclude from this simple description 
what the planetary motions must look like when 
viewed from earth. 

On the other hand, there is nothing wrong in 
describing the motion directly, using the earth 
as the origin. It is merely difficult and confusing 
because the motions we see look complicated 
and irregular. Convenience—not principle— 
determines the frame of reference and origin we 
use in kinematics. 

The situation is like that of a man on the 
ground watching the motion of a point on the 
edge of the wheel of a car (Chapter 6). He sees 
the point move on a cycloidal path with a speed 
that varies periodically from zero to a maximum 
value. On the other hand, a man who describes 
the motion with respect to the axle of the wheel 
finds that the point moves at constant speed 
around a circle. Both men are right; and if we 
take account of the motion of the axle with re- 
spect to the ground, the two descriptions are 
equivalent. In just the same way, geocentric 
and heliocentric descriptions of the planetary 
systems can be equivalent, as are the systems of 
Tycho Brahe and of Copernicus (Fig. 21-6 and 
21-7); and which we adopt is a matter of con- 
venience. For navigation, for example, the 
earth-centered view is preferable—we don’t 
care how simple the motions would appear from 
the sun. We want to know where we are when 
we see the planets in certain directions at a cer- 
tain time. Consequently, the geocentric lan- 
guage is used in celestial navigation of ships and 
airplanes today. 

When we wish to explain planetary motions, 
however, the situation is different. In the first 
place we should certainly suspect that the 
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dynamical explanation will be easier to arrive at 
and to understand, the simpler the description 
of the motion. In the second place, we already 
know that Newton’s law of motion applies only 
in certain frames of reference. Even the uni- 
form motion that goes on in the absence of a net 
force On an object will not look uniform to an 
observer who spins around like a top. In this 
case we know that complicated fictitious forces 
will appear, and then we cannot find a simple 
dynamical explanation. Consequently, in mak- 
ing the transition from kinematics to dynamics, 
it is important to find a preferred frame of refer- 
ence where fictitious forces do not confuse us. 

To explain planetary motion dynamically, we 
need to choose an appropriate frame of refer- 
ence. Can we choose that frame so that the 
earth is at restinit? To this question the answer 
seems to be “no.” In any such frame, the mo- 
tions of the planets imply irregular forces and 
no dynamical explanation has been found. We 
can only retire to the Aristotelian view that 
planets are different from other matter and be- 
have according to their own special laws of 
motions. 

The Ptolemaic system was appropriate to this 
Aristotelian view. It also fitted with a geocen- 
tric dynamics for earthly objects. It led to the 
idea that the orbits of the planets should appear 
simplest when viewed with the earth as center 
(and not around some other point). The greater 
simplicity of the planetary orbits in Kepler’s 
heliocentric description thus undermines the 
whole Aristotelian picture. 

In the heliocentric system, on the other hand, 
the earth becomes a planet like other planets. 
Then there is no reason left to have a special 
geocentric dynamics. Instead we can look again 
for a single dynamics that includes the motions 
of objects on the earth and of all the planets 
including our own. Indeed the heliocentric 
view provided the clue from which we have con- 
structed a dynamical explanation of planetary 
motion. 

In the rest of this chapter we shall see how the 
heliocentric system fits in with the new dynam- 
ics of Galileo and Newton. There we shall 
follow in the footsteps of Newton. With the 
heliocentric description and a frame of reference 
tied to the fixed stars, we shall find that a simple 
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law of force between chunks of matter leads to 
the observed planetary motions. It explains 
them on the basis of the same dynamics that 
applies here on earth. Since the time when this 
law of gravitational force was postulated by 
Newton, it has also been experimentally tested 
for small pieces of matter here on earth. It is 
valid here as well as through astronomical dis- 
tances. Thus the search for a dynamics in which 
motions here and in the heavens are of just the 
same kind was successful. On a geocentric 
picture no such unified explanation is available. 


Newton 


Isaac Newton was born in 1642, the year Galileo 
died. He brought together the discoveries of 
Copernicus, Kepler, Galileo, and others in 
astronomy and indynamics. To these he added 
his own findings and fused them into a structure 
that still stands today, one of the greatest 
achievements of science. So profound and clear 
was his understanding, that he was able to apply 
the laws of motion successfully to an astonish- 
ing number of phenomena, from the movement 
of the planets to the rise and fall of the tides. 

Between the time of Kepler and that of New- 
ton a great change had taken place in scientific 
thought. After Galileo’s work the feeling grew 
that there were universal laws governing the 
motion of bodies and that these laws might 
apply to motion in the heavens as well as on 
earth. The scientific discussions in the Royal 
Society of London often centered about the 
question, “What sort of force does the sun exert 
on the planets which causes the planets to move 
according to the laws which Kepler has dis- 
covered?” With Kepler’s laws as a guide New- 
ton answered this question. He created a plane- 
tary dynamics which was so successful that for 
many years scientists complained that nothing 
was left to be done. 

Newton’s first effort to understand the motion 
of celestial bodies was directed toward a study 
of the motion of the moon. Newton knew that 
if no force acted on the moon it would move ina 
straight line with constant speed. However, as 
viewed from the earth, the moon follows a 
nearly circular path. Consequently, there must 


be an acceleration toward the earth and a force 
which produces it. He stated: 

“Nor could the moon without some such 
force be retained in its orbit. If this force was 
too small, it would not sufficiently turn the 
moon out of a rectilinear course; if it was too 
great it would turn it too much and draw the 
moon from its orbit toward the earth.” 

What is the force that causes the moon to 
move about the earth? Newton said that the 
answer came to him while he was sitting in a 
garden. He was thinking about this problem 
when an apple fell to the ground; the force 
which the earth exerted on the apple might, he 
thought, also be exerted on the moon. The 
moon might be a falling body. 

In Chapter 20 we calculated the acceleration 
of the moon toward the earth and found it to be 
about 2.7 x 10-3 m/sec?, nowhere near the 
value of 9.8 m/sec? which is the acceleration of 
a falling body at the earth’s surface. Newton 
carried out essentially the same calculation. At 
first he did not have available a very accurate 
value for the radius of the moon’s orbit. He did 
know, however, that it was about sixty times the 
radius of the earth; and, using a rough value for 
the earth’s radius, he could obtain the radius of 
the moon’s orbit and calculate the moon’s accel- 
eration. When he found out how small the 
acceleration of the moon is, Newton must have 
asked himself questions like these: Why is the 


I-13 Sir Isaac Newton. 
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acceleration of a falling body so much greater 
than that of the moon? Does the force with 
which the earth attracts a body decrease as the 
body gets farther and farther away? Ifso, what 
is the exact relation between the force and the 
distance of separation? 

Newton had assumed that the earth pulled on 
the moon in the same general way that it pulled 
on the falling apple. If this assumption was to 
be retained, any postulated law of force would 
have to explain the acceleration g of a body at 
the earth’s surface and the much smaller value 
of the acceleration of the moon. Newton ex- 
plained many years later that he was led to the 
correct force law by working backward from 
Kepler’s third law. He temporarily left the 
forces that were exerted by the earth and con- 
sidered instead the forces exerted by the sun on 
the planets, the centripetal forces which kept the 
planets moving in their orbits. Newton wanted 
to know how the force on a planet varied with 
the radius of the planet’s orbit. We shall now 
see how this force may be calculated. 

One of Kepler’s triumphs was his description 
of planetary orbits as ellipses. But the plane- 
tary orbits are nearly circular, and for simplicity 
we shall approximate them as circles with the 
sun at their common center. Let us consider a 
planet moving around the sun with a period T 
in a circular orbit of radius R. As we learned in 
Section 20-5, the centripetal acceleration of a 
planet or any object moving uniformly around 


aes . Therefore the centripetal 


a circle isa = 
force on the planet must be 


m4q2R 


F=ma= tT? 


where m is the mass of the planet. This is the 

force that acts on the planet. 
In order to eliminate the period T and express 
the force as a function of R and m alone, New- 
R3 R3 


> ‘ ANe 2 
ton used Kepler’s third law Ti K, or T2= K 
On substituting R* for T2 in the equation F = 


K 
wee we find the force on the planet is 


m 
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The gravitational force exerted by the sun on a planet is 
proportional to the mass of the planet and inversely pro- 
portional to the square of its distance from the sun. 


The force is proportional to the mass of the 
planet and inversely proportional to the square 
of the distance from the sun (Fig. 21-14). 

Eventually Newton was able to show that any 
body moving under the action of this force must 
move in an elliptical orbit with the sun at one 
focus and that the line connecting the sun with 
the body will sweep out equal areas in equal 
times. Furthermore, we know from the method 
by which we found the force that Kepler’s third 
law will follow from it. The whole system of 
planetary motion described by Kepler’s law, 
therefore, follows from this law of force and 
Newton’s law of motion.* 


Universal Gravitation 


Notice that the factor (472K ) in the law of force 
between the sun and a planet enters the equa- 
tion from the law of periods. It applies to any 
planet of any mass on any orbit around the sun. 
Therefore, (472K ) depends only on the proper- 
ties of the sun; it measures the strength of the 
sun as the source of the force of attraction. 

The force between the sun and a mass m is 


* Huygens and Hooke also used Kepler’s third law and New- 
ton’s law of motion to infer that F is proportional to 1/R2, but 
they did not show that Kepler’s other laws then followed. 
Newton provided the law of motion. found the law of force, 
and also showed that it resulted in Kepler's description of 
planetary motions. 


p= (a K)m 


R2 


where 472K, refers to the sun and R is the dis- 
tance between the sun and the mass m. Perhaps 
the force between the earth and a mass m is 


p _ (An?Keym 
2 > 


R 
where (472K) is the strength of the earth as a 
source of gravitational attraction and R is now 
the distance between the earth and the mass m. 
With such ideas Newton returned to the prob- 
lem of the moon’s motion about the earth. 
Measuring R from the center of the earth, the 
value of the gravitational field strength g (the 
acceleration of a mass falling at the earth’s 
surface) is then 
_ F _ (4m?K,) 
fo i RS 
where R, is the radius of the earth, the distance 
between the center of the earth and a mass mat 
its surface. Also, the value of the gravitational 
field strength at the distance of the moon, which 
is the acceleration of the moon toward the 
earth, is 
_ (47?K.) 
m— Rm?” 
where Ry is the distance from the center of the 


earth to the center of the moon. On dividing 
this equation by the last one we get 


Qn _ R.? R.? 


§ Rn? 


Since Newton knew that ae is about 1/60 and g 
m 


is 9.8 m/sec2, he found that a, = 2.7 « 10-3 
m/sec?. This is about the same value of a, that 
he obtained from the radius and period of the 
moon (Section 21-7). 

Now Newton had obtained the acceleration 
of the moon in two different ways: from R,, and 
the period of the moon’s motion without any 
reference to the inverse-square law of force, and 
from g at the earth’s surface by using the in- 
verse-square law in the ratio (Re/Rm)*. The ap- 
proximate agreement of the values he obtained 
gave him support for the idea that the force be- 
tween earth and moon was of the same kind as 
that between the sun and the planets. They 


were both gravitational forces like the force on 
the falling apple. 

Newton probably did not show that all of 
Kepler’s laws follow from the law of gravita- 
tional force until several years after his original 
discoveries. But he discovered the law of force 
and applied it to the problem of the moon when 
he was twenty-four years old. Of this period 
Newton later wrote: “And the same year I be- 
gan to think of gravity extending to ye orb of the 
Moon, and... from Kepler’s Rule (third law) 
. . . | deduced that the forces which keep the 
Planets in their Orbs must (vary) reciprocally as 
the square of their distances from the centers 
about which they revolve: and thereby com- 
pared the force requisite to keep the Moon in 
her Orb with the force of gravity at the surface 
of the earth, and found them to answer pretty 
nearly. All this was in the two plague years of 
1665 and 1666, for in those days I was in the 
prime of my age for invention, and minded 
Mathematicks and Philosophy more than at any 
time since.” 

Newton certainly suspected that the inverse- 
square law of attraction applied not only to the 
sun and planets, not only to the earth and moon, 
but also to any two chunks of matter. This sus- 
picion leads immediately to the question: What 
property of a body determines its gravitational 
attraction for other masses? What property of 
the earth determines how large 477K, is for the 
earth? What determines 472K, for the sun? 
Perhaps 472K depends on a new property of a 
body; but if gravitational attraction is a prop- 
erty of all bodies, it is reasonable to suppose that 
472K depends on the quantity of matter in the 
body. The simplest assumption is that 472K is 
proportional to the mass of the body. Then 
4n2K. = Gm, for the earth, and 472K, = Gm, 
for the sun, where G is the proportionality factor 
between 472K and m for any body. 

Newton made this assumption. With it, the 
magnitude of the gravitational force of attrac- 
tion that a body of mass my, exerts on a body of 
mass mz at a distance R becomes 

Fi_2 = (4m? Ky) 53 — Gm, ae 
Furthermore, because every mass attracts every 
other piece of matter gravitationally, the mass 
mz also exerts a gravitational force on m,. Since 
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( : Fo_) 
Fi_o 


21-15 The force of gravitation exerted by m, on mz is equal and 


opposite to the force exerted by mz on m. 


4n2Ky = Gme, the magnitude of this force of 
attraction exerted by mz on my, is 


Fo_4 = (4n?K) 73 — Gmo2 RE 


Therefore, the two forces are equal in magni- 
tude, although they are opposite in direction 


(Fig. 21-15). The expression F = oa for 


the magnitude of the attraction summarizes 
Newton’s law of universal gravitation: any two 
bodies attract each other with forces propor- 
tional to the mass of each and inversely propor- 
tional to the square of the distance between 
them. The universal gravitational constant, G, 
does not depend on what objects are considered, 
where they are, or what their state of motion 
may be. 

We do not know in detail how Newton ar- 
rived at the law of universal gravitation. In 
addition to the reason that we have given to 
make the law plausible, a number of other con- 
siderations may have suggested the same result. 
For example, as we shall see in the next chapter, 
Newton eventually assumed that the forces of 
interaction between two bodies are always equal 
and opposite, and he may already have had this 
idea in mind when he formulated the law of uni- 
versal gravitation. Whatever the steps by which 
Newton was led to the law of universal gravita- 
tion, the law eventually stands or falls by the 
consistency between the predictions we can 
make from it and the actual behavior of the 
universe. On the basis of this law Newton was 
able to take great strides in building up a theo- 
retical system of the universe. 
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21-9 Some of Newton’s Later 
Accomplishments 


Newton applied the law of universal gravitation 
to a wide variety of problems. As we men- 
tioned previously, he derived all three of Kep- 
ler’s empirical laws from the law of universal 
gravitation. He then examined the tides and 
explained them on the basis of the gravitational 
force exerted by the moon, both on the earth 
and on the oceans. He began to analyze the 
small irregularities (perturbations) of planetary 
orbits. These small deviations of the planets 


from their predicted elliptical paths can be ex- 
plained by the small gravitational interactions 
among the planets themselves. Not only is the 
earth attracted by the sun, but also in varying 
degree it is attracted by each of the other 
planets. These attractions are relatively small 
because of the small masses of the planets in 
comparison with the mass of the sun; but their 
effects can be observed and they are predicted 
correctly by Newton’s theory. 

Later this perturbation theory led to the dis- 
covery of a new planet. In the nineteenth cen- 
tury seven planets were known. Of these, the 


21-16 A page from Newton's ‘'Philosophiae 
Naturalis Principia Mathematica'’ (Lon- 
don, 1687). The periods of revolution 
of the four largest moons of Jupiter are 
given at the top of the page. The table 
gives the radii of the orbits of the moons 
as measured by different observers. The 
bottom line of the table gives the radii as 
calculated from the periods using Kep- 
ler's third law. 


Setelitums terapora periodica, 
id.18h.283, gdeaghiz'2. zd gh.so'. 16d, 18h. 5’ 
Diftantia Satellitum a centro Fovis. 
Ex Obfervationibus 1. 


| _t {2 | 3 4 
Caffini 5° 8. 13.23. . 
Borelli_ 5s; | 83 |t4 = [242 
Tounlei per Micromet 5958s 878. 13547. 124578. \Semidiam. 
Flamftedui per Microm.| 5,31, | 8,85. 113,98. i 


: 4323. | Jovis. 
Flamnt.per Eclipf Sate! 5,578) 8,856.14,159.124,90 | 


Ex temporibus periodicis:. $4578.| 8,878.[14,168.124,968. 
Hypoth. VI. Planetas quingue primarios Mercurium, Venerem,Mer 
ai ise 


x Saturnum Orbibus fuis Solem cingere. 

Mercurium & Venerem ciyca Solem revolvi ex eorum phafibus 
lunaribus demonftratur, _Plend facie lucentes ultra Solem fiti funt, 
dimidiata ¢ regione Solis, falcata cis Solem; per difcum ejus ad mo- 
dum macularum nonnunquam tranfeuntes. Ex Marcis quoque 
plena facie prope Solis eonun¢tionem, & gibbofa in quadraturis, 
certum eft quod is Solem ambit. De Jove etiam & Saturno idem 
ex corum fart ferper plenis demonftrarur. 

Hypoth. VI. Planetarum quinque primariorum, t (vel Solis cir- 
ca Terram vel) Terre circa Solem tempora periodica effe in ratione fef- 
quialtera mediocrium dyftantiarum a Sole. 

Hc a Aree inventa ratio in confeffo eft apud omnes. Ea- 
dem utique func tempora periodica, exdemg; orbium dimenfiones, 
five Planetz circa Terram,five iidem circa Solem revolvantur. Ac 
de menfura quidem temporum periodicorum convenit inter Aftro- 
nomos univerfos. Magnitudines autem Orbium Keplerus & Bul- 
haldus omnium diligenaffime ex Obfervationibus detetmainaverunt: 
& diftantiz mediocres, qu temporibus periodicis refpondent, non 

Aaa 2 diffe- 
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original six behaved well; but the seventh, 
Uranus, which had been discovered by Herschel 
in 1781, did not act quite as expected. When the 
perturbations of its orbit by the other planets 
had been computed, the result did not agree 
with the details of the observed motion. The 
astronomers Adams and Leverrier arrived in- 
dependently at the conclusion that there must 
be another yet undiscovered planet (still farther 
away from the sun but close enough to influence 
the motion of Uranus); and on September 23, 
1846, the astronomer Galle found the new 
planet where Leverrier had told him to look. 
This new planet was named Neptune. 

Among the many other problems to which 
Newton applied the law of universal gravitation, 
one is of particular interest to us. It concerns 
the calculation of the acceleration of the moon 
from the inverse-square law of force and the 
value of g at the surface of the earth (Section 
21-8). When he originally performed this cal- 
culation, Newton used the distances R, and Ry, 
from the center of the earth. Although the cen- 
ter of the earth is a natural place from which to 
measure R, Newton was not sure that it was the 
right place. Because he suspected that the in- 
verse-square law of attraction applied to any 
two pieces of matter, Newton thought that the 
gravitational attraction of the earth for an ob- 
ject should be the resultant of the forces attract- 
ing it toward each piece of matter in the earth. 

The different pieces of matter in the earth are 
located at various distances from an object at 
the earth’s surface. Do they, all acting together, 
produce the same force on this object that they 
would produce if all were concentrated at the 
center of the earth? Does the force fall off as 
1/R2 even close to the surface of the earth? 
Before he would be satisfied, Newton had to 
solve the mathematical problem of adding up 
all the forces arising from all the pieces of 
matter of which the earth is made. He had to 
prove that this vector sum gave the inverse- 
square law of force outside the surface of the 
earth. 

Now we can solve this problem by applying 
an elegant mathematical theorem; but in New- 
ton’s time this theorem and its basis were un- 
known. Newton himself invented the mathe- 
matics (now called the calculus) necessary to 
solve this and similar problems. When he 
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obtained the answer it turned out that his orig- 
inal assumption was correct. When the forces 
from each piece of matter fall off as the square 
of the distance, spherical bodies do attract one 
another as though the entire mass of each were 
concentrated at its center. Newton was de- 
lighted. 


Laboratory Tests of the Law of 
Universal Gravitation 


The direct way to see if Newton’s law of uni- 
versal gravitation is consistent with the behavior 
of all matter is to measure the gravitational 
forces between chunks of matter in the labora- 
tory. We should find the gravitational! attrac- 
tion between two masses and measure the force 
on each; we should use objects of various ma- 
terials to see that the mass alone determines the 
attraction. If the law were found to be con- 
sistent with our measurements, we would then 
naturally evaluate the universal constant of 
proportionality G. 

Such experiments are difficult. Even when 
two stones are placed close together, they do not 
attract each other noticeably. With a crude 
estimate of G we cansee why. According to the 
law of universal gravitation, the gravitational 
force on a mass m at the surface of the earth is 


mem 


PiGrns 


The gravitational field strength g is therefore 


F_gime 


m” — R,2° 


g= 


In this equation we know g; it is 9.8 m/sec?. We 
know the radius of the earth Re = 6.38 x 106 
meters; and Newton knew an approximate 
value for it. To determine G, therefore, we 
need only to estimate the mass of the earth. 
Newton made such an estimate. He guessed 
a reasonable value for the average density of the 
earth, about five times the density of water, and 
multiplied it by the volume of the earth. The 
mass of the earth is then estimated as about 
6 x 1024 kg; and the order of magnitude of G is 


10-10 ee We now know G accurately. It is 


kg-sec 


374 Chapter 21 + UNIVERSAL GRAVITATION AND THE SOLAR SYSTEM 


; & 


7m) 


21-17 A simplified diagram of the apparatus used by Cavendish 


to verify the law of universal gravitation for small objects 
and to measure the gravitational constant G. 


G = 0.667 x 10-10 a Applying this re- 


sult to two stones 0.1 m apart and each of | kg 
mass, we find that their gravitational attraction 
should be about 10-8 newtons, about one bil- 
lionth of the force pulling them toward the 
earth. Newton also concluded that “the gravi- 
tation [between such stones] must be far less 
than to fall under the observation of our senses.” 
He therefore directed his attention to the calcu- 
lations about the gravitational interactions of 
the planets and their satellites which we men- 
tioned in the last section. 

One hundred years later, in 1798, Lord 
Cavendish succeeded in measuring the gravita- 
tional interaction of laboratory-sized objects. 
The apparatus he used is diagramed in Fig. 
21-17. Two small spheres were mounted on 
opposite ends of a light rod 2 meters long. This 
rod hung horizontally with its center below a 
fine vertical wire from which it was suspended. 
At the ends of the rod and on the side of the case 
which contained the apparatus, Cavendish 
mounted ivory rulers with which to measure the 
position of the rod. When Cavendish placed 
two large masses near the small spheres at the 
ends of the rod, the small spheres were attracted 
toward the big masses and the wire suspension 
twisted. 


Cavendish recorded the position of the rod 
with the suspension twisted when the big masses 
were located as shown in Fig. 21-17. Then he 
moved each of the large masses to the symmet- 
rical position on the other side of the little 
spheres. The gravitational attraction twisted 
the suspension in the opposite direction, and he 
measured the new position. By measuring the 
changes in position when known forces were 
applied to the small balls, Cavendish could find 
the strength of the gravitational forces between 
the small balls and the large masses.* 

Actually Cavendish performed numerous ex- 
periments. He had to evaluate possible extra- 
neous effects, such as convection currents in the 
air due to slight temperature differences. He 
wanted to make sure that he was not measuring 
magnetic forces by mistake. He needed many 
determinations to make sure that his results 
were reproducible and to determine their ac- 
curacy. With these experiments Cavendish 
determined G. He expressed his answer in 
terms of the mean density of the earth, which he 
found to be close to 54 times that of water, very 
close to Newton’s estimate. 

By using different substances for the various 
objects, we can modify the Cavendish experi- 
ment to show that the masses alone determine 
the gravitational attraction. By changing the 
relative positions of the small and large masses, 
we can check up on the inverse-square law at 
laboratory rather than planetary distances. 
Many modifications of the Cavendish experi- 
ments have been carried out, and so far New- 
ton’s law of universal gravitation is consistent 
with all of them. 


* The force at various twists of the suspension can be found 
dynamically by taking away the large masses and letting the 
rod carrying the small balls swing horizontally, twisting and 
untwisting the wire suspension. The motion of the rod then 
depends on the known masses of the small balls and on the 
forces exerted on them by the twisted suspension. The size 
of these forces can therefore be determined from the motion. 
Now consider the whole system at rest with the large masses 
in position. The net force on each ball must be zero; but the 
suspension is twisted because of the gravitational forces be- 
tween the large masses and the balls on the rod. The net force, 
zero, is the resultant of the gravitational force and the force 
exerted by the twisted suspension. The gravitational force is 
therefore equal in magnitude and opposite in direction to the 
force exerted by the suspension. Since we now know the 
force exerted by the suspension, we also know the gravita- 
tional force. 


21-18 The sketch of the Cavendish apparatus 


a 
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which appeared in Cavendish’s original 
paper. The two large masses are 
labeled W and the small masses x. No- 
tice that the whole device is mounted in 
a large case G with outside controls to 
move the weights and adjust the hori- 
zontal rod. Scales at A near the ends of 
the rod were illuminated by the lamps L 
and observed through the telescopes T. 


A Small Discrepancy 


Three centuries have passed since Newton’s 
work on gravitation. During that time the law 
of gravitation has been tested through the most 
detailed calculations of the motion of the 
planets and their moons. In almost every case, 
the calculations have predicted orbits which are 
in agreement with actual observation. There is, 
however, one exception: an extremely small 
irregularity in the orbit of the planet Mercury 
which is not predicted by Newton’s law of gravi- 
tation. Even though the discrepancy is minute, 
an improved theory is needed to explain it. 
Such a theory was provided by Albert Ein- 
stein in his general theory of relativity. At the 
heart of his theory lies the remarkable equiva- 
lence of gravitational and inertial mass. Ein- 
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stein welded them into one entity. His theory is 
built upon the theory of Newton, just as New- 
ton’s theory was built on the work of Galileo 
and Kepler. Out of it come all the results of 
Newton’s theory (but the calculations are more 
difficult). Actually, when we say it gives the 
same results, we mean that the differences be- 
tween the predictions of Einstein’s gravitational 
theory and Newton’s mechanics are usually so 
small that they cannot be observed. Only under 
exceptional circumstances are the predicted 
differences observable. Mercury’s orbit is one 
of these rare exceptions. Here Einstein’s pre- 
dictions of the orbit bring theory into accord 
with observation. 
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FOR HOME, DESK, AND LAB 


ace 


Three fireflies X, Y, and Z are ona moving bicycle 
at night. X is at the very center of one of the 
axles, which turns with the wheel. Y is on the 
rim of the wheel. Z is on the frame of the bike 
outside the circumference of the rim. Draw 
sketches and use a few words to describe the 
motions 

(a) of X and Y as viewed by Z. 

(b) of Y and Z as viewed by X. 

(c) of X and Z as viewed by Y. 

(d) of all three as seen by an observer standing 
near the bicycle. 


(a) In Fig. 21-4, what is the ratio of the greatest 
distance to the shortest distance between the 
earth and Mars? 

(b) What about Fig. 21-7 (a)? (Section 4.) 


The fixed stars go around in about one day as 
seen by an observer on the earth. About how 
long do the following revolutions appear to take? 

(a) The sphere of the fixed stars as seen by 
someone on the moon. (From the earth, we 
always see the same side of the moon.) 

(b) The earth about the moon as seen from the 
moon. 

(c) The sun as seen from the moon. Does the 
sun appear to rotate as if it were one of the fixed 
stars? Does it appear to rotate faster or slower? 
Remember that the earth and moon go around 
the sun once every year. 


Does Tycho Brahe’s geocentric system account 
for the fact that there is a maximum angle be- 
tween Venus and the sun as seen from the earth? 


The earth’s orbit around the sun is nearly circu- 
lar, and the moon moves in a nearly circular orbit 
around the earth. The radius of the earth’s orbit 
is 1.5 x 1011 meters, and that of the moon’s orbit 
is 4 x 108 meters. 

(a) How often is the moon between the earth 
and the sun? 

(b) How far has the moon moved around the 
sun in the interval between two successive times 
when the moon is between the earth and the sun? 

(c) Sketch the orbit of the earth going around 
the sun and on the same figure sketch the orbit 
of the moon going around the sun. 

(d) Does the moon show retrograde motion as 
seen by an observer at the sun? (Retrograde 
motion is motion like that shown in Fig. 21-2.) 


What area is swept out by Jupiter in making one 
fourth of a revolution around the sun? (See 
Table 2.) (Section 5.) 


How fast, in m2/sec, is area swept out by 
(a) the radius from sun to earth? 
(b) the radius from earth to moon? 


8.* Figure 21-10 shows the orbits of the planets about 


the sun. When does Pluto move (a) fastest? 
(b) slowest? (Section 5.) 


9.* Table | does not include Uranus, Neptune, and 


Pluto. What value do you predict for the ratio 
3 


R : 
T2 for each of these planets? (Section 5.) 


10.* If a small planet were discovered whose distance 


11. 


from the sun was eight times that of the earth, 
how many times longer would it take to circle 
the sun? (Section 5.) 


Between September 21 and March 21 there are 
three days fewer than between March 21 and 
September 21. These are the dates when day and 
night are of equal length, and between them the 
earth moves 180° around its orbit with respect to 
the sun. From this and Kepler’s law of equal 
areas, explain how you can determine the part of 
the year during which the earth is closest to the 
sun. 


12. Astronomers have observed that Halley’s comet 


has a period of 75 years and that its smallest dis- 
tance from the sun is 8.9 x 101° meters, but its 
greatest distance from the sun cannot be mea- 
sured because it cannot be seen. Use this infor- 
mation together with the second footnote in 
Section 21-5 to compute its greatest distance from 
the sun. (It was Newton who told Halley how to 
compute the orbit of a comet. Halley found and 
calculated the orbit and period of the comet that 
bears his name in the course of a general analysis 
he made of comets’ orbits.) 


13.* The radius of the moon’s orbit is 60 times greater 


than the radius of the earth. How many times 
greater is the acceleration of a falling body on the 
earth than the acceleration of the moon toward 
the earth? (Section 7.) 


14.* (a) Calculate K, from Table 2. 


(b) Using the value of K; from Table | and 
your answer to (a), determine the ratio of the mass 
of the earth to the mass of the sun. (Section 8.) 


15.* At what height above the earth’s surface will a 


rocket have half the force of gravitation on it that 
it would have at sea level? Express your answer 
in earth radii. (Section 8.) 


16. (a) At what height will a satellite moving in the 


_plane of the equator stay over one place on the 


equator of the earth? One way to get the answer 
is to compare this satellite with the moon, which 
is at 59.5 earth radii from the center of the earth 
and takes 27 days to go around the earth. 

(b) How fast is the satellite accelerating toward 
the earth? 

(c) Using the inverse-square law and g at the 
surface of the earth, find the gravitational field 


20. 


21. 


22. 


23. 


24. 


25. 


strength at the height of the satellite. Compare 
with your answer to (b). 


Find the weight of a 100-kg man on Jupiter. 


A 70-kg boy stands | meter away from a 60-kg 
girl. Calculate the force of attraction (gravita- 
tional) between them. 


A satellite circles the earth once every 98 minutes 
at a mean altitude of 500 km. Calculate the mass 
of the earth. The masses of planets are actually 
calculated from satellite motions, and one reason 
for establishing artificial earth satellites is to get 
a better value for the mass of the earth. 


(a) If Tis the period of a satellite circling around 

just above the surface of a planet whose average 

density is p, show that p7? is a universal constant. 
(b) What is the value of the constant? 


The earth is acted upon by the gravitational at- 
traction of the sun. Why doesn’t the earth fall 
into the sun? Be prepared to discuss your answer. 


(a) What is the speed of the moon around the sun 
compared to that of the earth around the sun? 

(b) If the earth could be removed suddenly 
without disturbing the motion of the moon, what 
would be the subsequent path of the moon? 

(c) Calculate the ratio of the force of attraction 
exerted by the sun on the moon to the force ex- 
erted by the earth on the moon. 

(d) Why does the sun not capture the moon, 
taking it away from the earth? 


Assume the earth is perfectly round and has a 
radius of 6400 km. 

(a) How much less does a man with a mass of 
100 kg apparently weigh at the equator than at the 
poles because of the rotation of the earth? 

(b) How fast would the earth have to spin in 
order that he would exert no force on a scale at 
the equator? 

(c) How many times larger is the speed of rota- 
tion in (b) than the actual speed? 


A 10,000-kilogram spaceship is drifting on a long 
mission toward the outer edge of the solar system. 
It has put out a small experimental satellite which 
revolves around it at a distance of 120 meters 
under their mutual gravitational attraction. 

(a) What is the period of revolution of the 
satellite? 

(b) What is the speed of the satellite? 


An astronomer observes a planet with a small 
satellite revolving around it in a circular orbit of 
radius r with a period of time T. 

(a) What is the mass of the planet? 

(b) What is the acceleration of the satellite to- 
ward the planet? 

(c) What is the gravitational force on the sat- 
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ellite? 

(d) The astronomer measures the radius of the 
planet and finds it to be ;4; of the radius of the 
orbit of the satellite. What is the gravitational 
field strength of the planet at its surface? 


26. Two unequal masses nt, and nig, which are iso- 

lated in free space, attract each other with a grav- 
MyMe 

R2 

erations of m, and m2? Is your answer in conflict 
with the justified expectation that an observer on 
m, will see that mz is coming toward him with the 
same acceleration as that with which an observer 
On mz is seeing 2, coming toward m1? 


itational force F = G . What are the accel- 


27. Astronomical observations indicate that the sun 
is describing a circular orbit around the center of 
our galaxy. The radius of the orbit is about 
30,000 light-years (= 2.7  1029m) and the 
period of one complete revolution is about 200 
million years. In this motion the sun is acted on 
by the gravitational pull of the great quantity of 
stars lying inside its orbit. 

(a) Calculate the total mass of these stars from 
the data given. 

(b) How many stars of mass equal to the sun 
(2 x 108° kg) does this represent? 
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Momentum 
and 
the 
conservation 
of 
momentum 


22-1 Impulse 


Try to make a baseball and a 16-lb shot go at 
the same speed. As you know, it is a lot harder 
to get the shot going. If you apply a constant 
force F for a time Ar, the change in velocity is 
given by mAv = FAs. So, in order to get the 
same Av, the product FAr must be greater the 
greater the mass m you are trying to accelerate. 

To start a 16-lb shot from rest and give it the 
same final velocity as a baseball (also started 
from rest), we must push either harder or longer. 
What counts is the product FAv. This product 
FAr is the natural measure of how hard and how 
long we push to change a motion. It is called 
the impulse of the force. 

We can exert a given impulse in many differ- 
ent ways: a big force for a short time, a smaller 
force for a longer time, or even a force that 
changes while it acts. In Fig. 22-1 we have 
plotted a constant force F against the time it 
acts. The plot is just a horizontal straight line 
of height F above the time axis and of length 
At = tg — ft, equal to the time during which 
the force acts. The area of the rectangle under 
this line is FAt, the size of the impulse in the 
time interval. (The direction of the impulse is 
the same as that of the force.) For any constant 
force acting for any time interval, we can always 
get the magnitude of the impulse as the area 
under the force-time curve for this time interval, 
and the direction is the direction of the force. 

Now suppose the force changes from the con- 
stant value F, to the constant value Fz. Fora 
time At; the force is constant and the impulse is 
F,Ar,. This impulse makes the change m(AV), 
in the motion. In the next time interval, Avo, 
the force is again constant, this time F2, and 
there is an impulse F2Atz which results in the 
change m(AV)2 in the motion. That is, 


FA, = m(AV); 
and FoAte = m(AY)p. 
If we add these two statements vectorially we 


get 2 
FiAty + FoAte = m(AY), + m(A¥)2 
= m(A¥); + (A¥)2} 
Thus, the total impulse during Ar = At, + Ate 


just equals the mass times the total change in 
vector velocity that occurs during Af. 


Force (newtons) 
| 
| 


Time (seconds) 


22-1 A constant force F is plotted against time for the interval 


to — t; = At. The area FAt under the curve gives the 
impulse of this force in time At. 


When we deal with a continuously varying 
force we can still obtain the total impulse by 
adding up all the impulses in short time inter- 
vals. We can take each time interval so short 
that F is essentially constant during it. Then 
the total impulse, which is the sum of all the 
FA?s, gives the total change mAV in the motion. 

When the force changes magnitude but al- 
ways points in the same direction, we can add 
the impulses up by finding the area under the 
F-t curve. A simple case is shown in Fig. 22-2, 
and an example in which the force changes con- 
tinuously in Fig. 22-3. If the force changes 
direction, however, this graphical method is not 
enough. We must add the little impulses FAr 
in their correct directions, using vector addition 
to find the total impulse. If the first little im- 
pulse occurs at time 7, when the moving object 
has velocity ¥, and the final impulse occurs at 
time ¢’ when the object has velocity V’, then 


total impulse = m(v’ — V) = mv’ — mw. 


(We shall often use the symbol ’, which is read 
“prime,” to distinguish a quantity at a later time 
from that same quantity at an earlier time.) 
Often a large force acts only for a very short 
time interval. Think what happens when you 
hit a tennis ball with a racket, or when two steel 
balls collide. Without the most elaborate equip- 
ment it is very hard to tell the size of the forces 
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which act during the collision. But the total 
impulse of the force is easily found by observing 
the net change in ww. Forces which act for a 
short time and for which only the product FA‘ 
is known are called impulsive forces. 


| | 
i | 
® | | | 
£ c | | Feta 
| F,At 
| 
| | | | 
| | 


22-2 The force is F, in the time interval At,, and changes to Fo 


in time interval Aty. If the direction does not change, the 
total impulse in time At; + Ate is FyAt) + FoAte, the 
shaded area under the curve. 


22-3 When the force is continually changing, we can break up 


the area under the F-t curve into a large number of small 
areas that are nearly rectangles. (See shaded area.) Each 
such area FAt is a little impulse. The total impulse is 
the sum of all these small impulses. Therefore, as long 
as the force points in the same direction, the area under 
the curve is the total impulse. 
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22-2 Momentum 


Suppose we apply the same impulse to two quite 
different objects, say a baseball and a 16-lb shot, 
both initially at rest. Since the initial value of 
the quantity mv is zero in each case, and since 
equal impulses are applied, the final values mv’ 
will be equal for the baseball and the shot. Yet, 
because the mass of the shot is so much greater 
than the mass of the baseball, the velocity of 
the shot will be very much less than the velocity 
of the baseball. The product mv, then, is quite 
a different measure of the motion than simply 
Vv alone, but it will prove to be of utmost impor- 
tance in physics. We call it the momentum of 
the body, and measure it in kilogram-meters 
per second. Because we shall use momentum 
often, we introduce the symbol p to represent 
the momentum of a body: 


Velocity and momentum, although related, 
tell us different things. The knowledge of the 
velocity only tells how fast (and in which direc- 
tion) an object moves. It tells us nothing about 
the effort required to get it moving, or, for that 
matter, to stop it. The momentum, on the other 
hand, does not tell the speed of the object (al- 
though it tells us the direction in which it 
moves), but it determines the impulse necessary 
to get it going and the impulse necessary to stop 
it. Briefly, the velocity is a kinematical quan- 
tity—one which enters the geometrical descrip- 
tion of where and when—whereas the momen- 
tum is a dynamical one, connected with the 
impulses and therefore with the causes of 
; changes in the motion of masses. 

22-4 This high-speed photograph shows a familiar example of Notice that the momentum does not depend 
an impulsive force. Notice the large distortion of the . : : : 

racket and the ball. (Courtesy: Harold E. Edgerton.) on the way in which the body acquired its all 

ent motion. The equation p = mv contains 

nothing but the mass and its motion now. The 

impulse which set it going may have been deliv- 

ered in any of an infinite number of ways (as we 

know from the last section), or the mass may 

always have been moving with momentum f, 

for all we care. Similarly, the impulse required 

to bring the mass to rest may be applied in in- 

finitely many ways or not at all; we still know 

S from the present momentum how big it would 

be. It would cost a reverse impulse equal to 

—mvy to stop the body whether we use a big 
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force and short time or a little force and long 
time. 

Because of its connection with the impulse 
which occurs naturally in Newton’s law FAr 
= mAv, we expect momentum to fit naturally 
into Newtonian dynamics. In fact, Newton 
expressed his law of motion in terms of the mo- 
mentum mv, which he called the quantity of 
motion. We can easily express Newton’s law 
in terms of the change in momentum instead of 
change in velocity: 


FAr = mAv = mv’ — 9) 


where V and VW’ are the velocities before and after 
the impulse FAr. But the right-hand side of the 
last equation can be written as: 


mV’ — ¥) = mv’ — mv = p’ — p = Ap, 
the change in the momentum. Therefore 
FAr = Ap; 


or, in words, the impulse equals the change in 
the momentum. Then the average force which 
would produce the required impulse during Ar 
is just 

F., — 2 

ES a 


If the actual force is changing, we can 
find its instantaneous value at any time pro- 
vided we know how the momentum varies with 
time. We simply take Ar smaller and smaller 


=> 


until we can find a value for = which does 


not change much with further decreases in At. 
In other words, the instantaneous force is 


The force at any time equals the rate of change 
of the momentum. It was in this form rather 
than in terms of F = ma that Newton originally 
formulated his law. 

For the discussion of the motion of a single 
object, both forms of Newton’s law are equally 
convenient. The great importance of momen- 
tum will become apparent in the next sections 
where we deal with the motions of two objects 
which exert forces on each other. 


22-5 


22-3 


(b) 


-40 m/sec 


On a frozen pond a 50-kg boy pushes an 80-kg man hard 
enough to give him a speed of 0.25 m/sec. The boy 
moves off at 0.40 m/sec. 


Changes in Momentum when Two 
Bodies Interact 


A boy and a man are standing next to each 
other on a smooth sheet of ice. The boy shoves 
the man and they both start to move, sliding 
away in opposite directions with the boy moving 
away somewhat faster than the man. If we per- 
form such experiments, we find that whenever 
two people are at rest and one pushes the other, 
they go off in opposite directions. We also find 
that their speeds are inversely proportional to 
their masses. For example, if a 50-kg boy 
shoves an 80-kg man hard enough so that the 
man goes off at .25 m/sec, we find that the boy 
goes off in the opposite direction at .40 m/sec 
(Fig. 22-5). 

These experimental facts are most easily ex- 
pressed in terms of the momentum of the man 
and the momentum of the boy. The momentum 
of the man is mv = 80 kg x 0.25 m/sec = 20 
kg-m/sec, and the momentum of the boy in the 
opposite direction is mv = 50 kg x 0.40 m/sec 
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22-6 The apparatus used to show a simple kind of explosion. A 
compressed spring is held between two Dry Ice pucks. 
The spring is screwed to the larger puck and secured by a 
thread. 


= 20 kg-m/sec. After the shove their momenta 
are equal in magnitude and opposite in direc- 
tion. 

With Dry Ice pucks we can perform an accu- 
rate experiment of the kind that we have been 
describing. We screw one end of a spring to the 
edge of one puck; we bend the spring and tie 
the ends together with a thread (Fig. 22-6). 
Then we put a second puck close to the first, as 
shown in the figure. When the thread is broken, 
the spring will snap out and shove the second 
puck away. When the two pucks are at rest on 
a level glass plate, we burn the thread and see 
what happens when the spring ‘“‘explodes.” The 
subsequent motion of the pucks is shown in 
Fig. 22-7. 


In this experiment the mass of the large puck, 
including the spring mounted on it, was 3.9 kg, 
and the mass of the small puck was 2.0kg. A 
glance at the picture shows that the two pucks 
went off in different directions. In each interval 
between flashes of the light the small puck 
moves farther than the large one. The small 
puck must have been given a higher velocity 
than the large one. By making measurements 
on the photograph you can tell that the small 
puck was moving at 0.48 m/sec after the shove, 
and the large puck was moving at 0.24 m/sec. 
The momentum of the small puck was mv = 
2.0 kg x 0.48 m/sec = 0.96 kg-m/sec to the 
right, while the momentum of the large puck 
was mv = 3.9kg x 0.24 m/sec = 0.94 kg-m/sec 
to the left. Within experimental accuracy these 
momenta are equal and opposite. 

By observing the motions of two bodies start- 
ing from rest and interacting with each other, 
we find time after time that the resulting 
changes in momentum are equal and opposite. 
It does not matter what produces the forces of 
interaction. They may arise from our muscles, 
from a distorted spring, or from a chemical 
explosion. 

Take a chemical explosion as another exam- 
ple. When a man fires a rifle, the gases from the 
explosives exert violent forces inside the barrel. 
The bullet is pushed out in one direction and the 
rifle is pushed back in the other. We can show 
that the rifle’s momentum and the bullet’s mo- 
mentum are equal and opposite: we suspend 
the rifle on long strings, take suitable flash pho- 
tographs of the bullet, and time the very much 
slower motion of the recoiling rifle. In ordinary 
use the recoil velocity of the gun is rapidly de- 


and the scale is in centimeters. 


22-7 A multiple-flash picture of the motion of the two pucks after being pushed apart by the spring. The flash rate was 4 per second, 
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Enlarged movie frames showing a head-on collision be- 
tween two billiard balls of equal mass. The time interval 
between pictures is ais second; the scale is in centimeters. 
Notice that all of the momentum of the incident ball is trans- 
ferred to the ball initially at rest. 


creased by an impulse from the man’s shoulder, 
and a later measurement of its momentum does 
not show the equality and opposition so di- 
rectly. 

So far we have examined only cases in which 
both of the interacting bodies were originally 
at rest. What can we say about the changes in 
the momenta of two interacting bodies when 
one or both are originally in motion? 

In Fig. 22-8 a moving billiard ball collides 
with a billiard ball at rest. The incident ball 
stops and the ball it hits goes off with the same 
velocity with which the incident ball came in. 
The two billiard balls have the same mass. 
Therefore, the momentum of the second ball 
after the collision is the same as that of the in- 
cident ball before collision. The incident ball 
has lost all its momentum, and the ball it struck 
has gained exactly the momentum which the 
incident ball lost. The changes in momentum 
are again equal and opposite. 

The collision illustrated in Fig. 22-8 is a very 
special one: the incident billiard ball hit the ball 
at rest head on. Usually one billiard ball hits 
another somewhere on the side, and the two 
balls go off in different directions. Such a col- 
lision is illustrated in Fig. 22-9. In the picture 
the ball originally in motion came in at the 
bottom. After the collision, as we should ex- 
pect, one ball goes off to the right; the other 
goes off to the left. 

The flash photograph shows the speeds and 
directions of the balls both before and after 
collision. The speeds are measured by the dis- 
tances the balls travel between flashes. Using 
these measured speeds and the observed direc- 
tions of motion, we find the velocity vectors, 
¥,, ¥;’, and V2’, representing the velocity of the 
first ball before and after the collision and that 
of the second ball after the collision. Then we 
obtain the momenta of the balls by multiplying 
the vector velocities by the masses: p = mv for 
each ball. Because the masses of the balls here 
are equal, using p instead of ¥ just changes the 
scale in this case. In Fig. 22-10 (a) we have 
plotted the momentum vectors p1, pi’ and py’, 
representing the momentum of the incident ball 
before the collision, and the momentum of each 
ball after the collision. (When the second ball 
was at rest before the collision, it had no mo- 
mentum.) 
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0 


' = 481 kg- 
m/sec 


pi’ = .247 kg- 


Pi = .559 kg- 
m/sec 


(a) 


22-9 A multiple-flash photograph (flash rate 30 per second) of 


an off-center collision between two balls, each of mass 173 
grams. The dotted ball entered at the bottom of the picture 
and struck the striped ball at rest. (The camera was pointed 
straight down and the balls were moving horizontally.) To 
get the velocities and momenta diagramed in Fig. 22-10, 
we used the fact that the photograph is about } actual size. 
Could this approximation affect the conclusion that Ap, = 


= Ap? 


Below: (a) The vectors representing the momenta of the 
balls in Fig. 22-9. The value p, is the original momentum 
of the dotted ball; p1’, its momentum after the collision; and 
Po’ the momentum acquired by the ball originally at rest. 
In (b) we obtain Ap; = py’ — py graphically. We sub- 
tract py; from py’ by drawing — pi from the head of py’, 
then drawing the resultant {shown dashed in the figure). 
Note that Ap, is closely equal and opposite to Ap2 = po’. 


momentum scale 
0.10 0.20 0.30 


kg -m/sec 


(b) 


Now we shall find out whether the momenta 
of the two balls change by equal amounts in 
opposite directions in this experiment. 

In Fig. 22-10 (b), Ap, is obtained graphically. 
We draw — py, from the head of p;’. The vector 
Ap; is the resultant of p;’ and —p,. It extends 
from the tail of p,’ to the head of —p,, and we 
see that it is equal and opposite to Ap2 = py’, 
the change in the momentum of the struck ball. 
The change in momentum of the incident ball is 
compensated by an equal and opposite change 
in the momentum of the other ball, or 


AB: = — Ape. 


2-4 The Law of Conservation of 


Momentum 


In the last section we have seen examples in 
which two bodies interact. The motion of each 
body changes, and the change in momentum of 
one body is equal and opposite to the change in 
momentum of the other. As we go further we 
shall come across more and more examples. No 
single example can yield a general proof that the 
momenta of two interacting bodies always 
change equally and oppositely. But our expe- 
rience with the interactions of two bodies, in all 
circumstances, strongly suggests that equal and 
opposite changes of the momenta are the in- 
variable rule in nature. 

This rule of nature can be stated in a different 
form. We introduce the total momentum P 
= pi + pe of the two bodies. Because any 
changes in the momenta p, and pe are just oppo- 
site, the total momentum P never changes. 
That is, AP = 0, or Pis constant. We call the 
statement that the total momentum is constant 
the law of conservation of momentum. 

Let us look at the conservation of momentum 
when two balls of different masses, both initially 
in motion, collide. Such a collision is illustrated 
in Fig. 22-11. By measuring the distances that 
the balls have moved between flashes, we deter- 
mine their velocities. The velocity vectors are 
indicated in Fig. 22-12 (a). Multiplying by the 
masses, which were measured as 85.4 grams for 
the first ball and 201.1 grams for the second, we 
obtain the momentum vectors for the individual 
balls before and after the collision [Fig. 22-12 
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(b)].. Then, on the left in Fig. 22-12 (c), we have 
added together the momentum vectors of both 
balls before the collision to obtain the total 
momentum; and on the right we have added 
together the momentum vectors of the two balls 
after the collision. We see that the two mea- 
sured values of the total momentum are almost 
precisely the same. This experiment is consis- 
tent with the law of conservation of momentum. 

Let us try one more kind of collision: one 
where the two colliding masses stick together 
and continue as a unit after the collision. Fig- 
ure 22-13 shows a collision between a golf ball 
and a putty ball. The golf ball had a mass of 
45.7 gm, and the putty ball, originally at rest, 
had a mass of 69.7 gm. The combined mass of 
the two balls stuck together after the collision 
was therefore 115.4 gm. This total mass was 
2.53 times the mass of the incident ball. By 
measuring the ratio of the incident and final 
velocities in the flash photograph, you will find 
that the incident velocity was about 2.53 times 
the final velocity. Therefore, the final momen- 
tum was just equal to the initial momentum. 

From now on we shall assume the conserva- 
tion of momentum for two interacting bodies. 
We consider it to be a general law based on 
experience. Indeed, the kind of experience 
which we have summarized in our discussion 
here is the kind that originally led to the con- 
servation law. Because the laws of collisions 
were of such obvious importance for the devel- 
opment of mechanics, in 1668 the Royal Society 
of London (then only eight years old) initiated 
an investigation into the problem. Three able 
men produced almost similar solutions: John 
Wallis, an English mathematician; Sir Christo- 
pher Wren, the English scientist and architect 
who designed St. Paul’s; and Christian Huy- 
gens, a Dutch physicist. Wallis was first, and 
so he gets the credit for the general principle 
of conservation of momentum. 

In a paper published in 1669, and later in his 
book “Mechanica” (1670), Wallis developed 
fairly clear ideas of impulse and momentum 
and the connection between them. He believed 
that an impulse which started one body toward 
another would give the same momentum to the 
single body or to the two bodies combined after 
collision. He thus arrived at the conservation 
of momentum for one kind of collision. He also 
argued that conservation applied to other colli- 
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22-11 A multiple-flash photograph of a collision between two 
balls—one of mass 201.1 gmand the other 85.4 gm. Again 
the flash rate was 30 per second and the setup was the 
same as that described in Fig. 22-9. Both balls were ini- 
tially in motion and entered from the top of the picture. 


22-12 Below: (a) The velocity vectors of the balls shown in Fig. 
22-11. The subscript ‘*;"’ refers to the smaller ball, and 
“‘9" to the larger. The primes indicate velocities and mo- 
menta after the collision. (b) The momentum vectors be- 
fore and after the collision. (c) On the left we have added 
the momenta before the collision. On the right we have 
done the same for the momenta after. As you can see, 
Bi + Be = Bi’ + Bo’. In fact, when we made the orig- 
inal drawing, they were equal within about | part in 200. 
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2-13 A flash photograph of a collision between a golf ball and a putty ball. The golf ball moved in from the left and struck the putty 
ball. The two balls moved off to the right, stuck together. Measure the ratio of the incident and final speeds yourself, and check 


them against the calculation in the text. 


sions. All his arguments really involve assump- 
tions about the forces or impulses between the 
colliding bodies. The French physicist Mariotte 
demonstrated these conclusions by a series of 
experiments on pendulums that could strike one 
another. Huygens made similar experiments, 
and other experiments in which hard spheres in 
close contact were struck by a similar sphere 
moving in a straight-line groove. In the “Prin- 
cipia” Newton described these and his own 
careful experiments. The law of conservation 
of momentum was established as one of the 
foundations of modern physics. 


The Center of Mass 


Think of a Fourth of July rocket which explodes 
while it is moving along through the air. After 
the explosion, if you saw all the fragments on 
one side of the path you would be sure that 
something was wrong. Your intuition leads 
you to expect that the fragments into which the 
rocket explodes should have an average motion 
along the original trajectory. In our investi- 
gation of such explosions we shall find that there 
is a special point that moves along in a constant 
way whether there is an explosion or not. 

The fragments of an exploding skyrocket are 
a little too complicated for a first look at this 
effect. Let us go back to the simple explosion 
we have already discussed, the two Dry Ice 
pucks pushed apart by a compressed spring. 


By measuring the photograph (Fig. 22-7), we 
found that the two pucks, even though of quite 
different mass, had equal and opposite mo- 
menta after the explosion. If we call the puck 
on the left m, and the puck on the right mz, we 
can write n ss 

MmMyV, = —MoeVo. 
Hence the ratio of the speeds is inversely pro- 
portional to the ratio of the masses: 

vy Mea 
vo my 

Let us assume that the explosion is over in a 
very short time, so that we can think of the 
bodies as moving with constant speeds from the 
start. Then, after a time Ar, they will have 
moved distances of x; = v,; At and x2 = veAt 
from the point of the explosion. These two dis- 
tances are directly proportional to the speeds, 
and hence are inversely proportional to the 
masses of the two bodies: 

XY vy me 


X2 7 v2 = my, 

At all times during the motion, therefore, the 
starting point divides the distance between the 
two bodies in inverse proportion to their 
masses. We shall call the point which divides 
the distance between two bodies in the inverse 
ratio of their masses the center of mass of the 
two bodies. The starting point, in this case, is 
the center of mass. 

Let us investigate the behavior of the center 
of mass in some more complex interactions be- 
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22-14 The collision of Fig. 22—13 with the positions of the center of mass marked and numbered to correspond to the positions of the two 


balls at the time of each flash. The center of mass is located from m 1x; = mxo, using the data of the text. You can see that the 


center of mass moves along at constant velocity through the collision. 


tween bodies—the collisions we have discussed 
in this chapter. In Fig. 22-14 we again see the 
collision between a golf ball and a putty ball 
shown in Fig. 22-13 and analyzed in the last 
section. The masses were given as m, = 45.7 
gm for the golf ball and m: = 69.7 gm for the 
putty ball. From the definition of the position 
of the center of mass we find 


x, 697 3 
xy ab 2 


That is, the center of mass divides the distance 
between the balls at any instant in the ratio of 
3 to 2; it is to the right of the golf ball, just 2 
of the separation distance at each flash. The 
positions of the center of mass at each flash are 
marked by arrows on the photograph and are 
numbered to correspond with the numbered 
positions of the balls. You can measure the 
velocity of the center of mass and see that it 
continues along in uniform motion, just as if 
no collision had occurred. In this case, where 
the two balls stick together, the velocity of the 
center of mass ¥, is just the final velocity of the 
balls, v’. By the law of conservation of momen- 
tum, the total mass (m, + mz) now has the same 
total momentum jp’ as the incoming ball had 
before: 


Pp = (mM, + MeV! = 494. 
But since Vv’ = V,, we can also write 
(my, + meV. = m4¥,. 


Thus the total mass times the velocity of the 


center of mass gives the total momentum. We 
will see soon that the center of mass of two 
interacting bodies behaves that way even when 
the bodies do not stick together. The center of 
mass always moves as if all the mass were con- 
centrated there. 

A more interesting collision is shown in Fig. 
22-15. This is just the collision shown in Fig. 
22-11 between two balls of masses 201.1 gm 
and 85.4gm. Again we have marked and num- 
bered the position of the center of mass for each 
flash. Even in this more complicated case, the 
center of mass continues right through the col- 
lision with constant velocity, along a perfectly 
straight line. 

Clearly, the center of mass is a very special 
point. Let us move with that point, wherever 
it goes, and observe the motions of the two 
interacting balls, m, and me, in the frame of 
reference in which the center of mass is at rest. 
To get the velocities of the balls relative to the 
center of mass, we must subtract the velocity of 
the center of mass from the velocities of each 
of the balls. These velocities can be measured 
on Fig. 22-15 and are shown in Fig. 22-16 (a). 
As seen from the center of mass, the velocities 
V, and Vv, of the balls before collision are ex- 
actly opposite in direction and their magnitudes 
are inversely proportional to the masses. The 
same is true of the velocities V,’ and V>»’ after 
the collision. Multiplying each of the velocities 
by the corresponding mass, we get the momen- 
tum diagram shown in Fig. 22-16 (b). It is 
clear that the momenta of m, and mp are equal 


2-15 The collision of Fig. 22-11, showing the position of the cen- 


ter of mass at the time of each flash. The two balls had a 
mass ratio of about 7 to 3, so the distances between each 
ball and the center of mass are in the ratio of 3 to 7. Again 
the center of mass moves at constant velocity, quite undis- 
turbed by the collision. 


and opposite: the total momentum of the balls, 
in the center-of-mass frame of reference, is 
always zero. 

Now let us get down off the center of mass 
and return toearth. The velocity ¥, of mm, seen 
by an observer on earth (for example, the cam- 
era used to take the photograph), is made of the 
velocity V. of the center of mass plus the velocity 
V, of m, with respect to the center of mass: 


V1 =v, + Vi. 
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22-16 (a) The velocity vectors of the balls and of the center of 


mass, measured from Fig. 22-15 and plotted. The sub- 
script ‘*,"' refers to the smaller ball, and ‘‘2”’ refers to the 
larger. The primes indicate velocities after the collision. 
The vectors marked with capital letters are the velocities of 
the balls from the frame of reference of the center of mass. 
They are found by subtracting the velocity of the center of 
mass from the velocities of the balls. They are opposite in 
direction and the ratio of their magnitudes is just the inverse 
of the ratio of the masses of the corresponding balls. (b) 
The products mV, the momenta relative to the center of 
mass, are shown. They are equal in magnitude and oppo- 
site in direction, both before the collision and after the 
collision. The total momentum relative to the center of 
mass is always zero. 


Similarly, Vo =V¥, + Vo. 


Therefore the total momentum of m, and me 
with respect to the earth is 


P = mV, + MVe2 = m4 (Ve + Vi) + m2(Ve + V2) 


or P = (71y + MoV + 11,V1 + Me2Vo. 


22-17 


22-6 
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A multiple-flash photograph (40 second between flashes) of a moving wrench. The black cross marks its center of mass. 


But by riding with the center of mass, we found 
that m,V, + me2V2 is always zero. So finally 
we have 


Pp = (m4, + Mo)Vo. 


Once again, we find that the total momentum is 
the same as if the total mass moved with the 
center of mass. 

The parts of a body may move with respect to 
each other. They may move around the center 
of mass or they may move in and out, toward 
and away from the center of mass. No matter 
what these internal motions, the center of mass 
of the body moves as though all the mass were 
there (Fig. 22-17). 

When the two masses interact only with each 
other, we know that the total momentum is 
constant. So we also conclude that the velocity 
of the center of mass never changes. The center 
of mass acts like a single body with no net force 
on it. It moves in accord with Galileo’s prin- 
ciple of inertia. Since there is no force acting 
from the outside—only the interaction of m, 
with m2—it is pleasing to find that the two inter- 
acting masses do act like a single body in this 
respect. 


The Conservation of Momentum in 
General 


In this chapter we have seen many examples of 
the conservation of momentum of two bodies. 
The conservation of momentum applies equally 
well to any number of interacting bodies. In 
this section we shall follow one line of reasoning 
that shows the relation between conservation of 


momentum in general and the conservation of 
momentum for two bodies. In the next section 
we Shall sketch another line of reasoning show- 
ing the same connection for the simple case of 
“Newtonian” forces. Our belief in the conser- 
vation of momentum of many bodies does not 
depend on reasoning alone. It is also backed 
by a huge accumulation of experimental evi- 
dence. 

In Fig. 22-18 we see a diagram of two bodies. 
One is a single ball and the other is made of two 
balls which are tied together by a very light 
spring. Suppose that the second body is at rest, 
and the first one hits it, moving with momentum 
Pi. After the collision, ball No. 1 travels away 
with a momentum pi’ while the compound body 
moves off with momentum py’. 

We know from the experiments we have been 
discussing that the momentum of two interact- 
ing bodies is conserved. Here, before the colli- 
sion, the total momentum P is just the momen- 
tum py, of the first body. After the collision the 
total momentum P is pi,’ + po’. Consequently 

Bi = pi’ + pe’. 

All we have said so far comes from consider- 
ing the two bodies |! and 2. Now let us take a 
closer look at body 2. It is made of the balls 
2a and 2b. We know from the last section that 
its center of mass momentum py,’ is the sum of 


the momenta of the two balls of which it is 
made: 


Pp’ = P2a’ + Pov’. 
If we put this expression for pe’ into the preced- 
ing equation we get 


Pi = Pi’ + Boa’ + Pov’. 


This reasoning shows that the total momen- 
tum is conserved for three bodies (1, 2a, and 2b) 
just as well as two—at least when two of the 
three bodies are tied together. But the fact that 
balls 2a and 2b were connected by a spring really 
does not matter; the spring never entered the 
reasoning at all. The center-of-mass momen- 
tum p>’ of body 2 is constant and equal to 
Poa + Pop no matter if there is a spring holding 
the balls together or not. 

The experiment we just analyzed is no differ- 
ent from some of the other experiments we have 
considered. Figure 22-9 is a picture of a mov- 
ing body colliding with one at rest. If you take 
a close look at that picture you can see that after 
the collision the ball that was hit rotates in addi- 
tion to moving along as a whole. The momen- 
tum that we measured for the struck ball in Fig. 
22-9 was really the momentum of the center of 
mass of that ball. Just as we can think of the 
collision that we discussed in the last paragraph 
as a collision between three bodies rather than 
two, we could have called the collision in Sec- 
tion 22-3 a collision of three bodies by mentally 
dividing the struck ball into two halves; for in- 
stance, the half with the black mark on it and the 
one without. Because of the forces holding the 
two halves together, these two halves are two 
bodies interacting with each other. After all, 
what we call a body is our choice. We decide 
whether to call that collection of arms and legs 
a chair or to split it into eight bodies called 
arms, back, seat, and legs. 

By looking at the balls 1, 2a, and 2b above as a 


2a 
2b 


22-7 
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12-18 The single ball, body No. 1, collides with body No. 2, which is made of two parts, 2a and 2b, connected by a light spring. 


system of three bodies, we showed that when 
three bodies interact the total momentum stays 
the same. The conservation of momentum 
applies just as well to three bodies as it did to 
two. Wecan now see that the conservation of 
momentum does not depend on the number of 
bodies at all. If we have any system of pieces 
that interact only among themselves, any iso- 
lated system, we can divide it into any number 
of bodies we choose. The same kind of reason- 
ing that we just went through will show us that 
the total momentum does not change and does 
not depend on what we decide to call a body. 
The conservation of momentum therefore ap- 
plies to any isolated system. It appears to be a 
perfectly general law. All experience, with 
interactions of any sort and any number of 
bodies, bears out this powerful conclusion. 


Forces of Interaction 


We can connect the conservation of momentum 
for two interacting bodies with the general law 
of conservation of momentum in another way. 
This line of reasoning involves the forces. We 
show that the forces in an interaction of two 
bodies are equal and opposite. Then we con- 
sider a number of bodies interacting and assume 
that the forces between every pair of bodies are 
still equal and opposite. With this assumption 
we find the total momentum of all the bodies is 
conserved. 

In every interaction between two objects that 


392 Chapter 22» MOMENTUM AND THE CONSERVATION OF MOMENTUM 


we have studied, momentum is conserved; what 
one mass loses the other gains: Ap; = — App. 
Furthermore if we indicate the force that mj, 
exerts On mz by Fi_2 and the force that mz ex- 
erts on my by Fo_;, then Apy = F _,Ar and 
Ape = F,_2At. 

The Ar must be the same for both masses 
suffering the collision. If I push you, you auto- 
matically push me back and I cannot push you 
for a longer time than you push me. Thus, 


Api = —Ap2 
becomes 
Fo_,Ar = —F,_2At, 
and that now leads to 
Fo. = —Fi-z. 


The idea that forces of interaction must be equal 
and opposite was stated by Newton (after his 
experiments on momentum conservation): “To 
every action there is always opposed an equal 
reaction, or the mutual reactions of two bodies 
upon each other are always equal and directed 
to contrary directions.” This statement is often 
called his third law of motion, although you can 
see that it is a law about the forces in interac- 
tions and that the motions are inferred from it 
by applying Newton’s law of motion to each 
body. 

Even before we studied momentum, we 
studied one force of interaction with some care. 
In the last chapter we saw that the gravitational 
attraction between two bodies applies equal 
forces to each of the bodies, and the forces are 
directed oppositely along the line between the 
centers. The pull of the sun on the earth is 
equal and opposite to the pull of the earth on 
the sun. The pull of the earth on the moon is 
opposite to the force of the moon on the earth, 
and so on. Later in this volume we shall often 
study what goes on when the forces are of this 
particularly simple kind. We shall call them 
Newtonian forces. 

Now let us trust Newton’s third law to relate 
the forces between two bodies even when many 
bodies interact. Then we can use it to give an 
alternative demonstration of “universal” mo- 
mentum conservation. We have a number of 
masses moving about in any way in an isolated 
system, exerting various forces one on another. 


Since all the forces occur in pairs with Poos = 
—F,_», their effects on the momenta of the 
bodies also occur in equal and opposite pairs. 
Therefore, while one body gains some momen- 
tum, another loses an equal and opposite 
amount. And in the whole isolated system there 
can be no net change of momentum. 

If Newton’s third law is true, momentum con- 
servation follows. But it is possible that mo- 
mentum may be conserved for many bodies 
even if some of the forces are not Newtonian. 
In fact, as we shall see in Part IV, some forces 
are not Newtonian. 

Here is one example in which the forces are 
not obviously Newtonian. Every once in a 
while a tremendous bright light flares up some- 
where out in space—a supernova. The light 
gets dimmer exponentially, falling off by the 
factor 4 every 55 nights (with the same half-life 
as the new radioactive element Californium). 
Compared to the millions of years light takes to 
reach us from a supernova, the light takes only 
a short period to die down. The supernova has 
burned out long before the light gets here. 

When the light arrives here from a supernova, 
it gives us a slight shove. But nobody would 
think that we give the dead supernova a counter- 
shove at the same moment. If we think of forces 
of interaction between us and the supernova 
at the same moment, there is no reason to ex- 
pect them to be equal and opposite. 

The conservation of momentum is all right, 
however. What we must do is to include the 
light as one of the bodies in our description of 
the universe. When the light was emitted, the 
star gave it a shove and was given a shove back- 
ward. Some of the light took off toward us 
carrying momentum; and when it arrived here 
millions of years later, the light shoved on us 
and we shoved on it, so that as the light was 
absorbed here its momentum was transferred to 
us. 

This description may not seem so farfetched 
if we return to the people sliding around on the 
ice. This time we imagine them playing ball. 
The man throws the ball to the boy. When he 
throws it, he gives it momentum in one direction 
and he receives momentum in the opposite di- 
rection. Later on, when the boy catches the 
ball, the momentum is transferred from the ball 
to him. (Of course the mass of the ball is in- 


cluded with him after he catches it.) The 
changes in the momenta of the man and of the 
boy with the ball are equal and opposite. And 
the interaction between the man and the boy 
occurs with a time delay. The time delay is 
considerably shorter than that which occurs be- 
tween the emission of light by a supernova and 
its absorption at the surface of the earth; never- 
theless, it is an appreciable and measurable 
time delay. If we forget about the ball, the 
interaction between the man and the boy does 
not appear Newtonian; and momentum seems 
to be lost for a while, when the ball is in the air. 
But everything makes sense when we include 
the ball in the system; and in just the same way 
everything makes sense in the case of the earth 
and the supernova when we include the light. 
Looking at light as a ball thrown across from 
man to boy helps to make the time delay in the 
interaction less mysterious; and it gives a sense 
of assurance that momentum is still conserved 
in the overall interaction. The ball-throwing 
scheme is a “model” for the transfer of light— 
a model in which we can use Newtonian inter- 
actions. In fact, light is not a ball—balls do 
not appear when thrown and disappear when 


ROCKETS 


We can use the law of conservation of mo- 
mentum to understand the motion of a 
rocket, and from this we can predict some of 
the requirements that have to be satisfied to 
put an earth satellite into orbit. 

First, let us imagine a man in a space suit 
moving in interplanetary space. There is no 
net force on him, so his velocity is constant. 
His mass is m, and in his hand he holds a 
small object of mass Am, which is moving 
through space at the same velocity that he 
is (Fig. 22-19). Now the man _ throws 
away the small mass Am with a velocity V, 
with respect to his original motion. Its mo- 
mentum changes by an amount (Am)¥,. Ac- 
cording to the principle of conservation of 
momentum, the velocity V of the man under- 
goes a change in magnitude Av in the oppo- 
site direction, and his momentum will change 
by an amount mAz, just equal in magnitude 
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stopped, but light does. So we should not take 
the model too literally. When we study inter- 
actions with light, magnetic fields, etc., in Part 
IV, we could continue to devise models to keep 
our description Newtonian in appearance; but 
the models are apt to be too complicated and to 
look artificial. We usually drop them and just 
hold on to the overall conservation of mo- 
mentum. 

By examining the emission and absorption of 
light (as we shall do to some extent in Part IV), 
we shall find that the idea that momentum is 
carried by light makes a consistent picture. We 
can, and indeed we must, extend the law of con- 
servation of momentum beyond those interac- 
tions in which the momentum is solely carried 
by material objects. We must include the mo- 
mentum traveling around in radiation. The 
inequality in the forces between earth and 
supernova occurs while momentum is moving 
in radiation. There are many other similar ex- 
amples. The same sort of thing happens when 
radiation is emitted by one atom and absorbed 
by another. When the momentum in radiation 
is included, the conservation of momentum 
spans our universe. 


to the momentum change (Am)v, of the small 
object. Therefore 


mAv = (Am)ve 


and the man’s speed changes by 
Am 
Av = Tn Ve 


This man is much like a rocket ship: he 
changes his momentum by throwing out 
mass. If he wants to increase his speed 
toward the east, he throws out mass to the 
west. 

In a rocket ship the mass thrown out is in 
the form of a stream of gas. The gas is shot 
out from the ship at a high exhaust velocity; 
and the momentum of the ship changes in 
the opposite direction. We must be careful 
to remember that m is the mass of the ship 
after the small mass Am has been thrown out. 
It includes the fuel, the passengers, the casing 
—everything left on board. 
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mass Am thrown 
at this time 


Vet 


22-19 The successive positions of a man moving through outer space. He is shown at equal time intervals t. In the first two pictures 


22-200 


he is moving with uniform velocity. In the third he throws away a small mass Am, with a velocity ve with respect to his original 


motion. In the next interval his ghost moves at the original speed, while he goes Av = Am Ve faster. He therefore ends up (Av}t 
m 


farther than the ghost. The small mass ends up vet behind the ghost. 


A rocket throws out mass to gain speed. The fraction of the 
original mass remaining is plotted as a function of the 
speed vattained. This speed v is given as a multiple of the 
exhaust velocity ve. The unconnected dots show the rela- 
tion of the mass and speed when we throw out bursts of 34, 
the mass then present. The smooth curve slightly below 
shows this relation when mass is thrown out continuously 
—this is the exponential. 
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20b The initial part of the graph of Fig. 22-20(a) shown on an expanded scale to indicate the differences between fuel ejection in 
bursts of “io of the remaining mass, Yoo of the remaining mass, and Yiooo of the remaining mass. For the latter case, the points 
are so close together that they form a curve which is indistinguishable from the continuous ejection curve when plotted to this 
scale. 
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Let us find out what happens to a rocket 
that ejects mass at a constant exhaust veloc- 
ity v. with réspect to the rocket. How will 
the mass of the rocket decrease as it picks up 
speed? To get an idea of the relation be- 
tween decreasing rocket mass and increasing 
rocket speed, we shall pretend that the gas is 
ejected in bursts. For instance, we might 
make each burst just equal to ;5 of the total 
mass m, of the rocket at the time the burst is 
ejected. Then at each burst 757 is shot out 
and ;3 continues forward faster. We see 
then that Am = j5m, and m = ~4m. When 
we divide the first equation by the second we 
find 


in every burst. Also, as we found in the case 
of the man who threw away a small mass, 


On combining these two equations we have 
Av= $e. 


This equation shows that we have chosen the 
bursts so that the change Av in the speed is 
the same for each. In starting from zero, 
then, the speed v of the rocket increases to 
dv,, then gue, 3ve, and so on with successive 
bursts. 

Now let’s look at what happens to the mass 
of the rocket as the speed goes up. In each 
burst its mass changes from m to ym. 
Therefore, after the first burst it is 75M, 
where m, is the original total mass before the 
rocket was fired. After the second burst the 
mass is 5 X pyMo OF (7%)? mo; after the third 
it is (4%)3 mo, and so on. In Fig. 22-20(a) we 
have plotted the fraction of the original mass 
left against the speed attained, measuring 
this speed as a multiple of vg. 

The molecules of gas ejected by a rocket 
are such tiny masses compared with the mass 
m that we may think of a continuous ejection 
of mass. Bursts of 75 of the mass give a 
crude approximation to continuous ejection. 
But we can make better and better approxi- 
mations by using bursts of +45 of the mass, 
zooa Of the mass, and so on. The graphs we 
then obtain [Fig. 22-20(b)] are slightly dif- 
ferent, but as the bursts get smaller the graphs 


get more nearly the same. For sufficiently 
small bursts—still far larger than individual 
molecules—we approach the single mathe- 
matical curve for continuous ejection. This 
curve, called the exponential curve, will tell 
us the relation between the speed we can 
hope to attain and mass left over.* The 
shape of the curve may look familiar to you: 
it is the same shape as the decay curve which 
tells the fraction of radioactive atoms left in 
a sample as time goes on (Fig. 8-5). 

We now can estimate how much of the 
mass of a rocket we must throw away to get 
an earth satellite into orbit. We already 
know that we need a satellite speed of about 
8 km/sec for circular motion around the 
earth. To get this with the smallest loss of 
rocket mass, we should make the exhaust 
velocity v, just as high as possible. How 
large can we possibly make v,.? This de- 
pends on the fuel, and for chemical fuels we 
can at best get something like 3 km/sec. 
These chemical fuels are just not powerful 
enough to get us higher exhaust velocities. 
Furthermore, the maximum possible v, is 
probably not yet obtained in practice. 
Therefore, we shall use vy. = 2 km/sec. This 
corresponds to gas temperatures of better 
than 3000°C, and only skillful nozzle design 
prevents much of the gas from bombarding 
the rocket casing and vaporizing it. 

When v, = 2 km/sec, v/v, for a rocket that 
would circle the earth is 8, or 4. Referring 
again to Fig. 22-20(a), we see that at this 
velocity ratio the mass ratio, m/mo, is 0.02, or 
35. Ninety-eight percent of the original mass 
has to be ejected so that the remaining 2 per- 
cent attains a velocity of 8 km/sec. In addi- 
tion we have to get the rocket up to its orbit, 
forcing it up against air resistance and the 
gravitational pull of the earth. This means 
that we must eject still more mass; and only 
about 54, of the original mass goes into orbit. 
You can see why it takes tons of rocket to get 
kilograms of satellite into orbit. 


* The graphs show x vs v, the relation between the frac- 
oO 


tional mass remaining and the speed. They do not show 
anything about the time taken. The final speed depends 
only on v, and the fraction of the original mass remaining. 
You can see that the time taken to burn the fuel does not 
affect the final speed, by imagining that the engine is 
turned off for a while. During that time the rocket coasts 
without changing speed. 
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You push a body with a force of 3 newtons for 
+ sec. What impulse do you give the body? 
(Section 1.) 


How great is the impulse that gives an 8.00-kg 
mass a change in velocity of 4.00 m/sec? (Sec- 
tion 1.) 


Suppose you throw a ball against a wall and catch 
it on the rebound. 

(a) How many impulses were applied to the 
ball? 

(b) Which impulse was the greatest? (Section 
1.) 


A 3-kg body has been accelerated by a constant 
force of 12 newtons from 10 m/sec to 18 m/sec. 
(a) What impulse was given to the body? 
(b) How long was the force acting? 


A constant force applied to a 2.0-kg object at rest 
moves it 4.0 m in 2.0 sec. What impulse was 
applied to the object? 


A railroad freight car with a mass of 5.0 x 104 kg 
is rolling along a level track at 0.30 m/sec (0.7 
mi/hr). A rope trails behind it. 

(a) A reasonable estimate of the largest force 
you could apply to stop the car by pulling on the 
rope is 250 newtons. How long would it take 
you to bring the car to rest? 

(b) Ten meters from the point where you start 
pulling, another car is standing. Will there be a 
crash? 


A 10-gm rifle bullet traveling at 850 m/sec is 
stopped in a sandbag and is found to have pene- 
trated 20 cm of sand. 


8.* 


11. 
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(a) How great a force acted on the bullet? 
(Assume the force was constant.) 

(b) How long did it take for the bullet to come 
to rest? 


What average force is necessary to stop a hammer 
with 25 newton-sec momentum in 0.05 sec? (Sec- 
tion 2.) 


A man is at rest in the middle of a pond on per- 
fectly frictionless ice. How can he get himself to 
shore? 


An object with a mass of 10 kg moves along a 
Straight line at a constant velocity of 10 m/sec. 
A constant force then acts on the object for 4.0 
sec, giving it a velocity of —2 m/sec. 

(a) Calculate the impulse acting on the object. 

(b) What is the magnitude and direction of the 
force? 

(c) What is the momentum of the object before 
and after the force acts? 


A body is made of two masses my and my, 2.00 kg 
and 0.500 kg respectively, tied together by a light 
thread [Fig. 22-21 (a)]. It moves on a frictionless 
table starting from rest. We set it in motion by 
applying an impulse of 10 newton-sec to the body, 
but unfortunately the thread connecting mm, and 
mz breaks during the course of the impulse [Fig. 
22-21(b)]. As a result, m2 goes off with great 
speed while mm, at the end is only moving ata 
speed of 0.20 meters per second. 

(a) How big an impulse did ny receive? 

(b) How big an impulse did mz receive? 

(c) How fast is mz moving at the end of the 
impulse? 


An impulse is applied to a moving object at an 
angle of 120° with respect to its velocity vector. 


For Problem 11. 
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What is the angle between the impulse vector 
FAr and the change in momentum vector Ap? 
(Section 2.) 


In Fig. 22-12. how is diagram (b) constructed 
from diagram (a)? (Section 4.) 


Two ice pucks initially at rest were driven apart 
by an explosion with velocities 5 cm/sec and 
—2 cm/sec. What is the ratio of their masses? 
(Section 4.) 


A 20-kg cart is moving with a velocity of 2.0 
m/sec. A boy whose mass is 60 kg jumps off the 
cart. When he hits the ground, he is 

(a) moving at the same velocity as the cart 

(b) not moving relative to the ground 

(c) moving with twice the initial velocity of the 
cart. 

In each case, what is the change in velocity of 
the cart? 


Two heavy frictionless carts are at rest. They are 
held together by a loop of string. A light spring 
is compressed between them (Fig. 22-22). When 
the string is burned, the spring expands from 2.0 
cm to 3.0 cm, and the carts move apart. Both hit 
the bumpers fixed to the table at the same instant, 
but cart A moved 0.45 meter while cart B moved 
0.87 meter. What is the ratio of: 

(a) the speed of A to that of B after the interac- 
tion? 

(b) their masses? 

(c) the impulses applied to the carts? 

(d) the accelerations of the carts while the 
spring pushes them apart? 


A proton (mass 1.67 x 10-27 kg) with a speed of 
1 x 107 m/sec collides with a motionless helium 
nucleus, and the proton bounces back with a 


22-22 For Problem 16. 


20. 


speed of 6 x 108 m/sec. The helium nucleus 
moves forward with a speed of 4 x 106 m/sec 
after the bombardment. 

(a) Can you compute the mass of the helium 
nucleus? If so, what is it? 

(b) Can you compute the force that acted dur- 
ing the collision? If so, what is it? 

(c) If you answered “no” to either (a) or (b), 
be prepared to discuss in class why you gave this 
answer. 


A Stationary refrigerator car with mass 2.0 « 104 
kg is rammed by a loaded gondola car with mass 
3.0 x 104 kg. Before impact, the gondola car 
was going 1.0 m/sec. If they lock together, what 
is the new velocity? 


An experimental rocket sled is slowed down by a 
scoop which dips into a trough of water. As 
shown in Fig. 22-23, the scoop is designed so that 
it ejects the water at right angles to the moving 
sled, and so that the water leaves the tubes with 
a speed equal to the speed of the sled at any in- 
stant. 

(a) What will be the change in momentum of a 
small mass of water m ejected toward either side 
at the instant the sled is traveling with a speed v? 

(b) What is the change in momentum of the 
sled for each mass of water m scooped up? 

(c) Is any advantage gained by ejecting half of 
the water from each side? Why not eject all of it 
from one side? 


An astronaut with a total mass M (including his 
equipment) has been accidentally separated from 
his spacecraft and is at rest with respect to the 
ship at a distance d. His tank contains a mass 
m, of oxygen (m, « M) and is equipped with a 
nozzle through which the gas can be very rapidly 
ejected at an average speed of v. He must re- 


sled 
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22. 


23. 


24. 
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lease oxygen for propulsion to get back to the 
spacecraft but also needs oxygen for breathing. 
He breathes oxygen at a rate R. 

(a) If he releases an amount m of oxygen for 
propulsion, what speed V will he acquire? How 
long will it take him to reach the spacecraft? 

(b) How long can he breathe on the remaining 
oxygen? 

(c) If he is to return successfully to his craft, 
his breathing time, fg. must be equal to (or greater 
than) his travel time fy. What condition does this 
place on m? 

(d) Calculate how much oxygen the astronaut 
may safely release for propulsion if M = 100 kg, 
m, = 0.5 kg, d = 45 m, v = 50 m/sec, and R = 
2.5 x 10-4 kg/sec. 


What is the direction of motion of the center of 
mass of the balls in Fig. 22-9 after the collision? 
(Section 5.) 


While two 1-kg carts are moving along together 
with a velocity of 0.5 m/sec, a spring pushes them 
apart. One of them continues with a velocity of 
0.7 m/sec, with its direction of motion un- 
changed. 

(a) What is the velocity of the center of mass 
after the spring acts? 

(b) What is the velocity of the other cart after 
it is pushed by the spring? 


A rocket is out in free space shooting out a stream 
of exhaust gases and picking up speed in the 
opposite direction. What happens to the center 
of mass of all the matter—that which is ejected 
and that which is left in the rocket? 


In Fig. 22-24, the large ball came in at the top of 
the picture and the little ball at the bottom. As 
you see, a collision took place in the middle. 

(a) Draw the vectors which represent the 
change in the velocity of the large ball and the 
change in velocity of the small ball. Plot these 
vectors to the same scale and make sure that each 
one is in the right direction. 
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(b) Are these changes of velocity opposite in 
direction? 

(c) Are they equal in magnitude? 

(d) If their magnitudes differ, what should be 
their ratio? 

(e) The mass of the large ball is 201 gm. What 
is the mass of the small ball? 


A 2.0-kg brick with no horizontal motion is 
dropped on a 2.0-kg cart moving across a friction- 
less table at 0.40 meter/sec. 
(a) What is the change in velocity of the cart? 
(b) What is the velocity of the center of mass 
of the system composed of cart and brick before 
the brick is dropped? 


An explosion blows a rock into three parts. Two 
pieces go off at right angles to each other, a 1.0-kg 
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28. 


30. 


piece at 12 m/sec and a 2.0-kg piece at 8.0 m/sec. 
The third piece flies off at 40 m/sec. 

(a) Draw a diagram to show the direction in 
which the third piece goes. 

(b) What is its mass? 


The system shown in Fig. 22-25 consists of a 
5.0-kg frame with a 1.0-kg and a 4.0-kg mass in 
the middle. At either end of the frame are stops 
made of putty. The two masses and the frame 
are mounted on Dry Ice pucks. (The mass of the 
Dry Ice is included in the values given above.) 
The center of mass of the whole system is at the 
center of the frame. An explosion pushes the two 
masses apart. The 1.0-kg mass goes off with a 
speed of 12 m/sec. Eventually each mass is 
trapped by the putty. 

(a) What is the speed of the 4.0-kg mass im- 
mediately after the explosion? 

(b) Where is the center of mass of the whole 
system after 1 sec? After 2 sec? 

(c) What is the velocity of the frame and the 
attached masses after 100 sec? 

(d) Describe the motion qualitatively from the 
time of explosion to 100 sec. 

(e) How far does the frame move? 


A 20-kg car stands at rest on an 80-kg platform 
as shown in Fig. 22-26. The car can be driven 
along the platform by a motor and the platform, 
mounted on rollers, is free to move along the 
laboratory floor substantially without friction. A 
stroboscopic camera records any motions that 
occur. 

When the motor is turned on, a study of the 
photograph shows that over a period of 3.0 sec 
the platform acquired a velocity of 0.30 m/sec. 

(a) What does the same photograph show for 
the velocity of the car at the end of the 3.0-sec 
period? 

(b) With what force did the wheels of the car 
push against the platform? 

(c) What was the relative velocity of the car 
along the platform at the end of the 3.0 sec? 

(d) If you know only the relative motion of the 
car along the platform, what force would you 
calculate was needed to give the car this velocity 
in 3.0 sec? Can you explain why the force you 
calculate here is different from the one you found 
in Part (b)? 


What happens to the momentum of a car when it 
comes to a stop? (Section 6.) 


A double star consists of two large masses that 
attract each other gravitationally. By observing 
the motion of both masses, we can see that they 
rotate around each other. 

(a) What do you think happens to the momen- 
tum of each of the masses in a double star as time 
goes on? Explain your answer. 


v = 12 m/sec 


22-25 For Problem 27. 


22-26 For Problem 28. 


31.* 


32. 


(b) When observed carefully, the bright star 
Sirius seems to wobble about, instead of having a 
uniform motion of the center of mass. From this 
and other evidence astronomers believe that 
Sirius has a dark companion. It is really a double 
star. How does this explain the peculiar ob- 
served motion? 


Consider a collision between two particles in 
which light is emitted in a given direction. Since 
light exerts a pressure, it must have momentum. 
If the overall momentum (including the momen- 
tum of the light) is conserved, are the forces of 
interaction between the two particles equal and 
opposite? (Section 7.) 


Figure 22-27 shows the hypothetical force-time 
graphs between two bodies; Fy;-2 and Fo_, are 
the forces with which the two bodies act on each 
other. 

(a) Is the total final momentum different from 
the total initial momentum? 

(b) Is momentum conserved throughout the 
collision? 


-27 For Problem 32. 
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FURTHER READING 


These suggestions are not exhaustive but are limited 
to works that have been found especially useful and 
at the same time generally available. 


BONDI, HERMANN, Relativity and Common Sense. 
Doubleday Anchor, 1964: Science Study Series. 
(Chapters |, 2, 3, and 4) 

Hotton, G., and RoLier, D. H. D., Foundations of 
Modern Physical Science. Addison-Wesley, 1958. 
Conservation of momentum. (Chapter 17) 
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23-1 


ALTHOUGH energy may be hard to define pre- 
cisely, it is familiar to all of us. The energy we 
need to live and work is supplied to us through 
the food we eat. We need other fuels too: 
wood, natural gas, oil, gasoline, etc., for cook- 
ing, warming our homes, or moving our cars. 
For thousands of years, man used the energy re- 
leased by burning fuels for such purposes as 
keeping warm and, on a small scale, as an aid 
to his arts and crafts. Until only recently all 
heavy work was done by muscles, either human 
or animal. Since the Industrial Revolution, 
however, man has been using more and more 
energy from other sources to replace muscular 
effort. Burning fuels now supply most of the 
energy needed to operate our farm machinery, 
run our factories, and drive our trains, autos, 
ships, and airplanes. The energy taken from 
fuels is an absolute necessity to our present 
technical society. One very good measure of 
the technological progress and material well- 
being of a country is the average amount of 
energy taken from fuel for each citizen during 
the year. 

In everyday language, we often speak of en- 
ergy in the following way: we say we are “full 
of energy” if we get up in the morning eager 
and ready to tackle a job or take on a challenge. 
But when we have been active for some time, 
we get tired and say we have “lost our energy.” 
A good night’s rest and some nourishing food 
will reestablish our capacity to do a job. This 
common use of the word “energy” is closely 
related to the technical idea of energy we wish 
to develop. It points up the close connection 
between energy and the fuels which enable both 
muscles and machines to do useful jobs. For 
the moment we shall say that energy is the 
essential thing involved in jobs—not the crea- 
tion of energy but its transfer from one form 
to another. 


Energy Transfer 


Jobs are done by the transfer of energy from 
one form to another or from one place to an- 
other—for example, from energy in fuel to 
energy in a speeding train; from heat in a boiler 
to heat in aroom. Fuels, then, hold energy in 


stored form, ready for use. A given amount of 
fuel contains a given amount of energy. You 
will see later that energy is never created or 
destroyed, but only transferred (from one form 
to another or from one place to another). It 
is somewhat like cash, which changes hands 
only when someone buys something. 

Consider what we could do with the energy 
stored in some gasoline. We might burn the 
gasoline in an automobile engine and use the 
energy that can be transferred to the wheels to 
run the car up an incline. Or we might burn 
the gasoline under a steam boiler. There energy 
is transferred into the steam. The steam can 
expand and move a piston which can raise a 
load against gravity. The load may then be 
hitched to the axle of a car by a rope passing 
over a pulley; if the load is then allowed to fall, 
it can pull the car up the incline. Energy has 
again been transferred; at least some of the 
energy in the fuel has gone into raising the car, 
but by a more roundabout method than before. 
We must now seek some detailed accounting 
procedures to measure these transfers of energy 
through various jobs; when we learn to account 
for all such transfers of energy, we shall find 
that energy is not created or lost; energy is 
conserved. 


'3-2 Work: A Measure of Energy Transfer 


When energy is transferred in some fuel-using 
job, we can measure the transfer, the cost of the 
job, either by (a) the number of unit jobs (e.g., 
number of lawns mowed, or the number of 
houses heated), or by (b) the amount of fuel 
used (e.g., the number of gallons of gasoline). 

In the jobs just described, forces are exerted 
and things move. We say that work has been 
done in those transfers of energy, and we shall 
now develop the idea of work as a precise and 
reliable measure of energy transfer. For the 
moment, we shall use work to mean the measure 
of the job done or of the fuel used. Notice that 
these two measures of energy transfer agree 
with each other. Think of any job: you will 
see that the number of unit jobs in it and the 
amount of fuel used are proportional. To do 
two equal jobs we need twice as much fuel as 
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for one. For instance, we can mow twice as 
much lawn with two pints of gasoline in the 
mower as we can with one pint. 

We now want to find a combination of force 
and motion to serve as a measure of energy 
transfer. We therefore look for such a com- 
bination which is proportional to the fuel used 
and to the number of unit jobs done. We shall 
call this combination the ‘‘work.” 

Suppose a gasoline engine pulls cable cars up 
to the top of a mountain. How does the fuel 
consumption for the job depend on the force 
exerted by the cable? It takes a certain amount 
of fuel to lift one car up the mountain, pulling 
the cable with a definite force for a definite dis- 
tance. It takes the same amount of fuel again 
to lift a second, identical car. The fuel used to 
lift two cars is twice that used to lift one of 
them, because there are two equal jobs. Fur- 
thermore, we could pull two cars up the moun- 
tain at the same time with separate cables, each 
run by an identical engine. In this way we 
could lift them simultaneously, exerting twice 
the force and burning twice the fuel needed to 
lift one. We could tie the two cables together, 
side by side, and that would make no difference 
to the fuel burned or to the job done. We could 
even replace this double cable by a single cable 
supporting both cars, and use one engine to do 
the job—but that engine would have to burn 
fuel faster. The fuel used to lift the two cars 
would still be twice that needed to lift one. The 
fuel needed is doubled when the force exerted 
is doubled. So we say work, which we are going 
to use as the measure of energy transfer, is pro- 
portional to the force exerted (Fig. 23-1). 

Now consider how the fuel used depends on 
the distance a car moves up the mountain (Fig. 
23-2). Lift the car up halfway, then up to the 
top. To lift the car up the second half of the 
mountain, the engine exerts the same force and 
moves the same length of cable as it does to lift 
the car up the first half. The same job is done 
twice; so it takes twice as much fuel to move a 
car all the way as it does to move it halfway. 
The fuel used is doubled when the distance is 
doubled; so we say work is also proportional to 
distance moved. Combining these results we 
define work as 


force X distance moved. 
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From a study of many other examples we have 
concluded that “work” thus defined is a good 
way of measuring energy transfer. 

The unit of work must be unit force times unit 
distance: one newton times one meter, or one 
newton-meter. We call this unit one joule after 
the English physicist James P. Joule (1818- 
1889), who did some of the first careful experi- 
ments in measuring energy transfers to estab- 
lish the conservation of energy. If we move a 
body 10 meters while pushing with a force of 
2 newtons in the direction of motion we do 20 
joules of work. 

When we lift a car up the mountain rapidly, 
we use practically the same amount of fuel as 
when we lift it slowly. Time has nothing to do 
with the amount of work in the job. As an 
extreme case, we can do half the job today and 
half tomorrow, and still use the same amount 
of fuel. 

If we put the brakes on and turn off the en- 
gine, the car stops and thereafter no energy is 


that the work must be proportional to the force. 


transferred to it from the fuel. Although a force 
is still exerted to hold the car there, no work is 
done because there is no distance moved. 

But energy can be taken from fuel without 
doing a useful job. We can disengage the cable 
from the engine and let the engine run, burning 
fuel even though it is not pulling the car up the 
mountain. The fuel gives energy to the motion 
of the pistons, moving them through distances 
with forces opposite to those of friction. In this 
way, energy goes into heating the engine. En- 
ergy is still being transferred from fuel to other 
forms and places though none is used to do the 
job of lifting the car. Even when the engine is 
pulling the cable car up the mountain, some of 
the fuel’s energy does these other things. The 
amount of fuel actually burned may differ from 
trip to trip—for example, if the pistons are 
poorly lubricated on one trip, more fuel will be 
used. Correcting for these effects, however, we 
find that the fuel used for the job of lifting the 
cable car is always the same. 


23-1 Pulling two cable cars up the mountain requires twice the fuel needed to haul up one; the force is doubled also. Thus we see 


3-2 


23-3 * MORE ABOUT THE DEFINITION OF WORK 405 


It takes twice as much fuel to pull the cable car to the top of the mountain as it does to pull it up halfway. Work is there- 


fore proportional to the distance moved. 


More About the Definition of Work 


We developed the definition of work as force 
times distance from the example of a cable pull- 
ing a car which moved along the direction of 
the pull. When the force is in the direction of 
motion, there is a transfer of energy; work is 
done. On the other hand, there is no energy 
transfer when we exert a force on a body per- 
pendicular to the direction of its motion. For 
example, consider a stone whirling around on 
the end of a string which is tied to a rigid post 
(Fig. 23-3). The stone moves around and 
around without changing speed. Time and 
time again it comes to the same place moving 
at the same speed; and its energy, also, is 
unchanged. At the other end of the string, the 
post remains motionless. It burns no fuel, and 
transfers no energy to the string. Therefore, the 
string neither gives nor receives energy; so its 
pull does no work. 


SN 


| 


23-3 A stone at the end of a string is whirling around a post. 


The string is attached to a frictionless bearing on the post. 
No work is done transferring energy to the stone because 
there is no component of force in the direction of the stone's 
motion. 
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which we call the kinetic energy of the body. 


What happens if we pull with a force at some 
other angle to the motion? Then the force has 
a component in the direction of motion, and 
this component speeds up the stone. After that, 
because it is moving faster, the stone can do 
more work pulling something as it comes to 
rest. It therefore has more energy. The com- 
ponent of force in the direction of motion has 
done work on the stone, transferring energy of 
motion to it. 

Briefly, the component of any force perpen- 
dicular to the motion does no work. The work 
done on an object is equal to the magnitude of 
the component of the force along the direction 
of motion times the distance moved. 


23-4 Kinetic Energy 


Our definition of work in terms of the force 
and the distance moved has been designed to 
agree with the idea that equal amounts of fuel 
will supply equal amounts of energy. Does this 
definition of work also enable us to say how 
much energy a moving body has? The value 
of our definition of work depends on the an- 
swers to questions like this. 

Suppose we apply a force to a body on a 
frictionless table. The body accelerates, gain- 
ing speed. While the force acts, we do work 
transferring energy to the body. We calculate 
the work done on the body as it moves a mea- 
sured distance under the action of the force. 
This work is the energy transferred, and it gives 
us an expression for the energy of motion of 
the body. This energy is called kinetic energy. 
We want to find an expression for it in terms 
of the motion, using the object’s speed v. We 
shall find that we also need to use its mass m, 
but nothing else. 


23-4 A force F is exerted on a mass m, which moves a distance x starting from rest. The energy transferred to m is Fx, equal to mv?/2, 


We start the object from rest and pull with 
force F for a distance x (Fig. 23-4). The 
energy transferred is then Fx. Since the object 
started from rest, its initial energy of motion 
was Zero, so its final energy of motion is equal 
to the energy transferred. How can we express 
Fx in terms of m and v? We have 


F= ma, 
so Fx = max. 


Since F is constant, a is constant; and we al- 
ready know [from Section 5-8, Equation (3)] 
that 


v2 — 2ax 
or ax = v?/2, 
Therefore, Fx = max = mv?/2. 


The work W = Fx done accelerating the mass 
m from rest is equal to the quantity mv?/2, or 
in other words, mv?/2 is equal to the energy 
transferred to the body in setting it in motion. 
We call it Ex, the kinetic energy of the body: 
that is, 
mv? 
Ex = 7 

Notice that the kinetic energy mv?/2 is de- 
fined purely in terms of the mass and its motion. 
It shows no trace of the force used to give the 
body this energy, and no trace of the distance 
moved. It does not depend on the way in 
which the energy was transferred to the mass. 
If we know the mass, we can evaluate the kinetic 
energy by observing how fast the body moves. 
In other words, our definition of Ex is in terms 
of the state of motion of the mass without ref- 
erence to its history. Whenever the mass is in 
the same state of motion, mv?/2 is the same. 
The body has the same kinetic energy. 

We can easily see that the work required to 
give a body that starts from rest a certain mv?/2, 
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a certain kinetic energy, is always the same. 
Try using double the force for half the distance: 


you will get the same mv?/2 for the same work. 


Suppose that the force changes to a new value 
when the body is already moving with speed v,, 
and the work W,; = mv,2/2 has been done. 
The body now is accelerated with a different 
constant acceleration a’, and from Section 5-8 
we know that after an additional distance Ax 
its speed v is given by 


v2 = vy2 + 2a’Ax. 
On multiplying by > we see that me at the 
end is 


mv2 mv," 
ae ee oe AR 
2 2 


Since ma’ is the new force F’, 


ma’Ax = F’Ax. 


This is the additional work AW; and the equa- 
tion above shows that it increases the kinetic 
energy from mv;2/2 to mv?/2. The total work 
is therefore the sum of the work W, (which 
gives transfer of energy from zero to mv,?/2) 
and the additional work AW (which gives the 
change from mv,?/2 to mv?/2). The total work 
from rest to speed »v, this time given by W, 
+ AW, again gives mv?/2. 

If the force continually changes during the 
motion (as in Fig. 23-5, for instance), we can 
always take small intervals during which its 
value is nearly constant. In each interval, as 
we have just seen, the work will give the change 
in mv2/2. So the total work will always give the 
total change in mv?/2. Indeed, even if a force 
points in some direction other than that of the 
motion, we still get the same result. Only the 
component of force along the motion enters the 
work, and only the component along the mo- 
tion changes the speed. ‘Consequently, our 
definition of kinetic energy as mv?/2 is such 
that the same amount of work always gives the 
same change of kinetic energy. 

If a mass m is moving with speed », its kinetic 
energy is mv2/2. This amount of energy had to 
be transferred to it to accelerate it from rest to 
the speed v. When a force acts on the mass 
to slow it down, the kinetic energy decreases. 


Force 


Axa Axp Axc 


Position x 


23-5 If a force changes in magnitude but is always in the direc- 


23-5 


tion of a body's motion, the total work it does can be cal- 
culated by taking the sum of the areas of the many small 
rectangles with base Ax and height F. When the body 
moves from x, to x2, the total work is represented by the 
shaded area. It gives the total change in mv2/2. 


Energy is transferred from kinetic energy of the 
mass to energy in the system that exerts the 
retarding force. The work F,Ax, when the force 
F,, retards the motion, measures the energy 
coming out of the moving mass as it slows 
down. By using the same reasoning as above, 
we see that if the body has mv?/2 kinetic energy, 
it can do just that amount of work before com- 
ing to rest, no matter how it is slowed down. 

In summary, when work is done by a force 
acting on a mass in the direction of its motion, 
the kinetic energy of the mass is increased. The 
work measures the transfer of energy from the 
outside into kinetic energy of the mass. When 
a force opposes the motion, the transfer of 
energy is in the opposite direction and the work 
measures the transfer of kinetic energy of the 
mass into energy of something else. We can 
express the kinetic energy of a mass m moving 
with a speed v directly in terms of its motion 
as mv2/2. 


The Transfer of Kinetic Energy From 
One Mass to Another 


So far we have examined what happens when 
one object gains or loses kinetic energy. This 
gain or loss is measured by the work done in 
transferring the energy to or from the object. 


23-6 A multiple-flash photograph of a colli- 
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sion between two billiard balls, each 
of mass 173 gm. The interval be- 
tween flashes was 3'; sec. The dotted 
ball came in from the left and struck 
the unmarked ball at rest. The un- 
marked ball appears whiter where it 
was at rest and was photographed dur- 
ing several flashes. 


We believe that energy transferred to the object 
comes from someplace, and energy transferred 
from it goes somewhere. For example, when 
one ball hits another at rest, the first ball trans- 
fers energy to the second one. Figure 23-6 
shows a flash photo of a billiard-ball collision. 
By measuring the distances the balls move be- 
tween flashes, we can find the kinetic energy of 
the ball with the dot as it came in from the left; 
we can find its kinetic energy after collision as 
it went off more slowly to the lower right, and 
we can also find the kinetic energy of the dot- 
less ball after the collision set it in motion 
toward the upper right. We find that the kinetic 
energy lost by the dotted ball is almost. exactly 
equal to that gained by the other ball. 

How does the energy transfer actually occur 
in a billiard-ball collision? The balls approach, 
exerting no force on each other until they are 
very close, and we say they are “in contact.” 
Then repulsion sets in: each ball pushes the 
other. These forces change in magnitude, 
growing and decreasing again as the balls dis- 
tort each other and finally push each other 
away. Because the forces are changing, a bil- 
liard-ball collision is difficult to analyze in de- 
tail. We shall be able to understand the transfer 
better if we start with an easier example in 
which the force has a simpler behavior. After 
we see the details in this simple case we can 
return to billiard balls. 

To make a simple preliminary study of colli- 
sions and energy we shall study an artificial case 


in which two colliding bodies exert no force on 
each other until they get within a distance d 
and then exert a constant repulsion of magni- 
tude F on each other as long as the separation 
is less than d (Fig. 23-7). 

Suppose the collision takes place along a line 
(Fig. 23-8). Moving along this line with veloc- 
ity v;, the mass m, approaches the mass mz 
which is at rest. Nothing happens until m, gets 
to the distance d away from m2. From then on, 
however, mz is pushed forward with force F, 
and my, is pushed backward just as hard. Con- 
sequently m2 speeds up while m, slows down. 
Because m, is moving and mz standing still 


Force 


| P | Separation 


23-7 The graph of the magnitude of the interaction forces be- 


tween two bodies. The force is zero when the separation s 
is more than d, and a constant value F when the masses 
are closer together than d. 
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23-8 The positions and velocities of two masses m, and m2 as they interact along a line, with the force shown in Fig. 23-7. The masses 
are shown at equal time intervals. Mass m, comes in from the left. When the distance between masses is less than d, m, slows 
down and m2 speeds up from rest. After 10 time intervals, in this particular case, the separation is again greater than d; the force 
drops to zero; and the two masses move apart with constant velocities. The gain in kinetic energy of mz over the whole interaction 
is equal to the loss of kinetic energy of my. 


when the repulsion sets in, the masses continue 
to get closer together for a while. But soon 
they reach a stage when they are as close as 
they will get and are moving along with the 
same Velocity. (If 1 were still going faster it 
would still be gaining on me; and if m2 were 
going faster, the masses would be separating.) 
Still pushed apart by F, mz continues to speed 
up and m, to slow down. The masses therefore 
separate until eventually they are d apart again. 
Then, because they are getting farther apart, the 
force falls to zero, and they continue their fur- 
ther motion without changes in velocity. The 
collision is over, with m, and mz now moving 
with definite energies that no longer change. 
For this collision with a steplike force, we can 
calculate the details of the motion of each mass. 
This we have done, using Newton’s law, for 
masses such that m, = 3m»; and we constructed 
Fig. 23-8 in this way. But we do not need to go 
through the details of calculating the motion to 
find out whether the transfer of kinetic energy 
from my, is the same as the transfer of kinetic 
energy to mz. Because the force has the con- 
stant value F during the interaction, the energy 
transferred into kinetic energy of mz is F times 


23-9 


the distance that m,. moves during the collision. 
Also, the kinetic energy transferred from 1 is 
F times the distance m, moves during the colli- 
sion (1 loses kinetic energy because the force 
on it opposes the motion). We can show that 
the kinetic energy lost by m2, is just the amount 
gained by mz if we show that 1, and mz move 
the same distance during the collision. To see 
that, look at Fig. 23-9. There we show the 


my mo 


' distance interaction 

* d m2 moves starts 
distance d interaction 

my moves m, me stops 


The positions of m, and m2 at the beginning (top line) and 
the end (bottom line) of the interaction in Fig. 23-8. The 
scale here has been reduced. Comparing the two lines, d 
plus the distance m2 moves is equal to d plus the distance 
m, moves. Thus m, and mz move the same distance during 
the interaction. 


23-6 
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positions of the masses when the interaction 
starts and when it stops. Notice that d plus 
the distance 2 moves during the interaction 
(top line) is equal to d plus the distance m, 
moves (bottom line). Consequently the dis- 
tances moved by m, and by mz are the same 
during the complete interaction. The force 
times distance moved during the collision is 
therefore equal and opposite for the two 
masses; and as we anticipated, the kinetic en- 
ergy from my just goes into kinetic energy of mp. 


Another Look at the Simple Collision 


There is a slightly different way of looking at 
this special example that will make it easier to 
see what happens in a real collision when the 
pattern of force is more complicated. In order 
to study real collisions we wish to find what kind 
of forces must be acting if all the kinetic energy 
lost by one mass is gained by the other. To find 
the nature of these forces we shall examine the 
sum of the two kinetic energies directly rather 
than each one individually. If the sum at the 
end is the same as at the beginning, what is lost 
by one mass must be gained by the other. 

When we look at the changes in kinetic en- 
ergy during the course of a collision, we shall 
see that at intermediate stages the loss of kinetic 
energy of m, is not equal to the gain of kinetic 
energy of mo. 

To find out how the total kinetic energy 
changes during a collision we shall concentrate 
on a small time interval during a collision be- 
tween two masses m, and me (Fig. 23-10). At 
the beginning of this time interval, we shall call 
the separation between the masses s. At the 
end of this time interval the separation is s + 
As. Now, if mz moves a distance Ax2 in the 
direction away from m,, the separation is in- 
creased by Ax2; but if m, moves a distance Ax, 
in the same direction—that is, toward m2—the 
separation is decreased by Ax,. Therefore, the 
change in separation As is given by the differ- 
ence between the distance Axo, which mz moves, 
and the distance Ax,, which m, moves in the 
same direction: 


As = Axo or Ax. 


If mz moves the distance Axo in the direction 
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away from mj, the separation is increased by 
this distance; but if m, moves by Ax, in the 
same direction, that is, toward mp, the separa- 
tion is decreased by that distance. 

Now when the force of interaction F in this 
interval is repulsive, the kinetic energy trans- 
ferred to mz is FAxo. This is the work done in 
accelerating mz. On the other hand, the kinetic 
energy taken from the motion of m, is FAx. 
This energy is transferred from the motion of 
my, because the force on mz, is in the opposite 
direction from the motion Ax,. Consequently, 
the change in the total kinetic energy in the 
interval when these motions take place is given 
by 


AEx(tot) = FAxg — FAx,; = F(Ax, — Ax). 


Since Axg — Ax; = As, we can write the change 
in the total kinetic energy as 


AEx(tot) = FAs. 


For example, in Fig. 23-11 as the separation 
changes from s to s + As, the total kinetic 
energy changes by the amount given by the 
shaded area, F high and As wide. 

The result AE,(tot) = FAs is just what we 
need. It shows that the change in the total 
kinetic energy in any interval depends only on 
the force of interaction and the change of sepa- 
ration that takes place. These were the only 
quantities that entered our calculations. We 
never have to say where the masses are with 


at the 
beginning 
of interval 


my mg 
@—-____—-s + Ax. od 


at the end 


—— Ax; mr For + As Fae of interval 


During a short time interval, while m, and mg interact, Ax, 
is the distance m,; moves and Axo is the distance m2 
moves. The original separation between m, and mz is s, 
and s + As is the separation at the end of the interval. 
Therefore As is the change in the separation. Comparing 
the top line of the figure with the bottom line, we see that 
s + Axo = Axy + (s + As). Then, subtracting (Ax, + s) 
from both sides, we get the result Axp — Ax; = As. 


Force 


A a 
s stAs d 


Separation 


23-11 When the separation changes froms tos + As, the change 


in the total kinetic energy is given by the shaded area. 


respect to any other objects. Also, it does not 
matter what the interaction force may be at 
some other separation. Consequently, the force 
that acts at other separations need not have the 
same value that it has in the interval we just 
considered. It is for this reason that we shall 
be able to apply our results to collisions in 
which the force of interaction depends in any 
way on the separation alone. We shall see how 
to use AEx(tot) = FAs for such forces in the 
next section. We shall use this equation to show 
the conservation of kinetic energy in the simple 
collision we studied in the last section. 

For a collision with the force shown in Fig. 
23-11 (that is, F at all separations less than d, 
and zero at larger separations), the total kinetic 
energy decreases at the beginning of the colli- 
sion. When my, first arrives at the distance d 
from me, it is moving toward mz while mz is 
standing still. As we see by looking back at 
Fig. 23-8, in the next interval of time mm moves 
considerably farther than m2. Since the forces 
on m, and mz are equal and opposite, the kinetic 
energy taken from m, is greater than the kinetic 
energy given to mz. There is a net loss in 
kinetic energy. This result follows from 
AE;(tot) = FAs because the separation be- 
tween m, and mp» has decreased, and so FAs 
is negative. 

As long as m, is coming closer to mg, kinetic 
energy continues to disappear. Eventually, 
however, the total kinetic energy is regenerated. 
While m, continues to slow down, m2 picks up 
speed so that finally the separation increases 
again. When the separation becomes d once 
more, the value of As, measured from the be- 
ginning of the collision, is zero. Consequently 
AEx = FAs = 0. The kinetic energy which 
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was lost as the two bodies approached each 
other has been regained. After that the masses 
separate still farther but there is no force acting 
on them. Consequently Ex stays the same. 
The collision is over and the kinetic energy re- 
mains at its final value, the same value that it 
had before the collision began. 

We can look at the kinetic energy transfer in 
this collision in yet another way. We learned 
in the last chapter that the center of mass moves 
steadily through a collision as if nothing had 
happened. Also, as far as momentum was con- 
cerned, the center of mass moved as if all the 
mass of the system were concentrated there, and 
the total momentum relative to the center of 
mass was zero. Is there a similar behavior for 
the center of mass where kinetic energy is 
concerned? 

At any instant in the collision of Fig. 23-8, 
the masses m, and me are moving along a line 
with velocities v; and vg. The center of mass 
moves along the same line with velocity v,.. The 
two masses have velocities V; and V2 relative 
to the center of mass, also along this line. The 
velocity v, is just the velocity of m, relative to 
the center of mass plus the velocity of the center 
of mass: vp} = Vy + v,. Similarly, for ve we 
have: v2 = Vo + v, (remember that velocities 
along a line add like positive and negative num- 
bers). The total kinetic energy of the masses 
is then 


Ex = 5myv,? + ymgu? 

4m(V1 + ve)? + 4maV2 + v¢)? 
$m V4? + 4m2V2? 

+ (m1Vy + m2V2)ve + m1 + Me)v¢?. 


Now, we found in Section 22-5 that m,V, = 
—m2Vo: the total momentum relative to the 
center of mass was zero. Therefore, 


(mV + mgV2) = 0 
and 
Ex = (4m,V1?2_ + 4mqVo2) + Hm + me)e,?. 


The last term is just the kinetic energy asso- 
ciated with the motion of the center of mass. 
It is the kinetic energy of a mass equal to the 
total mass of the system and traveling along 
with the center-of-mass velocity v,. This is 
called the center-of-mass energy of the system. 
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It continues along unchanged throughout the 
collision. The first term, on the other hand, 
depends on the velocities of m1, and mz relative 
to the center of mass; it represents the kinetic 
energy of the masses as measured from the 
center of mass. It is the internal kinetic energy 
of the system. It will change throughout the 
collision, decreasing during the first part, reach- 
ing zero when the separation is at a minimum 
(Uv; = vo = v, at that instant so Vy = V2 = 0), 
and then increasing back to its original value 
by the end of the elastic interaction. 

This separation of the kinetic energy into two 
parts is not limited to two bodies moving along 
a Straight line; it can be proved for any number 
of bodies moving in all directions. We shall 
need to return to this idea of internal energy 
when we discuss heat and molecular motion in 
Chapter 25. 


Conservation of Kinetic Energy 
in Elastic Interactions 


In the collision we studied in the last sections, 
the transfer of kinetic energy from one mass to 
the other ends up without loss. This result does 
not depend on either the range d or the magni- 
tude F of the interaction force between the two 
masses. In any interaction with any interaction 
range, d, and any constant force, F, we find the 
same total kinetic energy at the beginning and 
the end of any collision. The result is more 
general than we might have anticipated. How 
general is it? 

We shall now show that the total kinetic en- 
ergy at the end of a collision is the same as at 
the beginning whenever the force of interaction 
depends only on the distance of separation of 
the two masses.* The equal and opposite forces 
F on the two masses may be any function of 
the separation of the two masses as long as F 
is zero beyond some definite range, so that we 
can define a complete interaction. Such an in- 
teraction starts with the masses farther apart 
than this range and ends when they are again 


*This merely means that the force is the same on the way 
out as on the way in to the collision. This excludes forces 
like friction which reverse on the way out—so that they are 
always “against the motion.” 


Range of interaction | 


Force 


Separation 


23-12 The graph of a force which is a function of the separation of 


two bodies. The force is zero beyond the range of interac- 
tion. 


Force 


As Separation 


23-12b During an interaction, when the separation changes by As, 


the kinetic energy Ex changes by FAs — the shaded area 
under the curve. 


separated by more than this range [Fig. 23-12 
(a)]. 

We can now apply the result AZ (total) 
= FAs to any force of interaction which de- 
pends on the separation alone—for example, 
the force illustrated in Fig. 23-12 (a). Let us 
assume that this is a repulsive force. Consider 
for a moment what happens to the total kinetic 
energy when the separation of the two bodies 
decreases by the As shown in Fig. 23-12 (b). 
The force is almost constant; and FAs, repre- 
sented by the shaded area, gives the decrease 
of the total kinetic energy. On the other hand, 
for this same separation, if the two bodies move 
apart by As, their total kinetic energy increases 
by the same amount, FAs. We see then (Fig. 


Force 


s 
Separation 


is 13 If two bodies approach each other from a long distance to 


a separation s, they lose a total amount of kinetic energy 
equal to the shaded area under the curve. When they 
move apart again, they regain the same amount of kinetic 
energy provided only that the force as a function of separa- 
tion is the same on the way out as on the way in. 


23-13) that as two interacting masses move 
closer together from large separation to sepa- 
ration s they lose all the kinetic energy repre- 
sented by the area under the F versus s curve. 
Then, in going apart again, they gain back all 
the kinetic energy represented by the same area. 
At the end of the interaction they have the same 
kinetic energy as at the beginning, provided 
only that the force as a function of separation is 
the same when the masses go apart as it was 
when they came together. We have now ex- 
tended our theorem of the conservation of 
kinetic energy over a completed collision to 
apply to any interaction in which the force de- 
pends only on the separation. An interaction 
of this kind is called an elastic interaction or 
an elastic collision. 

The interactions we see about us, such as col- 
lisions between billiard balls, or between a base- 
ball and a bat, are never perfectly elastic, but 
many are very nearly so. As we saw in Section 
23-5, when a moving billiard ball strikes one at 
rest, practically no kinetic energy is lost. When 
we come to the physics of atoms and of elemen- 
tary particles such as the electron, we shall find 
collisions which are even more nearly elastic. 
When one electron hits another one, no loss of 
kinetic energy is normally detectable, although 
in collisions with very rapidly moving electrons 
a noticeable amount of energy may be radiated 
away. 
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23-8 Kinetic Energy and Momentum 


When two bodies interact elastically, their ki- 
netic energies Ex, and Ey, change by equal and 
opposite amounts over the whole interaction; 
that is: 

—AEx, = AE. 


This must be true because there is no change in 
the total kinetic energy Ex, + Ex,. Also, as we 
learned in Chapter 22, the changes in momenta 
of the two bodies are equal and opposite: 


— Api = Ape. 


This vector relation is always true for two bodies 
forming an isolated system; in particular, there- 
fore, it is true for elastic collisions. 

The similarity between the equation relating 
the changes in momentum and the equation re- 
lating the changes in kinetic energy goes further. 
A change in momentum is given by the impulse 
FAt, which is the measure of the transfer of mo- 
mentum from one body to another, just as the 
transfer of energy is given by the work F,Ax. 

We can learn a great deal about the final mo- 
tion of two interacting masses from the fact that 
neither momentum nor kinetic energy is lost in 
these two transfers. The two equations contain 
a large part of the information needed to deter- 
mine the final velocities ¥;’ and V2’. _In particu- 
lar, if the motion takes place along a straight 
line, we find that 


, Mm — Me 


y= 
my, + Moe 
2m 
and that Vo’ = et By. 
m, + Me 


For details of finding v,’ and v.’ for head-on col- 
lisions see the box. If the collision is not 
head on, we need some more information to tell 
us how far off the center it is and therefore in 
what direction the masses will go after the 
collision. 

In making Fig. 23-8, we used a constant F 
within the range of interaction d; and we chose 
m, = 3m. Then from Newton’s law we found 
that v;’ = 4v, while ve’ = 3v,, as you can read 
off the figure. If you calculate v,’ and v2’ from 
the equations in the last paragraph based on the 
conservation of momentum and of kinetic en- 
ergy, you will get the same results. 
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The results of using either Newton’s law or 
the conservation laws must always agree. But 
it is not always so easy to apply Newton’s law 
directly. If F is a complicated function of sepa- 
ration, finding the motion from Newton’s law is 
a slow numerical procedure. Often, in fact, we 
do not know the details of F as a function of 
separation, even though experience may indi- 


cate that the total kinetic energy is the same be- 
fore and after every collision. In such a situa- 
tion, we cannot describe the motion completely, 
but the conservation laws still provide a large 
part of the answer. 

For example, billiard-ball collisions are of this 
kind. The detailed forces between colliding 
balls are unknown to us; but observation shows 


ON THE DERIVATION OF THE FORMULAS FOR vy’ AND Uo’ 


For a head-on collision, in which the mo- 
tions are along a straight line (as in Section 
23-5), we can determine the final velocities 
v;’ and v2’ from the equations 


—AEx, = AEx, and — Ap, = Ap». 


(For vectors along a line, we drop the arrow 
and use the + or — sign to indicate direc- 
tion, as in Chapter 5.) Writing AEy as the 
difference between final and initial kinetic 
energies, we have 


—(dmyvy? — $017) = (4mav2"? — 0). 
We can factor this equation to give 


vy + v4 
2 


—(myvy' — mvo)( 


to’ 0 
= (Mogv2" = 0( 2"). 


We see that each side of this energy equa- 
tion is the product of the momentum 
change of one mass times the average of 
the initial and final velocities of that mass. 
Because we know that the momentum 
changes are equal and opposite, we can can- 
cel —Ap; = —(myv;' — my,v,) on the left with 
Ap2 = (megve’ — 0) on the right. We there- 
fore obtain the additional information that 


vy) + 01 = de’. 


On substituting v2’ from this equation into 
the equation of the conservation of momen- 
tum 

—(myvy' — myv1) = Mov’, 


we find 


» _ (mM — M2) 


vy = v1. 
: my, + m2 ~1 


The energy and momentum relations thus 
lead to a specific prediction for the final 
velocity of m, when its initial velocity is 
given. Furthermore, by putting this value of 
v1’ into ve’ = vy’ + vy, we get 


, 2m, 


vo. = = 0 
2 =m, + m2} 


which tells us the final velocity of the second 
mass. 

Actually in getting this answer for the 
final velocities, we have put in quite a bit of 
information. Most of this information was 
introduced when we assumed that the colli- 
sion was head on so that the masses move 
only along the x axis. If we had allowed one 
mass to approach the other off center (Fig. 
23-6), the problem would be more compli- 
cated to handle, and we would have to put in 
the information representing the distance off 
center in order to get the answer. We also 
specified that me is initially at rest. These 
equations do not apply if mez is in motion 
at the start of the interaction. The more 
general equations that apply then are, how- 
ever, easy to derive by the same method. 

Furthermore, we should note that we made 
one tacit assumption in finding v1’ and 24’. 
We assumed that there was a change in mo- 
mentum in the interaction. It is possible 
even in our head-on collision to get another 
answer: if v;’ = v; and ve’ = 0, the momen- 
tum is unchanged and no energy transfers 
from one body to the other over the complete 
interaction. We shall not worry about this 
possible answer too much, however, because 
m, must pass right through mg in this case. 


that the kinetic energy of the balls is almost the 
same after they interact as it was before. There- 
fore, the forces must be functions only of the 
separation of the centers of the balls, and the 
forces are zero when the centers are apart by 
more than the diameter. In particular, then, we 
can use the last two equations with m, = mp to 
describe a head-on collision between a billiard 
ball in motion and one at rest. From the equa- 
tions we then get vy’ = Oand v2’ = 2, or, in other 
words, if one billiard ball smacks another head 
on, the moving ball should stop and the ball at 
rest take off with the velocity the other used to 
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have. That my, stops and me goes on with the 
velocity v; is just what we observe, as Fig. 22-8 
shows. 

The same kind of analysis is often of impor- 
tance in modern high-energy physics. Here 
the colliding masses may be subatomic particles 
such as protons, neutrons, mesons, or hyperons. 
For some of their interactions we do not know 
the details of the forces. But sometimes we can 
pick out the elastic collisions by observing the 
kinetic energies before and after interaction. 

Sometimes visible masses (particles whose 
tracks we can see) collide with particles which 


DISCOVERY OF THE NEUTRON 


Here is an outline of one of Chadwick’s 
experiments leading to the discovery of the 
neutron. A sample of beryllium was bom- 
barded by alpha particles from radioactive 
polonium, and the beryllium, in turn, was 
found to be giving off invisible, unknown 
particles (Fig. 23-14). 

These invisible particles then struck either 
hydrogen or nitrogen atoms at rest. As a 
result of the collisions, protons or nitrogen 
nuclei were knocked out, and Chadwick 
measured their velocities. 

Suppose we select head-on collisions by 
looking in the region H (see Fig. 23-14), and 
we assume that the collisions are elastic. 
Then, calling m the mass of the invisible par- 
ticle, and v its velocity, and calling m, the 
mass of the protons and v,’ their velocity, we 
have: 


1 2m 
vy = =P. 
P m+ mM 
In the same way, calling the mass of nitrogen 


and its velocity my and vy, 


In this equation we can replace my by 
14m, because, as we know, the mass of nitro- 
gen is 14 atomic mass units and that of hydro- 
gen is about 1 amu. (See Chapter 8.) After 
replacing my by 14mp, we divide the first 
equation by the second one. This eliminates 


hydrogen or other 
atoms at rest 


Po Be S 
invisible particle 
: H 
2 Q@ pa rticles 
protons or 
other nuclei 


23-14 Diagram of Chadwick's apparatus. 


the unknown velocity v of the invisible par- 
ticle with the result: 


- 


vy m+ l4m 
ty’ CO M+ MM * 


In his experiments, Chadwick measured the 
velocities vp’ and vy’. He found that the ratio 


’_ was about 7.5. Therefore 


, 


DN 
m+ 14mp _ 
mam, ~ "> 
or m = 1.00m,. 


Chadwick repeated the experiment with 
other substances in place of hydrogen or 
nitrogen and found again that an invisible 
particle with about the mass of a proton 
fitted in with his measurements. He did a 
number of other experiments. All were con- 
sistent, and one of them determined the mass 
to within less than | percent. He had proved 
that the neutron exists. 
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are invisible to us. If we assume that kinetic 
energy and momentum are conserved, and if 
we know the mass and the initial and final 
velocities of the visible particles, we can deter- 
mine the mass and the initial and final veloci- 
ties of the invisible particles. 

In much this way James Chadwick discovered 
the neutron in 1932. In his experiments protons 
at rest were hit by unknown invisible particles 
which came from a region where beryllium was 
bombarded by the alpha particles from polo- 
nium. After the collisions the tracks of protons 
could be “seen” and their kinetic energy mea- 
sured. After examining a large number of col- 
lisions, Chadwick concluded that one kind of 
invisible particle of a mass almost equal to the 
proton would explain all the observations. Fur- 
thermore, when the invisible particles hit atoms, 
the energy transferred was just what was ex- 
pected. The “invisible” particle that Chadwick 
thus discovered is called the neutron. It is one 
of the building blocks out of which atoms are 
made; but its existence was only suspected be- 
fore Chadwick’s work. One of Chadwick’s ex- 
periments is described in more detail in the box. 


23-9 Work and Kinetic Energy When 


More Than One Force Acts 


In much of this chapter we have studied the 
gains and losses of the kinetic energy of a body 
when it is acted on by a single external force. 
Even when we dealt with the interaction of two 
bodies, each body was acted on by a single force. 
If we now consider more than two bodies, each 
body will be acted on by the forces of interaction 
with every other body. How then do we find 
the changes in kinetic energy of the various 
bodies? 

Let us consider one of the bodies. How does 
the work which transfers kinetic energy in or 
out of the body depend on all the forces acting 
on it and on the distance through which it 
moves? 

We can arrive at the answer to our question 
in either of two ways. First, if we add all the 
forces acting on the body, we obtain the net or 
resultant force onit. This resultant force acting 
alone produces the same acceleration of the 
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body as a whole—the same acceleration of the 
center of mass—as all the forces acting together. 
All our statements about work and kinetic en- 
ergy are true if the force we use is the net force. 
The kinetic energy we get this way is the energy 
of motion of the body as a whole, excluding the 
energy of internal motions like vibration or ro- 
tation of the parts about the center of mass. 

Second, we can compute the work done by 
any one of the forces acting during a specified 
part of the motion, and add together the amount 
of work done by each. The sum will be just 
equal to the work done by the net, or resultant, 
force. To see how this result comes about, sup- 
pose that the motion of the body is along the x 
axis. Then the work done by each of the forces 
F,, Fy... etc., acting on the body is: 


W, = Fy X, W, = Foxx. ie 


In each case it is the component of the force in 
the direction of the motion times the distance 
x which the body moves. The total work is then 
the sum 


W=Wi+Wy+... 
= (Faxt+Foxt ...) xX = FRX, 


where F, is the component of the net force along 
the direction of motion. 

In physical language each force represents 
the push or pull of some outside agency on the 
moving body. If the force is in the direction of 
motion, the work done by this force represents 
the transfer of energy from the outside agency 


= 
v 
—ie — 


A mass is sliding along an ordinary table with speed v. A 
horizontal frictional force Fy, acts in region 1 on the lower 
surface of the mass, taking kinetic energy out of it. The loss 
of Ex is measured by the work done as the mass moves, 
slowing down as a result of this frictional force. A frictional 
force F, on the table is exerted in region 2 on the surface of 
the table; it does no work, since the table does not move. 
The table gains no Ex. Where has this energy gone? Ap- 
parently it accumulates in the region of contact around | 
and 2, where we observe an increase in temperature. 
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to the moving body. If the force is opposite to 
the direction of motion, the transfer is from the 
moving body to the outside agency. The net 
result of the whole process will depend on 
whether the resultant force is in the direction 
of motion or opposite to it. In the first case 
more energy is transferred to the moving body 
than is taken from it. In the second case more 
energy is taken out of the moving body than is 
supplied to it. In this way we can generalize 
the results of this chapter to apply to as many 
bodies or as many external forces as are present 
in a complex situation. 


Loss of Kinetic Energy in a 
Frictional Interaction 


If a frictional force acts on a body—a force that 
does not depend just on the separation between 
two bodies—energy is apparently turned into 
some other form. The kinetic energy of the 
overall motion of the interacting bodies de- 
creases and finally becomes zero. 

Consider the motion of a mass sliding on a 
tabletop. The frictional force exerted on the 
mass by the tabletop slows the mass down. The 
work done is the product of the force and the 
distance the mass moves. Because the force is 
opposite to the motion, it transfers energy out 
of the mass and hence the kinetic energy of the 
mass decreases by the amount of this transfer. 

To what is the energy transferred? There is 
an equal and opposite force exerted by the mass, 
acting on the table, but the table hardly moves 
under the influence of this force. Consequently 
this force on the table does practically no work, 
and the kinetic energy of the table does not in- 
crease appreciably. The kinetic energy of the 
mass is taken out, but it is not put into the kinetic 
energy of the table (Fig. 23-15). 

It is, however, common observation that the 
surfaces of the mass and of the table which have 
been in contact become warm. The energy 
taken out of the moving mass is associated with 
this increase in temperature. We can already 
get some idea of the connection between this 
temperature increaSe and the missing kinetic 
energy when we recall that the temperature of 
a gas is proportional to the average mv? of its 


23-16 An inelastic collision. The interaction begins when the ball 


of putty comes in contact with the floor. The ball is perma- 
nently deformed by the interaction and, on the rebound, the 
interaction ceases before the ball reaches the separation at 
which the interaction started. Asa result, the speed on the 
rebound is less than the speed at which the ball came in. 


molecules (Section 9-5). This means that 
warming a body, raising its temperature, in- 
creases the kinetic energy of its molecular mo- 
tions. The energy which does not appear as 
kinetic energy of the motion of the table as a 
whole may thus be found in the increased energy 
of motions of the molecules in the warmed re- 
gions of the table and the mass. 

Let us consider another example of a fric- 
tional interaction. When we drop a ball of 
putty, the interaction between the putty and the 
floor begins as soon as the ball and the floor 
come into contact. Forces then begin to act on 
the putty, slowing it down. Also, the shape of 
the ball is changed; and, on the rebound, the 
interaction stops when the ball is closer to the 
floor than when the interaction began (Fig. 23- 
16). The force between ball and floor at this po- 
sition is now zero, whereas when the ball was 
moving down at this position, the force was not 
zero. Asa result, the total kinetic energy is less 
after collision than before and the ball of putty 
bounces back, moving very slowly. The putty 
ball seems to lose kinetic energy permanently, 
but we find the putty warmer after collision with 
the floor than it was before. This interaction is 
much like that between the sliding mass and the 
table. In this example, however, the friction 
may all occur inside the putty ball when one 
part of the ball moves with respect to another. 

A collision in which the forces are smaller 
when the bodies separate than when the bodies 
come together is called an inelastic collision. 
After inelastic collisions, a temperature rise is 
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usually observed. In Chapter 25 we shall dis- 
cuss how this increase in temperature is related 
to energy in another form. For the present we 
shall keep our attention on situations in which 
friction and heating effects can be neglected. 


Conclusion 


What are the main things that we have found 
out in this chapter? In the first place, when a 
force is applied to a moving body, the transfer 
of energy to the body is given by the work: that 
is, by the distance the body moves times the 
component of the force in the direction of the 
motion. If the force is opposite to the motion, 
energy is taken from the body. If the force is 
in the direction of motion, energy is fed into 
the body. When more than one force acts on a 
body the net force changes the motion of the 
body; and correspondingly the total work 
measures the change in its kinetic energy. 

When two bodies interact and the force of 
interaction depends only on the distance be- 
tween the bodies, the total kinetic energy after 
a completed interaction is the same as the total 
kinetic energy before the interaction. The 
collision of the two bodies is elastic. 

We can make the same kind of statement 
when many bodies interact. If they all start so 
far apart that the forces of interaction are zero 
and all end up far apart again, the kinetic energy 
at the beginning and at the end is the same. 
Some bodies may have gained kinetic energy, 
others may have lost it, but the total comes back 
to what it was. This statement about the 
equality of the total kinetic energy at the begin- 
ning and at the end of a completed interaction 
will be proved in general in the next chapter. 
Here we should emphasize that the statement is 
correct only if the interaction forces are func- 
tions of the separation of the bodies alone. In 
other words, the forces must be the same 
whether the bodies are approaching each other 
or moving apart. 

Forces of interaction are not always functions 
of separations alone. Recall the examples of 
the mass rubbing on the table and the putty ball 
bouncing on the floor. They show that when 
the forces depend on other things the kinetic 
energy of bulk motion seems to change perma- 


nently. But when this kinetic energy disappears 
a temperature rise is usually observed. Later 
we shall find how this temperature increase in- 
dicates that the kinetic energy has been trans- 
ferred to another form. 

Even in the course of an elastic collision, the 
total kinetic energy of the bodies may appear to 
be lost temporarily. We have found that this 
lost kinetic energy can eventually be regained. 
As long as the forces of interaction depend only 
on the relative positions of the bodies, the “‘lost” 
kinetic energy is actually stored in the system. 
This stored energy we call potential energy. Itis 
the subject of the next chapter. 


FOR HOME, DESK, AND LAB 


1. Coal is burned in a city electric power plant to 
make steam to run a steam turbine that drives an 
electric generator. The city water department 
uses this electric supply to run an electric motor 
to pump water from a well into a standpipe on a 
hilltop. List, in order, all the energy changes that 
take place. 


2. Acable pulls a car up a mountain with a force of 
4 x 103 newtons at a velocity of 5 m/sec. It takes 
the car 5 minutes to reach the top. 

(a) How much work is done in getting the car 
to the top of the mountain? 

(b) How much work would be done to get the 
car up the mountain if it traveled 2.5 m/sec? 


3. A boat engine delivers energy at a rate of 3000 
joules/sec (power of 3000 watts), driving the boat 
at aconstant speed of 9km/hr. What is the force 
resisting the motion of the boat? 


* 


4,* Is it possible to exert a force and yet transfer no 


energy? (Section 3.) 


5. A meter stick, mass 0.20 kg, is lying on a table 
near two blocks 10 cm high (Fig. 23-17). 

(a) If you lift the stick, holding it horizontal, 
and put it on the blocks, how much work have 
you done? 

(b) If you lift one end and set it on one block, 
and then lift the other end, setting it on the other 
block, how much work have you done in moving 
the stick? 


6.* What is the kinetic energy of a 1-kg hammer 
moving at 20 m/sec? (Section 4.) 


7.* How does the kinetic energy of a car change 
when its speed is doubled? (Section 4.) 


8.* Two bodies of unequal mass each have the same 


kinetic energy and are moving in the same direc- 
tion. If the same retarding force is applied to 
each, how will the stopping distances of the bodies 
compare? (Section 4.) , 


A force of 10.0 newtons acts on a 2.00-kg roller 
skate initially at rest on a frictionless table. The 
skate travels 3.00 meters while the force acts. 

(a) How much work is done? 

(b) How much energy is transferred to the 
skate? 

(c) What is the final speed of the skate? 


Compare the kinetic energies of two objects, A 
and B, identical in every respect except one. 
Assume that the single difference is: 

(a) Object A has twice the velocity of B. 

(b) Object A moves north, B south. 

(c) Object A moves in a circle, B in a straight 
line. 

(d) Object A is a projectile falling vertically 
downward; B is a projectile moving vertically up- 
ward at the same speed. 

(e) Object A consists of two separate pieces 
attached by a light string, each equal in mass to 
the mass of B. 


A force of 30 newtons accelerates a 2.0-kg object 
from rest for a distance of 3.0 meters along a level, 


3-17 For Problem 5. 
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frictionless surface; the force then changes to 15 
newtons and acts for an additional 2.0 meters. 
(a) What is the final kinetic energy of the 
object? 
(b) How fast is it moving? 


Estimate your kinetic energy (in joules) when you 
ride your bicycle on the road. 


A 2.0-kg stone whirls around on the end of a 
0.50-m string with a frequency of 2.0 revolutions 
per second. 

(a) What is its kinetic energy? 

(b) What is the centripetal force on it? 

(c) How much work is done by the centripetal 
force in one revolution? 


In Fig. 23-8, do the two bodies repel or attract 
each other? (Section 5.) 


A 10.0-kg mass moves 2.00 meters against a re- 
tarding force that increases linearly by 4.00 new- 
tons for every 3.00 meters the mass moves (see 
Fig. 23-18). If the force is zero at the beginning, 
how much kinetic energy is lost? 


1 2 


Distance s in meters 


23-18 For Problem 15. 


18.* 


When do we call a collision elastic? (Section 7.) 


When a putty ball is thrown at a wall and sticks 
to it, does the force between the wall and the 
putty ball depend on the separation alone? 
(Section 7.) 


A 3-kg ball with a speed of 6 m/sec strikes an- 
other 3-kg ball moving 6 m/sec in the opposite 
direction. After collision each ball has a velocity 
equal in magnitude but opposite in direction to 
its initial velocity. Is this an elastic collision? 
(Section 7.) 


A rapidly moving mass i strikes a mass #712 at 
rest in a head-on elastic collision. How does m, 
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20. 


21. 


22. 


23. 


24. 


25. 


compare with mz if m1, comes back along its path 
at a very low speed? (Section 8.) 


Suppose two bodies collide. When they approach 
from 10 to 5 cm the repulsive force between them 
is 3 newtons, and when they go apart from 5 to 
10 cm the repulsive force is | newton. What will 
be the change of the total kinetic energy after the 
cycle of approaching and retreating from 10 to 5 
and from 5 to 10 cm? 


A projectile from an antitank gun (which does not 
contain an explosive charge) has a mass of about 
10 kg and a speed of 103 m/sec. A freight car 
being moved around in a switchyard has a mass 
of about 104 kg and a speed of 1 m/sec. What 
are their momenta? Their kinetic energies? Why 
does the projectile do much more damage than 
the freight car when it hits something? 


Two 3.0-kg bodies interact. Ata given moment 
the first body is moving to the right at 0.50 m/sec 
and the second body is moving to the right at 0.30 
m/sec, and so at that instant the speed of ap- 
proach of one body as measured from the other 
is 0.20 m/sec. If the force of interaction is re- 
pulsive and equal to 0.10 newton, at what rate is 
the total kinetic energy decreasing at that time? 


A 1.5-kg body is at rest. It is “hit” head on by a 
body of mass 0.50 kg moving with a speed of 0.20 
m/sec. The interaction force depends only on 
the separation of the two bodies. 
(a) What is the final velocity of each body? 
(b) In what direction does each move after 
the interaction? 


An object of mass m, and kinetic energy Ex col- 
lides head on with an object of mass mz at rest. 
Assuming the force of interaction depends only 
on the separation, calculate the kinetic energy 
transferred if 

(a) 2 = Ol mm, 

(b) my = my, 

(c) mz = 100m, 

What is the ratio of 1; and m2 when the trans- 
fer of kinetic energy is 

(d) a maximum? 

(e) very small? 

(Note: To see this relationship more clearly, 
you may wish to find the energy transferred for 
additional values of m2, and make a graph.) 


A 5.0-kg body is at rest. A 10-kg body ap- 
proaches it with a velocity of 0.20 m/sec. The 
interaction force is zero when the separation is 
greater than 0.10 meter and is 4.0 newtons when 
the separation is less than this distance. (Note 
that some of the answers in this problem are 
easier to get if you use the conservation of mo- 
mentum.) 

(a) What is the kinetic energy of the masses be- 
fore the interaction? 


26. 


27. 


28. 


29. 


30. 


(b) What will be the kinetic energy of each 
mass after the interaction is complete? 

(c) What will be the kinetic energy of each 
mass when the separation is ata minimum? Re- 
call that the velocities at minimum separation are 
equal. 

(d) What is the minimum separation? [Your 
answer to part (c) tells you the net loss of kinetic 
energy of the two masses at minimum separation.] 


An antiaircraft shell has a kinetic energy Ex and 
a momentum p. Just then it explodes. What 
can you say about: 

(a) the momentum of the pieces? 

(b) the kinetic energy of the pieces? 


In one of the experiments that led to the deter- 
mination of the mass of the neutron, Chadwick 
measured the velocity of protons that had been 
hit head on by neutrons. The velocity of the pro- 
tons was 3.3 x 107 m/sec. 

(a) What was the velocity of the neutrons be- 
fore and after collision with the protons? 

(b) Chadwick also measured the velocity of 
nitrogen atoms hit head on by the neutrons. 
What was it? 

(c) What was the velocity of the neutrons after 
each kind of collision? 


An empty freight car A of mass 2.5 x 104 kg (25 
tons) coasts along a horizontal track at 2.0 m/sec 
until it couples to a stationary car B of mass 5.0 x 
104 kg. There is little friction, and the brakes are 
off. 

(a) What is the initial momentum of car A? 

(b) What is the speed of the two cars as they 
move along the track after the interaction? 

(c) What is the total kinetic energy before and 
after the impact? Is this an example of an elastic 
collision? 


A Dry Ice puck is acted upon by two forces F, 
and Fy, as shown in Fig. 23-19. Assume that in 
each case the body starts from rest. 

How much work is done on the body as it 
moves 2 meters if: 

(a) F, = 10newtons and Fp = 0? 

(b) Fy = Oand Fp = 10 newtons? 

(c) F, = 10newtons and F2 = 10 newtons? 


A Dry Ice puck has a mass of 5 kg. It is sub- 
jected to a constant force F of 50 newtons at an 
angle of 60° above the horizontal for 2 seconds 
(Fig. 23-20). 

(a) If the puck starts from rest, what is its 
change in momentum in the first two seconds the 
force is applied? 

(b) How much work was done in these two 
(mv)? _ p? 

2m om) 

(c) What would happen if the force were 

doubled? 


seconds? (Note: Ex = 4mv? = 


31. 


32. 


33. 


A 100-gm light bulb dropped from a high tower 
reaches a velocity of 20 m/sec after falling 100 m. 
About how much energy has been transferred to 
the air? 


Suppose you wish to determine the force your 
bicycle brakes are exerting on the bicycle when 
you brake hard without skidding. Assume the 
brakes grip the rim of the wheel. At your dis- 
posal is a tape to measure length and a road of 
known constant slope. Also, you know the total 
weight of the bicycle and yourself. You do not 
have a watch. How would you go about it? 


A horseshoe magnet of mass m stands on end on 
a frictionless table. A steel ball bearing of mass 
mis rolled toward the magnet from far away with 
velocity v and goes through the magnet and far 
beyond. Assume the force of attraction F 


changes with distance and is the same in front 
and behind the magnet. (See Fig. 23-21.) 

(a) What is the final velocity of the ball? 

(b) What is the final velocity of the magnet? 


3-19 For Problem 29. 


\ 


I-20 For Problem 30. 
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23-21 For Problem 33. 


34. What would be the kinetic energy of a 2.0-kg ball 
moving in a circle of 1.0-m radius 300 times per 
minute? What would the kinetic energy be if the 
ball were split into four equal parts, each 90° 
apart on the circle, with the same motion as be- 
fore? Would the kinetic energy change if the 
2.0-kg ball were formed into a continuous ring 
2.0 m in diameter turning at the same rate? 
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Potential 
energy 


24-1 


IN THE last chapter we focused our attention on 
the transfer of kinetic energy from one moving 
body to another. We found that for completed 
collisions within an isolated system the loss of 
kinetic energy of one body must equal the gain 
of kinetic energy of the other as /ong as the force 
of interaction depends solely on their separation. 
Then with the help of the law of conservation of 
momentum we were able to calculate the final 
velocities of two bodies colliding head on in 
terms of their masses and their velocities prior 
to the interaction. 

In this application, the law of conservation of 
momentum, — Ap; = Ap:, and the law of con- 
servation of kinetic energy, —AEx, = AEx,, 
seem strikingly similar; but there is an impor- 
tant difference. The changes in momentum are 
equal and opposite in any time interval, and the 
momentum is therefore conserved instant by 
instant throughout the interaction. On the 
other hand, even in elastic collisions the total 
kinetic energy is not the same at all stages of 
the interaction. Only at the end of the inter- 
action does it return to its initial value. During 
the collision, the total kinetic energy first de- 
creases and then increases. At intermediate 
stages some of the kinetic energy has disap- 
peared. 

What happens to this lost kinetic energy? 
Because it all comes back, it must be stored 
somehow in the interacting system. We call 
this stored energy the porential energy of the 
system. 


The Spring Bumper 


Here is a simple example of energy being stored. 
Consider a mass m sliding with constant veloc- 
ity on a horizontal frictionless table (Fig. 24-1). 
The mass collides with a spring bumper at- 
tached to a large body so massive that it hardly 
moves. When the moving mass hits the spring, 
the spring is compressed. It exerts a force back 
on the moving mass, slowing it down. The 
kinetic energy of the moving body decreases 
until the speed is zero. At this point the kinetic 
energy of the moving body has disappeared, 
and the spring is compressed a maximum 
amount. All the energy is stored as potential 
energy. After that the mass picks up speed in 


— 


A mass m is approaching a spring 
bumper with speed vo. 


It hits the spring and starts to com- 
press it. 


When the spring is compressed a 
distance x to separation s, the 
speed of the mass has decreased 
to v. The mass has lost kinetic 
energy, which has been stored as 
potential energy by the com- 
pressed spring. 


At maximum compression, the 
mass has come to rest. All its 
kinetic energy has disappeared. 


As the spring is still shoving, the 
mass gains speed and kinetic 
energy. 


The mass has returned to the 
place where it first hit the spring. 
It now has its original speed vo, 
and its original kinetic energy. 
The interaction is completed. 


The mass continues to move away 
with speed v, and its original 
kinetic energy. 
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A collision between a mass m and a spring attached to a mass so large that it does not move appreciably. 


the opposite direction. Finally it leaves the 
spring with its original speed and kinetic energy. 
All the kinetic energy lost during the compres- 
sion has been regained. At intermediate com- 
pressions, the energy was partly kinetic and 
partly potential. 

In the last chapter we saw that kinetic energy 
will be completely regenerated if the force de- 
pends only on separation. Here compression 


plays the same role as separation. When the 
kinetic energy is stored and can be recovered 
completely, we suspect that the force exerted by 
the spring is the same on the way in, while the 
spring is being compressed, as on the way out, 
when it is expanding. 

Measurements of the force as a function of 
compression confirm our suspicion. As we saw 
in Chapter 20, a typical curve for the restoring 
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force exerted by a good spring looks like Fig. 
24-2. The force exerted does not depend on 
the past history. It has the same value at a 
given compression if we have just pushed the 
spring in that far or if we have pushed it in 
farther and then let it expand. Furthermore, 
the force does not depend on the speed of the 
mass. Since the force is always the same at the 
same compression, we can represent force by 
a single curve, as we have done in Fig. 24-2. 
On the other hand, for a poor spring—a cop- 
per coil, for instance—the history matters. The 
forces on the way in and on the way out differ. 
When such a coil is hit by a moving mass, the 
0 mass bounces away, moving more slowly than 
Compression : : es soa: 
when it came in. A copper coil is inelastic like 
putty and warms up when it is moved in and 
out. Therefore, we do not get a single curve of 
24-2 A graph of the restoring force F exerted by a good spring, force versus compression. 
as a function of its compression. When a mass hits a spring, compressing it 
and losing kinetic energy, the transfer of energy 
from the kinetic energy of the mass into poten- 
tial energy stored in the compressed spring is 
measured by the work. This work is represented 
by the area under the force-compression curve 
from zero (when the spring is uncompressed) 
to x (the distance through which the end of the 
spring has moved; Fig. 24-3). When we are 
dealing with a good spring, one with a single 
force-compression curve, this work is always the 
same when the same compression is reached. 
The /oss of kinetic energy by the moving mass 
is therefore always the same. It does not matter 
what the original kinetic energy of the mass 1s. 
If m comes in with higher kinetic energy, it will 
have higher kinetic energy as it is passing x; 
but the change AE, between zero and x is the 
Compression same. This Joss of kinetic energy, this work 
done in compressing the spring, is the potential 
energy stored in the spring. 


Force 


Force 


° 


Xx 


24-3 The work done in compressing a spring is measured by the It does not matter whether a moving mass 
area under the F versus x curve from zero to any compres- 


sion x. This represents the potential energy stored in the compresses the spring or whether we compress 

spring at the compression x. it. If we compress the spring a distance x by 
hand, place the mass at its end, and let go, 
the spring will flip the mass off with kinetic 
energy equal to the work we did by hand. The 
potential energy of the spring is again given by 
the area under the force-compression curve, 
and it is a property of the compression of the 
spring without any reference to the moving 
mass. 


For a spring with a given force-compression 
curve we can evaluate the potential energy as a 
function of the compression x by finding the 
areas under the curve between zero and various 
values of x. If we plot these areas against x, 
we obtain a graph of the potential energy U. 
Figure 24-4 is such a graph of U versus x for 
the spring with the force-compression curve of 
Fig. 24-2. 

If the force-compression curve is simple 
enough, we can find a formula for the potential 
energy U as a function of x. In Fig. 24-5 we 
see that when the force is proportional to the 
compression, F = kx, the area under the curve 
is a triangle with base x and altitude kx. The 
potential energy is therefore 


U = 4altitude)(base) 
= 4kx)x = 4kx?. 


This formula gives the potential energy for a 
spring with a linear restoring force. 

The graph of U versus x can be checked ex- 
perimentally (whether it was obtained from a 
formula or from the areas under the force- 
compression curve). Compress the spring by 
different amounts x and let it go, each time 
accelerating a known mass. Measure the ki- 
netic energy with which the mass ends up. Its 
value should be the same as U at compression x. 

The kinetic energy of the mass when it leaves 
the spring is equal to the potential energy when 
the mass is at rest, because all the potential 
energy is turned into kinetic energy on the way 
out. At intermediate points the gain in kinetic 
energy and the loss of potential energy are 
equal, and the sum is constant: that is, 


tmv2 + U = E. 


The constant E is the potential energy at maxi- 
mum compression when v = 0. It is also equal 
to 4mvo?, the kinetic energy when U = 0 and 
the mass is just leaving the spring. We call E 
the total energy of the spring and the mass. 

When we fasten a mass m to the end of any 
spring and set the system in motion, it oscillates 
back and forth. The expression 


4mv2? + U=E 


enables us to calculate the speed v from the 
potential energy U at any stage of the motion 
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Potential energy 


Compression 


24-4 The graph of potential energy versus compression for the 


spring with the force-compression curve of Fig. 24-2. 


Force 


|_—— x + 


Compression 


24-5 The graph of F versus x for a spring, when F = kx. The 


area under the curve is the triangle with base x and height 
kx. The area, and thus the potential energy, is given by 
ex? 
dkx?, 
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Expansion 


Compression 


24-6 A graph of the potential energy curve U of a spring and 


the kinetic energy curve $mv? of a mass attached to the 
end of the spring. The sum E is represented by a hori- 
zontal line, indicating that the sum of the energies is con- 
stant. The mass has just enough energy to compress the 
spring to x = x, or expand it to x = x2. 


(Fig. 24-6). For example, if the spring exerts 
a linear restoring force, we know that the mass 
oscillates in simple harmonic motion (Section 


20-8). Also we know that U = 4kx? for such 
a force. For simple harmonic motion, then, 
we see that 


gmv? + tkx? = E. 


For example, suppose we have a spring of 
force constant kK = 2 newtons/meter. We at- 
tach a mass m = 8 kg to it and pull it out 1 
meter from its rest position. Then we let the 
mass go. What will be its speed as it passes 
through the rest position? With what period 
will the mass oscillate back and forth? To an- 
swer the first question, we first notice that the 
mass is not in motion when we let it go. The 
kinetic energy 4mv? is therefore zero, and the 
constant total energy E is equal to the potential 
energy $kx?. Therefore, when we let the mass 


p40) 
4(2 


= | joule. 


E=tkx= newtions (1 meter)? 


meter 


On the other hand, when the mass passes the 
rest position x = 0 the total energy is all kinetic; 
that is, 


E = 4mv? = 3(8 kg)v? = 1 joule. 


24-2 


meter \ 2 


Consequently, v? = 4 ( meter and the speed 


is 4+m/sec. 

We can answer the second question—what 
is the period?—in two simple ways. First we 
know from Section 20-8 that simple harmonic 
motion is the motion of a component of steady 
circular motion. If the maximum displacement 
in the simple harmonic motion is 1 meter, the 
matching circular motion goes around a circle 
of 1 meter radius and, hence, 27 meters circum- 
ference. Also, if the maximum speed in simple 
harmonic motion is $ m/sec, the steady speed of 
the matching circular motion is also 4 m/sec. 
Consequently, the period is 


27 meters 


= 4m sec. 
4m/sec 


We can check this result by the second 
method. In Section 20-8 we learned that the 


period is 
T=2 ee 
7k 
Here this is 7 = 27 ob ks = 4m sec, 
2nt/m 


which agrees with the period as computed by 
the first method. 


Potential Energy of Two 
Interacting Bodies 


Now consider one mass colliding head on with 
another, as in Chapter 23. Suppose mass A is 
projected toward mass B, which is at rest (Fig. 
24-7). As we learned in Section 23-5, when 
A reaches the range of interaction d, it begins 
to slow down and lose kinetic energy, while B 
starts moving faster and faster; but B does not 
gain as much kinetic energy as A loses. Kinetic 
energy is disappearing. When A and B are 
closest together they are both moving with the 
same Velocity, and the total kinetic energy is at 
a minimum. Suppose that at just that instant 
a light cage (of negligible mass) is dropped over 
A and Bto prevent them from separating. Then 
the whole system—A and B and their cage— 
continues with unchanging velocity and con- 
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stant kinetic energy. It will continue to move 
with this minimum kinetic energy until we re- 
move the cage. If we look at kinetic energy 
alone, the system seems to have less energy than 
it had originally. However, if we remove the 
cage so that A and B can push apart, we get 
back to the original kinetic energy, provided 
that the interaction forces depend on the sepa- 
ration alone. Here we are considering only 
those interactions which provide the same 
forces at the same separation, whether A and 
B are approaching or moving apart. Such 
forces make the collision elastic. 

While the cage is on, we have less kinetic 
energy than we had originally, and we say that 
the missing kinetic energy is stored as potential 
energy. We can keep it stored as long as we 
like. And whenever we allow the two inter- 
acting masses to move apart again, the kinetic 
energy will increase by just the amount that we 
stored when we trapped them in the cage. 

Whenever the two masses are held at a given 
separation, there is a definite potential energy. 
This does not depend on how fast the system is 


ma mg 
Oo-—> 6 
}~-—_— d ——»| 
o> e interaction starts 
O--> op 


ep I 


moving or on how the masses were pushed to- 
gether. And all this energy will come out as 
kinetic energy when we let them go. The whole 
arrangement is very much like the spring 
bumper—where we could have stored the po- 
tential energy by applying a latch to hold the 
spring compressed. However, this time we 
have no visible spring. All we have is the forces, 
and we say that this potential energy is stored 
in the force field of the interaction. The force 
field behaves like an imaginary spring. 

Actually we should say things the other way 
around. In a spring the potential energy is 
really stored in the force fields of interactions 
between its atoms. The visible shape of the 
spring merely tells us where its atoms are. 

To understand more fully what happens to 
the atoms, consider what happens when two 
large masses hit with a bang. As they come into 
“contact” atoms of one body approach the 
nearest atoms of the other so closely that large 
interaction forces arise and energy is stored in 
the interatomic force fields of both masses. We 
might picture the collision of two freight cars 


minimum separation — equal velocities 
cage put on 


cage removed 


ep I 
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24-7 An interaction between two masses, which begins when their separation is d. At their closest approach, when their velocities 
are the same, we enclose them in a very light cage. They will continue to move along together at the same velocity, with mini- 
mum kinetic energy. We can remove the cage at any time; the masses will move apart again and regain the original kinetic 
energy. 
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(a) 


(b) ATES 
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se wri 


(c) Be 


energy is stored in the force fields between the atoms. 


as compressing interatomic springs [Fig. 24-8 
(a) and (b)]. A better picture would show the 
atoms with no real springs, but only their force 
fields to store energy [Fig. 24-8 (c)]. 

Obviously only some “contact” collisions (for 
example, those of rubber or steel balls) can store 
the energy in returnable form. Others leave the 
atomic systems in a jangle of motion; the large 
masses are left hotter and move apart with less 
visible kinetic energy. The collision is inelastic. 
When we look at one large mass colliding in- 
elastically with another, we see that the forces 
are not the same on the outward trip after colli- 
sion as on the inward trip. Some of the visible 
kinetic energy of the motion of the large masses 
disappears permanently. (We calculate it by 
using 4mv? for each large mass and do not go 
into atomic details.) Because this lost kinetic 
energy is not directly returnable, we do not re- 
gard it as potential energy. 

For elastic collisions, the potential energy 
depends only on the separation s between the 
masses A and B. It is given by the work nec- 
essary to bring them to this separation from a 


24-8 In (a) two freight cars are colliding. How is the energy stored to make them rebound? We might imagine that the crash com- 
presses a very large number of small springs between the atoms (b). 


A better picture (c) would show no interatomic springs, but 


separation larger than the range of interaction. 
It is the shaded area under the force-separation 
curve shown in Fig. 24-9. Because the poten- 
tial energy is only a function of separation, it 
does not depend on the method of bringing the 
masses to separation s. We have already seen 
that we can let the masses collide head on with 
any kinetic energy or push them together by 
hand. The resulting potential energy is the 
same. 

The. potential energy is useful because it is a 
function of the state of the system at the mo- 
ment and not of its history. Because it is inde- 
pendent of history, we do not need to restrict 
ourselves to collisions that occur along a fixed 
straight line. So long as the forces of interaction 
between the two masses depend only on their 
separation there is a definite potential energy 
at a given separation. The masses may be 
moving in any direction. 

Let’s look at such a collision in somewhat 
more detail. The motion of each mass during 
a short time interval Ar can be split into two 
components, one along the line joining them 


24-2 +» POTENTIAL ENERGY OF TWO INTERACTING BODIES 429 


and one perpendicularly across it (Fig. 24-10). 
One of these components is in the direction of 
the force acting on the mass and the other is 
perpendicular to it. From Chapter 23 we know 
that when force and motion are perpendicular 
to each other, no work is done. So the com- 
ponents of the motions perpendicular to the 
forces are not involved in any transfer of energy. 
On the other hand, when force and motion are 
in the same direction work is done, energy is 
transferred. Consequently (since the forces 
are equal in magnitude and along the displace- 
ments AS, and AS,), the magnitude of the forces 
of interaction times the net change in separa- 
tion measures the transfer from potential to 
kinetic energy just as it does for a head-on 
collision. 

We can apply the same treatment to any iso- 
lated system of masses, however complex, so 
long as all the forces are Newtonian forces— 
that is, so long as the forces of interaction be- 
tween each pair of masses are equal and oppo- 
site and depend only on the separation. Under 
these conditions, the potential energy can be 
defined and the total mechanical energy (kinetic 
plus potential) of an isolated system remains 
constant. 

We can now see that potential energy may be 
related to the energy stored in fuels: in gasoline 
or in the nuclei of atoms, for example. In using 


Force 


s 


Separation 


4-9 A graph of force versus separation for two interacting 


masses. The shaded area represents the work required to 
bring the masses to separation s. It gives their potential 
energy when they are s apart. 


Fa —A 
‘Ay 
Oe 
At, 


s+As,+ As, 


24-10 An elastic interaction between bodies A and B. When the 


time interval At is taken small enough, the force on each 
body can be considered essentially constant, so the work 
done on it is F times the component of the displacement in 
the direction of the force. This equals the potential energy 
given up by the force field and transferred to the body as 
kinetic energy. 


fuels we do not release the energy by removing 
a cage; but under appropriate conditions, we 
can turn at least a substantial fraction of the 
energy stored in fuel into the kinetic energy of 
the motions of large masses—or into the kinetic 
energy of the random motions of molecules. 
By using the concepts of kinetic and potential 
energy, we can understand many of the com- 
plex transformations of energy that go on in 
nature. 

A rough analogy may help us to understand 
kinetic and potential energy. When one man 
pays another a certain number of dollar bills, 
the first man is poorer by that number of dollar 
bills and the second man is richer by the same 
number. The transfer of dollar bills from one 
man to the other is analogous to the transfer 
of kinetic energy from one body to another. 

Now suppose that the two men have a shoe 
box labelled “money” into which they can put 
dollar bills and out of which they can take them. 
The first man puts some of the bills into the 
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money box, and the bills stay there for some 
time before the second man takes them out. 
During the time the bills are in the box, the 
total number of bills in the pockets of the two 
men is less. But the other bills are in the box, 
and the men can take them out later. The store 
of bills in the box may be compared to potential 
energy, which acts as a store of energy that can 
later be taken out as kinetic energy. 

The first man might put bills into the box 
faster than the second man takes them out. 
The number of bills in the money box then in- 
creases. Similarly, one mass interacting with 
another may lose kinetic energy faster than the 
second mass takes it up. The potential energy 
then increases. In neither case is anything lost; 
the bills are in the box and can be taken out; 
the potential energy is still available. The total 
remains the same. 


Gravitational Potential Energy Near 
the Surface of the Earth 


Let us examine the potential energy associated 
with the gravitational attraction between the 
earth and other objects. Consider the system 
formed by the earth and by a body whose mass 
m is very small compared with the mass M of 
the earth. If we release the body above the 
earth’s surface, it will fall. Simultaneously the 
earth will rise (slightly) toward the body. Each 
mass gains kinetic energy while the potential 
energy of the system decreases. 

At any one instant of time the momenta of 
the body and of the earth are equal and oppo- 
site. Therefore the speed v of the body and the 
speed V of the earth satisfy the equation 


V= Fe: 


= MV 
mov or M 


From this relation we can compute the ratio 
between the kinetic energies of the earth and 
the body. For the kinetic energy of the earth 
Exe we get 


2 
Exe = 4MV? =1M( re) = 47 (me). 


Because (4mv?) is the kinetic energy Ex» of the 
mass m, we see that the ratio between the kinetic 


energy of the earth and the kinetic energy of the 
small falling mass is always 


Exe m 


Exm  M~ 

Therefore, if m is very small compared with M, 
the kinetic energy of the earth can be neglected 
compared with that of the body. As m falls 
toward the earth, practically all the potential 
energy of the system composed of the earth and 
the mass m is transferred into the kinetic energy 
of the motion of m. 

Now assume that m moves through a distance 
which is small compared with the radius of the 
earth. This is certainly true in any laboratory 
experiment. Then the force of attraction be- 
tween the earth and the body has a constant 
magnitude mg. It also has a constant direction 
(vertically down). 

Under the influence of this force a falling 
body gains speed with a constant downward 
acceleration g. As we know from our previous 
work (Section 5-8), if the speed increases from 
v to v’ as the body moves downward a distance 
d, then 


v’2 — v2 = Igd 


and the change in kinetic energy is 
EF’ Km — Exm = nate = v?) — med. 


The left side of this equation is the change in 
kinetic energy, while the right side is the work 
(force times distance) which measures the trans- 
fer of potential energy into kinetic energy when 
the separation between the small mass and the 
center of the earth decreases by the distance d. 

In falling from height A above the surface of 
the earth to height h’ a body moves down the 
distance d = h — h’, and the potential energy 
changes by 

Ca CS —mgd = —megth = h’) 

(The minus sign in — mgd shows that potential 
energy is lost and kinetic energy gained.) From 


this result we may conjecture that the potential 
energy at height / is 


U = mgh. 
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Indeed, this gives us the right result for the 
change in potential energy. If 


U = mgh, 
then U’ = meh’ 
and U' — U= meg(h’' — h), 


which we know is the right change in the po- 
tential energy. However, we also get the right 
change in potential energy if we add any con- 
stant U, to the expression for U. That is, if 


U = U, + mgh 
and U’' = U, + mgh’, 
then U — U=meg(h’ — h). 


The value of U, makes no difference to our 
calculation of the change in potential energy. 
In physical problems we deal only with 
changes in potential energy, and the value of 
U, can be chosen at our convenience. When 
we are working near the surface of the earth we 
often choose U, = 0. This gives the potential 
energy the value zero at the earth’s surface. 
Even so, we often have to make a choice of 
what we shall call the earth’s surface. Is it the 
top of a building, the surface of a street, the 
bottum of a hole, sea level (Fig. 24-11)? We 
can make any choice which is convenient. 
Furt .ermore, when we work with satellites that 
can go far from the earth we usually choose the 
potential energy zero infinitely far from the 
earth. Basically the choice does not matter. 
In the equation 


Uo — U = meth’ — h) = —med, 


mgd is the downward force mg on the mass m 
times the distance d it falls. This expression, 
therefore, gives the change in the kinetic energy 
as the mass falls from A to h’; that is, 


mgd = Ex’ — Ex. 
Consequently 
vasa —med = —(Ey’ = Ex). 


This equation states that the changes in poten- 
tial energy and in kinetic energy are exactly 
opposite. As the mass falls; the potential energy 
decreases and the kinetic energy increases by 
the same amount. The work mgd measures the 
transfer. On the way up, the kinetic energy 
decreases and the potential energy increases by 


NA 


s SANY 


24-11 We may choose any height we want for the location of zero 


potential energy. The choice is arbitrary and makes no 
difference, since we deal only with changes in potential 
energy. 
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the same amount. Again the transfer is mea- 
sured by mgd. 

Since any change in potential energy is 
matched by an equal and opposite change in 
kinetic energy, the sum of potential and kinetic 
energies remains constant. We can see that 
this is so by rewriting our last equation as 


U+ Ex = U + Ey’. 


The left side of this equation gives the total 
energy F at one time, and the right side gives 
the total energy at any other time. The equa- 
tion shows that this total energy 


E=U+4+ Ex 


is the same at any two different times. It is 
constant, although the values of U and Ex may 
change. This conservation law applies to the 
system when it is isolated from external influ- 
ences which might do work on it and thus 
change the total energy. It should be clearly 
understood that no other forces are acting. The 
relationship between total energy, potential 
energy, and kinetic energy is shown in Fig. 
24-12. 

If we choose U, = 0, we can write the total 
energy as 


E=U+ Ek 
mgh + 4mv?. 


This equation is often valuable because it gives 
us information about the speed of m at different 
places without reference to the details of the 
motion from one place to the other. For exam- 
ple, when a projectile moving upward passes 
the height h, it has the same speed v that it will 
later have at the same height on its way down. 
This must be true because mgh is the same on 
the way up as on the way down, and E is always 
the same. Therefore, mv? must have the same 
value even though the direction of motion has 
changed. 
As a specific application of 


E = mgh + 4mv?, 


let us suppose that a mass of 1.00 kg is moving 
in any direction with a speed of 1.00 m/sec at 
a height of 3.00 meters above the earth. What 
will be its speed when it is 2.00 meters above 
the earth? 


We can readily calculate its speed if we know 
its kinetic energy. And since the total energy 
E does not change, the kinetic energy of the 
mass at 2.00 meters above the earth will be the 
difference between the total energy and the 
potential energy at 2.00 meters. The total en- 
ergy is the sum of the initial potential energy 
(at 3.00 meters height) 


U = mgh = (1.00 kg)(9.80 m/sec?)(3.00 m) 
= 29.4 joules, 


and the initial kinetic energy 


Ex = 4mv? = 41.00 kg)(1.00 m/sec)? 
= 0.500 joule. 


That gives 
E=U+ Ex = 294 + 0.5 = 29.9 joules. 
At 2.00 meters height the potential energy is 


U’ = mgh’ = (1.00 kg)(9.80 m/sec?)(2.00 m) 
= 19.6 joules, 


and therefore at 2.00 meters height the kinetic 
energy is 


EX’ = 4mv’2 =F— Ul 


29.9 — 19.6 
10.3 joules. 


. potential energy 
Kmox ~~ U = Ug + mgh 


. kinetic energy Ex 
8 


~ 


Height 


24-12 A graph of the potential, kinetic, and total energies for a 


mass m moving near the earth’s surface. Gravity is the only 
force acting. The potential energy of the earth-mass sys- 
tem is chosen as U, ath = 0. When the total energy has 
the value shown, the mass can rise to a maximum height 
himax, at which point it has no kinetic energy left. 
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When we substitute m = 1.00 kg and solve for vu’ 
we find 


v’ = 4.54m/sec. 


In each of the above motions, the total energy 
E remains constant so long as the force of 
gravity is the only force. But we can change the 
total energy E by pushing the mass, thus doing 
some work onit. If we then release it, the mass 
will move with a new constant value of E. 

In this section, just as in the example of the 
mass colliding with a spring bumper, we have 
been able to find a potential energy which 
depends only on-the position of the mass. This 
potential energy decreases by exactly the 
amount that the kinetic energy increases. Just 
as in the case of the spring bumper, the sum of 
the potential and kinetic energies remains con- 
Stant. 

Two examples may serve to illustrate the 
great importance of gravitational potential en- 
ergy for us. Ina pile driver, for example, we 
increase the gravitational potential energy by 
raising a large mass. Then by releasing the 
mass and allowing it to fall freely, we let the 
gravitational potential energy turn into kinetic 
energy. This energy drives piles into the earth. 

By building dams we can hold water at a 
greater distance from the center of the earth 
than that at which it would otherwise stay. By 
allowing the water to drop from the top of a 
dam to a lower level, we convert potential 
energy into other forms—for running mills or 
producing electrical energy to drive motors or 
light lamps. Each kilogram of water we allow 
to fall through 10 meters can do work equal to 
1(9.8)10 = 98 joules. By dropping a kilogram 
through [0 meters every second, we can keep an 
ordinary light bulb going. 

A standard workhorse* can do 750 joules of 
work per second. If three of them take shifts, 
they can light a few light bulbs all year for only a 
few hundred dollars. The power company will 
do it for about one tenth that cost by using the 
potential energy from stored water or coal. 


*The output of workhorses was determined by James Watt 
in order to make a comparison with the output of his steam 
engines. More accurately. his standard is 746 joules/sec and 
is called a horsepower in honor of the horse. A joule/sec is 
called a watt in honor of Watt. 
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As the diver moves from the diving board to the water, 
there are continual changes from kinetic to potential energy 
and back again. (Courtesy: Harold £. Edgerton.) 


24-4 Gravitational Potential Energy in General 


In the last section we determined the gravita- 
tional potential energy when a mass m is near 
the surface of the earth. We assumed that the 
strength of the gravitational field was constant. 
On the other hand, we know that when two 
masses move over larger distances, the gravita- 
tional force between them changes. What is the 
correct expression for the gravitational potential 
energy in this more general case? What, for 
example, is the gravitational potential energy 
of the system consisting of the earth and a 
satellite? 

As we know from Chapter 21, the force of 
attraction between the earth M and a satellite m 
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is GMm/r?, where r is the distance to the satellite 
from the center of the earth. The force- 
separation curve in Fig. 24-14 is a graph of this 
function. 

The area under this curve between two differ- 
ent separations measures the work done as the 
separation changes. For instance, the unshaded 
area represents the work needed to increase the 
separation from 7’ to r. Using mathematical 
methods somewhat more complicated than we 
wish to discuss here, we can find the area under 
the force-separation curve from any separation 
rtoinfinity. This is the dark gray-shaded area 
extending infinitely to the right from r. It is 


GMm 


: . 


This, then, is the work to pull the bodies apart 
from separation r to infinite separation. This 
work measures the energy transferred into po- 
tential energy of separation to force the bodies 
apart. The work is therefore equal to the 
difference U,, — U, between the potential en- 
ergy at infinite separation and the potential 
energy at separation r; that is, 


i 


On solving this equation for U,, we see that the 
potential energy at the separation r is 


ae GMm 
r 


U = 


and if we set the potential energy equal to zero 
at infinite separation, we get 


U, = — Gam 


Once we have this expression for the potential 
energy, we can prove that it is correct. This 
proof is shown in the box. 

Now that we have the potential energy, we 
can get the total energy E by adding the kinetic 
energy Ex toit. The result is 


E=Exy + Ue = Fy. GM 

r 

Just as we found for masses moved by springs 
and for objects moving near the earth’s surface, 
the total energy is conserved. For any motion 
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A graph of the force of gravitational attraction versus the 
distance to the center of the earth. The unshaded area 
represents the work needed to increase the separation be- 
tween the earth and a body from r’ tor. The dark-gray 
area is the work needed to bring the body from separation 
r to infinity. 


under the influence of the gravitational attrac- 
tion alone, what is gained in potential energy as 
the bodies separate is paid for by a reduction in 
kinetic energy. For instance, as a Satellite goes 
around the earth it goes slowest when it is 
farthest away and fastest when it is nearest the 
earth. As the earth goes around the sun the 
same relations are true. 


Escape Energy and Binding Energy 


With what energy must we launch a rocket in 
order for it to escape entirely from the earth? 
We found in the last section that the gravita- 
tional potential energy for a mass m at a sepa- 
ration r from the center of the earth is just 


GMm 
" 


U, = -— 


Here M is the mass of the earth, and the zero of 
potential energy has been chosen at infinite 
separation. If we wish to launch the rocket 
from the surface of the earth (where r = r.) with 
enough energy so that it will just be able to get 
out to very large separation with no extra energy 


ay ™ 15 THE CORRECT EXPRESSION FOR THE 


A Proor TuatT U, = — 
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If a satellite moves from a point P, a dis- 
tance r from the center of the earth, to some 
other point P’, a distance r + Ar from the 
center of the earth, the kinetic energy of the 
satellite changes by an amount AE, equal to 
the negative of the change in gravitational 
potential energy between the two points: 


AEX = —AU = —(Up: — Up). 
If we assume that 


_ _GMm 
aie r 


is the correct expression for the gravitational 
potential energy at the separation r from the 
center of the earth, then 


GMm GMm 
AP = ate pe MEAIEL. 
3 ( r+ Ar r 


Another way to evaluate this change in the 
kinetic energy is by considering the work 
done by the gravitational force on the satel- 
lite as it moves from P to P’. This work is 
just the magnitude of the average gravita- 
tional force times Ar, the component of the 
displacement along the direction of the force. 


AEx = — F,,Ar. 


The minus signis used because when Ar is 
positive, the satellite moves out from the 
earth and loses kinetic energy; when Ar is 
negative, it gains kinetic energy. 


left over, we must give it in the launching an 
initial kinetic energy of 


Then the change in kinetic energy, from 
GMm 


+ P to zero, just compensates for the 
e 
change in potential energy, from — eu tO 
e 
zero, or AEx = —AU as we expect. This 


amount of kinetic energy is the minimum which 


Equating these two expressions for AEx 
we find 


DoF Apis Ze GMm _ GMm 
r r+ Ar 


] l 
FyyAr cM} --- a) 
= GMm&tAn=r 
a r(r + Ar) 
Ar 


= GMm——_.. 
VAP + Ar) 


Therefore, 


_ GMm 
~ rr + Ar)” 


Now if we want to get the value of the force 
at a certain point P instead of the average 
force over an interval, we must make the 
interval very small; that is, we must let Ar 


approach zero. Then F = _, which is 
r 


Fay 


the correct magnitude for the gravitational 
force. 

Obtaining the correct expression for the 
gravitational force shows that we must have 
started with the correct expression for the 
gravitational potential energy. A different 
expression for U would have led to a differ- 
ent force, and we would have seen that it was 
incorrect. 


the rocket can have to just barely escape from 
the earth’s gravitational pull. You will notice 


that this escape kinetic energy, Ex = oe 


e 
is directly proportional to the mass of the 
satellite; to blast off a more massive rocket 
requires more energy, just as you would expect. 
If we put in numerical values for the gravita- 
tional constant G, the mass of the earth M, and 
the radius of the earth r. from Chapter 21, we 
find that the required escape kinetic energy is 
6.24 x 107 joules for each kilogram of mass of 
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the rocket. For a rocket having a mass of one 
metric ton (1000 kg) to escape completely from 
the earth requires that we give it an energy of 
6.24 x 109 joules. 

We can also find the initial speed v, which the 
rocket must have in order to escape from the 
earth. Since kinetic energy is 4mv?, we can 
write the escape. kinetic energy as 


_ GMm 
aes 


Ex = 4tmv, ?. 


Since the mass of the rocket appears in both 
expressions for Ex, we can eliminate it and find 


2 _ GM 


Fe 


joules 
ly, = 6.24 x 107 = 
which is now independent of the rocket mass. 
[If you work out the units, you will find that 
1 joule/kg: = 1(m/sec)?.] Thus, 


Ve = V 12.48 x 107 = 1.12 x 104 m/sec 


or 11.2 km/sec. The quantity v., usually called 
the “escape velocity,” does not depend on the 
mass which is being launched. It is the initial 
speed that must be given to any body in order 
for it to escape from the earth and never return. 

Many of our most interesting rockets are 
designed not to escape the earth’s gravitational 
pull, but to place a satellite into a fairly sta- 
tionary orbit around the earth just a few hun- 
dred kilometers above its surface. It is 
interesting to compare the energy needed to 
place a satellite in orbit with the energy that 
would be required to cause it to escape. To 
simplify the calculation, let us make two fairly 
good assumptions. First, we shall assume that 
the orbit is circular—this requires very delicate 
control of the launching conditions, but it can 
be done; second, we shall approximate the 
radius of the orbit by the radius of the earth; if 
the satellite is just above the earth’s atmosphere, 
as in manned satellites, for example, these radii 
differ by only two or three percent. 

In order to move in a circular orbit of radius 
re at constant speed v, a satellite of mass m 


F : 2 ; ; 
requires a centripetal force “”- which will be 
le 


supplied by the gravitational force of the earth 
GMm 


Therefore, 
le? 


2 
mv? _ hla: pee ee GMm_ 


re re le 


Thus the kinetic energy of the orbiting satellite is 


re 


This is just half of the kinetic energy of escape. 
In other words, to put a Satellite into orbit just 
above the earth’s atmosphere requires only half 
the energy that it takes to throw the satellite 
permanently away from the earth. 

Now, an orbiting satellite is still in the gravi- 
tational field of the earth; so, in addition to 
kinetic energy, there is also a potential energy of 
separation U = — ohm at the radius re. We 

e 
can therefore write the total energy of the orbit- 
ing satellite-earth system as 


What is the meaning of the negative sign on the 
total energy? In the previous section we chose 
the potential energy to be zero at infinite sepa- 
ration. If the kinetic energy of the satellite is 
also zero at infinite separation, then the total 
energy is zero as well. The negative total en- 
ergy, then, indicates that we must do work on 
or supply energy to the system in order to get it 
to the zero total energy condition of no velocity 
and infinite separation. When the satellite has 
less than enough energy to escape from the grav- 
itational field of the earth, we say that it is bound 
to the earth. The energy that we must supply 
to overcome the binding and just allow the satel- 
lite to escape is called the ‘“‘binding energy.” 

For the satellite orbiting the earth just above 
the earth’s atmosphere, we must supply the en- 
ergy to bring E up to zero, so 


binding energy = + 4 GM 
For our metric-ton satellite in such an orbit, the 
binding energy comes out to be 3.12 x 101° 
joules. For a metric-ton satellite which is sta- 
tionary on the earth’s surface before launching, 
the total energy is just the potential energy 
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— aM ™ ‘so the binding energy needed to over- 
come this is + ein = 6.24 x 101° joules (just 


twice as much as for the orbiting case). Your 
own binding energy on the surface of the earth 
(the energy necessary to send you to outer space) 
amounts to about 4 or 5 x 109 joules. We can 
even find the binding energy of the earth to the 
sun: it is just 


GMgunMearth 
2ro , 


where r, is the radius of the orbit of the earth 
around the sun. The proof is identical to the 
one we did for the satellite orbiting the earth. 
Putting in values from Chapter 21, we find that 
the binding energy of the earth to the sun is a bit 
more than 2 x 1033 joules! That’s a lot of 
energy! 

For the general case, when an object in a 
gravitational field has a total energy 


GMm 
r 


binding energy = 


E= 4mv? — 


which is negative, the object is “bound” by the 
gravitational field with a binding energy of: 


-E= SLL! — 4mv?. 

There are binding energies of importance in 
atomic physics also, that of the electron to the 
proton in hydrogen, for example. However, the 
scale of these binding energies is quite different, 
and they arise from electrical rather than from 
gravitational forces. We shall postpone our dis- 
cussion of these atomic binding energies until 
Part IV. 


Total Mechanical Energy 


In this chapter we have investigated the poten- 
tial energy of systems in which the parts inter- 
acted through forces that were equal and oppo- 
site and which pointed along a line connecting 
their centers of mass. The parts acted like point 
masses; that is, each acted as if its mass were 
concentrated at its center of mass. Even the 
gravitational attraction of the earth on a mass 
nearby appears to come from the point at the 


24-6 * TOTAL MECHANICAL ENERGY 437 


earth’s center. But it is not clear that all me- 
chanical systems involve only such simple forces 
of interaction, nor that their parts can be treated 
as points. What happens to energy in mechani- 
cal systems where we cannot be sure that all 
interactions are like these? 

To answer this question, suppose we have a 
toy merry-go-round (see Fig. 24-15) which is 
driven by a weight-and-pulley system. Several 
turns of string are wrapped around the shaft, 
and then the string goes through a pulley and 
down to the mass M. Ifwe let the merry-go- 
round go, it will start to rotate, gradually speed- 
ing up as the mass M falls. No one would try to 
analyze this system by finding a set of inter- 
action forces between all the atoms. But by 
viewing the merry-go-round as a collection of 
small masses and finding their speeds, we can 
calculate the kinetic energy of each piece. 
Then, adding up, we can find the total kinetic 


24-15 A toy merry-go-round driven by a falling weight. As the 


weight falls, the merry-go-round begins to rotate, turning 
faster and faster. The whirling platform and the falling 
weight gain kinetic energy which is equal to the loss in po- 
tential energy of the weight. 
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energy of the whirling merry-go-round. We 
can also measure the distance that the mass M 
has fallen and the kinetic energy of the mass. 
When we do such an experiment with a merry- 
go-round on nearly frictionless bearings, we find 
that the kinetic energy gained by the merry-go- 
round and the mass M is just equal to the de- 
crease in the gravitational potential energy as 
the mass M falls toward the earth. Eventually 
the string is unwound, but the whirling merry- 
go-round continues to turn. The string then 
wraps around the center post in the other di- 
rection. The weight rises, and the merry-go- 
round slows down. When the merry-go-round 
stops turning, the mass M is almost back up to 
its original position. It fails to return to the 
original height only because of the energy trans- 
ferred into other forms through frictional inter- 
actions. 


FOR HOME, DESK, AND LAB 


1.* In Fig. 24-1, where is the acceleration of the 
block the greatest? (Section 1.) 


2.* How could you determine the & for the spring in 
Fig. 24-5? (Section 1.) 


3. A mass of 4.0 kg sliding with a velocity of 3.0 
m/sec on a frictionless horizontal table collides 
with a queer kind of spring bumper. The bumper 
exerts a constant force of 120 newtons on the 
mass as it moves in (compressing the spring) and 
the same force on the way out until the spring is 
back where it was. 

(a) Is this an elastic collision? How do you 
know? 

(b) What is the kinetic energy at the beginning 
of the interaction? 

(c) How much is the spring compressed? 

(d) What is the ratio of kinetic energy to po- 
tential energy when the spring has been com- 
pressed 10 cm? 


4. A3.0-kg mass moving with a velocity of 2.0 m/sec 
collides with a spring bumper which exerts a 
force F = 100x, where F is the force in newtons 
and x is the compression in meters. 

(a) Draw a graph of F versus x from x = 0 to 
x = 0.40 m. 

(b) What is the potential energy stored in the 
spring when x = 0.10 m? What is the kinetic 
energy of the mass at this point? 

(c) What will happen if the spring is com- 
pressed 0.10 m by hand and then the 3-kg mass is 


We can consider more and more complex 
mechanical systems and, without analyzing the 
forces of interaction in detail, we can often eval- 
uate the kinetic energy and the potential energy. 
Their sum then represents the total mechanical 
energy in the system. When frictional inter- 
actions are very small, the energy may change 
back and forth between potential and kinetic, 
but the total mechanical energy remains con- 
stant. 

But sometimes we get into trouble; frictional 
interactions frequently cannot be made so small 
that we can neglect them. We then see the total 
mechanical energy disappear and the parts of 
the mechanical system get warmer. In the next 
chapter we shall learn how to take account of 
this energy which is transferred away as heat. 
Then we shall see why we believe that energy is 
always conserved. 


placed in contact with the spring and the hand is 
removed? 


5. The force-compression curve of a spring is shown 
in Fig. 24-16. 
(a) How much work is done in compressing the 
spring 0.3 m? 
(b) What is the potential energy of the spring 
when compressed this amount? 
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24-16 For Problem 5. 


(c) Place a 2-kg mass at rest against the spring 
when it is compressed 0.3 m. Let go. What is 
the kinetic energy of the mass as it passes the 
point where the spring is compressed 0.2 m? 


Pretend you are given two springs of different 
sizes. How would you set them up so that the 
force-compression curve of the system looks like 
Fig. 24-16? 


A 1.0-kg mass moving with a velocity of 10 m/sec 
strikes a spring, compressing it a distance of 
0.20 m. The mass rebounds with a speed of 
8.0 m/sec. 

(a) What is the loss in kinetic energy of the 
mass? 

(b) What happens to this lost energy? 

(c) Which of the force-compression curves in 
Fig. 24-17 do you think is most likely correct for 
this spring? 


A linear elastic spring is compressed 0.2 m by a 
force of 20 newtons. 

(a) What is the force constant k (or force- 
compression ratio) of the spring? 

(b) What is the equation for the potential 
energy stored by the spring as a function of its 
compression? 


In Fig. 24-10, we see two masses which have a 
certain amount of stored energy at separation 
s and are moving to the right. If we placed the 
two masses at rest in the same positions and re- 
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meters 
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b17 For Problem 7. 
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leased them, which way would they go? (Sec- 
tion 2.) 


Figure 24-18 shows a roller skate with a mass M 
mounted on it by four hacksaw blades attached 
to a base. The mass M is equal to the mass of 


the roller skate plus the mass of the base. If you 
hold the roller skate and pull the mass M out to 
the left, and then let the whole system go, the 
mass moves to the right and the skate to the left. 
Be prepared to describe the further motion, indi- 
cating the form of the energy at various stages. 


24-18 For Problem 10. 
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24-19 For Problem 13. 
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24-20 For Problem 16. 


0.5 m 


(4-21 For Problem 18. 


What will happen if the 3.0-kg mass in Problem 
4 hooks itself onto the spring and remains fas- 
tened to it? 


In Fig. 24-7, why does the large ball not gain 
kinetic energy while the force of the cage acts on 
it? 


Suppose we have a spring-operated popgun 
something like the one in Fig. 24-19. It has a 
piston of mass m fastened to the end of a light 
spring whose force constant is k, and it shoots a 
ball of mass M. When the gun is loaded, the 
piston is pushed down the barrel until the spring 
is compressed through a distance d, and latched 
to the trigger. 

Leaving out friction for the sake of simplicity, 
work out an argument to decide whether all the 
potential energy of the spring will be transferred 
to the ball. 


A linear spring with constant & is compressed 
between two Dry Ice pucks of mass my, and mie. 
The spring is compressed a distance x and then 
tied with a thread. Both pucks are initially at 
Test. 

(a) If the thread is burned, what is the total 
kinetic energy of both pucks? 

(b) What are the momenta of the pucks, and 
how are they related? 

(c) What is the kinetic energy of each puck in 
terms of its momentum and its mass? 

(d) What fraction of the total energy does each 
puck acquire? What is their ratio? 


A spring bumper with restoring force F = 200x, 
where F is in newtons and x in meters. is com- 
pressed 0.100 meter. A 0.500-kg mass is placed 
next to the end of the spring and the whole thing 
let go. 

(a) With what momentum will the mass leave 
the spring? 


lm 


20. 
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45° 


(b) We do the same thing with masses 0.125 
kg, 2.00 kg, and 8.00 kg. What is the momentum 
of each as it leaves the spring? 

(c) What is the energy of each as it leaves the 
spring? 


Figure 24-20 is the graph of the displacements as 
a function of time of two interacting masses 
my, = 3kg and mz = | kg. 
(a) What is the initial kinetic energy of 171? 
(b) What is the final kinetic energy of 111? 
(c) What is the final kinetic energy of my? 
(d) What is the minimum total kinetic energy? 
(e) What is the maximum potential energy? 


A 70-kg boy climbs 5 meters up a rope. What is 
the increase of his potential energy? (Section 3.) 


(a) A ball of mass 0.25 kg is thrown to the right 
at a speed of 2.0 meters per second. It starts 
along the frictionless surface at the left of Fig. 
24-21. How high up the slope at the right will it 
go before coming momentarily to rest? What 
kind of motion will it perform? 

(b) If the ball is released from rest at point P, 
what kind of motion will it perform? How high 
up the slope on the right will it rise? What is the 
binding energy (the extra energy needed to make 
the ball escape from the well in the center of the 
figure)? 

(c) What is the binding energy in part (a)? 


A linear spring whose force-extension ratio k is 
40 newton/m hangs vertically, supporting a 
0.80-kg mass at rest. The mass is then pulled 
down a distance of 0.15 m. 

(a) How high will it rise? 

(b) What will be its maximum velocity? 

(c) How would the answers to (a) and (b) dif- 
fer if the experiment were done on the moon? 


A 0.200-kg stone is thrown upward from a point 
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20.0 meters above the earth’s surface at an angle 
of 60 degrees with the horizontal and with a speed 
of 20.0 m/sec. 

(a) What is its total energy? 

(b) What will be its total energy when it is 
15.0 m above the earth’s surface? 

(c) What will be its speed 15.0 m above the 
earth? 


A ball of mass m drops from a height 4, as shown 
in Fig. 24-22, and compresses the spring, of force 
constant k, a distance x. The mass of the spring 
is negligible compared with the mass of the ball. 

(a) Express the maximum compression of the 
spring, x, in terms of m, h, and k. 

(b) Evaluate x ifm = 4 kg, A = 3 meters, and 
k = 500 newtons/meter. 


When an object of mass m moves from r to r’ in 
J] 


the earth’s gravitational field, the potential 
energy changes by AU = —GMm (4 = 1). 
r 


where M is the mass of the earth. 

Show that, if the object moves away from the 
earth a distance Ar = (r’ — r) which is very small 
compared with its distance from the earth’s cen- 
ter, the above expression reduces to 


AU = mgaAr. 


The force field between a pair of protons is re- 
pulsive. Does the potential energy increase or 
decrease as a pair of protons are brought to- 
gether? 


A satellite in a circular orbit about the earth has 
a kinetic energy Ex. How much more energy 
would be required to make it escape from the 
earth? (Section 5.) 


A rocket of mass m ceases to climb when it has 
reached a distance 10r. from the center of the 
earth. How much more energy would it require 
in order to escape? (Section 5.) 


How do the escape speeds of a 10-mg grain of 
sand and a 103-kg rocket compare? Ignore the 
effects of air resistance. (Section 5.) 


What is the binding energy of the proton and 
electron in a hydrogen atom if the proton and 
electron are 0.50 x 10-1° m apart and the force 
of attraction between them is given by 


2.3 x 10-28 
nn 


F newtons, 


when r is in meters? 

Remember, the electron will not stand still 
long with a force on it. Assume it is moving in a 
circle around the proton. 


24-22 For Problem 21. 


28. 


29. 


30. 


Find the binding energy, to two significant fig- 
ures, of: 

(a) a 70-kg man to the earth. 

(b) the moon to the earth. 


Would the kinetic energy you would have at the 
equator due to the rotation of the earth make 
much difference in your binding energy to the 
earth? 


(a) How much work would be required to launch 
a I-kg satellite from the earth and cause it to 
move in the earth’s orbit but on the opposite side 
of the sun, as shown in Fig. 24-23? 

(b) What work would be required for this 
satellite to leave the solar system from this point? 

(c) What is the ratio of the energy required 
to escape the solar system compared with the 
energy required to escape the earth, for a satellite 
launched from the earth? 


24-23 For Problem 30. 


31.* You are given a very complicated mechanism 
with levers and wheels in it. It is known that 
there is no motor inside and that there is very 
little friction. A string comes out of each side 
of the apparatus. In order to lift a body 0.10 m 
on the right-hand string, you must pull 6.0 m on 
the left-hand string. With what force do you 
have to pull the left-hand string in order to lift 
a 12-newton weight on the right-hand string? 
(Section 6.) 


32. A drainpipe pointing slightly downhill sticks out 
from a retaining wall at the side of a road. A 
ball thrown up the pipe comes back with a speed 
greater than that with which it was thrown. If 
you observed this, would you be surprised? 
What would you suspect? 


33. A laboratory cart fitted with a spring bumper is 
rolled across the table with a velocity v, and col- 
lides with another cart of equal mass which is 
standing at rest. The spring constant of the 
bumper is k. Assuming that friction in the 
wheels and bumper is low enough that mechan- 
ical energy will be conserved, express the com- 
pression of the spring at the moment when the 
two carts are closest together in terms of uo, m, 
and k. Work this problem in center-of-mass 
coordinates. That is to say, consider all the mo- 
tions in a frame of reference which moves so that 
in it the total momentum of the two carts is 
always zero. 
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A BOOK slides along a table and comes to rest; 
energy seems to have disappeared, but the book 
and the table are slightly warmer. We fill a 
tire with a bicycle pump, doing a lot of work 
which does not seem to show up in any of the 
usual forms of mechanical energy, but the air 
and the tire and especially the pump do seem 
to heat up. We crush some ice in a bag by 
hitting it many times with a hammer; this time 
we do a lot of work and do not get a tempera- 
ture increase, but we do find that some ice has 
melted as a result of our pounding. You could 
make a long list of such cases in which the 
work done on a system does not seem to bal- 
ance with the changes in the mechanical energy 
of the system; the mechanical energy just seems 
to slip away. But in all such cases, if we look 
hard enough and measure carefully enough, 
we find that some other properties of the sys- 
tem have changed. We shall show that these 
changes can be related to energy in forms other 
than those we have yet considered, and that 
with these additional forms of energy included, 
we Shall be able to retain the idea that energy 
is conserved. 

We probably agree that a complete descrip- 
tion of a physical system requires more than a 
statement of its bulk mechanical properties. 
In addition to its mass, momentum, kinetic 
energy, potential energy, and the like, we 
should also describe the temperature, chemical 
composition, state of aggregation (whether 
solid, liquid, or gas), etc. When we have speci- 
fied all of these properties, we say that we have 
defined the state of the system. Now, when 
some mechanical energy disappears and we 
simultaneously observe that some other prop- 
erty of the system—for example, the tempera- 
ture—changes, we see that the state of the 
system has changed. We may well suspect 
that, in addition, some “internal” form of the 
energy of the system could have changed in 
such a way that there is an overall energy bal- 
ance. In order to check up on this, we must 
learn not only to recognize when energy has 
been stored internally by the system; we must 
also set up an accurate way of keeping a bal- 
ance sheet on the energy. Then, if energy 
really is conserved, we shall expect to find that 
the total energy going into the system is Just 
equal to the energy stored internally plus the 


energy that comes back out of the system, 
perhaps in some other form. We must also 
look to see whether there are other means be- 
sides mechanical work for transmitting energy 
across the boundaries of a system. We shall 
find that heat flow due to a temperature differ- 
ence is such a means, that it can be measured 
quantitatively, and that it is equivalent to 
mechanical work in producing changes in the 
internal energy of a system. 


Gas Pressure 


We shall begin by reexamining a fairly simple 
system—the model of a gas developed in Chap- 
ter 9—and this time we use our knowledge of 
dynamics to give us more insight into the con- 
nections between molecular motion, pressure, 
temperature, and energy balance. 

When we developed the molecular model of 
a gas, we found that the model of moving 
molecules bombarding the walls of a container 
related the pressure of a gas to the number, 
speeds, and masses of the molecules. We now 
want to find the detailed form of this relation. 

Let us start with a particularly simple and 
perhaps unrealistic model, and gradually im- 
prove on it as we learn more about its behavior. 
Consider a single molecule approaching a wall, 
moving straight at it with velocity Vv. If the 
molecule has mass m, its momentum is mv. 
If we assume that the molecule stops when it 
hits the wall, all of its momentum will be trans- 
ferred to the wall. The wall is given an impulse 
nv. 

Now consider a small time interval ¢ during 
which n such molecules hit the wall. The total 
impulse perpendicular to the wall is mv¥n. If 
the number n of colliding molecules is great 
enough, the wall responds as if to a steady 
force. This force multiplied by the time 7 is 
just another way of expressing the total im- 
pulse. Consequently, 


Fr = mivn. 


From this equation we see that the magnitude 
of the average force is 


Fa men 
a 
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We want to relate the force from this stream 
of molecules bombarding the wall to the force 
exerted on an area of wall by the molecular 
bombardment of a gas. For this purpose we 
wish to know how many molecules there must 
be in the little region of space near the wall to 
provide the bombardment we just considered 
(Fig. 25-1). We can find out by finding the 
volume near the wall from which the n mole- 
cules came. 

Suppose that the molecules land on an area 
A of the wall. Then all of them must have 
come from a little volume with the base 4 and 
altitude vf. No molecule which started out at 
the beginning of time ¢ any farther away can 
have reached the wall, because vt is the distance 
the molecules travel in time ¢, and if they start 
farther away they will fail to arrive in the time 
t. All the molecules that started out at any 
distance less than vt must have reached the 
wall, because they will go the shorter distances 
from their initial-positions to the wall in less 
than time r. We can conclude, therefore. that 
at the beginning of the time interval 7, the 7 
molecules must have occupied the volume ofA. 
The number of molecules per unit volume that 
provide this bombardment is, therefore. 


number _ 1 

volume v/A~ 
In a gas at uniform temperature, every iden- 
tical volume of reasonable size contains almost 
the same number of molecules. If the gas is 
in a container, the number of molecules per 
unit volume is given by the total number of 
molecules N divided by the volume V of the 


container. In our model of a gas, therefore, 
ag 
viA V" 
N 
nd = viA —. 
a n= vAT, 


This equation relates the number of mole- 
cules » bombarding the wall area A in time / 
with the number of molecules per unit volume 
in a gas. It provides the connection for which 
we were looking. When we put this expression 
for n into the equation F = mvn/t for the force 
on the area A of the wall, we obtain 


— mv NV a4 N 
F= (wx yy) = mvt Vv 
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The average force per unit area is called the 
pressure P. According to our simplified gas 
model, then, the pressure is given by 


Cen gees ok 

P= a= mv? 7. 

This is the kind of result we want. The last 

equation expresses gas pressure in terms of the 

number of molecules per unit volume and the 
kinetic energy per molecule. 

In order to simplify our computations, we 
have assumed that molecules stop when they 
hit the wall. In making a model of the behavior 
of gases this assumption is unrealistic. A mole- 
cule may stick to the wall for a while, but cer- 
tainly a number of molecules must move away 
from the wall just equal to the number that 
move toward it. Otherwise the container will 
soon be emptied of gas. Indeed not only must 
an equal number of molecules move away from 
the wall but they must move away from the 
wall with equal but opposite momentum. If, 
for example, they went back into the gas mov- 
ing more slowly, the energy of molecular mo- 
tion of the gas would decrease. This would 
happen only when energy is flowing out of the 
gas, not when the behavior of the gas remains 
the same. 

We can now improve our model of a gas by 
considering the molecules leaving the wall as 
well as those that come toward it. For every 
molecule that brings momentum mv to the 
wall, another molecule leaves with a momen- 


— 
SE 
ea 


area A of wall 


(a) 


tum that is exactly equal in magnitude but 
opposite in direction. Consequently, the im- 
pulse on the wall is twice what we have as- 
sumed; and, therefore, compared with our first 
calculation, the pressure is also twice as great. 
At the same time, however, the number of 
molecules per unit volume in the gas must also 
be twice what we computed. In a little volume 
of the gas next to the wall, in addition to the 


(b) 


| 1 
h— vt ——+} 


25-1 (a) The molecules move toward the wall with velocity v. 


From what volume do the molecules come that reach the 
area A of the wall in time t? (b) The dots show the origi- 
nal positions of the molecules. The arrowheads show how 
far they get in time f—unless they hit the wall. Notice that 
all the molecules starting within the distance vt of the wall 
hit it. All those starting farther away do not get to the wall 
in time t. Therefore those molecules reaching the wall come 
from a volume of base A and height vt. 


molecules we have considered which are com- 
ing toward the wall, there is an equal number 
of molecules now leaving the wall. In all there 
are twice as many molecules per unit volume. 

Now look back at our equation for the pres- 
sure. When we double the pressure and double 
the number of molecules per unit volume, we 
need make no change in the equation. Con- 
sequently, 


N 

ne 

P=mv V 

gives the pressure of a gas of molecules bounc- 
ing back and forth between the two walls in a 
container. It expresses the pressure according 
to a rather good model of a gas. 

In a moment we shall make the model even 
better, but we already find in this model all the 
features we discussed in Chapter 9. Briefly, 
the pressure is proportional to the number of 
molecules per unit volume N/V and to the 
kinetic energy 4mv? of each molecule. This 
result agrees with Boyle’s law and with the 
idea that the Kelvin temperature is propor- 
tional to the kinetic energy. At a given tem- 
perature, then, mv? has the same value for all 
kinds of molecules. Consequently, the model 
predicts that the pressure is proportional to 
the number of molecules and inversely pro- 
portional to the volume they occupy, regardless 
of the nature of the gas. This is just what we 
found for real gases as long as the molecules 
are far apart. 

In establishing the relation 


N 
= nt 
P=mv y’ 
we have introduced all the essential factors in 
a molecular model of gas pressure. However, 
there are two final improvements we shall make 
in the model: we shall make the molecules 
move about in all directions instead of con- 
fining them to motion perpendicular to the 
walls and we shall allow them to have different 
speeds instead of assuming that all move at 
the same speed. 

In a gas it is the random thermal motions of 
the molecules that bring them to the walls. The 
molecules go into the wall at all angles, not just 
perpendicularly. The net effect (as we show in 
the box) is to replace mv? by 4mv?. In a 
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manner of speaking, only 4 of the molecular 
motions are perpendicular to the wall—the 
other 3 are parallel to the wall at right angles 
to each other. Consequently, the gas pres- 
sure 1S 


N 
P = Lmy2 ; 
5(71v7) V 


is ee 
Now since oz is the kinetic energy Ex, 


2 
3/ a ) = 3Ey. 


We can, therefore, write our expression for the 
pressure as 


P = 3Ex 


Wz 


This equation says that the pressure is 4 of the 
kinetic energy of a molecule times the number 
of molecules per unit volume. This form of the 
equation emphasizes the role of the molecular 
kinetic energy in determining the pressure. 

Finally, in a gas the molecular speeds are 
not all the same and the molecules may have 
different masses. Here, however, the last equa- 
tion tells us what to do. It says that on a long 
enough average each molecule contributes to 
the pressure in proportion to its kinetic energy. 
The same equation will therefore tell us the 
pressure if we interpret Ex as the kinetic energy 
per molecule averaged over all the molecules. 
The average times the number is the same as 
adding together the contributions of the indi- 
vidual molecules. 

We should be careful to say that the kinetic 
energy involved is the kinetic energy associated 
with motions of the centers of mass of the 
molecules. It is not the kinetic energy of the 
motion of the parts of the molecule vibrating 
or rotating about the center of mass. We can 
see that only the kinetic energy of center-of- 
mass motion is in question by remembering 
that the mw? arises from the momentum mv 
of each molecule times the speed v bringing 
the molecules to the wall. It is the speed of 
the molecules moving toward the wall that 
determines how many get to the wall per sec- 
ond and how big an impulse each gives the 
wall. This is the center-of-mass motion, and 
the gas pressure therefore depends on the 
average kinetic energy in this motion. 
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TAKING ACCOUNT OF THE RANDOM DIRECTIONS OF MOLECULAR MOTION 


In Section 25-1] we show that a stream of 
molecules hitting a wall head on exerts a 
pressure on the wall 


N 
P=m?—. 
me, 


When the wall is bombarded by molecules 
coming at it in all directions, the pressure is 


N 
ee 2 
P = 4mv vy" 


We can account for the extra factor 4 in the 
case of bombardment in all directions as 
follows: First, the components of molecular 
momentum parallel to the wall lead to no 
force on the wall. This is true because along 
every line parallel to the wall equal numbers 
of molecules move in opposite directions. 
And therefore equal numbers of molecules 
hit the wall with parallel components in one 
direction and with parallel components in 
the opposite direction. Now that we are rid 
of the parallel components, we look at the 
perpendicular components. In place of the 
momentum mv, we must now use the com- 
ponent mv,; and in place of v for the speed 
which brings molecules to the wall, we must 
use v,. Therefore in place of mv? we must 
now have mv,?. In other words, the square 
of one component of the velocity replaces 
the square of the velocity. 

In the gas the velocities of the molecules 
must point equally often in all directions. 
We must therefore find the relation of the 
average of the square of the particular com- 
ponent v, to the square of the vector v when 
the vector points equally often in every 
direction. This can be done by expressing 
v? in terms of the squares of its components 
along three rectangular directions, say x, y, 
and z, where we have chosen z as the direc- 


By the Pythagorean theorem, in the shaded right triangle 
v2 = wi? + v2.2. And vj? = v;? + v,? by using the 
same theorem on the right triangle with sides v,, v,, and 
vi]. Therefore, v? = vz? + vy? + v2. 


tion perpendicular to the wall. As Fig. 25-2 
shows, v? = v,? + vy? + v,2.. Now, when v 
points equally often in all directions, the 
average values of v,?, vy?, and v,” must all be 
the same: that is, v,2 = vy? = v,2, where the 
bar means “average.” Thus 


v2 = vx? + vy? + 0,2 = 30,?. 
And since v, = v,, 
v2 = 3v,? or v,? = 4v?, 


This factor 4 between v,? and v? accounts for 
the difference between the pressure of a 
stream of molecules hitting a wall head on 
and the pressure of molecules hitting a wall 
from all directions. Since the molecules in 
a gas move in all directions, the gas pressure 


‘ N 
is: 2 iV 
is P = 4mv?2 —. 
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25-2 Temperature and Molecular Kinetic 


Theory; Internal Energy 


In Chapter 9 we learned that all gases at low 
enough density behave just alike. The pre- 
dictions of the molecular model of gases fit 
this common behavior. Boyle’s law 


-@N 
hae 


relates the pressure P to N | the number of 


y’ 
molecules per unit volume of any gas at a par- 
ticular temperature. Experimentally, the pro- 
portionality factor @ depends only on tempera- 
ture, not on the nature of the gas. 

The molecular model, as we found in the last 
section, predicts that 


P= GEx) >, 


where Ex = mv?/2 is the average kinetic en- 
ergy of the center-of-mass motion of a molecule 
in the gas. This is exactly the same as Boyle’s 
law, but it goes further. It tells us that the 
proportionality factor @ is 4 of the average 
kinetic energy of a gas molecule: 


6= Ex. 


Because @ is the same for all gases at the same 
temperature, we learn that the average kinetic 
energy is the same no matter what the mass of 
the molecule. 

As we change the temperature from melting 
ice to boiling water or to any other value, all 
low-density gases still behave alike. At con- 
stant pressure they expand in the same propor- 
tion (or at constant volume the pressure rises 
in the same proportion for all of them). In 
Section 9-4 this identical behavior of PV/N 
for all gases as the temperature rises led us to 
select gases to define the basic temperature 
scale. We used 


PV 

W = 06= kT 
to define the absolute temperature scale. We 
adjusted the proportionality factor k, so that 
the value of the temperature of melting ice is 
273° Kelvin. (Then there are 100 degrees 
between the temperature of melting ice and 


the temperature of boiling water, just as on the 
centigrade scale.) 

Now we can make our most important con- 
clusion. We know that the proportionality 
factor @ in Boyle’s law measures the tempera- 
ture; and we know that @ is 4 of the average 
kinetic energy of the center-of-mass motion of 
a molecule. Consequently (as we anticipated 
in Chapter 9 and in Section 25-1), the tem- 
perature is a measure of the thermal kinetic 
energy—a measure of the energy of the random 
motions of the centers of mass of the molecules. 

Just how much energy is there on the average 
in the center-of-mass motion of one molecule 
at a particular temperature? From 


PY 25-3 

> an 06=kT 
we can calculate k. For example, we know the 
values of P, V, N, and T for a mole of gas 
molecules (of any gas) at atmospheric pressure 
and the temperature of melting ice: 


as) 
II 


1.01 x 105 newtons/m?2: 
N = 6.02 x 1023 molecules; 
V = 22.4 liters = 2.24 x 10-2 m3; 
= 273°K. 
Hence, 


_ PV 
K=NT 


(1.01 x 105 pewtons) (2.24 x 10-2 m3) 


(6.02 x 1023 molecules)(273°K) 


= en joule 
= 1.38 x 10 molecule-°K 


This gives us the numerical relation between 
the temperature and the average molecular 
kinetic energy. Since 


4Ex = 0 = kT, 
we find that the average kinetic energy of a 
molecule is 3k7. Putting in the value of k we 
get 
Ex = 31.38 x 10-23) T = 2.07 x 10-237, 
where Ey is measured in joules per molecule 


and T is measured in °K. At room tempera- 
ture, for example, a molecule has about 6 x 
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(a) 


(b) 


25-3 All the energy fed into a gas of monatomic molecules goes into center-of-mass motion of the molecules, as indicated in (a). Com- 


plex molecules, like those in (b), can also rotate and vibrate. Therefore, part of the incoming energy goes into rotation and vibra- 


tion, and not all of it raises the temperature. 


10-21 joule of kinetic energy on the average in 
its center-of-mass motion. 

The temperature is a measure of the average 
kinetic energy of an individual molecule, the 
kinetic energy of its center-of-mass motion. 
One mole of any gas should have 


(6.02 x 1023)(2.07 x 10-23) = 12.4 


joules of energy in this form for each Kelvin 
degree of temperature. In any gas, the mole- 
cules have this energy, and perhaps other forms 
of energy in addition. 

We can put energy into a gas in many ways 
—beating it with an eggbeater, rubbing the 
container, letting heat flow into it are a few of 
the possibilities. (Here we do not mean throw- 
ing a bottle full of gas across the room—that 
gives energy to moving the whole bulk, while 
we are now interested in feeding the energy 
into the inside of the gas without moving the 
whole works.) When we feed energy into some 
gases, it all appears to go into the energy of the 
motions of the centers of mass of the mole- 
cules. If we feed 12.4 joules into a mole of 
helium or any other noble gas the temperature 
rises by 1°K. We can put in the energy in 
many ways; all give the same result. The 
energy we put in is completely accounted for 
by the increased motion of the centers of mass 
of the molecules. 

The molecules of the noble gases are espe- 


cially simple. They are single atoms (He, Ar, 
Ne, etc.). More complicated molecules—like 
Os, Ne, CH4, which are made of two or more 
atoms—do not behave the same way. To raise 
their temperature one degree Kelvin may re- 
quire more than 12.4 joules per mole. Raising 
their temperature takes more energy because 
the atoms in a complicated molecule vibrate 
and rotate around the center of mass (Fig. 
25-3). And when we feed in energy, only part 
of it ends up increasing the energy of center- 
of-mass motion; the rest goes to increase the 
energy of rotation and vibration. Since the 
temperature measures only the part of the en- 
ergy in the center-of-mass motion, more energy 
must be fed into the gas to produce a given rise 
in the temperature. 

The energy of the motions of the centers of 
mass of the molecules and the energy of rota- 
tion and vibration of the atoms in a molecule 
are often called internal energy. Actually not 
all internal energy is necessarily kinetic energy; 
it may include the mutual potential energy of 
the atoms as they change their separations in- 
side the molecules. 

When energy is fed into a gas, some of 
it may go into internal potential energy— 
inside the molecules. When the molecules are 
closer together, as in a liquid or solid, they 
continually exert appreciable forces on one 
another. Then, in addition to their kinetic 
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energy, there is an average mutual potential 
energy of the interactions between the mole- 
cules; and when we feed energy in from the 
outside, some of it goes into changing the 
average potential energy of the interacting 
molecules. The internal energy then includes 
potential energy of molecular interaction. 

The distinction between temperature and in- 
ternal energy should now be clear. The tem- 
perature measures only the average energy of 
the center-of-mass motion. It gives the center- 
of-mass energy per molecule. The internal 
energy also includes the energy in all the other 
internal motions and even the potential energy 
which changes when the molecules move far- 
ther apart or closer together with changing 
temperature. The internal energy per molecule 
can therefore be different in two samples even 
though the temperature is the same. For ex- 
ample, while water is boiling, its temperature 
stays constant, but we must supply a large 
amount of energy to pull the molecules apart. 
When water vapor condenses, the molecules 
cluster together without appreciable change in 
kinetic energy, but a large amount of internal 
energy called “latent heat” is released and must 
be taken away while the average separation of 
the molecules and the average intermolecular 
potential energy decrease. The “latent heat” 
is not a change in the energy of center-of-mass 
motion of the molecules, as we see, because the 
temperature stays constant. 


Mechanical Energy of Bulk Motion 
and Internal Energy 


When bodies isolated from the rest of the world 
interact with each other, their total momentum 
does not change. Momentum, as we saw in 
Chapter 22, is conserved. Mechanical energy, 
however, is conserved only if there are no dis- 
sipative forces such as friction. When there are 
frictional forces that depend on something 
besides the separations of the visible masses, 
the visible mechanical energy decreases, as in 
the example of a book sliding on a table. Is 
the law of conservation of energy really lim- 
ited, unlike the law of conservation of momen- 


tum, or has the energy only changed form or 
location, so that its presence is no longer 
obvious? 

Consider for a moment a closed box with 
two balls of equal mass m moving back and 
forth inside. Suppose that one ball moves at 
velocity V when the other moves at velocity 
—V, and they pass each other at the midpoint. 
The system has no total momentum at any 
time, and from outside we see no motion. No 
kinetic energy is apparent unless we can look 
inside. 

Now think of this whole system of box and 
balls moving north past us at velocity V in the 
same direction as V, while the balls move back 
and forth inside with velocities V and — V rel- 
ative to the box. The apparent kinetic energy 
Mv? [where M is the mass of the box plus the 
mass of the two balls (M, + 2m)] is only a part 
of the total kinetic energy. The total kinetic 
energy Ex is made up of the kinetic energy of 
the box M, moving at speed 2», plus the kinetic 
energy of the balls. Ifthe box were transparent, 
you would see one ball m2 moving at speed v + V 
and the other going at speed v — V. The total 
kinetic energy Ex is therefore 


Ex = yMpv? + ym(v + VP? + ym(v — VP 
= $Mv? + 24mV?) 


As the last term on the right shows, in addition 
to the kinetic energy 4Mv? of bulk motion, the 
total energy may contain any amount of energy 
of internal motion. That energy cannot nor- 
mally be seen from outside. 

On the other hand, the apparent momentum 
of the bulk motion /s the total momentum. By 
adding the momentum of each mass, we get 


My + mv + V) + mv — V) 
= (M, + 2m)j¥ = Mv 


which is exactly the momentum of the total 
mass in its visible motion. These equations are 
very similar to the ones we developed in Sec- 
tions 22-5 and 23-6 in our discussions of the 
center of mass. Indeed, in the present exam- 
ple, you recognize that the velocity of the box, 
Vv, is just the velocity of the center of mass of 
the system, and the velocities +V and —V of 
the balls are just their velocities relative to the 
center of mass. 
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This simple example illustrates a very com- 
mon situation. Energy is often locked up in 
forms that do not appear as the kinetic energy 
of the motion of visible bulk masses, while 
momentum is less frequently hidden from our 
view. As a specific example of this, let us con- 
sider the collision of Fig. 22-14 between a golf 
ball of mass m, = 45.7 gm and a putty ball of 
mass mz = 69.7 gm. We saw, in our discussion 
of the center of mass of these balls, that the 
momentum of the balls was conserved through- 
out the collision. Before collision, the golf 
ball had a momentum 7;V,; after collision, the 
two balls, stuck together, had a momentum 
(my + me)V = (My + Me)Ve. Thus, 


mV, = (my + Me)Ve. 


The golf ball brought into the collision a kinetic 
energy Ex = 40,7; afterwards the kinetic 
energy of the visible bulk motion was only 
Ex’ = 40m, + my)v,?. This is far less than the 
original kinetic energy, as we find by substi- 
My 
m, + Moe 
equation into the expression for Ex. The result 
is 


tuting vu = v; from the momentum 


M1, 


Ex’ = —————_ 
m, + Me 


For the given masses of the balls, we find 
Ex’ = 227 Ex = 04E,. The final kinetic 
energy is only 40 percent of the initial value; 
60 percent of the original energy has dis- 
appeared from view. 

What has happened to this energy? We 
think that when the golf ball strikes the putty 
ball, it sets the molecules, both in the putty ball 
and in itself, into more rapid motion. Also, 
there is a permanent deforming of the shape 
of the putty ball, with accompanying changes 
in the potential energy of the molecules. A 
great deal of the kinetic energy of the golf ball 
has been transferred into the energy of random 
motions of the atoms and molecules and into 
changes in potential energy between these 
atoms and molecules. All of this is internal 
energy, hidden from our view. We lose track 
of this part of the energy and see only the frac- 
tion that goes into the bulk motion of the 
center of mass of the balls. 


We would like to believe that no energy has 
really been lost; but if we can see only a very 
small part of the total energy, how can we 
know that all the energy is still around? We 
must find a way to measure the energy that has 
gone into internal motions or changes of atomic 
separations. In principle, perhaps, we could 
look at the position and motion of every micro- 
scopic or submicroscopic particle of matter; 
but in practical life we need some way of eval- 
wating the energy stored in large chunks of 
matter without resorting to microscopic ex- 
amination. 

Here we are at the threshold of a great ex- 
tension of the idea of conservation of energy. 
What we need is a measure of internal energy 
changes that depends on a few common mea- 
surements like temperature and volume. This 
will allow us to extend the conservation of 
energy to a whole new domain. With such a 
measure we can evaluate energy changes with- 
out seeing the actual position and motion of 
every microscopic particle of the object with 
which we deal. 

We already have clues to the evaluation of 
the energy stored in internal motions and posi- 
tions. When the golf ball collides with and 
sticks to the putty ball, the temperature of both 
balls increases. When a car is stopped sud- 
denly, its apparent kinetic energy is lost; but 
the brakes warm up. When a meteor is slowed 
down in the earth’s atmosphere, it gets so hot 
that it usually vaporizes completely. Where 
energy disappears from the visible motions and 
from the potential energy of the separation of 
visible bodies, we frequently notice a rise in 
temperature. 

The temperature of a gas is a measure of the 
average mv? of its molecules. At least in the 
case of simple gases, the number of molecules 
affected times the change in temperature mea- 
sures the energy which is fed into or out of the 
random internal motions. For other substances 
(for which we do not have such a simple 
model), the energy fed in may also go into 
changing internal potential energy, increasing 
the separations of atoms, for instance, as well 
as into the random motions. Nevertheless, as 
long as we keep the bulk volume of any sub- 
stance the same, we might expect that the in- 
crease of internal energy would be reflected in 
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a temperature change: a hotter body contains 
more internal motion than a colder one. 

Now we can look back on the history of the 
idea of internal energy. Bacon, Galileo, Boyle, 
Hooke, Newton, and others conceived that the 
temperature of a body might be related to the 
“degree of motion” of the particles of which 
it was made. Boyle gave an illustration in the 
motion of a nail driven into a board. When 
the head prevents further motion of the nail, 
repeated blows of the hammer then serve to 
warm the nail: the motion of the hammer can 
no longer be imparted to the nail as a whole, 
Boyle said, and so is transferred to the “cor- 
puscles” in the nail, making them move more 
quickly, and so producing a hot nail. 

There were many contributors to the full 
experimental proof that internal energy must 
be included in the overall energy balance. 
Count Rumford observed the rise in tempera- 
ture of cannon which he was boring. The 
mechanical energy supplied by horses was 
shown to be directly responsible for the tem- 
perature increase. Soon afterwards, the use of 
steam engines made it clear that at least some 
of the internal energy stored in fuels could be 
turned into mechanical energy. Quantitative 
demonstrations of the equivalence of various 
forms of energy were performed by the Ger- 
man physicist Julius Robert Mayer (1814- 
1878) and the British physicist James Prescott 
Joule (1818-1898).* 

By the time of Mayer and Joule, there were 
available many processes of energy conversion: 
mechanical to internal energy, mechanical to 
electrical energy, internal to mechanical energy, 
electrical to internal energy, etc. Joule made 
measurements of many such conversions. In 
each experiment, he expressed his results in 
terms of mechanical energy, measured by rais- 
ing a load against gravity, and internal energy 
(called “heat,” in his day), measured by the 
increase in the temperature of a given amount 
of water. The constancy of the conversion 
factor between these two measurements, over 


*Mayer was a physician whose interest in the sources of 
animal energy led him to a study of energy in general. Joule. 
the owner of a successful brewery, was a pupil of Dalton. 
Joule made many distinguished contributions to science, 
especially through his studies of electricity and energy 
conservation. 


the whole wide range of his experiments, firmly 
established “internal energy” as a real energy 
form. We shall now describe in detail one such 
experiment to show the equivalence between 
mechanical energy and internal energy. 


25-4 A Quantitative Study of the Conversion 


of Mechanical to Internal Energy 


James Prescott Joule showed that the same 
temperature change occurs in a fixed quantity 
of water—the same change in internal energy 
appears—whenever a given amount of mechan- 
ical energy is lost. Suppose that the water is 
placed in an insulated container; for example, 
in a large vacuum bottle. In the water there 
is a paddle wheel which can be turned by a 
falling mass m as shown in Fig. 25-4. When 
the bearings of the paddle wheel are well lubri- 
cated, the work done by the gravitational forces 
on the mass m measures the energy transferred 
from gravitational potential energy of m and 
used to churn up the water. When the mass is 
stopped, the paddle wheel stops, and the water 
quiets down. Finally it is at rest; but we find 
that the temperature of the water has increased. 
From beginning to end only two things have 
changed. The mass has fallen slowly through 
the distance h, so that mgh gravitational energy 
has disappeared, and the water has become 
warmer. 

If mechanical energy and internal energy are 
equivalent energy forms, we shall always ob- 
tain the same temperature rise when a given 
amount of work is done in heating a given 
amount of water. In fact, a lot of different 
experiments have been done. They show that 
the temperature rise depends only on the en- 
ergy transferred and not on the force or dis- 
tance or the design of the paddle wheel. For 
example, if we double the mass of the falling 
body and allow it to fall only half the original 
vertical distance, the work done by the gravi- 
tational forces is the same as before. And we 
find that the temperature rise of the water is 
exactly the same, even though the process has 
been carried out considerably faster. 
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25-4 The apparatus for a Joule experiment, to observe the conversion of mechanical energy into internal energy. As the masses go 
down the paddle wheel turns, churning up the water. When the masses have fallen the distance h, gravitational potential energy 
mgh has disappeared and the water has become warmer. (m = the total mass that goes down.) Note that the masses go down 


25-5 


without attaining much speed, so their kinetic energy is small. 


Heat Flow 


The dissipation of mechanical energy through 
frictional forces is not the only method of in- 
creasing the temperature of an object. You can 
warm your hands either by rubbing them to- 
gether or by dipping them into hot water. 
When they are in hot water, there is a transfer 
of energy from the more lively random molec- 
ular motions of the hot water to the more slug- 
gish random molecular motions of your cold 
skin. When such a transfer of energy from 
a hotter to a colder body occurs, we say that 
heat flows from the first to the second body. 
We can trace a given amount of energy from 
gross mechanical energy into internal energy of 
a given sample through either of two routes. 
The energy may be converted from mechanical 
to internal energy in the sample or it may be 


converted to internal energy elsewhere and 
reach the sample by heat flow. By experiment 
we can show that the method of transfer does 
not matter. The same amount of internal 
energy winds up in the sample either way. 
Suppose that we have two containers, one 
containing a certain amount of water, as in the 
Joule experiment, and the other a different 
amount of another liquid, such as oil. We 
perform the Joule experiment described in the 
last section separately on each liquid; and we 
find that it takes x joules of work to raise the 
temperature of the water one degree and that 
it takes y joules of work to raise the tempera- 
ture of the oil one degree. Now we start again 
with the water and oil at their original common 
temperature. We churn the water alone until 
we have dissipated (x + y) joules of mechanical 
work. The temperature of the water rises more 
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than one degree. Then we place the container 
of oil in contact with the container holding the 
water. We keep the whole system insulated. 
The temperature of the oil rises and that of the 
water drops. Finally equilibrium is reached: 
the temperature of both liquids becomes the 
same and remains constant. We measure the 
final temperature of the water and oil, and we 
find that each is one degree higher than it was 
at the start. 

We conclude the following: of the (x + y) 
joules of work done on the water, y joules have 
been transferred to the oil by heat flow. We 
make this conclusion because we know that 
exactly y joules of work are necessary to pro- 
duce a temperature rise of one degree in the 
oil. The remaining x joules have produced the 
one-degree temperature rise of the water. Thus 
we have shown that the work necessary to 
produce a definite temperature rise in a given 
liquid is the same whether the energy is trans- 
ferred to the liquid by heat flow or whether the 
mechanical energy is dissipated directly in the 
liquid. 


Quantitative Relation of Energy 
Dissipation and Temperature Rise 


Let us be specific about the energy that must be 
dissipated to raise the temperature of a gram of 
water by 1°C. If we dissipate mechanical en- 
ergy, we find that we must transfer 4.2 joules. 
Alternatively, we can put the energy in by heat 
flow from hot oil. We can calibrate the hot 
oil by a Joule experiment. Then we find that 
the oil must lose 4.2 joules by heat flow to 
warm the water. Whichever way they are re- 
ceived, 4.2 joules of energy will raise the tem- 
perature of the water just the same amount. 
‘We can combine the two ways of heating up 
a mass of material. Suppose we have a gram 
of water surrounded by a bath of hot oil, all 
insulated from the rest of the world, and with 
a little insulating shaft leading to paddles in 
the water. Now we dissipate 1 joule of me- 
chanical energy in the gram of water by whirl- 
ing the paddles; we also allow 3.2 joules to flow 
into the water from the oil as indicated by the 
fall in temperature of the surrounding oil bath. 


We then find that the total transfer into in- 
creased internal energy of the gram of water 
is 4.2 joules. This is indicated by a 1°C rise 
in temperature in the water, the same rise in 
temperature that occurs if we let 4.2 joules flow 
into a gram of water purely by heat flow or 
dissipate it by mechanical means alone. In 
general, the transfer into internal energy is 
given by 


AW + AQ, 


the sum of the transfer AW by mechanical 
energy dissipation and the transfer AQ by heat 
flow. This total transfer has the same effect 
no matter what fraction of it is AW and what 
fraction is AQ. 

We can dissipate energy in water in innu- 
merable ways—even dropping stones into it 
will do. The result is always the same. When- 
ever 4.2 joules are dissipated in a gram of 
water, its temperature rises 1°C. To raise the 
temperature of 2 grams takes just twice the 
energy. Similarly, whenever 12.4 joules are 
dissipated in a mole of helium (4 grams), its 
temperature rises 1°C. The rise in temperature 
is different for different substances as the ex- 
amples show, but in any one substance we 
always get the same results over the same 
temperature range. 

Precise measurements show that 4.185 joules 
are necessary to raise the temperature of | 
gram of water 1° from 14.5°C to 15.5°C. This 
amount of energy is called a calorie.* The 
calorie is just another unit of energy. We could 
measure the kinetic energy of the bulk motion 
of an object in calories just as well as in joules; 
for instance, a 3-kg mass moving 2 m/sec has 
4(3)(2)? = 6 joules or ras 
kinetic energy; however, the joule connects 
directly with our units of force and distance so 
that the joule is usually more convenient. We 
shall stick to joules. One unit is enough. 


= 1.45 calories of 


* Units like the calorie came into use very early in the study 
of heat low. They are used because il is so easy to estimate 
the amount of energy being transferred through heat flow 
by transferring the energy to a known mass of water and 
measuring the temperature rise. Note that there is a larger 
unit, the “kilocalorie” or Calorie with a capital C, which is 
1000 times as big as the small-c calorie. The Calorie is the 
unit commonly used today in specifying energy yields from 
food. 
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25-7 Conservation of Energy 


When gross mechanical energy is changed into 
heat, the same number of joules of mechanical 
energy gives the same heating. If we put the 
heat into a standard amount of water, for in- 
stance, we always get the same temperature 
rise. But Joule experiments and heat-flow ex- 
periments fail to answer all the questions we 
can ask about heat and mechanical energy. 
Can we turn heat into mechanical energy at the 
same rate of exchange at which the mechanical 
energy turns into heat? Can we get 4.2 joules 
of gross mechanical energy from the heat that 
comes out of a gram of water when its tempera- 
ture falls 1°C? Our earlier experiments sug- 
gest that we should get 4.2 joules, but we need 
direct evidence. Lots of things—even door 
latches—act one way when going in one direc- 
tion and differently when reversed. 

The simple way to check up on the change 
from heat to mechanical energy would be to 
pour a known amount of heat AQ into a heat 
engine and measure the work AW the engine 
does. We must be sure, however, to leave the 
heat engine at the end with the same energy it 
had at the beginning; otherwise we must know 
how much extra energy the engine has retained 
or how much it has given us from its original 
stock. 

The usual way to make sure that the engine 
is not contributing energy is to get the engine 
back at the end into exactly the same condition 
it was in at the beginning. We then find, how- 
ever, that the engine does not simply take in the 
heat AQ and produce work. It takes in the 
heat AQ, produces some work, and pours out 
some heat AQ. If we wish to see whether in- 
ternal energy can be turned into gross mechan- 
ical energy joule for joule, we must use the net 
flow of heat—that going in minus that coming 
out—to compare with the work. Conse- 
quently, we must measure all the heat taken in 
and all the heat coming out by observing the 
temperature changes of the surroundings. 
Then we can compare the net flow of heat into 
the engine with the net work measured by 
forces times distances. Such experiments have 
been carried out. The Frenchman Hirn even 
traced all the heat and all the work in and out 
of the steam engine of a textile mill. The result 


is that the heat does turn into mechanical work 
at par. When we can change 4.2 joules of heat 
into mechanical energy, we get 4.2 joules of 
mechanical energy. 

Although the energy equivalence of heat and 
mechanical energy is complete—the same when 
the transfer is in either direction—there is an 
essential difference between transfers in the two 
directions. We can easily change all of a sup- 
ply of gross mechanical energy into heat; but 
we can change only a fraction of the available 
heat into gross mechanical energy if we do not 
allow any other changes to occur in the system. 
We pour the heat into an engine at a high 
temperature; and normally some of it must be 
poured out again at a lower temperature; and 
the remainder turns into mechanical energy at 
full value. The fact that whatever energy is 
changed in form is converted at full value is a 
version of the first law of thermodynamics. 
The question of how large a fraction can be 
converted is the subject of the second law of 
thermodynamics. 

We now believe that heat, internal energy, 
and mechanical energy are just different forms 
of energy, and no energy is lost or gained in 
turning one into the other. Energy, like mo- 
mentum, is conserved; but to see that it does 
not change amount we have had to find ways to 
measure heat flow and to keep track of the 
amount that is locked up in internal energies as 
well as the energy of bulk motions and raised 
weights. No single experiment leads all by 
itself to our conviction that energy is conserved. 
But we assume conservation in thinking about 
all kinds of physical and chemical processes. 
Innumerable such processes go on daily: chem- 
icals react, heat is released, engines run. And 
energy bookkeeping balances out time after 
time. If any substantial amount of energy were 
disappearing, we should have felt the loss long 
since. If there were mysterious sources from 
which energy entered, the gain should have be- 
come apparent. It is on this overall check of 
conservation as well as on innumerable detailed 
checks of all sorts of transformations that our 
belief in energy conservation really rests. 

By adding heat flow to mechanical work, we 
have extended the conservation of energy be- 
yond simple mechanical systems. The exten- 
sion was made by including a new transfer 


mechanism. Heat flow was the first new 
mechanism to be added to work, but we have 
since discovered that other mechanisms have to 
be included. For example, the energy reaching 
us from the sun does not arrive here either 
through mechanical work or through the kind 
of heat flow that occurs between a hot and a 
cold body in contact. Radiation—visible and 
invisible light—carries the energy. If we want 
the conservation of energy to span our universe, 
we must take account of this energy of radia- 
tion in the same way that we had to include the 
momentum of radiation to explain the behavior 
of bodies which emit or absorb light. 

Experiment and theory combine to assure us 
that energy is indeed conserved when radiation 
is included. But, whereas the transfer of 
thermal energy by ordinary heat flow can be 
viewed as a microscopic version of the transfer 
of energy through work, the transfer through 
radiation is different. We cannot be satisfied 
that we understand that mechanism until we 
have studied radiation. Here we shall not try 
to go through the details. Even without study- 
ing the mechanism, however, we can extend 
the conservation of energy to include radiation 
by performing experiments like those with 
which we extended the conservation of energy 
to include heat flow. We can use a measured 
amount of energy to run a light for a while and 
absorb the emitted radiation on a black surface. 
The surface gets hot, and we can measure the 
energy which goes into heating the black sur- 
face and the energy left as heat in the source of 
light. We find the sum is equal to the energy 
we fedin. Part of the energy has gone from the 
light source to the absorber. And it has gone 
without loss or gain. 

The radiation need not be visible. For ex- 
ample, we can put a hot body and a cold body 
inside of a very good reflector of radiation 
(Fig. 25-5). We make such a good vacuum 
inside the reflector that ordinary heat flow can- 
not take place. Nevertheless, the hot body 
loses energy and the cold one gains energy. 
The energy flows from one to the other as radi- 
ation. We find the total energy is conserved. 

Like the transfer of momentum, the transfer 
of energy by radiation takes time. The light 
from the sun transfers its energy and momen- 
tum to us here 8.3 minutes after it leaves the 
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sun. As far as we know, nothing ever moves 
faster. Energy transfer by other mechanisms 
is slower, but usually the distances are so short 
that we may fail to detect the time lag. 

For many ordinary mechanical systems— 
such as billiard balls colliding or the earth going 
around the sun or even the operation of a steam 
engine—the part played by radiation in energy 
transfer is so small that we can usually ignore 
it. But radiation must be considered not only 
when we look into the energy transfer from 
stars but also whenever we consider atoms 
emitting or absorbing light. 

All physical happenings, from the evolution 
of a star to the life of a firefly, are in essence 
transformations of energy from one form to the 
other. Even ona cosmic scale, we can trace its 
flow. Physicists have now learned about the 
nuclear energy that supplies the radiant energy 
of the stars. Our physical knowledge is con- 
sistent with a universal conservation of energy. 
To the best of our knowledge, the total energy 
in a region changes only when an exchange of 
energy occurs between the region and its sur- 
roundings. Then, if our region is the whole 
universe, we can expect no change of the total 
energy—because, by definition, there is nothing 
outside the universe. This assumption, that the 
total energy of the universe is constant, is the 
basis of most cosmological theories. But that 
is a daring generalization from our limited ex- 
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25-5 A hot object and a cold object are placed in a container 


with reflecting walls. There is a good vacuum in the con- 
tainer, so that energy is not transferred by the air mole- 
cules. Even so, the warm body cools off and the cold body 
warms up as energy is transferred by radiation. 
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perience. We live in a small corner of the 
universe, and we have tested the validity of our 
physical laws over a very limited period of time. 
It is conceivable that these laws, including the 
law of conservation of energy, are not rigor- 
ously correct. In our limited view, energy is 
conserved with great precision; but a tiny rate 
of destruction or creation may have escaped 
our notice—if, for example, the total energy of 
the universe had doubled in the course of sev- 
eral billion years, we probably should not be 
aware of this change. Indeed, some cosmo- 
logical theories assume a continuous creation 
of energy. 

Here is one of the live scientific questions of 
today. Cosmologists are working hard to find 
out whether energy is completely conserved 
over the whole universe. And just now, for the 
first time, there is a possibility of actual experi- 
ments to decide between the rival theories. 


FOR HOME, DESK, AND LAB 


1.* Ifa molecule of mass m and velocity v hits a wall 
head on and rebounds with velocity —v, what is 
the impulse given to the wall? (Section 1.) 


2. A machine gun fires a stream of 10-gram bullets 
at the rate of 400 rounds per minute. The bullets, 
moving at velocity 300 m/sec, hit a wall of solid 
rock and stop dead. Calculate: 

(a) the force on the wall. 

(b) the kinetic energy of the bullets arriving at 
the wall in one minute. 

(c) the kinetic energy of the bullets in 1-meter 
length of the stream as they approach the wall. 
Compare twice this answer with your answer to 


(a). 


3.* What is the pressure P on a wall having area A, 
which is pushed by force F? (Section !.) 


4.* Why is the pressure of a gas proportional to the 
number of molecules per unit volume? (Section 


I.) 


5.* How does the total kinetic energy of the center- 
of-mass motion of the molecules in a sample of 
gas depend on the number of molecules N, the 
volume V, and the pressure of the gas P? (Sec- 
tion 1.) 


6. 


9.* 


11. 


12. 


A gas in a cylinder pushes a piston out, increas- 
ing its volume by AV. The gas exerts a pressure 
P on the face of the piston, which has an area A. 
The force exerted by the gas moves the piston a 
distance Ax, transferring energy FAx to some 
outside machinery. Show that the work FAx is 
equal to PAV. 

(Note: This is a very useful expression for work 
whenever we deal with a gas or a liquid pushing 
a piston; work equals the pressure times the 
change in volume.) 


By how much does the pressure of a gas in a Steel 
cylinder increase if the temperature changes from 
25°C to 100°C? (Section 2.) 


By how much does the average kinetic energy of 
the center-of-mass motion of the molecules of a 
gas change if the gas is warmed from 25°C to 
100°C? (Section 2.) 


One mole of helium at 60°C is mixed with one 
mole of argon at 30°C. What is the temperature 
of the mixture? (Section 2.) 


One mole of helium at 100°C is mixed with one 
mole of gas X at 20°C, and the final temperature 
of the mixture is 50°C. Cana molecule of gas X 
contain only one atom? (Section 2.) 


In a certain gas 2 of the energy of the molecules 
is tied up in motion of the atoms around each 
other, and 2 in motion of the centers of mass. 

(a) On the average, what is the kinetic energy 
of the center-of-mass motion of one such mole- 
cule when the temperature is 300°K? 

(b) If the temperature is raised 1°C, what en- 
ergy must be supplied to a mole (0.6025 x 10?4 
molecules) of the gas? 


One mole of an ideal monatomic gas (in prac- 
tice, helium or argon) is placed in a cylinder at 
temperature 273°K. The gas is at atmospheric 
pressure, 1.02 x 105 newtons/m?. At this 
pressure and temperature the gas occupies 
2.24 x 10-2 m3. 

A piston in the cylinder is then pushed in to 
decrease the volume by 2.45 x 10-4 m3. 

(a) How much mechanical work must be done 
to push the piston in? (Neglect the change in 
pressure.) 

(b) What is the final temperature of the gas if 
the container is completely insulated? (Remem- 
ber, 12.4 joules of energy raise its temperature 
one degree.) 

(c) By what fraction of its original value does 
the pressure change? 


(a) Estimate the speed of oxygen molecules at 
room temperature from the following data: 32 
grams of oxygen at room temperature (20°C) at 


* 


16. 


one atmospheric pressure (1.02 x 10° new- 
tons/m?) occupy 2.4 x 10-2 m3. 

(b) The same volume of hydrogen at the same 
temperature and pressure weighs only 2 grams. 
Estimate the average speed of hydrogen mole- 
cules at room temperature. 

(c) From your answer to (a), estimate the 
average speed of nitrogen molecules at room 
temperature, within 10 percent. 

(d) What is the average speed of air molecules 
at room temperature, within 10 percent? 

(e) What is the speed of oxygen molecules at 
room temperature and two atmospheres pres- 
sure? 


What is the total momentum of the molecules of 
a mole of helium gas in a container at a tempera- 
ture of 300°K? (Section 3.) 


A large bag of sand is hung from a tree by a long 
rope. A boy shoots a bullet into the sandbag, 
and the bullet stays in the bag. 

(a) Describe the energy changes. 

(b) Suppose a 10-gram bullet is moving at 300 
m/sec when it hits the bag, and the bag has a 
total mass of 1990 grams. Calculate the amount 
of kinetic energy: 

(i) the bullet had originally. 
(ii) the bullet and bag have after collision. 
(ii) that disappears. 

(c) What fraction of the original kinetic en- 

ergy of the bullet goes into heat? 


In Fig. 25-4, why is it important for the masses 
to fall slowly? (Section 4.) 


In one of his most famous experiments, Joule 
churned water with a paddle wheel driven by 
two loads, each of mass 14 kg, each falling ver- 
tically about 2 meters. He had about 7 kg of 
water to be heated. After each churning he 
hauled his loads up and let them fall again. 
What temperature rise would you expect him to 
find after twenty falls? 

(Note: this is a reversal of the logic of Joule’s 
great experiment. You know that 4.2 joules will 
always raise the temperature of a gram of water 
1°C; Joule was trying to find this out.) 


A piece of lead is repeatedly hit with a hammer. 
Does its internal energy increase? Does heat 
flow into the lead from the outside? (Section 5.) 


A hot stone is placed in a pail of cold water. Is 
work done by the stone on the water? (Section 
5.) 


If the pail in the preceding problem is thermally 
insulated, what happens to the total internal en- 
ergy of the stone and water while the stone cools 
down and the water warms up? (Section 5.) 
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21.* How many joules are required to change the 


22. 


23. 


24. 


25. 


temperature of 50 gm of water by 5 degrees centi- 
grade? (Section 6.) 


Suppose we take 18 grams of water (one mole) 
at boiling point and turn it into vapor in a 
cylinder. The cylinder is closed by a frictionless 
piston, which is so light that the gas remains at 
atmospheric pressure at all times. 

(a) What volume will the water vapor occupy 
if it behaves as an ideal gas? (Water vapor is not 
an ideal gas, but the error due to the assumption 
will be less than 10 percent.) 

(b) What work must be done in pushing the 
piston out against atmospheric pressure as the 
whole of the water vaporizes? 

(c) Given that each gram of water takes 540 
calories to tear its molecules apart into vapor, 
how much heat is needed to convert the water to 
vapor and push the piston out? 

(d) What fraction of the total heat needed is 
converted to work in pushing the piston out? 


One mole of helium at 24°C is placed in contact 
with water at 26°C insulated from the rest of the 
world. The final temperature of both is mea- 
sured to be 25°C. How much water was there? 


A high-speed swimmer uses 120,000 joules of 
energy in a half-minute race. Three quarters of 
the energy is wasted through heat flow; the rest 
is dissipated by his hands and legs, by mechani- 
cal work. 

(a) In 30 seconds he swims 50 meters. Esti- 
mate the average force opposing his motion. 

(b) Describe the changes of form of energy in 
the swimming. 

(c) Where and in what form is the energy that 
has been released when he has finished the race? 


Suppose you have two large boxes of negligible 
mass. Box A contains one mole of hot helium at 
60°C, the other box, B, contains one mole of 
cool argon (also a noble gas) at 10°C. 

(a) The two boxes are placed side by side in 
contact with all their outer surfaces insulated. 
After some time, both gases are at the same 
temperature. What is the temperature, and 
why? 

(b) Instead of being placed side by side, the 
two boxes are joined together to make one large 
box, without change of volume, so that the gases 
mix. What will be the final temperature of the 
mixture? 

(c) Now suppose that box B contains one 
mole of cold nitrogen at 10°C instead of the 
argon. The hot helium and cold nitrogen are 
allowed to mix as in (b) above. Will the final 
temperature be the same as in (b) or higher or 
lower? 

(d) Give a clear reason for your answer to (c). 
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26.* Why do the brake drums get hot when a car goes 
at constant speed down a long, steep mountain 
road? (Section 7.) 


27. When you rub your hands together vigorously, 
they warm up but finally reach a maximum tem- 
perature no matter how long you rub. How do 
you account for the warming up and the eventual 
stopping of the temperature rise? 


28. An amateur photographer had an electric fan in 
his darkroom to cool him when he was working 
there in hot weather. He would start the fan 
in the closed room 2 hours before he started to 
work there. Did he act wisely? 


29. A mountain climber can climb about 1500 feet 
or 500 meters vertical rise per hour. 

(a) How much energy does such a climber gain 
as gravitational potential energy in a five-hour 
climb up a mountain? 

(b) The human body is an inefficient chemical- 
mechanical machine. At best its muscles deliver 
only 25 percent of the chemical energy used as 
useful mechanical energy. The other 75 percent 
or more is wasted through heat flow. Assuming 
this efficiency, how much chemical energy does 
the climber use in 5 hours? 

(c) Assume that, aside from mountain climb- 
ing. he needs 2.2 x 106 small calories per 24 
hours. How much total energy should he take 
in his daily diet if he makes that climb every 
morning? 

(d) If the climber walks down the mountain 
every afternoon, he loses the potential energy he 
gained. Why does that not help him to reduce 
his diet? 


30. A rocket is equipped with insulated containers 
full of very hot gas instead of combustible fuel. 
The hot gas rushing out of a nozzle drives the 
rocket forward. 

(a) Where does the momentum that the rocket 
acquires come from? 

(b) Where does the rocket’s kinetic energy 
come from? 

(c) If the gas is ejected into a box standing on 
the ground as the rocket starts out, and the tem- 
perature of the gas collected in the box is mea- 
sured after the rocket has left, do you expect that 
temperature to be higher, lower, or the same as 
the original temperature of the store of gas in 
the rocket? 


31. (a) A cylinder containing helium gas is closed 
with a movable piston which has negligible fric- 
tion. A man pushes on the piston and drives it 
in quickly, compressing the helium. The helium 


warms up. Why does the helium warm up? 
Discuss the mechanism of the warming up in 
terms of molecular behavior. 

(b) A cylinder with a movable piston contains 
compressed helium. The piston is released and 
the helium pushes it out and cools. Explain in 
terms of molecular behavior how the helium 
cools. 

(c) A large box with a good vacuum in it con- 
tains a small bottle of compressed helium. A 
trigger is arranged to remove the stopper of the 
helium bottle. When the helium is let out of the 
bottle, no change of temperature is observed 
after the release is all over. Explain, from the 
point of view of molecular behavior, why the 
helium does not change temperature when it 
expands into the big box. 

(d) Although compressed helium shows no 
final change of temperature, some other gases 
show a noticeable cooling after they have ex- 
panded into vacuum from high compression. 
What does that tell you about these other com- 
pressed gases? 
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26-1 


IN Part III we learned that every material body 
attracts every other material body with a force 
known as the gravitational force. This gravita- 
tional attraction has practical consequences 
only when at least one of the interacting bodies 
has enormous mass, something like a whole 
planet. However, gravitational forces are not 
the only forces acting at a distance between 
material bodies. Sometimes other forces are 
enormously greater. A small magnet will lift 
a Steel nail off the table against the gravitational 
attraction of the entire earth. A comb rubbed 
on your sleeve will lift bits of paper. These are 
examples of magnetic and electric forces, re- 
spectively. 

The existence of such forces has been known 
since antiquity. The ancient Greeks were famil- 
iar with the peculiar properties of the lodestone, 
an iron ore (magnetite) which is a natural mag- 
net. The word magnet comes from the name of 
the city of Magnesia in Asia Minor, near which 
this ore was found. Also, the Greek philosopher 
Thales is said to have observed the action of 
electric forces about twenty-five centuries ago. 
He found that when amber is rubbed, it attracts 
light objects. The word electricity comes from 
“elektron,” the Greek word for amber. 

It was only during the Renaissance, however, 
that a systematic study of electricity and mag- 
netism developed, and physicists did not gain a 
clear understanding of these subjects until the 
end of the past century. Hardly ever has a 
scientific achievement had such profound and 
far-reaching consequences. There have been 
innumerable practical applications. The har- 
nessing of electric power and the development 
of electrical communications have changed our 
whole way of life. On the scientific side, we 
have learned that electric forces control the 
structure of atoms and molecules. Electricity is 
associated with many biological processes—for 
instance, with the action of our nerves and 
brain. 


Attraction and Repulsion 
Between Electrified Objects 


We shall now examine some of the basic facts 
of electric and magnetic behavior and discuss 
their interpretation. Let us begin with a simple 


26-2 
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electrical experiment. Rub a glass rod with a 
piece of silk and then place it horizontally in a 
stirrup hung on a silk thread. Then rub a sec- 
ond glass rod, and bring it near the first. The 
two rods repel each other. 

Repeat this experiment with two rods of plas- 
tic rubbed with a piece of fur. These two rods 
repel as the two glass rods did (Fig. 26-1). 

Finally rub a glass rod with silk and a plastic 
rod with fur. Place one rod in the stirrup and 
bring the other near it. We now find that these 
rods attract each other. 

We can perform similar experiments with a 
number of other materials. Objects of the same 
material which have been “electrified” by the 
same procedure always repel. Different electri- 
fied objects may either attract or repel. 

We find that electrified objects fall into two 
groups. Only two “electric states” exist, one 
similar to that of the glass rod and one similar 
to that of the plastic rod of the previous exam- 
ple. Following the common usage, which dates 
back to Benjamin Franklin, we shall say that 
the glass rod and all other electrified objects 
which behave like it are positively charged. 
Similarly we shall say that the plastic rod and 
all other electrified objects which behave like it 
are negatively charged.* Any two positively 
charged objects repel each other, just as two 
electrified glass rods do. Similarly any two 
negatively charged objects repel each other. 
Any positively charged object attracts any neg- 
atively charged one. 


Electric Forces Between the 
Building Blocks of Matter 


We have learned that matter is made of atoms 
and that the atoms themselves may be made of 
smaller units. But so far in this book we have 
not faced the question of whether there are any 
ultimate building blocks from which all atoms 
are made. The study of electricity will give us 
some important information about this ques- 
tion. 

To begin with, it is natural to think that the 


*The words “positive” and “negative” are used because the 
forces exerted by neighboring positively and negatively 
charged objects on any third body tend to cancel. 


26-1 Two electrified plastic rods repel each other when they are 


brought close together. This photograph is a time exposure, 
made while one rod was brought near the other. The repul- 
sive force pushed away the near end of the suspended rod. 


force between two bodies is the vector sum of 
the forces acting between their building blocks. 
Since two electrified objects attract or repel each 
other, we suppose that there are similar forces 
of attraction or repulsion between some of the 
parts of which the two objects are made. Be- 
cause there are electrically positive and elec- 
trically negative objects, we assume that among 
the building blocks of matter there are two types 
of particles: electrically positive and electrically 
negative. Two particles of the same sign repel 
and two particles of opposite sign attract. Some 
of the building blocks of matter belong in a 
third group: for example, neutrons (Section 23- 
8) do not act like either positive or negative 
electric particles. 

Although the electrical forces between parti- 
cles are enormously greater than the gravita- 
tional forces, when ordinary ‘‘uncharged” pieces 
of matter are placed near each other, they exert 
no appreciable electric forces on each other. 
This does not mean we have to give up the idea 
that there are positive and negative electric par- 
ticles in matter. Since a positive and a negative 
particle exert forces in opposite directions on 
any third electric particle, we merely note that 
the forces exerted by the two kinds of particle 
can cancel. When the effects of the positive 
and negative particles cancel exactly, we say the 


26-2 (a) A metal rod on a beaker is in contact 
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with a light metal-coated ball. 


object is uncharged or electrically neutral. We 
can even picture a neutral atom in this way.* 

If we add some positive particles to an elec- 
trically neutral object, there is no longer a bal- 
ance. The effect of the positive particles is 
greater than the effect of the negative particles; 
and we say the object is positively charged. We 
can also charge an object positively by removing 
some negative particles, leaving an excess of 
positive ones. (Similarly, we can make a neutral 
object electrically negative either by adding 
some negative particles to it, or by taking some 
positive particles away from it.) 

We have seen that rubbing a glass rod with 
silk makes the rod electrically positive. How 
can this happen? We may think of two possi- 
bilities. Perhaps there is a transfer of positive 
particles from the silk to the rod; perhaps there 
is a transfer of negative particles from the rod 
to the silk. In either case the silk must become 
electrically negative as the glass becomes elec- 
trically positive. We can check this conclusion 
by bringing the silk near the suspended glass 
rod. We find that the rod is attracted by the 
silk. Also the silk will repel a negatively 
charged plastic rod. 

*If every small volume of a body is neutral, the resultant 
force exerted by all the electric particles upon any electrical 
particle outside is zero. However, a body can be neutral on 
the average and nevertheless contain local concentrations of 


charge. Then an electric particle near one of the local con- 
centrations is subject to a force. 


(b) We touch the end of the metal rod with a charged rod, and the ball 
at the other end is repelled. 


26-3 Insulators and Conductors 


We often classify different materials by saying 
that one is an electrical conductor and another 
an insulator. This classification is based on ex- 
periments like those we shall now discuss. Sup- 
pose we hang a light metal-coated ball on a silk 
thread. Then we support a metal rod horizon- 
tally on a glass or plastic stand so that one end 
touches the ball. Now we electrify a piece of 
glass, and rub the glass against the other end of 
the metal rod. As we rub the glass against the 
metal, the ball swings away. We repeat the 
experiment, using a rod of plastic in place of 
the metal rod. Now the ball does not move 
(Fig. 26-2). We therefore see that the metal and 
the plastic rods act differently. 

To account for this difference we need only 
assume that'in a metal some electric particles 
are free to move from point to point, while in 
the plastic no electric particles can move freely. 
Suppose, for example, that the free particles in 
the metal are negative. When the positively 
charged glass touches the neutral metal rod, the 
glass pulls some of the free negative particles 
off the metal rod and the ball. Both the ball 
and the rod therefore become positively 
charged, and they repel each other. Even after 
the glass is removed, there will be a shortage of 
negative particles on both the rod and the ball, 
and they will continue to repel. 


(c) After the charged rod is removed, the 
metal rod still repels the ball. 


We can equally well assume that the free par- 
ticles are electrically positive. Then, when we 
touch the metal rod with the electrified glass, 
positive particles will pass from the glass to the 
metal and spread along it to the ball. Again, 
the rod and the ball will both become positively 
charged and will repel each other. 

Now let’s picture what happens when we re- 
place the metal rod with the plastic one. In the 
plastic neither positive nor negative particles 
can move freely. Thus only the part of the rod 
in direct contact with the charged glass acquires 
an excess of positive particles. The rest of the 
rod remains electrically neutral, and so does the 
ball. Consequently, there is no force pushing 
the ball away from the rod. 

Substances that behave like the metal in this 
kind of experiment we call conductors. Sub- 
stances that behave like the plastic we call in- 
sulators. All conductors contain freely moving 
electric particles and insulators do not. 

Toward the end of this chapter we shall learn 
how to determine the sign of the freely moving 
particles in different kinds of conductors. We 
shall find that when liquids and gases conduct 
electrically, both positive and negative particles 
move. In metals, however, the conductivity is 
due solely to the motion of electrically negative 
particles. To keep the discussion brief, in the 
next few sections we shall assume that only neg- 
ative particles move. 
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(d) We repeat the experiment with a plastic rod in place of the metal 
one. The ball stays still. 


26-4 Some Experiments with an 


Electroscope 


An electroscope is an instrument for detecting 
the presence of electric charge. The simplest 
version of this instrument is an old-fashioned 
gold-leaf electroscope. It consists of two thin 
gold leaves hanging from a metal rod in a glass 
jar (Fig. 26-3). We shall now explain how it 
works. 

If we touch the knob at the upper end of the 
metal rod with a charged piece of plastic, the 
gold leaves spring apart. What has happened? 
Electrically negative particles passed from the 
plastic to the metal rod and spread immediately 
to the leaves. The leaves repel each other be- 
cause they are both electrically negative. Since 
they are very light, a small charge is enough to 
cause a visible divergence of the leaves. (The 
leaves would also diverge if we used a glass rod 
rubbed with silk in place of the plastic rod. In 
this case, however, the leaves would be electri- 
cally positive.) 

Give a charge to an electroscope and then 
touch the knob with an uncharged metal ball 
on an insulating rod (Fig. 26-4). The leaves 
fall a bit, because we have taken some charge 
away. The charge is shared between the elec- 
troscope and the ball. Try again with a bigger 
ball. The leaves fall much farther, because the 
bigger ball takes a bigger share of charge. The 
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finger, the leaves collapse. If there was initially 
an excess of negative particles on the metal rod 
and leaves, some of these particles must have 
gone onto your body. They may have passed 
through your body to the ground. But even if 
your shoes are insulators, the electroscope 
leaves will fall. In this case, you are sharing the 
charge with the small electroscope. 

If the electroscope is positively charged, you 
will still discharge it by touching the knob. 
Some negative particles must have gone from 
you to the electroscope, neutralizing the positive 
charge on the leaves. In either case, from these 
experiments we conclude that the human body 
is an electrical conductor. 

We can determine what other substances are 
conductors. For example, suppose we charge 
the electroscope again and touch the knob with 
a stick of graphite, such as the lead from a pen- 
cil (Fig. 26-5). The leaves fall immediately, 


26-3 A gold-leaf electroscope. The leaves stand out because 
they are charged. 


same thing happens if we join the electroscope 
knob to a big ball with a wire. Some of the 
charge runs along the conducting wire to the 26-4 (a) A charged electroscope, with the leaves repelling each 
big ball. With a very big ball, practically all other strongly. (b) We have touched the knob with a metal 
the charge goes to the ball, and the electroscope ball on an insulating handle. The charge is now shared be- 
5; ; 4 tween the ball and the electroscope; and the leaves have 
is left with so little charge that the leaves fall now-tullen considerably, 
completely. We can use the largest available 
ball of all, the earth. When we connect a 
charged electroscope to the earth, practically all 
the charge runs away—there is far too little left 
to notice. (This process of sharing charge with 
the earth is often called “grounding.”’)* 
Although you are not as large as the earth, 
you too are a conducting ball. If you charge the 
electroscope and then touch the knob with a 


* The earth has some patches of nonconductor—desert sand, 
some rocks, etc.—but underground there is a good enough 
conducling material so that the charge is quickly shared all ; 
over the earth. A metal pipe, such as part of the water sys- 26-5 When you touch the knob of a charged electroscope with a 
tem, is often used to make sure of the connection to the stick of graphite, the leaves fall. Both you and the graphite 
conducting region underground. are conductors. 


26-5 


showing that graphite is also a conductor. On 
the other hand, the leaves of a charged electro- 
scope do not move if we touch the knob with 
uncharged glass, hard rubber, porcelain, or plas- 
tics. These substances are electric insulators. 
If we touch the knob with a wooden match, the 
leaves fall, but very slowly. Apparently in wood 
some electric particles can move, but not as 
freely as in metals; wood offers a much greater 
“resistance” than metals to the motion of elec- 
tric particles. 


Electrostatic Induction 


We do not need to touch a conductor in order 
to move charges around on it. Suppose we have 
two metal cylinders on insulating stands. We 
put them in contact to form one long conductor, 
as in Fig. 26-6 and 26-7. Then we bring a posi- 
tively charged glass rod near one end of the con- 
ductor. The positive charge on the glass rod 
will attract negative charges on the conductor 


(a) 
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and repel positive charges. Asa result, the near 
end of the conductor acquires an excess of neg- 
ative electric particles and the far end is left 
positive. Now we separate the two metal cyl- 
inders by pulling the insulating stands apart 
while the positively charged glass is nearby. 
The near cylinder should have a net negative 
charge and the far one a net positive charge. We 
can verify this conclusion by taking the glass 
away and bringing up a light, positively charged 
ball on a thread. Then we see that the near 
cylinder attracts the positively charged ball and 
the far one repels it. 

The separation of positive and negative 
charges on a conductor induced by the presence 
of a charged object nearby is called electrostatic 
induction, and the local excesses of positive and 
Negative charge which accumulate in different 
regions of the conductor are called induced 
charges. 

Electrostatic induction allows us to use an 
electroscope to detect the presence of a charge 


26-6 Electrostatic induction. (a) Two metal rods are in contact; a positively charged object is nearby. Negative particles are attracted to 
the right, leaving a positive charge to the left. (b) The rods are separated with the charged body still nearby. The right-hand one 
has a negative charge and the left-hand one positive. (c) The rods retain their charges even when the charged object is taken away. 
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26-7 Electrostatic induction. (a) Metal rods in contact, positive 
charge nearby. (b) The rods are separated. (c) We test the 
charge on each rod with a positively charged ball. The rod 
at left repels—it is positively charged. The one at right 
attracts—it is negatively charged. 


without transferring it to. the electroscope. In 
fact, we can even determine the sign of the 
charge. To do this, we first charge the electro- 
scope, let us say positively. Then we bring the 
unknown charge near the knob. If the charge 
is positive, it induces a negative charge on the 
knob and thus increases the positive charge on 
the leaves. Consequently, the leaves diverge 
farther [Fig. 26-8 (a)]. If, on the other hand, the 
unknown charge is negative, the induction goes 
just the other way. The net positive charge on 
the leaves decreases, and the leaves fall [Fig. 
26-8 (b)]. 

Electrostatic induction also enables us to un- 
derstand the force of attraction exerted by an 
electrified body on a neutral conductor. Sup- 
pose that the electrified body A is positively 
charged (Fig. 26-9). It will induce a negative 
charge on the nearest part of the conductor and 
a positive charge on the part farthest away. The 
negative induced charge is attracted toward the 
positive charge on A, and the positive induced 
charge is repelled by it. However, the repulsion 
is weaker than the attraction, because the posi- 
tive induced charge is farther from A than the 
negative one. Asa result, there is a net force on 
the conductor pulling it toward A. 

There is a similar but smaller force of attrac- 
tion between a neutral insulator and a neigh- 
boring charge. In an insulator, neither the 
positive nor the negative particles can wander 
freely from their atoms, but they can be pushed 
or pulled over short distances. For example, 
we may imagine that an insulator is made of 
positively charged particles nailed down so that 
they remain in place in the insulator, and nega- 
tive particles held near the positive ones by 
springy forces. The springy forces prevent the 
negative particles from moving any great dis- 
tance. But when we bring a positively charged 
body near the insulator, the negative particles 
are attracted toward it. Consequently, they 
move a short distance away from the positive 
particles toward the attracting body (Fig. 26- 
10). Because the negative particles are slightly 
nearer the positively charged body than are 
their positive counterparts, the force of attrac- 
tion on them is slightly greater than the repul- 
sion exerted on the positive particles. As a re- 
sult, there is a net force of attraction between 
the insulator and the positively charged body. 
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(a) 


26-8 Using an electroscope to detect a charge and determine its sign. In (a) we bring a positive charge near a positively charged elec- 
troscope. The leaves diverge still farther. In the series of pictures (b) we move a negative charge nearer and nearer to the knob 
of a positively charged electroscope. More and more negative charges are repelled toward the leaves, and they fall. Finally, if 
a big negative charge gets very close, we may push so many minus charges on the leaves that they are given a net negative 
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26-6 


charge. They then diverge again. 


Attraction of a neutral conductor. When a neutral con- 
ductor is near a positively charged body, negative electric 
particles are attracted to the end near the positive charge. 
A positive charge is left on the rest of the conductor. Since 
the induced negative charge is nearer the positive body, 
there is a net force of attraction. 


Improved Electroscopes and 
Electrometers 


When the gold leaves of an electroscope hang 
in a glass bottle (as in Fig. 26-3), the electro- 
scope is sensitive to charges anywhere nearby. 
Such charges exert forces on the leaves, both 
directly (when the leaves are charged) and by 
electrostatic induction. For many purposes, 
however, we would like an electroscope to re- 


26-10 Attraction of a neutral insulator. A positively charged ob- 


ject is near an uncharged insulator. There are no electric 
particles free to move through the insulators, but the posi- 
tive and negative particles in each molecule can be dis- 
placed slightly. The negative particles are thus all slightly 
nearer the plus charge, giving again a net force of attrac- 
tion. Note that in fact the molecules are extremely small 
and so are the charges on them. This diagram is far from 
being a realistic picture. 


spond only to charges on the leaves or near the 
knob. 

We can cut out unwanted electric effects by 
replacing the glass bottle with a metal case and 
using an insulating sleeve to keep the case and 
the leaves electrically separated (Fig. 26-11). 
Suppose we bring a positively charged body, A, 
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near an electroscope with a metal case. The 
charge on A induces negative charges on the 
near side of the metal case, and positive charges 
are left on the opposite side. We find experi- 
mentally that if the electroscope is completely 
surrounded by a metal shield, the leaves are en- 
tirely uninfluenced by the presence or absence 
of charges such as A outside the shield. The 
induced charges exert forces on the leaves, and 
apparently these forces just balance the force 
exerted by the positive charge of A. A shielded 
electroscope is therefore a far more dependable 
instrument than our crude one in a glass bottle. 
It is insensitive to irrelevant outside influences. 
You can make a shielded electroscope like the 
one in Fig. 26-12. 

Sometimes we wish to detect charges smaller 
than those which cause an ordinary gold-leaf 
electroscope to respond noticeably. By chang- 
ing the design—making the moving part of light 
conducting thread, changing the structure of 
the rod, and making the dimensions smaller— 
we can build electroscopes which are far more 
sensitive. Each of these sensitive instruments 
has a metal case for shielding and a sensitive 
element that plays the role of the rod and the 
leaves of our simple model. We shall call any 
such sensitive element the stem of the electro- 
scope. With a well-designed stem in a good 
metal shield, we can measure a thousandth or 
less of the charge detectable with the usual gold- 
leaf model. 

Sensitive electroscopes are now fairly com- 
mon (Fig. 26-13). The radiation dosimeters 
that are used to find out when someone has 
been exposed to radioactive radiation are really 
sensitive electroscopes. They have a scale 
added so that we can make quantitative mea- 
surements of the position of the thread which 
replaces the leaves of our simple instrument. 
(An electroscope with a scale is usually called 
an electrometer.) When the dosimeter is 
charged, the thread moves across the scale. 
Further charging moves it farther across the 
scale. and discharging will move it in the oppo- 
site direction. 

In designing an electrometer, we took advan- 
tage of metal shielding. The observation that 
a metal shield separates the electrical universe 
into two parts really does far more than allow 
us to design a better instrument. The observed 


insulating sleeve 


no change 
here when 
A is removed _+ 


26-11 When a charged body is brought near a shielded electro- 


scope, charges are induced on the case. Inside the case 
the forces from the induced charges just cancel those from 
the outside charge. Try the experiment yourself. 


26-12 A simple electroscope shielded by a metal case—a coffee 


can. Instead of thin metal leaves, the sensitive element is 
a metal-coated drinking straw hung by a pin that fits 
through two holes in the frame. 


insulator conducting 
thread a glass scale 


26-13 Schematic diagram of a radiation dosimeter, which gets its 


high sensitivity by using a stem made of a very small and 
light conducting fiber. 
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cancellation of the electric effects of a charge 
outside the metal case gives us information 
about the electrical forces. With careful rea- 
soning we can show that complete cancellation 
occurs Only in the case of forces which vary as 
the inverse square of the distance.* The Cou- 
lomb experiment which we shall discuss in the 
next chapter shows directly that electrical forces 
are of this kind. 


Batteries 


Rubbing two things together (such as a plastic 
rod and a woolen cloth) is not the only method 
of separating electrically positive from electri- 
cally negative particles. Batteries (and other 
electric generators) are really machines for sep- 
arating charges. 

A good gold-leaf electroscope will detect the 
charge separation produced by enough batteries 
(Fig. 26-14). A couple of “B” batteries (avail- 
able at radio stores) will charge up a civil-de- 
fense dosimeter so that the thread is shoved 
entirely across the scale. 

The charge that a battery puts on an elec- 
trometer is the same kind of electricity that we 
put on from a rubbed glass rod or from any 
other charged body. When the plus terminal 
of a battery is connected to the knob of an elec- 
trometer and the minus terminal to the metal 
case, the knob gets charged with the same kind 
of charge that we get from rubbed glass—posi- 
tive charge. When the battery is connected the 
other way around, the knob becomes negatively 
charged; and these negative charges can be can- 
celed off by just a small part of the positive 
charge from rubbed glass. 

A battery, then, is a complicated chemical 
mechanism which shoves plus charges to the 
positive terminal and minus charges to the neg- 
ative terminal, despite the forces of electrical 
attraction which tend to pull these charges to- 
gether. When the battery is connected to the 
metal case and to the stem of an electrometer, 
the case and stem are given opposite charges. 
The charges quickly accumulate, until after a 


* We shall not go through this reasoning here. An example 
of it is given in the PSSC film on Coulomb's law. and a re- 
lated discussion is given in the box in Section 27-3. 
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brief time the electric forces shoving the charges 
back toward the battery compensate the forces 
exerted by the chemical action driving them out 
of the battery. 


Electric Currents 


As we have just seen, we can charge an elec- 
trometer by momentarily connecting the stem 
and the metal case to the terminals of a battery. 
When we disconnect the battery the electrom- 


26-14 Charging an electroscope with batteries. The three radio 


“B”’ batteries required to produce this deflection of the leaf 
are equivalent to 180 flashlight cells in series. The effect 
of a single flashlight cell would not be detectable. 


26-15 An electroscope connected to a battery stays charged even 


though the stem and the case are joined by a high-resist- 
ance wire. Since the resistance wire is very fine and has 
to be very long, it is wound up in a coil around the circu- 
lar form. If the battery is disconnected, the electroscope 
discharges. 


26-9 
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eter stays charged. But if we then join the stem 
to the metal case with a metal wire, the elec- 
trometer quickly discharges. Electric particles 
must have moved through the wire between the 
stem and the case. We shall assume that these 
are negative particles. 

Now suppose that we leave the battery per- 
manently connected to the electrometer. Then 
if we connect the stem to the case with a poorly 
conducting wire (Fig. 26-15), the electrometer 
remains partially charged.* There is now acon- 
tinuous flow of electric particles in the wire. As 
these negative particles reach the positive bat- 
tery terminal, they cancel some of the positive 
charge there; as they leave the negative battery 
terminal, they drain negative charge from it. 
The battery, on the other hand, keeps providing 
a supply of charges at the terminals. Chemical 
changes continuously drive negative particles 
across inside the battery from the positive to the 
negative terminal (or positive particles in the 
other direction). The rate at which the battery 
moves these charges is controlled by the rate at 
which the charges outside the battery flow 
through the wire and cancel. 

A flow of electric particles in a conductor is 
called an electric current. In particular, the 
steady flow imposed by a battery is called a 
steady current. Electric currents have many 
different effects. For example, a metal wire 
carrying a big enough current heats up. We 
can build instruments to detect these effects and 
thus measure electric currents. In the next few 
sections and in Chapter 28 there is much more 
discussion of electric current and its measure- 
ment. 


Conductivity of Gases; lonization 


Let us charge an electroscope, for example by 
momentarily connecting the stem to the posi- 
tive terminal and the case to the negative ter- 
minal of a battery. The electroscope, of course, 
is full of air. What would happen if some of the 
air molecules were electrically positive and some 
electrically negative? The positive molecules 
would be attracted toward the negatively 
charged case and the negative molecules toward 


* A long, thin wire of a nickel-chromium alloy will do. 


26-16 If air contains electrically positive and negative particles, 


the charge on an electroscope will be rapidly canceled. 
Normally this is not true; but air can be ionized. 


the positively charged stem. The arrival of the 
electrically negative molecules would neutralize 
the excess of positive particles present on the 
stem, and the electroscope would gradually dis- 
charge (Fig. 26-16). 

Nothing of this kind happens. Under ordi- 
nary circumstances, the electroscope remains 
charged for a long time. The gas in it is an 
effective insulator. And this means that the 
molecules of air are electrically neutral. Also, 
if we fill the electroscope with other gases, such 
as carbon dioxide, helium, argon, etc., we 
always find the same result, even when the gases 
are monatomic. Thus complete molecules, in- 
cluding those that are single atoms, are elec- 
trically neutral. 

But now let us bring some radioactive ma- 
terial near the charged electroscope, or let us 
direct a beam of X rays toward it. The electro- 
scope will gradually discharge. Furthermore, if 
we remove the radioactive material (or shut off 
the X-ray beam) before the electroscope has lost 
all its charge, it will stop discharging. 

We can interpret these results by assuming 
that the X rays, or the radiations from the radio- 
active material, break up the gas molecules into 
electrically charged fragments. Some of these 
fragments may be identical with the ultimate 
building blocks of matter that we have been 
talking about. Others may be composed of 
several such particles. Some may be made of a 
charged fragment of a molecule that has at- 
tached itself to a neutral molecule, thus produc- 
ing a heavier charged unit. The charged 
molecular fragments or more complex units are 


suction 
pump 


26-17 X rays ionize the air at A. When this air with the ions 


reaches the electroscope, the leaves fall. 


called ions; and a gas containing ions is said to 
be ionized. 

While an ordinary gas is an insulator, an 
ionized gas behaves like a conductor. A posi- 
tively charged object immersed in an ionized 
gas attracts the negative ions; a negatively 
charged object attracts the positive ions. In 
either case the ions, as they come in contact 
with the object, gradually neutralize the original 
charge. 

There are many experiments we can do to 
show that the conductivity of gas results from 
ionization. For example, we can make sure 
that the discharge of an electroscope placed in 
a beam of X rays is not due to a direct effect of 
the X rays on the stem of the electroscope. The 
experiment illustrated in Fig. 26-17 shows that 
the X rays are acting on the gas. In this experi- 
ment we pump air into the electroscope through 
a tube, part of which can be irradiated. We 
charge the electroscope and start the pump. 
Then we turn on the X rays. The electroscope 
begins to discharge, because ions formed by the 
X-ray beam are carried into the electroscope 
case by the moving air. With the X-ray ma- 
chine still running, we stop the pump. The flow 
of air stops, and the ions formed in the tube no 
longer reach the electroscope. The gradual 
discharge of the electroscope also stops. 

At the beginning of this section we said that 
gases usually are good insulators. We might 
have said that in the absence of ionizing radia- 


26-10 


26-18 
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tion they are perfect insulators. As a matter of 
fact, however, a small amount of radiation is 
present everywhere. Most materials around us 
contain minule traces of radioactive substances. 
And although we can eliminate radiation from 
materials nearby, cosmic rays will make some 
ions. Even exceedingly thick shields made of 
materials free from radioactivity are incomplete 
protection against these penetrating radiations 
that originate outside of our atmosphere. Thus, 
gases are always slightly ionized and therefore 
slightly conducting. This conductivity, how- 
ever, is so small that it can only be detected with 
very delicate apparatus. 


The Cloud Chamber 


Figures 1-7 and 8-3 show the visible tracks left 
by fast-moving particles in the near-boiling 
liquid of a bubble chamber and in photographic 
emulsions. Actually, only fast-moving charged 
particles leave these tracks. Each track is an 
indirect effect of the electric forces exerted by 
the passing charged particle upon the atoms of 
the emulsion or the liquid. 

A cloud chamber also enables us to “see” the 
paths of charged particles in gases (Fig. 26-18). 
The particles leave a trail of positive and nega- 
tive ions; and the operation of the cloud cham- 
ber is based upon the observed fact that vapors 
condense more easily around such tons than in 
open space. 


A cloud-chamber photo- 
graph showing the paths 
of alpha particles in a 
chamber containing he- 
lium. (From P.M. S. Black- 
ett, in Proceedings of the 
Royal Society, 107A, 
349; 1925.) 
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26-19 Asimple cloud chamber. The chamber itself is a cylindrical 


plastic box which rests on a large block of Dry Ice. A dark 
felt band, soaked in methanol, encircles the inside of the 
top of the chamber. A tiny radioactive source is placed in 
the eye of the needle projecting into the chamber. The 
needle is supported by a cork stopper inserted in a hole 
near the back of the plastic cover. The bottom of the 
chamber is painted black so that the white fog tracks will be 
plainly visible when viewed from above and illuminated 
from the side. 


26-20 Tracks of alpha particles in the diffusion cloud chamber. 


A type of cloud chamber called a diffusion 
chamber is shown in Fig. 26-19. A simple ver- 
sion of it consists of a shallow cylindrical box, 
the bottom of which is kept cold while the 
transparent top is kept at a higher temperature. 
On the wall of the chamber there is a wick of 
cloth or of blotting paper soaked in alcohol. 
The alcohol continuously evaporates from the 
wick and condenses on the cold floor. Just 
above the floor there is a region where the alco- 
hol vapor does not condense spontaneously but 
will condense around any ion formed. Whena 
charged particle traverses this region, its track 
becomes visible. This cloud chamber is cheap 
to make, and it runs continuously. With it we 
can see the passage of an occasional charged 
cosmic ray. Also, by putting a bit of radioactive 
material in the chamber we can see the tracks 
of the charged fragments emitted in radioactive 
decay, as in Fig. 26-20. 


26-11 Conductivity of Solutions 


Some liquids are electrical conductors; others 
are insulators. The behavior of water and of 
water solutions is particularly interesting. In 
order to study this behavior experimentally we 
shall use the arrangement shown in Fig. 26-21. 
In series we connect a metal plate, an electric 
current meter, a battery, and a second metal 
plate. Then we stick the metal plates (called 
electrodes) into a glass of water. 

If the water is pure, the meter shows no cur- 
rent. Since the molecules in liquids are free to 
move, the absence of current proves that the 
water molecules are electrically neutral. 

When we dissolve some table salt in the water, 
the meter shows a current in the circuit. The 
same thing happens with many other chemical 
compounds such as hydrochloric acid, sulfuric 
acid, copper sulfate, potassium chloride, etc. 
We can explain the conductivity of these solu- 
tions by assuming that the table salt (or the 
other dissolved substance) breaks up into posi- 
tively and negatively charged fragments, which 
we shall again call positive and negative ions. 
This explanation is much like the explanation of 
electric conduction in gases. In liquids, how- 
ever, unlike gases, no outside ionizing agent is 
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f-21 Apparatus for studying electrical conduction in a liquid. When salt is dissolved in the water, the meter shows a current. The 
charge is carried through the solution by positive and negative ions. 


needed. The ions seem to be formed in a spon- 96-]2 Electrons in Metals 


taneous breakup of the dissolved substance. 

We get convincing support for our explana- 
tion of the electrical conductivity of solutions 
by observing what happens at the electrodes. 
If we have a copper salt (for instance copper 
sulfate) dissolved in the water, we find that 
when there is an electric current the negative 
electrode gradually becomes coated with a film 
of copper. If, instead, we fill the cell with a 
solution of a silver salt (such as silver nitrate), 
we find that the negative electrode becomes 
coated with a film of silver. This suggests that 
when copper sulfate or silver nitrate breaks up 
in solution, the metal atoms are carried by the 
positive ions. The motion of these ions in the 
electric current involves a detectable transport 
of matter. 

The phenomenon described above is known 
as electrolysis. It is commonly used in electro- 
plating and in many other manufacturing proc- 
esses, such as refining copper, producing hydro- 
gen gas, and producing aluminum. In Section 
28-3 we shall see how to use electrolysis to 
measure electric current. 


Metals are the commonest kind of conductor. 
What kind of electric particles are free to move 
in them, making them conduct? Are these par- 
ticles positive or negative or both? No single 
experiment is capable of answering this question 
in such a clear-cut manner as in the case of con- 
ducting gases and liquids. However, one obser- 
vation gives us a very suggestive clue; and to- 
gether with other pieces of circumstantial 
evidence it provides an answer. 

It is natural to think that the electric particles 
in metals are in a state of thermal agitation like 
the molecules of a gas (see Chapter 9 and Chap- 
ter 25). Yet experiments show that a charged 
piece of metal in a vacuum holds its charge in- 
definitely. Consequently, we know that the 
electric particles cannot ordinarily escape from 
the metal. And we conclude that, when they 
are near the surface of the metal, the moving 
particles experience forces that prevent their 
escape by attracting them back into the metal. 

Now suppose we heat the metal. As the tem- 
perature increases, the speeds of the particles 
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26-22 Apparatus for investigating electrical conduction in metals. The electric current from battery A heats the filament. We can raise 


the temperature of the filament by removing resistance wire from the circuit of battery A. The current meter connected to battery 
B shows when charge flows through the space between the filament and the cylinder. 


must increase, just as the speeds of gas mole- 
cules do. At high enough temperatures an 
appreciable fraction of the particles should have 
sufficient speed to escape. Like rockets moving 
fast enough to escape from the gravitational 
attraction of the earth, these high-speed par- 
ticles should not fall back into the metal. They 
should get out beyond the reach of the attrac- 
tive forces. 

With the apparatus shown in Fig. 26-22 we 
can do experiments to see what actually hap- 
pens when we heat a metal. The essential part 
of this equipment is a hollow metal cylinder 
with a thin metal wire filament stretched along 
its axis. The cylinder and the filament are 
sealed in a glass vessel, which is thoroughly 
evacuated. To heat the filament we connect it 
to a battery marked A in the figure. We also 
connect the filament through a current meter to 
the negative terminal of a battery B. The posi- 
tive terminal of the battery B is connected to 
the cylinder. 

When the filament is at ordinary tempera- 
tures, there is no current in the B battery circuit. 
But if we gradually raise the temperature of the 
filament, the meter will eventually register a 
current, indicating that electric particles pass 
through the empty space between the filament 
and the cylinder. As we raise the temperature 
of the filament further, going from orange hot 


to white hot, this current increases very rapidly. 

We repeat the experiment, reversing the con- 
nections to the battery B. The cylinder is now 
negatively charged and the filament positively. 
In this case the meter shows no current, even 
when the filament is white hot. 

What do these results mean? Suppose first 
that the hot filament boils out negative particles. 
When the filament is negative and the cylinder 
positive, these particles are repelled by the fila- 
ment and attracted by the cylinder. Therefore 
they travel from the filament to the cylinder; 
they then flow through the metal wire to the 
positive battery terminal and from the negative 
terminal through the metal wire back again to 
the hot filament. Thus the emission of negative 
particles from the filament effectively bridges 
the gap between the filament and the cylinder 
so’ that a steady current is observed in the 
circuit. 

Suppose, on the other hand, that the filament 
emits positive particles. They would bridge the 
gap when the filament is positive and the cylin- 
der negative; and we would then observe a cur- 
rent in the B battery circuit. Consequently the 
fact that there is no current with the filament 
positive proves that the filament emits no posi- 
tive particles. And we conclude that all the 
electric particles boiled out of a hot metal are 
negatively charged. 
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We are naturally led to believe that we see 
here, boiled out into the vacuum, the same parti- 
cles which move around inside a metal. These 
particles are called electrons. The emission of 
electrons by metals is known as thermionic 
emission. Further experiments indicate that 
electrons are the same in all metals. In the ex- 
periment described above, we can make the fila- 
ment and the cylinder of different metals—for 
example, tungsten and nickel. We then run a 
thermionic current for a long time (but at a 
temperature at which tungsten does not evapo- 
rate appreciably). We find no trace of the fila- 
ment’s metal on the cylinder, no matter how 
long electrons have been flowing across. There 
is no change in the chemical composition of 
either the cylinder or the filament. The elec- 
trons that have come out of the tungsten must 
be identical with the electrons already inside the 
nickel. 

This conclusion is supported by similar evi- 
dence from metals in contact. We can leave a 
nickel wire connected across the brass terminals 
of a battery and let a current run for days in suc- 
cession without noticing any change in the wire 
itself or in the battery terminals. A great many 
electrons have gone from one metal to the other 
across the contact, but no change takes place in 
the brass or the nickel. The electrons of nickel 
and brass are thus indistinguishable. 

Finally, we conclude that electrons must be 
among the ultimate building blocks of all metals 
and in fact of all atoms. Today the correctness 
of this conclusion is beyond doubt. We shall 
meet more of the evidence for it in later 
chapters. 


Diodes, Electron Guns, 
Cathode-Ray Oscilloscopes 


Thermionic emission has many practical appli- 
cations; one of the most important is in radio 
tubes. The device we used to demonstrate 
thermionic emission is a simple type of radio 
tube called a diode (Fig. 26-23). (In radio lan- 
guage the hot wire from which the electrons are 
emitted is called the cathode, and the electrode 
to which the electrons travel is called the plate.) 
In a diode, electrons flow from the cathode to 
the plate, but not in the opposite direction. It 


26-23 A photograph of a commercial diode. The white metal 


tube in the center is heated internally and emits electrons. 
When it is charged negatively and the outer cylinder is posi- 
tive, the electrons move through the space between. 


hole bright spot 


26-24 The simple diode can be converted to an electron gun by 


drilling a hole in the cylinder and extending the glass enve- 
lope. One end of the tube is coated with a fluorescent sub- 
stance that glows where the beam of electrons strikes it. 
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26-25 The electron gun can be made to serve as an electrometer 
by putting a pair of horizontal metal plates in front of the 
hole. If, for example, we put a positive charge on the up- 
per plate and a negative charge on the lower, the electron 
beam will be deflected upward. The movement of the spot 
away from its center position is a measure of the charge on 
the plates. 


horizontal deflectors 
connected to sweep 


vertical deflectors connected 
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we want to measure 


26-26 An oscilloscope tube has a second pair of plates to give a 
horizontal deflection. Charging these plates swings the 
spot across the face of the tube. 


can therefore be used as a valve (or “rectifier” or 
“detector”) to change a current that flows alter- 
nately in each direction in a circuit into a cur- 
rent that flows intermittently but in one direc- 
tion only. 

We can also use a diode to make an electron 
gun by drilling a hole in the plate. (See Fig. 
26-24.) Although most of the electrons driven 
across from the hot filament hit the plate, those 
moving straight toward the hole go through 
and travel on until they meet the wall of the 
tube. If the wall opposite the electron gun is 
covered with fluorescent paint, a bright spot 
appears where the electrons hit. 

With one more modification, the tube we 
have described becomes a cathode-ray oscillo- 
scope. We put two small horizontal metal 
plates in the tube so that the electron beam 
passes between them (Fig. 26-25). If one plate 
is charged positive and the other negative, the 
electrons are shoved vertically toward the posi- 
tive plate and hit the fluorescent screen at a new 
place. Even a single flashlight battery con- 
nected across the deflecting plates produces a 
visible deflection of the spot. Consequently, we 
can use this oscilloscope as an electrometer. 
And if we couple it with an amplifier like the 
one in a radio, it can be a far more sensitive in- 
strument than the electrometers we described 
previously. 

In addition to its sensitivity as an electrom- 
eter, the cathode-ray oscilloscope has an even 
more useful property: the speed of its response. 
Because of the mass of its moving parts, an 
ordinary electrometer takes an appreciable time 
to reach the equilibrium position after it has 
been charged. The electrons, on the other 
hand, have astonishingly small mass compared 
to the lightest mechanical part. Consequently, 
the deflection of the electron beam occurs prac- 
tically instantaneously. Thus the cathode-ray 
oscilloscope is capable of showing very rapid 
changes of charge, something that ordinary 
electrometers cannot do. 

With the cathode-ray oscilloscope we can 
even study in detail how a rapidly changing 
charge varies with time. For this purpose we 
equip the oscilloscope with a second pair of 
metal plates arranged to deflect the beam hori- 
zontally (Fig. 26-26). A “sweep circuit” grad- 
ually charges this pair of plates and then 


discharges them suddenly, only to start charging 
them again. During the gradual charging the 
bright spot where the electrons hit swings hori- 
zontally across the screen at a constant speed; 
then, on discharge, it returns quickly to the 
starting point. At the same time the first pair 
of plates produces a vertical deflection corre- 
sponding to their charges. As a result of the 
two deflections the spot traces a curve which 
gives a graphical picture of the way the charge 
on the vertical plates changes with time (Fig. 
26-27). 

The cathode-ray oscilloscope has many appli- 
cations. Television and radar tubes are special 
types of cathode-ray tubes. The pictures they 
paint are produced by deflecting the electron 
beam horizontally and vertically over the face 
of the tube while the strength of the beam is 
varied to make each little region of the screen 
glow bright or stay dark in response to signals 


from the TV camera. 


(6-27 A photograph of a trace on the face of an oscilloscope 

\ tube. While the sweep circuit moved the beam from left 

to right, a battery rapidly charged two metal plates con- 
nected to the vertical deflection plates of the tube. A mo- 
ment later they were allowed to discharge more slowly 
through a wire of high resistance. 
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If two charged rods repel each other, what can be 
said about the sign of the charge on each rod? 
(Section |.) 


You find that object A repels object B, A attracts 
C, and C repels D. If you know that D is posi- 
tively charged, what kind of charge does B have? 
(Section 1.) 


Suppose that you have electrified a plastic rod by 
rubbing it with wool. 

(a) Do you expect the wool to become 
charged? 

(b) How could you find out if it does? 


Must all the negative charges be removed in order 
for a rod to become positively charged? (Section 
2.) 


(a) Why can't you electrify a metal rod by 
rubbing it while holding it in your hand? 

(b) What could you do to electrify a metal 
tod? (Section 4.) 


When the gasoline tank of an airplane is filled, 
the metal nozzle of the hose is always carefully 
connected to the metal of the airplane by a wire 
before the nozzle is inserted in the tank. Be pre- 
pared to explain why this procedure is followed, 
and to describe how it accomplishes its purpose. 


(a) When you touch a metal object like a door 
handle on a dry winter day, you are likely to see 
a spark and feel a definite shock. We usually ex- 
plain this by saying that we have built up a static 
charge. How could you tell the sign of the charge 
you are carrying? 

(b) If you accumulate a static charge and then 
touch the wooden frame of a door, you often find 
no spark or shock—although there would be if 
you touched the metal handle. Why? 

(c) Sometimes, if you touch the wooden frame 
and then touch the metal handle, there is no spark 
or shock in either case—although there would 
have been one if you had touched the handle 
first. Suggest an explanation. 


If you observe that the leaves of an isolated elec- 
troscope are repelling each other strongly, what 
can you tell about the charge on the leaves and 
the electroscope knob? (Section 4.) 


What will happen if you touch together the knobs 
of two identical equally charged electroscopes 

(a) if both are positively charged? 

(b) if both are negatively charged? 

(c) if one is negative and the other positive? 
(Section 4.) 
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10.* As you bring a charged rod near a negatively 
charged electroscope, the leaves start to collapse. 
What is the charge on the rod? (Section 5.) 


11.* If you move a charged rod toward a positively 
charged electroscope. the leaves at first collapse 
and then diverge. What charge is on the rod? 
(Section 5.) 


12. Three metal blocks in contact are resting on a 
plastic tabletop. You place two objects with 
strong positive charges, one at each end of the 
line of blocks, close to but not touching the 
blocks. You then poke the blocks apart with an 
(uncharged) insulating rod, while the objects with 
strong positive charges are nearby. Finally you 
remove the two positively charged objects. 

(a) What charge is now on each block? 

(b) Explain how the blocks acquired these 
charges by describing the motion of negative 
particles. 


13. You have two metal spheres of the same size 
mounted on insulating stands, a strip of plastic, 
and a piece of cotton cloth. Describe what you 
would do to give the two spheres equal electrical 
charges (a) of the same sign, (b) of opposite signs. 


14. (a) Describe the steps you would take to charge 
an electroscope positively by induction. 
(b) Using labelled sketches, describe the move- 
ment of negative electric particles during the 
charging process. 


15. We think the earth has a slight electric charge. 
How would you.go about testing for it? 


16. How can you find out with an electroscope which 
terminal of a battery is positive? 


17.* What will happen to the electroscope leaves in 
Fig. 26-15 if the resistance wire is left in place 
and the battery is disconnected? (Section 8.) 


18.* Why would an electroscope discharge more 
slowly in a vacuum chamber than in air? (Sec- 
tion 9.) 


19.* If you want to place a coat of silver on a spoon 
immersed in a silver solution, which battery ter- 
minal would you connect to the spoon? (Section 
11.) 


20. We have seen that electric charge will flow 
through certain solutions, such as copper sulfate 
in water. In this case there is a deposit of copper 
built up on the negative electrode. Recall the 
explanation given for this in Section 26-11, and 
think how this process might be used as a current- 
measuring device. Be prepared to discuss your 
ideas in class. 


21.* Suppose the entire battery B circuit of Fig. 26-22 
were replaced by a positively charged electroscope 
with the knob connected to the metal cylinder 
inside the glass envelope. What would happen 
when the filament was heated? (Section 12.) 


22. Suppose we have a large number of identical 
particles. Any two of them at 10 cm separation 
repel with a force of 3 x 10-1° newton. 

(a) If one of them is at 10 cm from a group of 
n others, how strongly do you expect it to be 
repelled? 

(b) Suppose you measure the repulsion and 
find it is 6 x 10-6 newton: how many particles 
were there in the group? 


23. Suppose we have a large number of positive and 
negative electric particles, all exactly the same 
(except for sign). This means that any pair of 
them either attract or repel depending on their 
signs, but the magnitude of the force between 
them is the same as long as the separation dis- 
tance is the same. For example, the force be- 
tween any two of them at 10 cm is 3 x 10710 
newton. 

A single positive particle is 10 cm from a group 
containing P positive particles and N negative 
particles. 

(a) How strongly will it be repelled? 

(b) You are unable to count the particles, but 
you measure the force and find it is 6 x 10-6 
newton. What does this tell you about P and N? 


24.* In Fig. 26-26, what charge would you put on the 
horizontal deflector nearest you to make the 
beam move to the left-hand side of the tube face? 
(Section 13.) 
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7-1 


So FAR, our study of electric forces has been 
qualitative. It indicated that the electric attrac- 
tion and repulsion between large bodies is due 
to attraction and repulsion between the sub- 
atomic particles of which they are made. Our 
next task will be to describe experiments that 
provide quantitative information about these 
forces. 


Force vs. Distance 


The way in which the attraction or repulsion 
between charges depends on distance was es- 
tablished experimentally by the French physi- 
cist Charles Coulomb in 1785. In his experi- 
ment Coulomb used a torsion balance, like the 
instrument Cavendish used to study gravita- 
tional attraction (see Section 21-10). Figure 
27-1 is a diagram of this kind of apparatus. 
When the charged sphere A is put in place, the 
electric force it exerts on the charged sphere B 
pushes the horizontal arm around. The arm 
then comes to rest in a new position with the 
suspension twisted. The more the suspension 
is twisted, the greater the force must be. From 
the angle of twist, therefore, Coulomb could 
measure the electric force. And by changing 
the distance between the charged spheres, he 
measured the force as a function of separation. 
Because the charges are distributed all over the 
spheres, the spheres must be far enough apart 
so that the slight differences in distance and 
direction do not matter.* 

Using both positively and negatively charged 
spheres, Coulomb showed that the electric force 
is always inversely proportional to the square of 
the distance between the charges. He estab- 
lished this result with an accuracy of about 3 
percent. Later indirect tests—using the shield- 
ing effect of conductors—have shown it with 
much higher precision. Cavendish attained | 
percent accuracy; and in the latter part of the 
nineteenth century Maxwell established the ex- 
ponent 2 (the square in the inverse square) to 
within one part in 40,000. It is now known to 
one part in 10%. Note that electric forces and 


* When charged bodies are far apart compared with their 
dimensions, they are often called point charges because the 
detailed positions of the charges on the bodies are then 
unimportant. 
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27-1 (a) Schematic diagram of Coulomb's torsion balance. (b) 
A sketch of Coulomb's apparatus which appeared in his 
original paper. 


27-2 


gravitational forces vary with distance in ex- 
actly the same manner. We have no explana- 
tion of this similarity, but because of it we can 
often understand gravitational and electrical 
effects in the same way. 

We believe that the force of attraction or re- 
pulsion of one charged object on another is the 
vector sum of all forces that the electric parti- 
cles of the first object exert upon the electric 
particles of the second. And in all cases, we 
find experimentally that the force varies in in- 
verse proportion to the square of the separation. 
So we naturally conclude that the force of one 
individual electric particle on another varies as 
the inverse square of their separation. Like the 
other interaction forces we have studied which 
are a function of separation, the force of one 
charged particle on another is equal and oppo- 
site to the force exerted on the first particle by 
the second. 

Since 1910 a great many experiments have 
been done with subatomic particles. We can 
fire them at one another or at the charged nuclei 
of atoms. As we shall see in Chapter 32, these 
experiments also show that the electric force 
between the particles varies as the inverse 
square of the separation. 


Electric Charge and Electric Force 


In an electrically neutral body the effects of 
positive and negative electric particles cancel. 
A positively charged body contains uncanceled 
positive particles, and a negatively charged 
body contains uncanceled negative particles. 
Thus the charge of a body depends on the un- 
canceled excess of positive or of negative par- 
ticles, measured from neutral. 

The force between two charged bodies de- 
pends on their separation and increases with the 
excess of positive or of negative electric particles 
on each body. Just how does the force depend 
upon the excess of electric particles? —To answer 
this question we need a scheme to divide the 
excess of particles in a known way—in half, in 
thirds, etc. Suppose we touch a charged metal 
sphere with an identical uncharged sphere (Fig. 
27-2). Then the electric particles will move 
around until they are shared equally by both 
spheres. Each sphere will have half the original 
charge. 


27-2 The sharing of electric charge. When a charged sphere 
is touched to an identical uncharged one, the excess of 


electric particles divides equally. The final distribution of 
charge must be symmetrical, as shown in (c). 
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27-3 To compare two charges, A and B, we place them in turn 
at the same distance from any other charge X, and 
measure the forces. The ratio of the charges equals the 
ratio of the forces: qa/qp = Fa/Fg. What do you think is 
the ratio of the forces exerted on X? 
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What happens to the electric forces when 
charges are shared? We measure the force of 
repulsion between two charged spheres A and 
C at a certain separation. Then we halve the 
charge on A by sharing it with an identical 
sphere B. The force of repulsion between A 
and C (still at the same separation) is also cut 
in half. Furthermore, we get the same force 
when A is replaced by B, the identical sphere 
with which it shared its charge. Apparently, 
charge and force are proportional, as we might 
have guessed. 

Such experiments give us a way of comparing 
charges quantitatively. Two charges are equal 
if they experience equal forces at a given dis- 
tance from any third charge. One charge is 
twice another when it experiences twice the 
force. When a charge is halved by charge shar- 
ing, the force exerted on it by a third charge is 
also halved. In general, charges are compared 
by the ratio of the forces exerted on them by 
any other charge at a given distance. This ratio 
does not depend on the magnitude of the 
“other” charge nor on the distance apart (Fig. 
27-3). Equivalently, we can compare the ratio 
of the forces exerted on the “other” charge by 
each of the two charges being compared. 

Now let us summarize our knowledge in alge- 
braic language. The electric force on a charge 
q is proportional to the charge: F « g. When 
this force is the force of interaction on the 
charge g by another small body of charge Q, the 
force is also proportional to the other charge. 
We can write this proportionality to both the 
charges as F « q@Q. 

We now have a definite meaning for charge, 
and we know how the electric force depends on 
the charges. We can combine this knowledge 
with Coulomb’s experiments. They tell us that 
the force is inversely proportional to the square 
of the separation r between the charges. So we 
arrive at the complete expression for the force 
of interaction between two charges. The mag- 
nitude of the force on either charged body is 


F = kQq 
re - 


where the proportionality factor k depends only 
on the units in which we measure forces, sepa- 
rations, and charges. If Q and g have the same 
sign, the forces are repulsive and the force on 


486 Chapter 27 +» COULOMB’S LAW AND THE ELEMENTARY ELECTRIC CHARGE 


each charged body points outward along the 
line joining the two bodies. On the other hand, 
if Q and gq have opposite signs, the forces are 
attractive and the force on each body points 
inward along the line joining them. We shall 
call the expression for the magnitude of the 
force Coulomb’s law, and the forces themselves 
the Coulomb forces. 

When we first began speaking of electric 
charge, we gave this word only a qualitative 
meaning. An electric charge was simply the 
result of adding or removing some positive or 
negative electric particles from a neutral object. 
Now, however, we have learned to compare 
charges numerically; and we can speak of the 
charges of the individual particles themselves. 
We shall say that two particles have the same 
charge if they exert the same force on another 
charge placed at the same distance from each. 
If the forces exerted by the two particles are 
different, we shall say that their charges are in 
the ratio of these forces. 

One thing is still missing. We need a standard 
unit of charge, something reproducible so that 
we can compare charges at widely separated 
places. For this purpose many different arbi- 
trary units have been used. Fortunately, how- 
ever—as we Shall see in Section 27-5—nature 
itself provides a fundamental unit. 


(a) 


27-3 


(b) 


Electric Force Fields 


Suppose we move a positive charge to various 
positions near another small charged body fixed 
at a particular place. The force exerted on the 
movable charge varies inversely as the square 
of the separation and always points along the 
line between the charges. We can draw a dia- 
gram of the force vectors around the stationary 
charge, showing the size and the direction of the 
force on the movable charge at a large number 
of points. Figure 27-4 shows such a set of 
vectors for both a positive fixed charge and a 
negative fixed charge. The set of vectors is very 
much like the set of vectors indicating the grav- 
itational field of the earth (Fig. 20-1), except 
that the gravitational field vectors of the earth 
all point toward the earth, while these vectors 
point away from the stationary charge when the 
force is repulsive and toward it when the force 
is attractive. The set of force vectors exerted 
on a movable charge for all points in space is 
called the force field of the charge; it gives the 
value of the force felt by the movable charge at 
any point. Note that the magnitude of each 
force vector depends on the magnitude of the 
movable charge, and the direction of the force 
vector depends on the sign of the movable 
charge. The drawings in this section show the 


27-4 The electric force field exerted on a positive movable charge by (a) a positive fixed charge and (b) a negative fixed charge. 


It is the set of vectors showing the force on the movable charge at each point in space. 
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7-5 (a) Three fixed charges 1, 2, and 3 exert forces on a mov- 


able charge. (b) The net force F is the vector sum of the 
forces F, Fz, and F3 exerted by the fixed charges. 


11-6 Two fixed charges A and B on a plane exert forces ona 


movable charge C. As C moves nearer to the plane, 
the forces tend to push against each other. So the 
net force does not increase as much as we might expect. 
What is the sum of the forces exerted by A and B when C is 
just in between them? 
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27-7 The electric force field around an evenly charged plane. 


direction of the force field exerted on a positive 
movable charge. If the movable charge is neg- 
ative, the force vectors must all point the other 
way. 

Now suppose we have a collection of many 
charges nailed down at different positions. They 
exert a force on a movable charge placed at any 
position, and this force is the vector sum of the 
forces that each of the nailed-down charges 
would exert individually (Fig. 27-5). The net 
force on the movable charge in this situation 
does not vary as the inverse square of the sepa- 
ration from any one of the nailed-down charges. 
But we can compute the net force by adding all 
the individual forces, or we can measure it ex- 
perimentally. We can represent it by making a 
plot of the net force vectors at a large number 
of positions; and we thus get an idea of the field 
of force from the whole collection of nailed- 
down charges. 

As an example, suppose we have a large num- 
ber of charges spread evenly on a large plane. 
We then find that the net force does no¢ increase 
noticeably as we move closer to the plane. 
Although we are getting nearer to the charges, 
the forces from them push more and more 
nearly in opposite directions and become pro- 
gressively less effective (Fig. 27-6). When we 
actually carry through the vector addition of all 
the forces, we find that the net force does not 
change either in magnitude or direction as we 
approach the plane. The force field is uniform. 
(A proof is outlined in the box on page 491.) 
If the charges on the plane and the movable 
charge are of the same sign, this uniform force 
field points straight away from the plane. Fig- 
ure 27-7 is a diagram of this field. We shall get 
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(a) 


(b) 


(c) 


fe 


t+t+ ede 


(d) 


27-8 The electric force field exerted on a positive movable charge by (a) a single positively charged sphere; (b) two charged spheres of 


opposite sign; (c) two charged spheres of the same sign; (d) a small charged sphere near a large charged plane conductor of 


the opposite sign. 
cate that the field is growing weaker. 


an experimental demonstration of its uniform- 
ity in the next section. 

Often instead of drawing a collection of net- 
force vectors, we represent an electric force field 
in a slightly different way by drawing a number 
of electric field lines. A line is constructed by 
moving a point continuously in the direction of 
the force exerted on a movable particle. As the 
force changes direction, so does the line. The 
patterns of electric field lines around a single 
small charged object and around several sepa- 
rated charged bodies are illustrated in Fig. 27-8. 
The direction of each line is the direction of the 
net force on a movable positive charge placed 
on the line. Sometimes we can show the elec- 
tric field lines experimentally by taking advan- 
tage of the fact that small oblong bodies will 
line up along them. For example, we can sus- 
pend grass seed in an insulating liquid. Then, 


Note that close spacing of the field lines indicates a region where the field is strong. Diverging lines indi- 


if we make an electric field by putting charged 
objects in the liquid, the seeds line up forming 
a picture of the field. Figure 27-9 shows photo- 
graphs of the grass-seed patterns of several elec- 
tric fields. [Compare the center of Fig. 27-9 
(f) with Fig. 27-7.] 

In Fig. 27-9 the charged objects are metal 
conductors. Notice that the electric field lines 
meet their surfaces at right angles. This is easy 
to understand. In a metal conductor electrons 
are free to move from point to point within the 
metal, but cannot easily leave its surface. If 
the electric forces which act on the electrons in 
a metal surface have any component parallel to 
that surface, they drag the electrons along the 
surface. This flow of electrons is a current. 
The currents will continue until the electrons 
have so arranged themselves that electric field 
lines become perpendicular to every metal sur- 
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(b) Two rods with equal and opposite charges. 


(c} Two rods with the same charge. (f) A single charged metal plate. 


(7-9 Photographs of electric force field patterns formed by grass seeds in an insulating liquid. 
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face. This rearrangement takes a very small 
fraction of a second; what we measure in these 
experiments is the field after the charges have 
stopped moving. 

In the next section we are going to use the 
electric force on a small object between two 
oppositely charged plane parallel metal plates 
close together (Fig. 27-10). Except at the edges, 
the charge on each plate spreads out evenly over 
the inner surface. Consequently, in the region 
between the plates, the electric field should be 
uniform and point straight across from one 
plate to the other. As long as a charge between 
the plates is not too close to the edges, the force 
on it should be the same at every point. This 
force is proportional to the charges on the 
plates. 


Measuring Small Electric Forces 


As we shall see, ions have charges of very few 
particles, often an excess of only one or two. 
By studying them we shall find that electric 
particles all have charges of the same size. 
Charge comes in separate grains; and every 
grain, whether positive or negative, is of the 
same magnitude as any other. The identity of 
the grains of charge, like the identity of atoms 
of matter, provides us with natural units. Their 
discovery is one of the great landmarks distin- 
guishing modern physics from ancient. It 
allows us to specify the charge on an object by 
counting the extra number of electric particles 
of one sign as compared with those of the other 
sign. It makes our picture of charge simple. 
Of course, the fact that elementary charges all 
have the same magnitude does not guarantee 
that particles are the same in all other respects. 
As we Shall see later, there are particles of sev- 
eral different masses, all with the same charge. 

For the moment we shall study the electric 
forces on ions, and then use them to establish 
the units of charge. The electric forces we can 
exert on ions are small; these forces will not 
move ordinary-sized objects or stretch springs 
appreciably. In any case, we cannot tie single 
ions to a spring or be sure that we have only one 
ion on any object of visible size. We must 
therefore find a way of handling really tiny 
objects with an excess of only a few elementary 
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The force field exerted on a positive charge by two oppo- 
sitely charged metal plates placed together and parallel 
to each other. The force on the charge is the same any- 


where between the plates, except near the edges. 


An electron-microscope photograph of a few plastic spheres 
magnified about 2500 x. 


electric particles on them. In this section, we 
shall discuss one method of manipulating such 
objects and of measuring the minute electric 
forces we can exert on them. Then we shall be 
equipped to understand the evidence given in 
the next section for the natural unit of charge. 

We need objects which are much larger than 
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THE ELECTRIC FORCE ON A CHARGE ABOVE A UNIFORMLY CHARGED PLANE 


Imagine you are on the charge. The plane 
is directly below you: and you look down on 
it, looking at some angle to the vertical 
through a small cone—like a long, thin mega- 
phone (Fig. 27-12). The area of the little 
patch of plane you see through the cone in- 
creases with the square of your height above 
the plane. For example, if you move twice as 
far from the plane, you see a patch of twice 
the original length and twice the original 
width on the plane. The patch has four times 
the original area, and therefore the charge of 
the patch is four times the original charge 
seen at that angle. Also, this charge is twice 
the original distance away. So the force from 
a given amount of charge is one quarter what 
it was originally. The ratio of the force at a 
given angle to the original force at that angle 
is changed by two factors, the factor 4 from 
the fourfold charge and the factor 4 from the 
square of the doubled distance. The net 
effect—because 4 x } = |—is to give exactly 
the original force. 

The falling off of the force from a given 
amount of charge and the increase in the 
amount of charge seen through the mega- 
phone always compensate—1/r? and r?. 
Therefore the force coming up at any angle 
is the same at all heights as long as we do not 
have to look off the edge of the plane. 

Finally, since all the forces coming up at 
all angles stay the same, the net force also 
stays the same. It does not depend on the 
height above the plane. Note that with any 
other force law you would not obtain a uni- 
form force field. The 1/r? force law is the 
only one that will cancel with the geometrical 


ions or gas molecules and yet small enough to 
be moved about by the electric forces we can 
exert on ions. Objects visible to the naked eye 
are too massive for our purpose. Microscopic 
plastic spheres about 10-6 meter in diameter 
turn out to be about right (Fig. 27-11). Al- 
though they are large enough to be seen as spots 


force on charge exerted by charge 
Pca patch 
| 


shaded patch is 
area of plane visible 


cone 


force exerted by charge 
in shaded patch 


shaded patch is 
area of plane visible 
through same cone 
as above \_ 


27-12 Looking down at a plane through a narrow cone, you 


see an area of the plane that depends upon your height 
above it. 


r?. Consequently, the observation of a uni- 
form force field in this case verifies Cou- 
lomb’s law. 

Of course, at really great heights, so great 
that the whole charged plane looks like a 
point, the force falls off as 1/r?.. The force 
starts to decrease appreciably when we get 
about 34 as far away as the smallest dimen- 
sion of the charged region. 


of light through an optical microscope, the mass 
of each is only about 10-!5 kg, or a micro- 
microgram. Since these spheres are manufac- 
tured for calibrating the distances seen with 
electron microscopes, a large number of almost 
identical spheres are available. 

In air these spheres move rather slowly. 
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27-13 Photographs of a plastic sphere driven downward by gravity, taken through a microscope at one-second intervals. The sphere 


falls about the same distance in each interval across a grid slightly over 1 mm long. 


+charges on under surface 


27-14 By choosing the right battery and the right plate separation, 


we can hold a sphere motionless between the plates. The 
electric force and the gravitational force must be equal: (a) 
shows the way the plates and the battery are arranged; (b) 
is a sketch of the same apparatus with schematic plates. 


Looking at them, we see that they fall steadily 
(Fig. 27-13) with only a slight amount of 
Brownian motion, and no apparent accelera- 
tion. On the average, the net force on them 
must be zero. This zero net force is the vector 
sum of the gravitational force, which pulls a 
sphere down, and the opposing force of air re- 
sistance. When a sphere starts falling, the air 
resistance is zero, but the faster the sphere goes 
the greater the air resistance. So the drag of 
the air increases quickly until it balances the 
small gravitational force. From then on the 
sphere moves with a constant velocity, called 
the terminal velocity. 

If we place some of these plastic spheres 
between two charged plates, we find that there 
is an electric force acting on the spheres, in 
addition to the gravitational force. Some of 
the spheres move upward, others fall down- 
ward. Apparently, the spheres carry an electric 
charge. As a sphere starts to move under this 
net driving force (the vector sum of the gravi- 
tational and electric), the air resistance will 
change until the sphere will again move with 
constant velocity. This terminal velocity will 
be different from the terminal velocity with only 
the gravitational force acting. 

How is the terminal velocity related to this 
net driving force? Let us consider a sphere 
placed between two charged metal plates con- 
nected to a battery, as shown in Fig. 27-14. If 
we vary the electric charge on the plates, we can 
change the electric force acting on the sphere. 
By choosing the right battery and plate separa- 
tion, we can have an electric force acting on the 


sphere which will be equal in magnitude but 
opposite in direction to the gravitational force. 
Thus, the sphere will be held in balance between 
the plates. What will happen if we reverse the 
connections of the two plates with the terminals 
of the battery (Fig. 27-15)? The electric force 
is still equal in magnitude to the gravitational 
force, but now it points in the same direction 
as the gravitational force. Thus, the net driving 
force on the sphere is now twice the gravita- 
tional force alone. If we measure the terminal 
velocity with which the sphere moves, we find 
it is twice the terminal velocity with which the 
sphere moved under gravitation alone. This 
result suggests that the terminal velocity of the 
sphere is directly proportional to the driving 
force. This relation has been checked and holds 
over a wide range of velocities. 

Apparatus with which this experiment was 
actually performed is shown in Fig. 27-16 and 
27-17. With this apparatus we can balance the 
force of gravity acting on a small sphere, whose 
mass is of the order of a micro-microgram, with 
an electrical force. We shall refer to the appa- 
ratus as a micro-microbalance. 

With the micro-microbalance we can show 
that the electric force is proportional to the 
number of identical batteries connected in series 
with the plates. Suppose we first measure the 
terminal velocity of a plastic sphere when no 
electric force acts on it [Fig. 27-18 (a)]. Then 
we select the battery and plate separation which 
will produce an electric force which just bal- 
ances the gravitational force, so that the termi- 
nal velocity is zero (Fig. 27-18 (b)]. We now 
connect an additional battery, identical to the 
first, in series and find that the sphere moves 
upward with a terminal velocity equal and op- 
posite to the terminal velocity with no electric 
force [Fig. 27-18 (c)]. This leads us to conclude 
that the electric force when two batteries are 
used is twice the electric force when only one 
is used. Indeed, if we add a third battery in 
series to the other two, the sphere moves up- 
ward with a terminal velocity of twice the mag- 
nitude of the terminal velocity with no electric 
force. While one battery just cancels the force 
of gravity, the other two produce a net force on 
the sphere which is double in magnitude and 
opposite in direction to the gravitational force. 

Let us note one more thing. As we haul the 
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27-15 With the connections of the balancing battery reversed, the 


electric force now acts downward. The driving force is 
twice the gravitational force. 


27-16 The micro-microbalance. The large bulb is squeezed to 


force plastic spheres out of the jar, up through the tube, 
and into the space between the two metal plates, which are 
connected to batteries by the wires at the right. A bright 
light source, at the left center of the picture, illuminates the 
spheres so that they can be seen through the microscope at 
the right. 


27-17 A close-up of the micro-microbalance plates. The micro- 


scope has been removed to show the plates and their 
connections to the batteries more clearly. 
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charged sphere up and down between the metal 
plates, it moves at the same terminal velocity, 
no matter where it is between the plates. The 
electric force is therefore the same at all points 
between the plates. This is an experimental 
proof of the constancy of the electric force field 
between charged plates. It agrees with the 
theoretical conclusion stated in the last section 
where we asserted that the field should be 
constant. 


Terminal Velocity 


(a) 


(b) 


(c) 


27-5 The Elementary Charge 


Suppose somebody gives you a set of stiff paper 
bags, sealed shut, with various numbers of mar- 
bles in them. He challenges you to tell whether 
the marbles he put in are all alike and how many 
are in each bag—without breaking the seals. 
You weigh the bags and find the masses for the 
marbles given in Table 1. By plotting these 
masses as in Fig. 27-19, you see that they are 


Driving Force 


q=0 


27-18 We can show that the electric force on a sphere is proportional to the number of batteries in series by (a) measuring the terminal 


velocity when no electric force is acting, (b) balancing the gravitational force on the sphere with an equal and opposite electric 
force, and (c) measuring the terminal velocity after a second identical battery has been added in series. The final terminal ve- 
locity is equal and opposite to the terminal velocity in (a), showing that now the electric force on the sphere must have twice the 


magnitude of the gravitational force. 


all multiples of 0.00560 kg. Then you might 
very well decide that all the marbles have equal 
mass. This would make sense, because with 
marbles of 0.00560 kg there would be 5 in bag 
A, 1 in bag B, 3 in bag C, 2 in D, and 4 in E. 
(You would probably rattle bag B to see 
whether your idea was correct.) 

On the other hand, if there are huge numbers 
of marbles in each bag, you probably will not 
suspect that every marble has the same mass. 
For example, suppose that the collections of 
marbles have masses of 5.76 kg, 6.27 kg, 3.24 kg, 


TABLE | 


MASS OF MARBLES | SUPPOSED NUMBER | MASS PER 
IN THE BAG 


OF MARBLES MARBLE 


0.0300 


0.0200 
0.0100 | 
A ew i Ws 


The masses of the five bags of marbles. The horizontal 
broken lines are to make comparison easier. 


mass in kg 


GG —— =f 
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4.82 kg, etc., that is, about 1030, 1120, 580, 
860... marbles. With such masses, even if you 
suspect that the marbles are identical, you will 
find it hard to convince yourself. In order to be 
sure that all the collections are whole numbers 
of identical marbles, you would have to measure 
to a small fraction of l-marble accuracy. That 
means weighing to something like | part in 
10,000, which is a much more difficult and much 
less convincing job. If the numbers of identical 
objects involved are still larger, like the numbers 
of atoms in a mole—6 x 1023 of them—the job 
would be hopeless. 

Because there are so many atoms even in a 
very small sample, the masses of atoms were not 
established by weighing small numbers of them. 
A less direct method was used (see Chapter 8). 
For the same reason, the elementary unit of 
charge was not discovered by measuring large 
charges and seeing that they come in multiples 
of a single unit. The charges we normally deal 
with involve huge numbers of elementary elec- 
tric charges, millions of millions of them, and 
the presence or absence of one more charge is 
far too hard to detect. Consequently, the earli- 
est evidence for an elementary charge came 
indirectly, in the nineteenth century. Because 
this evidence is indirect and because it is tied 
to other aspects of atomic theory, we shall deal 
with it in Section 28-3. Here instead we shall 
look at some evidence which became available 
early in the present century. At that time micro- 
microbalances like the one described in the last 
section were being developed for measuring 
ionic charge. In 1909 R. A. Millikan perfected 
a balance much like the one we have described, 
and he performed a series of experiments which 
clearly show the existence of the elementary 
unit of charge. Where we use plastic spheres of 
known mass, he used tiny oil drops—and he 
had to measure their masses while examining 
their charges. Our experiment is therefore 
easier than his, but otherwise it is nearly the 
same.* 

Suppose that we place several spheres like 
those shown in Fig. 27-11 between the plates of 
the micro-microbalance. When the plates are 


*In Millikan’s time there were no standardized plastic 
spheres and no electron microscopes with which to see that 
they are all the same. He was forced to do something 
different. 
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Terminal Velocity Due to Electrical Driving Force 


27-20 The terminal velocities (measured in units convenient for 


this experiment) due to the electric part of the driving force 
acting on several plastic spheres. The terminal velocity due 
to the gravitational part of the driving force has been sub- 
tracted from the observed values. 


uncharged and no electric force is acting, all 
the spheres have the same terminal velocity. 
This occurs because the spheres have the same 
mass, so the driving force due to gravity is the 
same on each sphere. On the other hand, when 
the plates are charged, the terminal velocities 
are no longer the same for each sphere. The 
driving force is now part electric and part gravi- 
tational, so the terminal velocity is the vector 
sum of a part due to the electric and a part due 
to the gravitational driving force. If we sub- 
tract the terminal velocity due to the gravi- 
tational driving force, we will find the terminal 
velocity each sphere would have if the only 
driving force were electric. Since we know that 
the terminal velocity is proportional to the 
driving force, we will be able to determine the 
electric force acting on each sphere. 

The terminal velocities of several spheres 
were measured in an experiment using the 
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27-21 The terminal velocities of Fig. 27—20 replotted in order of 


increasing magnitude. Note that the magnitudes cluster 
around certain values which are whole-number multiples of 
the lowest one. 


equipment of Fig. 27-16 and 27-17. The ter- 
minal velocity due to the gravitational driving 
force alone was subtracted from each observed 
value, and the resulting velocities due to the 
electric driving force alone are plotted in Fig. 
27-20. Note that the values are not distributed 
randomly. They cluster around certain values 
which are multiples of the lowest one. For this 
particular experiment, the velocities cluster 
around 6.8, 13.5, 20.4, and 27.3 (in units which 
were convenient to use in this experiment), as 
seen by rearranging them in order of magnitude 
(Fig. 27-21). Since the terminal velocity is 
proportional to the driving force, we conclude 
from these data that the electric force is also 
distributed around certain values. Now, the 
electric force is proportional to the charge on 
the plates and to the charge on the spheres. The 
charge on the plates is fixed throughout the 
experiment; thus, the differences in the electric 


force on each sphere must arise from differences 
in the electric charge on each sphere. These 
differences come in multiples of a basic unit. 

We can do other experiments like this with 
spheres of different size and different material, 
and many were done by Millikan. For exam- 
ple, with a sphere of twice the mass, the bal- 
ancing force is twice as big. The ratio of velocity 
to driving force is also different. But when we 
take all the changes into account, we find that 
all the experiments give the same natural unit 
of charge. We can use different gases; we can 
ionize them in different ways; we can even send 
in electrons or other charged particles—we 
always find the same unit. We shall call it the 
elementary charge. 


A Large Electric Balance 


With a micro-microbalance we can measure the 
charge of an object as a certain number of ele- 
mentary charges. We know that this method 
will work when the number of elementary 
charges is small and the object is microscopic. 
Will it also work for large numbers of elemen- 
tary charges? A really large number of elemen- 
tary charges will not stay on a microscopic 
object. On the other hand, if the object is large 
enough to retain a large amount of charge, it 
will be too large for the micro-microbalance. 
Consequently, the micro-microbalance will not 
work for large numbers of elementary charges. 

How, then, are we going to measure a large 
charge as a number of elementary charges? 
There are several ways, but the most obvious is 
to build a bigger balance. We want a balance 
large enough to accommodate a sphere from a 
Coulomb experiment (see Sections 27-1 and 
27-2) or some similar object. If we can mea- 
sure the charge on such an object in terms of the 
number of elementary charges, we should then 
be able to measure all charges as numbers of 
elementary charges. Indeed, we shall see in the 
next section that once we have measured one 
big charge, the Coulomb experiment will let us 
measure any other in terms of elementary 
charges. 

The new balance must be large enough to 
accommodate a reasonably large object, and at 
the same time we must know the electric force 
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on an elementary charge between the plates. 
(Unless we know the force on an elementary 
charge in the balance, we can use it only to 
measure big charges in terms of an arbitrary 
unit of charge.) If we could do an accurate 
Millikan experiment in a large balance, we 
could compare a big charge directly with an 
elementary charge. Unfortunately, to do a 
Millikan experiment with a large balance is 
impractical. However, there is a way around 
this difficulty: we can build a large balance in 
which the force on each elementary charge 
between the plates is exactly the same as the 
force on an elementary charge in the micro- 
microbalance. To design the large balance in 
this way, we must learn how the dimensions of 
a balance are related to the force it exerts. Then 
we can increase the size of the balance without 
changing the force. 

In order to scale up a balance, we shall have 
to change both the area of the plates and their 
separation. We can learn the effect of each of 
these changes by experiment, both with the 
micro-microbalance and with widely separated 
charged plates exerting forces on large charges. 

When we use plates of larger area at the same 
distance apart and connected to the same bat- 
tery (Fig. 27-22), the force on a charge between 
them is the same. However, if we again keep 
the same battery connected, but now increase 
the separation between the plates, the force 
decreases, going in inverse proportion to the 
separation. We can compensate for this by 
using more batteries. Since the force increases 
in proportion to the number of batteries (Sec- 
tion 27-4), we must double the number of bat- 
teries whenever we double the separation of the 
plates. Direct tests demonstrate the same thing. 
As long as the plates are big compared with 
their distance apart, we keep the same electric 
force by increasing the separation and increas- 
ing the number of batteries in the same propor- 
tion. The exact area of the plates does not 
matter. Therefore, to scale up the electric 
micro-microbalance to a convenient size, we 
use big parallel metal plates a convenient dis- 
tance apart. And we make sure that the elec- 
tric force on an elementary charge between the 
plates is the same as in the micro-microbalance 
by charging the plates with a sufficient number 
of batteries in series. 
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(a) 


(b) 


27-22 (a) If we increase the area of the plates without changing the separation or the battery, the force on an elementary charge any- 
where between the plates remains the same. (b) If we double the distance between the plates with the same battery connected, 
the force is halved. In general, the force is proportional to 1/d, where d is the distance between plates. 


27-7 The Constant in Coulomb's Law units in which we measure force, separation, 


When we discussed Coulomb’s law and the 
electric charge in Sections 27-1 and 27-2, we 
found that 


Fak h® 
r2 


% 


where F is the force one charge exerts on the 
other, qi and q2 are the charges, and r is the 
separation between them. The proportionality 
factor k isa constant. Its value depends on the 


and charge. Now we are in a position to eval- 
uate the constant k in Coulomb’s law. 

We can measure the forces that two equally 
charged spheres exert on each other by doing 
a Coulomb experiment. In one such experi- 
ment,* it was found that two equally charged 
spheres a distance 0.15 meter apart repelled 
each other with forces of 6.7 x 10-4 newton. 


* This experiment was performed by Prof. Eric Rogers in the 
film “Coulomb Force Constant.” 


A large electric balance like the one described 
in the last section was used to find the charge 
on each sphere. In this balance the force on 
each elementary charge was the same as that 
between the plates of the micro-microbalance 
used in a previously done Millikan experi- 
ment.** The force on each elementary charge 
was kept the same by using plates 100 times as 
far apart and by using 100 times as many bat- 
teries in series. 

In the Millikan experiment, a charged sphere 
was held at rest between plates 3.1 x 10-3 
meter apart connected to three 90-volt “B”’ bat- 
teries in series. The mass of the sphere was 
known to be 2.9 x 10-15 kg, so the gravitational 
force on it was 2.8 « 10-14 newton. Hence the 
magnitude of the balancing electric force must 
also have been 2.8 x 10-14 newton. It was 
determined later in the experiment that the 
sphere had two elementary charges on it. 
Therefore, the micro-microbalance exerted a 
force of 1.4 « 10-14 newton on each elementary 
charge. 

The force exerted by the plates of a large elec- 
trical balance on a charged Coulomb sphere 
was measured by attaching the sphere to the end 
of an insulating balance arm [Fig. 27-23 (a)}. 
First, with the plates uncharged and not con- 
nected to any batteries, the position of the scale 
was adjusted so that the pointer on the balance 
arm was at zero. Then, with the plates con- 
nected to three hundred 90-volt batteries, the 
change in the pointer’s position due to the elec- 
tric force on the sphere was noted [Fig. 27-23 
(b)] and was found to correspond to a force of 
3.55 x 10-3 newton. Since the plates exerted 
a force of 1.4 x 10-14 newton on each elemen- 
tary charge, the charge on the sphere must have 
been 


q = 3.55 «x 10-3 newton 
~ 1.4 x 10-14 newton/elem. ch. 


= 2.5 x 1011 elementary charges! 


In the Coulomb experiment described at the 
beginning of this section, we now have values 
for all the experimental quantities. We can, 
therefore, solve for the constant k in Coulomb’s 
law. 


** Shown in the film “Millikan Experiment.” 
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(b) 


27-23 


(a) When no electric force is 
acting, the scale is set so that the pointer is at zero. (b) 
When the large plates are connected to the stack of bat- 
teries, the electric force on the sphere pushes down onit, 
causing the plastic balance arm to pivot on the vertical 


A large electric balance. 


support. The entire balance arm, support, and scale are 
jacked up in order to keep the sphere in the center of the 
plates, where the force field is most nearly uniform. The 
scale is calibrated by placing a tiny known mass on the 
sphere (with the plates uncharged) and noting how many 
divisions correspond to the known gravitational force on the 
mass. 
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We have: 


2 (6.7 x 10-4 newton) (0.15 meter)? ; 
~ (2.5 & 1011 elem. ch.) (2.5 x 1011 elem. ch.) 


_ _og Newton-m? 
man (elem. ch.)?° 


We can check on the value of k by doing other 
Coulomb experiments and using the large bal- 
ance to measure the charges. As we expect, the 
value of k always comes out the same. It is one 
of the universal constants of nature. A great 
deal of work with all sorts of experiments has 
gone into measuring k accurately. The results 
of all these experiments are in close agreement, 
and the value given by the best experiments is 
10-28 newton-m2 


almost exactly 2.306 x (elem: cha” 


Consequently, we now write Coulomb’s law as 


F- (2.306 x 10-28 newton-m2 es 


(elem. ch.)?/ r? 


where q; and qg2 are the numbers of elementary 
charges and r is the separation. 

As we remarked in the last section, once we 
can measure an ordinary charge by counting the 
elementary charges, we should be able to devise 
a procedure for measuring any charge in terms 
of elementary charges without going to the ex- 
treme of bringing each charge into a large elec- 
trical balance. Our knowledge of the value of k 
is the key to measuring charges. By charge- 
sharing we can always get two equal charges. 
After measuring the force between them at a 
definite distance we know F, r, and k in Cou- 
lomb’s law, and we can therefore work out g in 
elementary charges. Using one of the charged 
bodies as a standard, we can then measure the 
number of elementary charges on any other 
body by measuring the force between it and the 
standard. 

In addition to giving us a practical way of 
counting the numbers of elementary charges by 
measuring electric forces between ordinary- 
sized objects, the constant 2.306 x 10-28 
newton-m? 
(elem. ch.)? 
two elementary charges one meter apart. They 
exert just 2.306 x 10-28 newton on each other. 


tells us directly the force between 


No doubt that force looks absolutely negligible. 
But in fact it is huge. The gravitational attrac- 
tion between two hydrogen atoms at this dis- 
tance is about 2 x 10-64 newton. The electric 
force between two elementary charges is 1036 
times as big. (If you say this in terms of millions 
of millions, you have to say the word “million” 
six times over.) The force is so big that two 
moles of elementary charge (two collections of 
6 x 1025 charges) placed one on each side of the 
earth would push on each other with a force of 
half a million newtons—S0 tons. Two moles of 
the heaviest atoms placed at opposite ends of a 
diameter of the earth would have no appreciable 
gravitational effect on each other. 


27-8 Conservation of Charge 


Our picture of particles of electric charge leads 
to the idea of the conservation of charge. When 
we charge bodies by rubbing them, we transfer 
charged particles from one to another. What 
one body gains in charge the other one loses. 
When we charge the plates of an electric bal- 
ance with a battery, the battery transfers charge 
from one plate to the other. The charges of the 
plates are equal and opposite. 

In certain very unusual circumstances we can 
“create” charged particles, but we shall find that 
we always create them in pairs, and the charge 
of one particle is equal and opposite to the 
charge of the other. Sometimes nature “cre- 
ates” charged particles automatically: for in- 
stance, a neutron turns into a proton and an 
electron. The proton and electron thus created 
have equal and opposite charges. The total 
charge is zero before and after the creation. 

All our evidence indicates that the total 
amount of charge never changes. Like the con- 
servation of energy, the conservation of charge 
is a law of nature which extends over everything 
we know. 


27-9 The Electric Charge of Electrons 


and Other Particles of Matter 


We already know that electrons have a negative 
electric charge, but we have yet to find out 
whether their charge equals one or several ele- 
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mentary charges. We can determine the charge 
of an electron by counting electrons as we add 
them to a neutral body and then measuring the 
charge on the body in numbers of elementary 
charges. 

With an electron gun (Section 26-13) we can 
produce a beam of high-speed electrons which 
will make a luminous spot on a fluorescent 
screen. If the number of electrons passing per 
second in the beam is small enough, the indi- 
vidual electrons will cause individual scintilla- 
tions like the scintillations with which we 
counted radioactive disintegrations in Sections 
8-3 and 8-7. Although each scintillation gives 
off very little light, the scintillations can be de- 
tected by looking at them with a photoelectric 
cell. Thus the electrons can be counted indi- 
vidually. The electrons can also be counted 
directly by using a special kind of amplifier 
called an electron multiplier. With such count- 
ing, we can determine experimentally the num- 
ber of electrons passing per second in the 
electron beam [Fig. 27-24(a)]. 

After we have measured the number of elec- 
trons per second in the beam, we can catch the 
beam in a metal bottle [Fig. 27-24(b)]. The 
electrons which enter the bottle stop in the 
metal walls, and even if they eject other electrons 
from the inner surfaces of the wall, hardly any 
particles will find their way out of the small 
neck of the bottle. The bottle therefore is 
charged up only by the charge brought in by the 
electrons. After a sufficiently long time, the bot- 
tle will acquire enough charge to be measured, 
and we can therefore determine the charge 
brought into the bottle in each second. By 
dividing the charge per second by the number of 
electrons per second in the beam, we then find 
the charge of an electron. It is exactly one 
negative elementary charge. 

We can also use the same kind of measure- 
ment to measure the charge of the particles shot 
out in the radioactive disintegration of polo- 
nium. Indeed, the first experiment of this kind 


(a) 


electron 
multiplier 


(b) 


metal bottle 


er! 


27-24 (a) We can measure the number of electrons per second 


passing by in an electron beam by directing the beam at 
a counter. (b) We can determine the rate at which 
the same beam carries charge by firing the beam at 
a “bottle” with a narrow opening for a long enough time 
to accumulate a measurable charge on the bottle. 


was done by Rutherford and Geiger in 1908 in 
order to find the charge of these atomic frag- 
ments, which we usually call alpha particles. 
They found that an alpha particle carries exactly 
two positive elementary charges. Later experi- 
ments showed that an alpha particle can be 
decomposed into more basic units, into two 
protons and two neutrons. As we already know, 
the neutrons are neutral. Each of the protons, 
on the other hand, has one positive elementary 
charge. A number of other charged particles 
are now known which differ in mass from elec- 
trons or protons. But when we carry the decom- 
position of matter far enough, all the electric 
particles found always have either one positive 
or one negative elementary charge. 
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FOR HOME, DESK, AND LAB 


1.* Two small electrified objects A and B are sepa- 
rated by 0.03 meter, and repel each other with a F 
force of 4.0 x 10-5 newton. If we move body A 
an additional 0.03 meter away, what is the electric 
force now? (Section 1.) 


2. Three equally charged objects are located as 
shown in Fig. 27-25. The electric force exerted 
by A on Bis 3.0 x 10-§ newton. 

(a) What electric force does C exert upon B? 
(b) What is the net electric force on B? 


27-25 For Problem 2. 
27-27 For Problem 4. 


3. Suppose that we place three small charged 
spheres, with equal charges on them, as shown in 
Fig. 27-26. Sphere C exerts a force of 4 x 10-6 
newton on B. 

(a) What force does A exert on B? 
(b) What is the net force on B? 


5. Two equally charged identical conducting 

spheres A and B repel each other with a force of 
2.0 x 10-5 newton [Fig. 27-28(a)]. Another 
identical uncharged sphere C is touched to A 
[Fig. 27-28(b)] and then moved over right next to 
B [Fig. 27-28(c)]. 

(a) What is the electric force on A now? 

(b) What is the net electric force on C (after it 
has touched A) when it is halfway between A and 
B? 


27-26 For Problem 3. 


4. Four identical conducting spheres mounted on 
Dry Ice pucks are held on a smooth level table at 
the four corners of asquare. Two of them carrya 
charge of +q and the other two carry a charge of 
—q each. as shown in Fig. 27-27. 

(a) Make a vector diagram, to scale, showing 
the electric forces on sphere I. 

(b) If all the pucks are released at the same 
time. in what direction will each of them move? 27-28 For Problem 5. 


6. Two charged balls A and B each with mass mm are 
placed as shown in Fig. 27-29. The ball is free 
to move: B is fixed in position. 

(a) How does the force F. between them de- 
pend upon X? 

(b) Find the relationship between the electric 
force F. and the weight mg in terms of X and /. 

(c) If the charge remains the same and the 
separation X is cut in half, how must the weight 
have changed? 


27-29 For Problem 6. 


7. The graph in Fig. 27-30 shows the electric force 
of repulsion on a tiny charged conducting sphere 
as a function of its separation from a large con- 
ducting sphere. The large sphere has a radius of 
I cm, and has 10 times the charge of the small 
sphere. 

(a) How is the force changing as the separation 

changes from 5 cm to 3 cm? 
(b) Explain the behavior of the force between 

separations 2 cm and | cm. 
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What would happen to the force on the movable 
charge in Fig. 27-5 if charge 3 changed to the 
opposite sign? (Section 3.) 


Match the fields shown in Fig. 27-8 with the 
grass-seed patterns of Fig. 27-9. (Section 3.) 


Can electric field lines cross one another? (Sec- 
tion 3.) 


If a charged particle is free to move, will it travel 
along an electric field line? (Section 3.) 


If you continue the experiment shown in Fig. 
27-18. what sphere velocities will you expect to 
get in the situations in Fig. 27-31? 


27-31 For Problem 12. 


504 Chapter 27 - COULOMB’S LAW AND THE ELEMENTARY ELECTRIC CHARGE 


13. 


Suppose we measure the speed of the plastic 
spheres between the plates of a micro-micro- 
balance and find it is three halves of their speed 
under gravity alone. The weight of a sphere is 
2.8 x 10-14 newton. 

(a) What is the electrical force on them if they 
are moving upward? 

(b) If they are moving downward? 


There is a relationship between the charge on two 
parallel plates and the force they exert on a 
charged object between them. There is also a 
relationship between the number of batteries con- 
nected and the force on a charged object between 
the plates. What is the relationship between the 
number of batteries and the amount of charge the 
batteries put on the plates? 


How would increasing the size of the plastic 
spheres used ina Millikan experiment affect their 
terminal velocity? 


If the force on each elementary charge in a Milli- 
kan experiment was 1.4 x 10-!4 newton, what 
would it be if we increased the distance between 
the plates by a factor of 10? (Section 6.) 


Refer to Fig. 27-22(b). 

(a) Without moving the plates, how can we in- 
crease the force on the elementary charge between 
the plates which are a distance 2d apart so that it 
will equal the force on the plates which are a dis- 
tance d apart? 

(b) The plates which are a distance d apart are 
insulated so that when they are disconnected from 
their battery the number of charges on the plates 
remains constant. When the plates are discon- 
nected and then separated to a distance 3d, it is 
found that the force on the elementary charge 
has not changed. If they are reconnected to 
batteries, how many batteries would have to be 
connected in series with these plates so that force 
will not change? 


Only one of several identical metal spheres is 
charged. The charged sphere A experiences a 
force F = 1.0 x 10-4 newton when placed mid- 
way between certain charged parallel plates. 

(a) Sphere A is then touched to one of the 
uncharged spheres (B). What force does A now 
experience when placed between the same plates? 

(b) A is touched to another of the uncharged 
spheres (C). What force does A now experience? 

(c) What force is exerted on sphere B when it 
is between the plates? On sphere C? 


Two large metal plates are separated by 0.10 m. 
They are connected to the terminals of a battery. 
A small charged ball halfway between them ex- 
periences an electric force of 3 x 10-4 newton. 


20.* 


21. 


22. 


23. 


24. 


The plates are now moved apart until the separa- 
tion is 0.15 m. The same battery is connected to 
them. 

(a) What force now acts on the ball? 

(b) If we add two more identical batteries in 
series at the new separation, what is the force on 
the ball? 


What will be the force of repulsion between two 
small spheres 1.0 meter apart if each has an 
excess of 10° elementary charges? (Section 7.) 


A plastic sphere of mass 3.06 « 10-15 kg is in an 
electric force field which exerts an upward force 
of 1.00 x 10-14 newton on each positive electric 
particle. The electric force exerted on the sphere 
is sufficient to balance the force of gravity on it. 

(a) What is the excess of electric particles on 
the sphere? 

Suppose that each molecule has a mass of 
3.00 x 10-26 kg. 

(b) How many molecules are there in the 
sphere? 

(c) What fraction of the molecules in the 
sphere have lost or gained an elementary charge? 


A sphere of mass 4.5 x 10-3 kg is hanging ona 
string 2.0 meters long between two oppositely 
charged parallel plates as shown in Fig. 27-32. 
At equilibrium the ball has been pulled 2.0 cm 
from its original position. 

(a) What is the magnitude of the electric force 
on the sphere? 

The electric force on each elementary charge 
between the plates is 3.0 x 10-14 newton. 

(b) What is the excess of electric particles on 
the ball? 


In an experiment two small conducting spheres 
(120 milligrams each) were suspended on two fine 
insulating fibers 82 cm long. When equal charges 
were placed on the two spheres, they separated 
and came to rest with a distance of 10 cm between 
centers. What was the number of elementary 
charges on each sphere? 


A thin layer of radioactive material emitting beta 
particles is painted on a small conducting sphere. 
The sphere is then hung on an insulating thread 
in an evacuated chamber (Fig. 27-33). 

After 50 days we measure the charge on the 
sphere and find it to be 4.32 ~ 101° positive ele- 
mentary charges. (The sphere has been kept in 
an evacuated chamber, so very few charges have 
leaked off.) In a separate experiment with a 
Geiger counter we find beta particles shooting 
out at the average rate of 1.00 x 104 per second. 

(a) What is the charge of one beta particle? 

(b) What do you think beta particles may be? 


2.0 meters 


| 
97-32 For Problem 22. 


| evacuated chamber 


radioactive 
source 


27-33 For Problem 24. 
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FURTHER READING 


These suggestions are not exhaustive but are limited 
to works that have been found especially useful and 
at the same time generally available. 


Born, Max, The Restless Universe. Dover, Second Re- 
vised Edition, 1957. A complete and understand- 
able picture of the mass, charge, and energy relation- 
ships of the electron. (Chapter II) 

MaGIE, WILLIAM Francis, A Source Book in Physics. 
McGraw-Hill, 1935. Extracts from Coulomb’s work 
in 1785. (Pages 408-420) 

MILLIKAN, R. A., The Electron. University of Chicago 
Press, 1924; Phoenix Books, reissue, 1964. 
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Energy 
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motion 
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in electric 
fields 


28-1 


THIS chapter deals with the motions of charges 
in electric fields. We shall use these motions to 
determine the masses of charged particles and 
to discuss the currents in electric circuits. In 
particular we shall find the masses of positive 
hydrogen ions and of electrons, because these 
charged particles will be central to our later 
study of atoms. When charged particles accel- 
erate, their kinetic energy changes. Energy is 
transferred to the particles. The energy trans- 
fers (from chemical stored energy, to the energy 
of moving charges, to thermal energy) will allow 
us in the next chapter to consider all kinds of 
electric circuits from a single point of view. 


Determining the Mass of the Electron 
and of the Proton 


In this section we shall show how the mass of an 
electron or proton can be determined experi- 
mentally by accelerating the charged particle 
through a known uniform force field a known 
distance and measuring its speed. As we 
learned in Part III, if an object moves a distance 
d in the direction of a force F, the work Fd done 
on the object is equal to the gain in kinetic en- 
ergy of the object. Now, if the object starts 
from rest, this is also the final kinetic energy of 
the object: 


Fd = 4mv?. 


Hence, if we know F, d, and v, we can determine 
the mass m. 

In these experiments we shall accelerate our 
charged particles in the uniform force field be- 
tween two charged metal plates. From the 
separation of the plates and the number of 
standard batteries charging them, we can deter- 
mine the electric force on each elementary 
charge. We shall do the experiments in a vac- 
uum, so that the drag of the air which we used 
in the micro-microbalance in the last chapter is 
eliminated. Furthermore, because the protons 
and the electrons are so light, with masses less 
than 10-1! times the mass of the standard 
spheres we used in the micro-microbalance, we 
can neglect the gravitational forces in compari- 
son with the electric forces in these experiments. 

We ionize some hydrogen near a pair of 
charged plates and let some of the ions drift 
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with negligible speed through a small hole into 
the region between the plates (Fig. 28-1). The 
electric force field between the plates accelerates 
the ions as they cross from one plate to the 
other, giving them a final kinetic energy 4mv?. 
Now, in the right-hand plate there is a small 
hole through which some of the ions can pass 
into a chamber 0.50 meter long (Fig. 28-2). 
This chamber is made of a conductor, and since 
there is no electric force inside it, the ions move 
its entire length without changing their velocity. 
It takes the ions only a few microseconds (a few 
times 10-® second) to go the whole distance. 
Although this time interval is very short, with 
a special timer we can measure it accurately. 
Then we can find an accurate value for the 
speed v of an ion. 

In order to measure the time it takes for the 
ions to pass from one end of the long chamber 
to the other, we must record the time at which 
a particular ion passes a given point at the left 
and the time at which the same ion reaches the 
far end on the right. (You can understand the 
idea of such a measurement by considering the 
experiment discussed in the box, page 510.) To 
mark the time when a given ion enters the long 
chamber, we place a couple of small deflecting 
plates near the entrance (Fig. 28-3). With these 
deflecting plates we can control the direction of 
the beam of hydrogen ions. When the deflect- 
ing plates are charged, the hydrogen ions are 
subject to a sidewise electric force which bends 
them out of their normal path. If the deflecting 
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to 90-volt 
battery 


the right, where they move without forces. 


plates are then discharged, only the ions just 
entering the chamber have a velocity along the 
long axis; hence, the first ions to come out 
through the hole at the far end will be those 
which have traveled the entire 0.50 meter dur- 
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battery 


28-1 Apparatus for accelerating hydrogen ions in an electric 


force field. The ions are formed in the box at the left, and 
some drift through the hole into the region between the 
plates. The whole setup is enclosed in an evacuated 
chamber. 


" 


28-2 To measure the mass of hydrogen ions, we drill a hole in the right-hand plate, allowing some ions to enter a long chamber on 
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go straight ahead and hit the detector, as in Fig. 28-2. 


battery 


pulse from A 


detector 


28-3 When the deflecting plates are charged, the electric force swings the beam to the side. When the plates are uncharged, ions 


28-4 When we momentarily discharge the plates, we let through a short pulse of ions that goes straight along the chamber to the 


detector. The discharge is recorded as a spike on the oscilloscope, marking the time that the pulse begins its flight. 


ing the time since the plates were discharged. 
The arrival of these ions is signaled by a detector 
placed just outside the hole. 

To measure the time interval between the 
time of discharge and the arrival of the first ions 
at the detector, we connect the deflecting plates 
in the chamber to the vertical deflecting plates 
of an oscilloscope (Fig. 28-4). When we dis- 
charge the plates in the long chamber, the time 
of the discharge is recorded as a spike in the 
curve traced on the face of the oscilloscope. 
We also connect the detector at the far end of 
the long chamber to the same vertical deflecting 


plates of the oscilloscope. (We make the elec- 
trical connections at both ends of the chamber 
identical.) When the beam of ions hits the 
detector, a second spike then appears on the 
face of the oscilloscope (Fig. 28-5). The two 
spikes occur at different places on the tube face 
because they are made at different times. Dur- 
ing the intervening time interval the sweep cir- 
cuit in the oscilloscope has moved the electron 
beam horizontally across the face. The electron 
beam in the oscilloscope moves the distance 
between the spikes in the same time that the 
hydrogen ions move the 0.50 m through the 
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chamber. (You may want to look again at the 
same reasoning applied to the simpler experi- 
ment described in the box.) 

With a modern oscilloscope, the sweep circuit 
can move the electron beam horizontally across 
the face of the tube from one side to the other 
in a few hundredths of a microsecond. To 
measure the speed of the ions, we adjust the 
sweep circuit to make the whole trace on the 
oscilloscope represent 5 microseconds. The 
two spikes on the trace are then well separated 
on the face of the oscilloscope. By measuring 
the distance between the spikes, we measure the 
time it takes the beam to cross the long chamber. 
We obtain the time interval from the moment 
when the beam is allowed to go straight ahead 
to the moment when it hits the detector, with 
an accuracy of about one-hundredth of a micro- 
second. With hydrogen ions and a 90-volt 
battery connected to two plates 9.3 mm apart 
providing the accelerating electric force, the 
time of flight is 3.82 microseconds. From this 
we compute the speed v of the ions in the long 
chamber: 


pial 0.50 meter 
~ 3.82 x 10-8 sec 


Now, these plates are just three times as far 
apart as the plates of the micro-microbalance 


= 1.3 x 105 meters/sec. 


> 
to 90-volt 
battery 


in which we did the Millikan experiment in the 
last chapter: also, we are using one third as 
many batteries. Since the force on each elemen- 
tary charge is proportional to the number of 
batteries and is inversely proportional to the 
separation of the plates, we must have one ninth 
the force on each elementary charge, or 4(1.4 
x 10-14 newton) on each elementary charge. 
If we assume that the hydrogen ion carries one 
elementary charge, each ion experiences a force 
this great when it is between the plates. As the 
ion goes from one plate to the other, it travels 
a distance 9.3 x 10-3 m in the direction of the 
force, so the work done on it ts 


Fd = 4(1.4 x 10-14 newton) (9.3 x 10-3 m) 
= 1.4 x 10-!7joule. 
Hence. 


4mv2 = 4m(1.3 x 105 m/sec)? 
= 1.4 x 10-!7joule 


and solving for m, the mass of the hydrogen ion. 
we find 


m= 1.7 x 10-27 kg. 
But this mass is familiar to us. To within 


our accuracy it is the same as the mass of the 
hydrogen atom which we computed in Chapter 


pulse from A | oe | pulse from B 


28-5 When the ion pulse strikes the detector, a second spike appears on the oscilloscope. The distance between the two spikes mea- 
sures the time of flight of the ions. 
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8. There we knew the number of hydrogen 
molecules in a given sample of hydrogen gas 
and the mass of the sample; we found that the 
mass of a hydrogen molecule was 3.34 « 10-27 
kg, and the mass of one atom was therefore 1.67 
<x 10-27 kg. , 

We can now state our result. If the hydrogen 
ion is singly charged, we find it has almost the 


same mass as the hydrogen atom. In fact, we 
can go one step further and assert that the hy- 
drogen ion actually does carry a single charge 
and does have practically the mass of the atom. 
This must be true, because the assumption that 
the ion carries more charge leads to an absurd 
result. For example, if an ion carried two ele- 
mentary charges, the actual value of muv?/2 


A MEASUREMENT OF SPEED BY TIME OF FLIGHT 


We can understand the idea of this experi- 
ment by measuring the speed of a metal ball 
moving steadily along a trough. In Fig. 
28-6 the trough is shown. At two points 
on the ball’s path there are contacts in the 
trough; and as the ball passes each contact, 
it completes a circuit. When the ball passes 
the first contact a current flows for a moment 
from a battery in Box A through the ball. 
At the same time, triggered by the flow of 
current, Box A sends a pulse to the oscillo- 
scope so that a spike appears on the oscillo- 
scope face. The horizontal position of this 
spike tells the time at which the ball passes 
the contact. 

While the ball moves from the first con- 
tact to the second one, the sweep circuit of 
the oscilloscope continues to trace the curve 
on the face from left to right. When the 
ball passes the second contact, an identical 
mechanism in Box B puts a second spike on 
the face of the oscilloscope. The position 
of this second spike corresponds to the time 
when the ball passes the second contact. The 
distance between the two spikes measures 
the time interval, the “time of flight” of the 
ball, between the first and second contacts in 
the trough. Figure 28-7 shows a record 
plotted out on the face of an oscilloscope in 
such a measurement. The sweep traced the 
curve steadily, moving from one side of the 
grid of lines on the face of the oscilloscope to 
the other in 1 second. So the distance be- 
tween spikes corresponds to 0.38 sec. In this 
time the ball moved 24 cm from contact to 
contact. So its speed was 0.63 meter per 
second. 


pulse from B 
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would be just twice what we used above. Since 
we measured v, this could only mean that the 
mass of the ion is twice what we found. Stcha 
hydrogen ion would have twice the mass of the 
atom of which it is a fragment. And that con- 
clusion is unlikely enough that we reject it. 

We have already had indications that elec- 
trons are small building blocks common to all 
atoms. Presumably a hydrogen ion is a hydro- 
gen atom that has lost an electron. Further- 
more, we never see a positive fragment of hydro- 
gen with two positive elementary charges in 
either these or any other experiments. This is 
one of many indications that the positive hydro- 
gen ion is an elementary building block. It is 
the proton. And as we mentioned in Chapter 
27, protons are also found in alpha particles and 
fragments of heavier atoms. 

When hydrogen is split into charged frag- 
ments, as we just found out, the proton has al- 
most the whole mass of the atom. The electron 
therefore must be very light. We can use the 
same apparatus to measure the electron mass 
and thus verify this conclusion. 

If hydrogen ions are made by taking an elec- 
tron out of a hydrogen atom, the source of ions 
at the left of our apparatus should also provide 
electrons. By turning the battery around, we 
can accelerate the electrons that drift through 
the hole in the left-hand plate and reject the 
hydrogen ions. (Alternatively we can use the 
electrons boiled out of a hot filament—with 
either source we get the same results.) Since 
the electrons are pushed across between the 
plates with the same force through the same dis- 
tance, they will gain the same value of mv2/2— 
that is, 


mv?2/2 = 1.4 * 10-17 joule. 


Because they are much lighter than the positive 
ions, they will be moving faster when they pass 
through the hole in the second plate and cross 
the long chamber. Consequently, when we 
measure the speed with which the electrons pass 
through the long chamber, we find that we are 
closer to the limits imposed by our apparatus. 
With the sweep circuit adjusted so that the dis- 
tance across the tube face corresponds to a time 
interval of about 0.12 microsecond, we can see 
the two spikes recorded on the face of the oscil- 
loscope. They are about nine one-hundredths 


of a microsecond apart. However, to measure 
the exact time interval between them to better 
than 10 percent accuracy requires an unusually 
fast oscilloscope and very sharp spikes. Taking 
0.090 microsecond as a first approximation, we 
find that the speed is about 5.6 x 106 meters 
per second. Consequently, the mass of an elec- 
tron (computed in the same way as the mass of 
positive ions) is about 0.9 x 10-2°kg. Accurate 
measurements of the mass of the electron give 
0.911 x 10-39 kg, about a two-thousandth of 
the mass of a hydrogen atom.* 

In measuring the masses of the ions, we can 
change the details of the experiments so that we 
use different known electric forces and different 
separations between the plates. We then get 
different values of mv?/2. But we always get 
the same masses. We can use other methods to 
measure the masses—and we shall describe an- 
other one in Chapter 30. The results are the 
same. Indeed, the masses of many ions are 
now extremely well established, and they lead 
to accurate masses of the atoms. 

The experiments we have just described tell 
us about two of the fundamental building blocks 
from which atoms are made, protons and elec- 
trons. In interpreting these experiments, we 
naturally used the Newtonian mechanics that 
we studied in Part III. Because our results are 
sensible and consistent, we may now conclude 
that Newtonian mechanics can be applied over 
an enormous range. It gives an accurate de- 
scription of the motions of large masses at large 
distances, of the planets in the solar system; it 
applies to moderate masses at the moderate di- 
mensions of everyday life; and it also applies 
to the small masses of electrons moving through 
relatively small distances at huge speeds. Con- 
sequently, it is reasonable to try to apply the 
same mechanics and the same forces to the elec- 
trons within atoms. In particular, we can make 
a model of a hydrogen atom in which a single 
electron moves around the relatively massive 
proton under the influence of the Coulomb 
force. Because the Coulomb force has the same 
inverse-square dependence as the gravitational 


*With modern fast oscilloscopes and amplifiers, we can 
measure time intervals to within 10-% sec. Therefore it is 
now possible to use this technique to get an accuracy of about 
1 percent. Earlier. precision measurements were made by 
other methods which we shall come to in Section 30-7. 
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force between the sun and a planet, we shall 
call this model a planetary model of the atom. 
In the planetary model of hydrogen, the electron 
moves around the proton in an elliptical orbit 
like a planet around the sun. The planetary 
model, as we shall see in Section 32-5, meets 
with some difficulties, but it is a good first ap- 
proximation to actual atomic behavior. Since 
Rutherford introduced it in 1911, it has played 
a central role in our understanding of atoms. 


28-2 Electric Current 


The beams of protons and electrons in the ex- 
periments described in the last section are elec- 
tric currents. The natural measure of these 
currents is the number of elementary charges 
transported per second. 

If we catch a beam of positive particles in a 
metal cup, the cup becomes more and more 
positively charged as time goes on. For this 
reason we say that the direction of this electric 
current is into the cup. The current is in the 
same direction as the motion of the positive 
particles. 

A beam of negative particles is also an electric 
current. But when we catch it in a metal cup, 
the charge of the cup decreases. If we catch 
beams of positive and of negative particles at 
the same time, they neutralize each other. When 
the same number of positive and of negative 
particles arrive in the cup per second, the charge 
of the cup does not change. There is no in- 
coming electric current. Even though the beam 
of negative particles moves foward the cup, it 
constitutes an electric current away from the 
cup, emptying the cup of positive charge as fast 
as the positive beam fills it. In other words, a 
beam of negative particles constitutes an elec- 
tric current in the direction opposite to the mo- 
tion of the negative particles. 

In general an electric current can be brought 
about by the motion of both positive and nega- 
tive particles. The total electric current is made 
of the number of positive elementary charges 
passing per second (contributing to the electric 
current in their direction of motion) plus the 
number of negative elementary charges passing 
per second (contributing to the electric current 
in the direction opposite to their motion). 


You already know an example of an electric 
current made of charges of both signs moving 
in opposite directions. In an electrolytic cell 
such as that shown in Fig. 28-8, ions move in 
both directions. The positive ions moving from 
A to C are part of an electric current toward C. 
The rest of that electric current is given by nega- 
tive ions moving in the opposite direction. 

The total electric current does not begin or 
end in the electrolytic cell. It comes in through 
the wire from the positive battery terminal to A 
and it goes out through the wire from C to the 
negative battery terminal. In each of these 
wires the moving charged particles are elec- 
trons, and these negative particles move in the 
opposite direction from the electric current. 
For example, they go from A to the positive 
terminal, causing the effective transport of posi- 
tive charges from the terminal to A. Looking at 
the whole circuit, we see that the electric current 
is flowing from the positive to the negative bat- 
tery terminal around the external circuit. In- 
side the battery, on the other hand, the current 
goes from the negative to the positive battery 
terminal. The battery moves more positive 
charges to the positively charged terminal and 
negative charges to the negative terminal de- 
spite the electric repulsions. In this process the 
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28-8 An electrolytic cell in series with a battery. The current 


in the cell is made up of the positive ions moving from A 
to C plus the negative ions moving from C to A. 


28-90 When the same number of elementary charges goes in one 


end and out the other end of a section of a circuit, no 
charge accumulates in that section. 


8-9b If more elementary charges go in than go out, charge ac- 


cumulates in the region. Therefore, the observation that 
charge does not accumulate shows that the current into one 
end of the region must equal the current out the other end. 


be 


. 


'8-9c_In the region of the circuit shown, electrons flow through 


the wire and ions move in the electrolytic cell. Because 
no charge accumulates, we know that the sum of negative 
and positive ions passing through the center of the cell must 
equal the number of electrons passing through the cross sec- 
tion of the wire. 
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battery uses chemical energy to force the 
charges onto the terminals. 

The net rate of flow of elementary charges is 
the same all around the circuit. This must be 
true because, when the current is running stead- 
ily, charge does not accumulate in any region of 
the circuit. The same number of elementary 
charges, therefore, goes in one end of any region 
as comes out the other (Fig. 28-9). 

The steady electric current cannot be mea- 
sured by observing changes in charge; but we 
may imagine an observer who can count ele- 
mentary charges passing any particular point in 
the circuit. If he watched the charges passing 
through the wire at a particular place, he would 
find J negative elementary charges, J electrons, 
passing per second. If he looked at the charges 
passing through the electrolytic cell at a par- 
ticular place, he would also see J elementary 
charges passing. But here he must count the 
negative ones moving one way and the positive 
ones moving the opposite way and add the two 
numbers in order to get the total electric current 
which measures the net transport of charge 
(Fig. 28-9 and 28-10). In the next section we 
shall see how a real measurement of a steady 
current can be carried out. 


28-10 When any number of ion pairs is produced in the cell, this 


number of positive ions will be collected at the negative 
electrode, and this number of negative ions will be collected 
at the positive electrode. The arrows show how the ions go 
to the electrodes. Count the arrows passing through the 
dotted boundaries. The total number of positive and nega- 
tive ions crossing any boundary between the electrodes is 
the same. Try adding the pairs produced at any place you 
want, 


28-3 
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Electrolytic Measurement of Electric 
Currents 


The observer who can see elementary charges 
passing is imaginary. But in certain circum- 
stances we can make equivalent observations. 
For instance, we have already counted electrons 
in a weak beam from an electron gun. In this 
section we shall describe the measurement of 
the number of elementary charges by observing 
the amounts of mass transported by ions in 
solution. 

For this purpose we connect a number of 
electrolytic cells in series with a battery as shown 
in Fig. 28-11. With this arrangement, the same 
amount of charge flows through each cell. The 
various cells contain solutions of salts of differ- 
ent metals, for example silver and copper. The 
electrodes are made of platinum (or carbon) 
which does not react chemically with either of 
these solutions. We also include a cell filled 
with dilute acid such as hydrochloric acid (HC), 
whose molecules contain hydrogen instead of a 
metal, and a complicated cell containing alumi- 
num in the compound Al,03. The electrolytic 
cells for copper, silver, and hydrogen ions are 
ones that you can handle. The cell for the alu- 
minum ion is different. Aluminum oxide, 


aluminum 
deposits 


28-11 Electrolytic ceils in series with a battery. 


hydrogen gas 
bubbles up 


Al,Q3, is dissolved in molten cryolite, and the 
aluminum which goes to the negative electrode 
is also molten. This kind of cell is actually used 
in refining aluminum. 

As ions move through the solutions, the nega- 
tive electrodes become coated with the metals 
present in the dissolved salts. Also, hydrogen 
gas bubbles out at the negative electrode of the 
cell full of acid. This shows that when the mole- 
cules of the salts are ionized, the positive ions 
carry the metal atoms with them (or perhaps 
they are positively charged metal atoms). When 
these ions arrive at the negative electrodes, the 
metal atoms usually remain attached to the 
electrodes. It also shows that the hydrogen ions 
are positive, and when they are neutralized at 
the negative electrode hydrogen gas is formed. 

By weighing the electrodes before and after 
an electric current has passed through the cells, 
we can determine the mass of metal that has 
been deposited in each cell. From this mass 
and from the mass of a mole of the metal we can 
compute the number of moles deposited. Simi- 
larly, we can determine the number of moles of 
hydrogen. When these computations are made, 
a remarkable fact appears. For each mole of 
silver deposited there is a mole of hydrogen 
atoms, half a mole of copper, and one third of 
a mole of aluminum. 


oo _ 
= NOs == 
= Ag’ = ta 
Ag’ 5s 
fa NOs eee! |= 
Sem NO; eo 
corn AQ” ee 
copper silver 
deposits deposits 


28-3 » ELECTROLYTIC MEASUREMENT OF ELECTRIC CURRENTS 515 


Since a mole of any element contains the 
same number of atoms, we see that the charge 
carried by one ion of silver is the same as that 
carried by one ion of hydrogen; the charge car- 
ried by one ion of copper is twice that carried by 
one ion of silver; and the charge carried by one 
ion of aluminum is three times as large. In 
general, we find that the charges of all ions in 
solution are small whole-number multiples of a 
unit charge, the charge of the silver ion (or of 
the hydrogen ion). This great discovery was 
made by Faraday in 1833. It was the first cogent 
evidence of the existence of an elementary 
charge. 

The smallest charge carried by an electrolytic 
ion, the charge of the silver ion or hydrogen ion, 
must be equal to the elementary charge we 
found in the Millikan experiment in Section 
27-5. There are a number of reasons for being 
sure that this is so. For example, when an elec- 
trolytic hydrogen ion moves to the negative 
electrode in an electrolytic solution, it is made 
neutral by an electron from the platinum. Then 
the neutral hydrogen atoms combine to form 
hydrogen gas which bubbles out at the negative 
electrode. Because the platinum supplies ordi- 
nary electrons—there are no other—and be- 
cause the hydrogen gas released is the same as 
any other hydrogen, the hydrogen ions in solu- 
tion must be the same as the hydrogen ions 
whose mass we measured in Section 28-1. Like 
those hydrogen ions, these ions must carry ex- 
actly one positive elementary charge which can 
be neutralized by the negative elementary 
charge of the electron. 

At the other electrode in the same electrolytic 
cell, negative ions are neutralized and neutral 
gas molecules are formed. The negative ions 
lose their negative charge by giving up ordinary 
electrons to the positive electrode; these elec- 
trons then flow through the wire toward the 
positive terminal of the battery. 

In general the ions of any kind which come to 
the electrodes in any electrolytic cell are turned 
into neutral atoms or molecules, and this neu- 
trality is brought about by combining with ordi- 
nary electrons from a platinum electrode or by 
supplying ordinary electrons to the electrode. 
All the ionic charges must therefore be multiples 
of the elementary charge, and presumably the 
smallest ionic charge is the same as the elemen- 


tary charge we detected in the Millikan experi- 
ment. 

By itself the kind of evidence we have men- 
tioned is reasonably convincing. There is no 
reason to assume that there are two kinds of 
unit charges in the universe; and the unit charge 
found in electrolysis seems to fit together per- 
fectly with the unit charge found in the Millikan 
experiment. We shall be able to give another 
check on this conclusion in the next section. 
Furthermore, by the end of this part of the book 
we shall have plenty of evidence to show that 
atoms are made of electrons and of positively 
charged particles which exactly neutralize them. 
Since we already know that each electron car- 
ries one negative elementary charge, it then fol- 
lows that anything built of atoms must either 
be neutral or carry a whole number of elemen- 
tary charges. Because everything, including 
ions, is so built, we again conclude that the ionic 
charges are multiples of the elementary charge. 

We now know that hydrogen ions and silver 
ions each carry one positive elementary charge; 
each copper ion carries two positive elementary 
charges, and each aluminum ion carries three 
positive elementary charges. (Also, the charges 
of some negative ions are indicated in Fig. 28- 
11.) We can use this information to measure 
the total amount of charge transported across 
an electrolytic cell. For instance, when only 
hydrogen ions come to the negative electrode, 
the number of elementary charges transported 
is the same as the number of hydrogen ions that 
arrive. Consequently, by measuring the mass 
of hydrogen released and dividing by the mass 
of one atom, we find the number of elementary 
charges. 

We can use a similar method to measure a 
current. For instance, by putting an electro- 
lytic cell containing silver ions in a circuit and 
measuring the rate at which silver is deposited, 
we can measure the electric current in elemen- 
tary charges per second. Since one elementary 
charge is transported for each silver atom de- 
posited, the electrolytic cell becomes an electric 
current meter. Indeed, electrolytic cells depos- 
iting silver are often used as standards to mea- 
sure currents. Usually, however, it is more con- 
venient to employ a different form of meter. 
We can use any device which responds differ- 
ently and reproducibly to different currents, but 


28-4 
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we must calibrate at least one of these other 
meters. We calibrate any other meter by put- 
ting it in series with the electrolytic cell. Since 
the same current passes through both meters, 
we can mark the scale of the other meter with 
the values of the current in elementary charges 
per second measured by the rate of deposition 
of silver in the electrolytic cell. 


Experimental Checks on 
Energy Transfer, Electric Forces, and 
Elementary Charges 


In Section 28-1 we used a known electric force 
F to accelerate ions across a distance d. The 
ions started from rest and acquired the final 
speed v. We used the relation 


Fd= 4mv2 


to predict their kinetic energy after the accel- 
eration. Now that we can measure an electric 
current or a total charge transported in terms of 
elementary charges, we can do an experiment 
which shows that Fd correctly predicts the ki- 
netic energy 4mv? that the ions gain. 

For this experiment we use electrons boiled 
off a hot wire. We accelerate them in a known 
electric force field between two parallel metal 
plates, just as we did in measuring the mass of 
an electron in Section 28-1. The electrons 
which are accelerated from the negatively 
charged plate crash into the positively charged 
plate and lose their kinetic energy. This energy 
is transformed into thermal energy, heating the 
plate. With reasonable currents the heating of 
the plate can be great enough so that an appre- 
ciable rise in temperature occurs within a few 
seconds. By measuring this temperature rise 
we can determine the amount of energy trans- 
ferred. And by measuring the current we can 
determine the number of elementary charges. 
We thus obtain the kinetic energy of each ele- 
mentary charge. The results of these experi- 
ments confirm our prediction that the kinetic 
energy of each elementary charge is given by the 
electric force F acting on an elementary charge 
times the distance d through which the charge 
accelerates. 

It may seem that this verification that Fd 


gives the kinetic energy is unnecessary. Indeed 
there is no surprise in our result, but we can 
draw two valuable conclusions from it. In the 
first place, when we computed the work Fd 
which measures the transfer of energy into the 
kinetic energy of motions of the electrons, we 
used the value of the force F on each elementary 
charge that we had already measured on ele- 
mentary charges at rest or in slow motion in the 
micro-microbalance experiment mentioned in 
Section 27-7. Up to now we have assumed 
without experimental evidence that this same 
force acts on a fast-moving elementary charge. 
The experiments we have just described show 
that the electric force on a moving charge is 
actually independent of its speed. Because 
electrons accelerated between the charged par- 
allel plates of Section 28-1 attain a speed of 
about 107 m/sec, we see that the electric force 
on an elementary charge is the same at any 
speed between zero and this enormous value. 
Secondly, these experiments show that the 
unit charge found in electrolytic experiments is 
the same as the elementary charge found in the 
Millikan experiment. We measure the currents 
with meters which are calibrated against elec- 
trolytic cells. The number of charges which 
transfer their kinetic energy into heat at the 
positive plate is therefore given as the number 
of electrolytic unit charges. Consequently, our 
experiments measure the kinetic energy of each 
electrolytic unit charge. On the other hand, we 
predict kinetic energy in terms of the force in 
the Millikan experiment. Consequently, the 
kinetic energy predicted is the kinetic energy of 
each Millikan elementary charge. The agree- 
ment between the predicted and the experimen- 
tal results now shows that the electrolytic unit 
charge and the elementary charge found in the 
Millikan experiment must be the same. There 
is only one elementary unit of electric charge. 
Measurements like those we have discussed 
in this section were performed in 1897 by J. J. 
Thomson. When he determined the mass per 
elementary charge of the electron, he made such 
thermal measurements of the kinetic energy per 
elementary charge in a stream of moving elec- 
trons. Then to complete the determination of 
the mass, he performed another experiment. 
He measured the motion under the influence of 
a known force. Although the details of that 
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experiment were entirely different, it was equiv- 
alent to the experiment we described in Section 
28-1, where we measured the speed of the elec- 
trons. His experiment actually measured their 
momentum mzv, and he then found the mass m 
and the speed v from the known values of mv 
and of the kinetic energy }mv?. We shall study 
the method he used in Chapter 30. 


08-5 EMF and the Energy 


Supplied by a Battery 


In the last few sections we have discussed the 
direction of the electric current and the mea- 
surement of its strength. Also we have seen 
that energy is transferred to the charged parti- 
cles and may be taken from them as thermal 
energy. Indeed, there is no electric current 
without some energy transfer. 

Clearly, the details of the flow of energy ina 
circuit are often complex. The electric field 
serves as a medium through which kinetic en- 
ergy is supplied to the charges in the external 
circuit, and inside the battery charged particles 
are moved against the electric forces from the 
charges at the terminals. In the rest of this 
chapter, we shall look at the electric fields and 
at the energy in more detail. Although we shall 
not find it practical to establish the exact elec- 
tric-field patterns for most circuits, we shall 
arrive at an understanding of the overall flow 
of energy in all sorts of circuits. 

So far in this chapter we have employed bat- 
teries as the source of the energy dissipated as 
thermal energy elsewhere in the circuit. How 
much energy does a battery supply and on what 
does that amount depend? We shall find that a 
battery which uses stored chemical energy to 
supply electrical energy usually supplies the 
same energy to each elementary charge. 

Consider, for example, the energy supplied 
by a battery to each elementary charge in anion 
beam accelerated from one charged metal plate 
to another parallel charged plate. In Chapter 
27, we learned that the electric force field be- 
tween the plates is uniform, and if the plates 
remain connected to a battery, the force is in- 
versely proportional to the distance between the 
plates. Consequently, the force on an elemen- 
tary charge times the distance between the 


plates does not depend on the plate separation. 
As we have just verified in Section 28-4, this 
product Fd gives the energy transferred to an 
elementary charge. Hence, no matter how we 
change the plate separation, the energy supplied 
to each elementary charge by a given battery is 
always the same. 

Not only can we change the separation be- 
tween the plates, but we can also change the 
plate area. The electric force on an elemen- 
tary charge between the plates does not change; 
and, as we expect, the energy supplied to each 
ion that passes between the plates stays the 
same. The battery moves more charges when 
it initially charges up the plates, but this does 
not influence the energy supplied to each ele- 
mentary charge moving across in the ion beam. 

The energy supplied per elementary charge 
does not depend on the magnitude of the cur- 
rent. By using a bigger source of hydrogen ions 
or by boiling more electrons out of a hot wire 
filament, we can increase the ion currents that 
we used in our earlier experiments. The energy 
per elementary charge supplied by the battery 
does not change. (Later we shall see more evi- 
dence that the energy per elementary charge 
does not depend on the strength of the current.) 

We have used the ion currents because they 
are easy to understand. They are not essential 
to ourresult. If we connect a current meter and 
a high-resistance wire in series between positive 
and negative terminals of a battery, we can 
measure the number of elementary charges 
transported past any point in the circuit in a 
specified time. In such a circuit almost all the 
energy that the moving charges acquire from the 
electric field is turned immediately into thermal 
energy in the high-resistance wire. By measur- 
ing the heat dissipated in the wire, we can cal- 
culate the energy supplied by the battery per 
elementary charge (Fig. 28-12). We find that 
the energy supplied per elementary charge is the 
same in this different circuit as it is for an ion 
beam between parallel metal plates, as long as 
we use the same battery each time. 

All these experiments indicate that a battery 
is a device which supplies a definite amount of 
energy per elementary charge; for example, as 
we calculated in Section 28-1, a 90-volt battery 
supplies 1.4 x 10-17 joule per elementary 
charge. The energy supplied per elementary 
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28-12 We can measure the energy dissipated as heat in a resist- 


ance wire by the temperature rise of the water surround- 
ing the wire. Since the current meter indicates the number 
of elementary charges that pass per second, we can calcu- 
late the energy supplied per elementary charge by the 
battery. 


charge is known as the EMF of the battery. 
You should read this name as “ee em eff.” The 
old name from which the initials come is the 
electromotive force, but this name is misleading 
for we are not dealing with a force in the usual 
sense at all. Almost everyone now calls the 
energy per elementary charge the EMF rather 
than using the old words. We shall symbolize 
the EMF by the letter &. 

Suppose we take three identical batteries, 
each of which supplies an EMF of 1.4 x 10-17 
joule per elementary charge. If we connect 
them in series in a circuit, each should supply 
1.4 x 10-17 joule for each elementary charge. 
The total EMF—that is, the total amount of 
energy supplied by all the batteries per elemen- 
tary charge—should therefore be 


(3)(1.4 x 10-17 joule/elem. ch.) 
= 4.2 x 10-17 joule/elem. ch. 


This is exactly what we find; and indeed it is 
exactly what you would expect on the basis of 
the experiments with the batteries in series that 
we mentioned in Section 27-6. There, when we 
connected three hundred 90-volt ““B” batteries 
in series to make a large electric balance, we 


increased the force between the parallel metal 
plates in proportion to the number of batteries. 
Consequently, the batteries also supplied energy 
per elementary charge in proportion to their 
number. 

Now we are in a position to answer the ques- 
tion of how much energy a battery supplies to 
an electrical circuit. This energy is just the 
product of 6, the EMF of the battery, times the 
total charge q that is transported: 


qg& = (elem. ch.)(joules/elem. ch.) = joules. 


If no charges are transported the battery sup- 
plies no energy. 

If instead of the total charge g we know the 
current J, or the rate at which charge is trans- 
ported, then the rate at which the battery sup- 
plies energy is given by J&: 


I& = (elem. ch./sec) (joules/elem. ch.) 
= joules/sec. 


The rate at which energy is supplied to a circuit 
is known as the power supplied. The unit of 
power | joule/sec is called a watt after James 
Watt, the steam-engine maker. During a time 
interval f, the battery supplies a total energy of 
T&t; in other words, the energy supplied by the 
battery is equal to the product of the power and 
the time. 


28-6 Electric Field and Electric Potential 


We have used batteries as the ultimate sources 
of stored energy. That energy is used to con- 
centrate charges, and the electric force fields 
originating from these concentrations of charge 
in turn convey the energy to the ions moving 
between the metal plates or to the electrons 
moving in metal wires. The electric force fields 
are set up whenever we concentrate charges, 
whether we make these concentrations by the 
action of a battery, by rubbing, or by any other 
means. We should, therefore, discuss the en- 
ergy of an elementary charge in an electric force 
field without restricting the discussions to a par- 
ticular source of EMF. For this reason we shall 
now return to the electric force field. 

In Section 27-3, we discussed the electric 
force field produced by a fixed distribution of 
charges. The electric force field is the pattern 


of electric force that would be exerted by a given 
distribution of charges on another charged ob- 
ject. In imagination we place this other charge 
successively at each point in space, and we 
either measure or compute the force that would 
be exerted on it at all the different points. 

The magnitude and direction of the electric 
force at any point depend not only on the dis- 
tribution of the charges exerting the force but 
also on the charge and position of the body on 
which the force is exerted. We now define the 
electric field E as the electric force field per 
elementary charge, acting on a positive elemen- 
tary charge. In other words, the force at any 
particular point in space on one elementary 
charge is given by one elementary charge times 
the electric field E arising from all the other 
charges. Hence, the electric force F on a body 
carrying a charge qg, where g can be any number 
of elementary charges, is g times the electric 
field; that is, 

F = q¥. 
Because the charge q times the electric field 
gives the force F exerted on that charge, the 
units of electric field are newtons per elementary 
charge. . a 

From the vector equation F = gE we can see 
that the electric field is in the same direction as 
the force on a positive charge, and in the oppo- 
site direction from the force on a negative 
charge. We can picture the electric field with 
the same lines we drew in Chapter 27 to picture 
the electric force field exerted by charged bod- 
ies, since we drew the force field lines to show 
the direction of the force exerted on a positive 
charge. For example, the electric field due to 
a positive point charge points outward, and the 
electric field due to a negative point charge 
points inward. 

Suppose we know that a micro-microbalance 
exerts a force of 3.0 x 10-14 newton on each 
elementary charge between its plates. We can 
say this now in a different way: the electric field 
between the plates of the microbalance is 3.0 x 
10-14 newton per elementary charge (pointing 
from the positively charged plate to the nega- 
tively charged plate). Ifa plastic sphere having 
a charge of two elementary charges is between 
the plates of this micro-microbalance, the elec- 
tric force on it is 6.0 x 10-14 newton, but the 
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electric field of the micro-microbalance is still 
3.0 x 10-14 newton/elem. ch. The electric field 
depends only on the micro-microbalance and 
not on the charge of the plastic sphere on which 
the force is exerted. 

The electric field of a micro-microbalance is 
due to the net effect of all the charges on the 
plates of the apparatus. Let us consider a much 
simpler example: the electric field around a 
body of charge q; located at a fixed point. 
Coulomb’s law tells us that a body of charge 
qz, located a distance r away from the first body, 
will experience a force of magnitude 


so the electric field due to the first body has 
magnitude 


poe 


Sar hee 


The direction of E points outward from the first 
body if the charge on it iS positive, inward if it 
is negative. Notice that the magnitude of E 
varies from point to point in this case, while it 
was the same at all points between the plates of 
the micro-microbalance (since the force on a 
given charge was the same at all points between 
the plates). In general, the value of the electric 
field at a point due to a charged body depends 
upon where the point is in relation to the body. 

As you can see, the electric field is an aid that 
allows us to say what the force will be on any 
charge placed at any position. When the field 
is due to a collection of charges located at one 
point, the equation for the field is simply a re- 
statement of Coulomb’s law. Even when the 
electric field is produced by charges located at 
many different points, the vector sum of the 
Coulomb forces exerted by all the charges on 
another charge q is equal to gE. 

Although the electric field does not contain 
any new information, it is a great convenience. 
At times we can evaluate it without going 
through the detailed computation of the force 
based on knowing the magnitude and position 
of the charges. Later we shall find it even more 
important. For example, in Chapter 31 we shall 
discover electric fields that arise in other ways. 

We have introduced the electric field here 
mainly for the purpose of discussing the energy 
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of an elementary charge as it moves from one 
point in space to another. For the simple case 
of an elementary charge moving from one point 
to another in the vicinity of the charge qi, we 
already know a great deal about the energy. 
We know about this energy because the Cou- 
lomb field of force has exactly the same form as 
the gravitational field of force that we studied 
in Part III. In Section 24-5 we found that two 
masses which attract each other with a gravita- 
tional force 


= MMe ; 
F=G ——,~, attractive 
r 


have a corresponding gravitational potential 
energy 


mum 
U, = —Gmm 
r 


The zero of potential energy is chosen to be at 
infinite separation, and the minus sign indicates 
that the potential energy is then negative at any 
separation r. The potential energy is negative 
because the masses attract each other as indi- 
cated. 

Now we know that two charged bodies inter- 
act with an electric force 


= 142 : : 
F=k ae repulsive (for like charges). 
So in exactly the same way, they have an electric 


potential energy 


eae. 
r 

There is no minus sign in this expression be- 
cause charges of the same sign repel, instead of 
attracting, each other like gravitating masses. 
The potential energy of two like charges, which 
has been taken as zero at infinite distance, will 
have a positive value for any finite value of r. 
The potential energy of two unlike charges is 
also taken to be zero at infinite separation, but 
is negative for finite values of r, because the 
charges attract. 

Now, since the potential energy when the 
charge qz is a distance r from the charge q is 
Aqiqz/r, then the potential energy per elemen- 
tary charge due to the electric field of q; is 


kq 
2 


V= 


We shall call this potential energy per elemen- 
tary charge the electric potential V at the dis- 
tance r, or the electric potential drop between 
rand infinity. If the charge q, is held in posi- 
tion and qz is moved from r to infinity under 
the influence of the Coulomb force alone, it will 
gain kinetic energy equal to Vqz. Since V is the 
potential energy per elementary charge, it is 
measured in joules per elementary charge. Like 
the electric field, the electric potential at a point 
depends only on the charges producing the field 
and on the position of the point. However, 
electric potential is a scalar, not a vector. It is 
positive when q; is positive, negative when q 
is negative. 2 

Just as we can work out the electric field E 
throughout space, so we can work out the elec- 
tric potential V for every point in space. To 
illustrate this potential field around a positive 
charge qi, we start by plotting a graph of V ver- 
sus r. To visualize the field of electric potential 
at all points on a plane through the charge q, 
we swing the graph around a vertical axis pass- 
ing through r = 0 (Fig. 28-13). In other words, 
we swing it around the position of the charge 
qi. As it sweeps around, the graph generates a 
potential “hill” whose height above any point 
on the plane represents the potential at that 
point. The potential “hill” for a plane passing 
through a point charge is shown in Fig. 28-14. 
We shall find this potential “hill” of great value 
in Chapter 32 when we discuss the motion of 
one charged particle in the Coulomb field of 
another. 

We can extend the idea of electric potential 
to include potentials which are due to more than 
a single point charge. At any point, the poten- 
tial V of a system of several point charges is just 
the algebraic sum of the potentials at that point 
due to each point charge. The potential “hill” 
for such a system could be drawn, but it would 
have a much more complicated surface than 
that of Fig. 28-14. Ifa charge q is brought from 
infinity to any point P and the other charges are 
prevented from moving, the change in potential 
energy of the combined system, including gq, 
would be Vq, where V is the potential at point P. 

Sometimes we are interested in knowing how 
the potential energy of a system changes as a 
charge is moved from one point to another 
within the system. Now, the Coulomb force 


8-13 A graph of electric potential V versus the distance r from a 


charge qj is rotated around a vertical axis passing through 
r = Oin order to create the potential “hill’’ of Fig. 28-14. 


'8-14 The height of the potential ‘hill’ directly above any point 


on the plane represents the electric potential at that point 
on the plane. 


between each pair of charged bodies depends 
not on the individual positions of the bodies, 
but only on the separation between them. We 
saw in Chapter 24 that, for forces of this type, 
the change in potential energy of the system as 
one of the bodies moves along any path from 
some point A to another point B depends only 
on the positions of A and B, and not on the par- 
ticular path (Fig. 28-15). Suppose we nail 
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down all of the charges in the system but one, 
of size g, and let it move from A to B. Then the 
change in electric potential energy, equal to the 
potential energy when q is at B minus the poten- 
tial energy when q is at A, is just g times the 
difference between the electric potentials at the 
points B and A due to all of the other charges. 
Thus, 


AU = @Va — Vs). 


The quantity (Vg — Va) is called the electric 
potential difference between points B and A in 
the field of all the nailed-down charges. 

For example, suppose that in a Millikan ex- 
periment a positive elementary charge gains a 
kinetic energy of 5.0 x 10-17 joule as it is accel- 
erated from the positive plate to the negative 
plate. This tells us that the electric potential 
difference between the plates is 5.0 x 10-1" 
joule/elem. ch. Since the charge has gained 
kinetic energy and the system has lost potential 
energy, the potential at the negative plate is 
lower than the potential at the positive plate. 
The potential falls from the positive plate to the 
negative plate. If the charge were to move from 
the negative to the positive plate, on the other 
hand, it would be moving to a region of higher 
potential. A positive charge acted upon by the 
Coulomb force alone would decelerate and lose 
kinetic energy, while the potential energy of the 
system would increase. 


28-15 When a charge moves from a point A to a point B in an 


electric field produced by nailed-down charges, the change 
in potential energy does not depend on what path the 
charge takes. 


28-7 
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Batteries, Volts, and Amperes 

In Section 28-5 we looked at some of the evi- 
dence that batteries supply.a definite amount of 
energy per elementary charge, but we did not 
examine why or how the battery maintains a 
constant EMF. Although we shall not attempt 
a detailed explanation here, we shall try to get 
a crude idea of how this comes about. 

Batteries are made by connecting a large 
number of electrochemical cells in series. Ina 
single electrochemical cell charges are forced 
onto the terminals against the electric repulsion 
of the charges already present. Their electric 
potential energy is thus increased. This in- 
creased potential energy of charges at the ter- 
minals is supplied by chemical energy released 
in chemical reactions between the constituents 
of the cell. In each individual chemical reaction 
the chemical potential energy is reduced a defi- 
nite amount. Also because each individual 
chemical reaction involves a definite number of 
atoms or ions moving across the cell, this par- 
ticular amount of energy is used to push a defi- 
nite number of elementary charges up the elec- 
trical hills at the terminals. Therefore the cell 
gives a fixed energy per elementary charge. 
Also, a battery of cells in series gives an energy 
per elementary charge in direct proportion to 
the number of cells. 

As long as the chemical composition and the 
positions of the constituents of a cell stay sub- 
stantially the same, each individual chemical re- 
action is just like every other one. So a fixed 
EMF is maintained. When too much charge 
has been transferred, however, too many chem- 
ical reactions have taken place, and the com- 
position of the cell is changed. 

Then the cell no longer provides the same 
chemical reactions with the same ions moving 
through the same distances. The EMF falls off 
and we say that the battery has run down. In 
some cells, by forcing a current to pass in the 
opposite direction, we can reverse the chemical 
reactions, thus “recharging” the battery. Here 
“recharging” means restoring the chemical en- 
ergy. We do not change the electrical charge of 
the battery. 

The reactions that go on in electrochemical 
cells of many different kinds transfer about the 
same number of joules per individual chemical 
reaction (the same number of joules per elemen- 


tary charge), in many cases about | or 2 x 10-19 
joule per elementary charge. It is therefore con- 
venient to use a practical unit of EMF of about 
this size. The practical unit that is commonly 
used is called the volt. We define the volt as 
1.60 x 10-19 joule per elementary charge. A 
flashlight dry cell, for example, gives 1.5 volts 
or 2.4 x 10-19% joule per elementary charge; 
and, as we know, the 90-volt balancing battery 
gives 90 x 1.6 x 10-19 = 14 x 10-17 joule 
per elementary charge.* 

We have defined the volt as a certain number 
of joules per elementary charge. Thus if we 
want to measure the number of volts supplied 
by a given battery, we must perform an experi- 
ment using this battery to provide energy to a 
measured number of charges. However, we 
need to do this only once, because we can keep 
our calibrated battery as a standard, just as we 
can keep a good meter stick on hand to use in 
distance measurements. (Prescriptions for mak- 
ing standard cells, the Weston cell for instance, 
will be found in treatises on electricity.) 

Using the volt as the unit of EMF will prove 
convenient not only in practical work dealing 
with electrochemical cells or batteries, but also 
in studying the fundamental structure of atoms. 
The chemical reactions which transfer a few 
volts—a few times 1.6 x 10-19 joule per elemen- 
tary charge—are rearrangements of the struc- 
ture of atoms and molecules. The energy 
required to pull out an electron or to move one 
around from one atom to another is therefore 
about a volt times an elementary charge. For 
this reason, physicists often state energies in 
electron volts. These are parcels of 1.6 « 10-19 
joule, and they are of just the right size to mea- 
sure the energies of individual chemical reac- 
tions or the energies required to ionize indi- 
vidual atoms. In the box we have estimated 
the energy needed to ionize an atom, and it isa 
reasonable number of electron volts. 

We chose our basic unit of EMF, the joule per 
elementary charge, so that, when the charge is 
measured in numbers of elementary charges, q& 
gives the energy in joules. We would like to con- 


* We have defined the volt as 1.60 « 10-19 joule per elemen- 
tary charge. Often the practical unit of current is defined 
first; and the volt is defined in terms of it. As we shall see 
later, the two definitions agree. 


tinue to measure the energy in joules even when 
we shift the unit of EMF to the practical unit, 
the volt (or 1.60 « 10-19 joule per elementary 
charge). We therefore introduce a new unit of 
charge. We design the new unit, the coulomb, 
so that one coulomb times an EMF of one volt 
gives one joule, 


(1 coul)(1 volt) = 1 joule. 


Since I volt is 1.60 « 10-19 joule per elementary 
charge, this is 


(1 coul)(1.60 x 10-19 joule/elem. ch.) = 1 joule. 
Consequently, 


] joule 
1.60 x 10-19 joule/elem. ch. 
6.25 « 1018 elem. ch. 


1 coulomb = 


The unit of current that goes along with this 
unit of charge is called an ampere. An ampere is 
a flow of charge of ! coulomb per second. 
Therefore 1 ampere = 6.25 x 1018 elementary 
charges per second. 

When we deal with light bulbs or electric 
irons the ampere is a more convenient unit of 
current than the basic current unit of one ele- 
mentary charge per second. The current that 
runs an ordinary light bulb is about an ampere. 
It would be clumsy to say that the lamp current 
is about 10'® elementary charges per second. 
Most current meters are calibrated in amperes, 
that is, in units of 6.25 x 1018 elementary 
charges per second. The common name for a 
current meter is an ammeter. 

The volt and the ampere are designed to fit 
together in the same way that the joule per ele- 
mentary charge fits with a current measured in 
elementary charges per second. 

In other words, when the current is measured 
in elementary charges per second and the EMF 
in joules per elementary charge the power is I& 
watts. In just the same way, if we measure the 
current in amperes (coulombs per second) and 
the EMF in volts (joules per coulomb), the 
power I& again is given in watts. The practical 
units fit together in the same way as the natural 
units, because we have designed the coulomb so 
that, when a charge of 1 coulomb moves 
through an EMF of | volt, a joule of energy is 
transferred. 

Motors, light bulbs, and other electrical ap- 
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ELECTRON VOLTS AND ATOMS 


We can see that the volt (1.6 x 10-19 joule 
per elementary charge) and the electron volt 
(1.6 x 10-+9 joule) are of the right size for 
atomic affairs by computing the electric po- 
tential energy of an electron at the outside of 
an atom. Since atoms are neutral, such an 
electron must be acted on by the electric force 
from one positive elementary charge at about 
the distance given by the atomic radius. For 
hydrogen it is the force exerted by the proton. 
We know that atomic dimensions are in the 
range of an angstrom, that is 10-1° meter. 
Then since the charges are of opposite sign 
and each is one elementary charge in magni- 
tude, the electric potential energy is 


U. = kK 2B? 
, 


7 


2.3 x 10-28 newton-m) (1 elem. ch.) (— I elem. ch.) 
(elem. ch.)° 


10-1 m 


= -—2.3 x 10-'8 joule. 


This energy may not be the only energy. For 
instance, in a planetary model, as we know 
from Chapter 24, the kinetic energy of the 
electron is half as great and, of course, posi- 
tive. But in any case this electric potential 
energy gives us an estimate of the order of 
magnitude of the energy we must supply in 
order to take the electron away from the 
atom. Therefore, the binding or ionization 
energy of an atom is of the order of 10-18 
joule. Since electron volts are 1.6 x 10-19 
joule at a throw, this estimate is about 6 elec- 
tron volts. The actual amount of energy 
necessary to ionize an atom depends on the 
kind of atom, but it runs from about 2 to 
about 20 electron volts. This indicates that 
the electric forces holding the atom together 
account for the energy necessary to rearrange 
or pull apart the electric particles of which 
it is made. 
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pliances are usually designed to use energy at a 
particular rate. The power, which is the energy 
they consume per unit time, is usually specified; 
and so is the voltage at which they will use this 
power. From the power and the voltage you 
can determine what current they will draw. For 
example, a 60-watt, 110-volt light bulb will draw 
a current of 56% = 0.545 ampere when an EMF 
of 110 volts is placed across its terminals. 

Although the volt is a convenient unit of EMF 
and the ampere is a convenient unit of current, 
the coulomb turns out to be an appallingly large 
unit of charge. If two charges, each one a 
coulomb, are placed a meter apart, the force 
between them is about ten billion newtons. 
When dealing with the forces between charges, 
therefore, it is often more convenient to use the 
microcoulomb (10-® coulomb) as the unit of 
charge. A toy balloon charged by being rubbed 
on a woolly sleeve might have a charge of a few 
tenths of a microcoulomb. 


28-8 Status Report 


In this chapter we have considered charges that 
move and energy transferred under the influ- 
ence of the Coulomb forces exerted by charges 
at rest. In Section 28-4, we found that as long 
as the charges exerting the force were at rest, 
the electric force on a moving charge is the same 
as the force on a charge standing still at the 
same position. Because the Coulomb forces de- 
pend only on the separations between the 
charges, there is a well-defined electrical poten- 
tial energy. 

Except for the forces exerted by batteries or 
generators, in this chapter we have used only 
the same electric forces that we had studied in 
the last chapter. Now in considering the forces, 
two problems remain. In the first place, what 
can we say about the forces on charges moving 
through batteries and generators, the forces that 
apparently move the charges against the Cou- 
lomb forces exerted by the concentrations of 
charge standing still? Secondly, what happens 
when a charge exerting a force on another 
charge is itself in motion? 

In Chapter 30 we shall see that Coulomb’s 
law does not adequately describe the force be- 
tween two charged particles when both of the 


particles are moving. Then we find that in 
addition to the Coulomb force, a new force 
appears—a force that depends upon the mo- 
tions. This additional force is of great prac- 
tical importance, for it runs most of our elec- 
trical machinery. Furthermore, as we shall see 
in Chapter 31, this same additional force is 
responsible for the EMF of electric generators. 
Finally we are left with the forces and the 
EMF’s supplied by batteries. As we have indi- 
cated here, their explanation can be given only 
in terms of the energy transfers taking place in 
chemical reactions. In other words, the energy 
supplied by a battery can be understood only 
when we look inside the atoms. We shall just 
be able to start examining the internal energy of 
atoms in the last chapter of the book. 

In the next chapter, we shall look in more 
detail at energy flow and electric currents. We 
shall be especially concerned with the applica- 
tion of these ideas to electric circuits. 


FOR HOME, DESK, AND LAB 


1.* Suppose we use two 90-volt batteries in the ap- 
paratus of Fig. 28-1, and use doubly charged ions; 
what energy will each ion have when it hits the 
negative plate? (Section 1.) 


2. Two large parallel metal plates, 6.2 cm apart ina 
vacuum tube, are connected to the terminals of 
two 90-volt batteries in series. A doubly charged 
oxygen ion starts from rest at the surface of one 
plate and is accelerated across to the other plate. 

(a) With what kinetic energy 4mv? does the 
oxygen ion crash into the other plate? 

(b) If the ion starts halfway between the plates, 
with what kinetic energy does it hit the negative 
plate? 


3.* If singly charged helium ions were put through 
the apparatus of Fig. 28-4, what would be the 
time of flight? (Section 1.) 


4. Ina time-of-flight experiment like that described 
in this chapter, you have adjusted the sweep cir- 
cuit of the oscilloscope so that the beam moves 
across the tube in 0.5 sec. The total length of the 
trace made in that time is 10 cm. The contact 
points on the track for the rolling ball are 1.2 m 
apart. If the spikes on the oscilloscope trace are 
8.0 cm apart, what is the speed of the ball? 


5. In the apparatus used to measure the mass of the 
positive hydrogen ion (proton) of Section 28-1, 


6.* 


Te 


you use a source of heavy hydrogen and observe 
a spike which corresponds to ions arriving with a 
time of flight 1.4 times that of the usual positive 
hydrogen ions. 

(a) What is their mass if they are singly 
charged? 

(b) If doubly charged? 

(c) Could they be singly charged helium ions? 
Doubly charged helium ions? 

Remember that the mass of a helium atom is 
4 atomic mass units, and the mass of a hydrogen 
atom | atomic mass unit. 


If 2 x 1016 pairs of singly charged ions are pro- 
duced per second and reach the plates of Fig. 
28-10 without recombining, what is the current 
in the battery connected to the plates? (Section 
2.) 


A poorly made diode tube has considerable 
residual gas left inside. When the filament is 
heated and a battery connected between filament 
and anode, there is a current within the tube con- 
sisting of both electrons and positive ions. Con- 
sider a plane close to the filament. In each 
second, 3.0 x 1016 electrons are emitted by the 
filament and move across the plane toward the 
anode. Also, 0.6 x 10!6 singly charged positive 
ions per second pass through this surface in the 
opposite direction. What is the current through 
the plane? (Section 2.) 


You ionize some gas between parallel metal 
plates, making equal numbers of negative and 
positive ions in every small volume between the 
plates. There is a battery and a current meter 
connected in series with the plates, and a steady 
current is flowing through the circuit. The posi- 
tive plate is on the left, and the negative on the 
right. 

(a) In what direction do you expect the elec- 
tric current to go between the plates? 

(b) If the current meter measures 101% ele- 
mentary charges per second, how many positive 
elementary charges are brought per second by 
the ions coming to the negative plate? 

(c) How many negative elementary charges 
are coming per second to the negative plate? 

(d) In one second, how many positive ions 
cross to the right through a plane halfway be- 
tween the plates? 


You are given some metal wire, batteries, and a 
calibrated current meter. How can you calibrate 
a second current meter? 


You are given a half dozen identical current 
meters, one of which has a single calibration 
point—that is, a mark correctly indicating when 
a l-ampere current (a current of 6.25 x 1018 ele- 
mentary charges per second) is passing through 
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it. You also have a few batteries and a large num- 
ber of identical metal wires. Answer the follow- 
ing questions to complete the calibration of the 
current meter. 

(a) Assume you have marked a number of cur- 
rent meters to read | ampere. Then you connect 
three as in Fig. 28-16. Explain how you can get a 
2-ampere calibration point on one of them. 

(b) Make sketches showing how to connect 
the current meters in order to mark one scale at 
3 and 4 amperes. 

(c) How would you connect the current meters 
so as to calibrate one of them to read 4 and 4 
amperes? (Use sketches.) 


identical 
wires 


identical 
wires 


current 
meters 


uniform 
coil of 
resistance 
wire 


28-16 For Problem 10. 


11.* 


_ the scale flows for half an hour. 


When 3.00 x 1022 atoms of aluminum are de- 
posited in the apparatus of Fig. 28-11, how many 
atoms of copper will be deposited? (Section 3.) 


A current meter has been built and you want to 
calibrate its scale. It is connected in series with 
an electrolytic cell containing a solution of silver 
nitrate (Ag+NO3—) and a battery. A steady cur- 
rent which deflects the meter to the upper part of 
At the end of 
this period, it is found by weighing that the nega- 
tive electrode has 1.92 gm of silver deposited on it. 

(a) How many elementary electric charges per 
second passed through the circuit? (Note: A 
mole of silver has a mass of 108 grams.) 

(b) What would you do to complete the cali- 
bration of the instrument? 


A doubly charged ion is accelerated from rest by 
a force of 3.10 x 10-15 newton over a distance of 
9.3 millimeters. How much kinetic energy does 
the ion gain? (Section 4.) 
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14.* Other measurements on the ion of the previous 


problem. after it had been accelerated, show its 
momentum to be 1.24 x 10-2! kg meters/second. 
What is the mass of the ion? (Section 4.) 


In Fig. 28-17. electrons emitted at F are accel- 
erated toward B. 

(a) How much energy will the electrons have 
which hit plate B? 

(b) What is the electric field between A and B 
and between B and C? 

(c) Some will travel through the hole in B. 
Where will they go? 


}~——1.0 cm——>| 0.5 ¢m }-—_—— 


100 volts | 


200 volts 


28-17 For Problem 15. 


With the same apparatus as in Problem 2, how 
many doubly charged oxygen ions would have to 
go from the positive plate to the negative plate 
before that plate is heated up by one joule by the 
dissipation of kinetic energy of the ions? 


Suppose the doubly charged ions in the last prob- 
lem were made by ripping electrons off oxygen 
atoms located halfway between the plates. Then 
the oxygen ions are accelerated in one direc- 
tion and the electrons are accelerated in the 
opposite direction from the midpoint between 
the plates. How much energy will the electrons 
have dissipated heating the positive plate in the 
time that one joule is dissipated at the negative 
plate? 


What evidence do you have that all elementary 
charges are the same? Be prepared to discuss it 
in class. 


19.* 


* 


20. 


* 


21. 


22;" 


23. 


24. 


25. 


26. 


Three 90-volt batteries are connected in series 
across two parallel plates 1.00 mm apart. What 
is the force on an elementary charge between the 
plates? (Section 5.) 


A battery with an EMF of 2.9 x 10-!7 joule/ele- 
mentary charge is transporting charge at the rate 
of 6.0 x 1016 elementary charges/second. What 
is the power supplied by the battery? (Section 5.) 


A single elementary charge is now at a distance 
r from a fixed charge g. If the elementary charge 
is allowed to move freely away under the repul- 
sion of the Coulomb field, what will be its kinetic 
energy at a very large separation? (Section 6.) 


An excess of 1 x 10! negative elementary 
charges is placed on a small object. What would 
be the electric field and electric potential at a 
point 0.5 m away? (Section 6.) 


(a) Find the electric and the gravitational forces 
on an electron and on a proton between two large 
parallel metal plates, 20 cm apart. The potential 
difference between the plates is maintained by 
20,000 volts’ worth of battery. The plates are 
horizontal; consider the upper plate positive. 

(b) Move the particles up | cm. What are the 
forces now? 

(c) What are the changes in gravitational po- 
tential energy and in electric potential energy in 
this motion? 


In nuclear fission, the nucleus of an atom of 
uranium 238 sometimes breaks into just two frag- 
ments, owing to the Coulomb force of repulsion 
between its protons. Imagine that the split has 
just happened, and the two fragments are still 
touching each other (roughly 10-14 m apart, 
center-to-center) and at rest. Find their total 
kinetic energy when they are very far apart, if one 
has Z,; = 42 elementary charges and the other 
has Z2 = 50 elementary charges. Give your 
answer in joules and in millions of electron volts 
(Mev). 


(a) Two protons are released from rest 10-!° m 
apart. What will their kinetic energy be at large 
separation? 

(b) Suppose one of the protons is nailed down. 
What will the kinetic energy be at large separa- 
tion? 


Two vertical metal plates stand parallel to each 
other (Fig. 28-18). Both are mounted on insulat- 
ing bases, but plate A is bolted to the table and 
plate Bis set ona Dry Ice puck so that it can move 
freely. They are connected by an insulating 
spring which can be either stretched or com- 
pressed. 

(a) Plate B is held fast in such a position that 


27. 


there is no force exerted by the spring. and the 
two plates are charged by connecting them to a 
battery. The battery is disconnected and plate 
Bis let go. Describe the motion qualitatively but 
in detail. 

(b) Can you think of a purely mechanical 
system which behaves in the same way? 


Two identical charges qg are nailed in place on 
the » axis, equal distances a above and below the 
origin of coordinates. 

(a) Find an expression for the potential energy 
due to the interaction of an elementary charge on 
the x axis, a distance x from the origin, with one 
of the nailed-down charges; with both of the 
nailed-down charges. 

(Note: Measure the potential energy with the 
zero chosen when the elementary charge is at 
infinity. Express your answer in terms of the 
constant k in Coulomb’s law, the distances a and 
x, and the charge q.) 

(b) What would be the potential energy due 
to the interaction of the elementary charge if the 
two nailed-down charges were equal and 
opposite? 


8-18 For Problem 26. 
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A battery connected to an electric heater supplies 
3.12 x 10!9 elementary charges per second and 
produces an output of 60 joules per second 
(watts). What is the EMF of the battery in joules 
per elementary charge? In volts? (Section 7.) 


What is the current in amperes when 3.12 x 1019 
elementary charges per second flow in a circuit? 
(Section 7.) 


In Problem 27 of Chapter 24, we found that the 
binding energy of the electron to the proton was 
2.3 x 10-18 joule. How many electron volts is 
this? (Section 7.) 


FURTHER READING 


These suggestions are not exhaustive but are limited 
to works that have been found especially useful and 
at the same time generally available. 


MacDona_p, D. K. C., Near Zero. Doubleday An- 
chor, 1961: Science Study Series. (Chapter 3) 

MAGIE, WILLIAM FRANCIS, A Source Book in Physics. 
McGraw-Hill, 1935. Extract from Faraday’s paper 
of 1834 on laws of electrolysis. (Pages 492-498) 
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Electric 
circuits 


29-1 Conductors, Batteries, and 


Potential Difference 


In this section we shall make several applica- 
tions of the idea of electric field and especially of 
electric potential difference. In particular we 
shall consider the fields and potentials of elec- 
trical conductors both when they are isolated 
and when they are connected to batteries. 

In charging a conductor, electric charges 
move; but as we learned in Section 27-3, after 
charges have rearranged themselves (in re- 
sponse to electric forces exerted by the charged 
bodies in the neighborhood), all the electric field 
lines meet the surface of the conductor at right 
angles. Otherwise charge would move along 
the surface until the component of electric field 
in that direction is eliminated. Also there is no 
electric field inside the conductor, for if there 
were, charges would be moved by it until the 
field inside was canceled. What, therefore, is 
the potential difference between two points 
either on the surface or inside of a charged con- 
ductor? Since there is no electric field either 
along the surface or through the inside of the 
body, the force on an elementary charge is zero 
all along any path passing from one point to the 
other through the conductor. An elementary 
charge can therefore be moved without any ex- 
penditure of energy. The conductor is all at the 
same electric potential; there is no potential 
difference between any of its points. A body 
which is at a single potential (or a surface all at 
the same potential) is called an equipotential. 
In the vocabulary of potential difference we 
can, therefore, say that any conductor in which 
charges do not move is an equipotential body. 

We have considered what happens when a 
battery drives charges around an electrical cir- 
cuit. Now let us consider what happens when 
the circuit is open. For example, suppose we 
connect conductors to each battery terminal as 
shown in Fig. 29-1. Then the battery will move 
charges, concentrating negative charge on the 
conductor connected to the negative terminal 
and positive charge on the conductor connected 
to the positive terminal. The charges will move 
as long as the energy required to carry one posi- 
tive elementary charge from the negative to the 
positive conductor is less than the energy sup- 
plied to each elementary charge by the battery. 
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19-1 A battery connected to two conductors. 


As the charge concentrations are increased, 
however, any positive charge moved between 
them is attracted to the negative conductor and 
repelled from the positive conductor with in- 
creasingly greater force. Consequently, as the 
battery charges the conductors, the energy re- 
quired to move an elementary positive charge 
rises. And if the charging process went on in- 
definitely, the energy required to move a single 
elementary charge between the conductors 
would eventually exceed the energy the battery 
can supply to each elementary charge. Hence, 
the charges stop moving, and the charge distri- 
bution stops changing, when just enough charge 
has been transferred so that the energy required 
to move an elementary charge is equal to one 
elementary charge times the EMF of the bat- 
tery. 

The energy per elementary charge required 
to move a positive elementary charge from the 
negative conductor to the positive conductor is 
exactly what we mean by the electric potential 
difference (or potential drop) from the positive 
to the negative conductor. When the conduc- 
tors are charged up, the potential difference be- 
tween them is the same no matter what points 
we select on the conductors, for we already 
know that each conductor is then an equi- 
potential body. Also, when the conductors are 
connected to the battery, they are always 
charged to the same potential difference, equal 
to the EMF of the battery, no matter how large 
the conductors are or where they are located. 
We can measure this potential difference with 
an instrument called an electrometer [Fig. 


29-24 The potential difference between any two conductors con- 


nected to a battery, as measured by an electrometer, de- 
pends only on the EMF of the battery. 


5 


= 


29-2b The electrometer gives the same reading as in (a), even 


though one of the conductors is connected to another bat- 
tery and more conductors have been added. 


29-2 (a)], which will be explained in the next 
section. We can hang as many conductors 
from the terminals of the battery as we wish 
without influencing this result. Even connect- 
ing another battery as in Fig. 29-2 (b) does not 
change the potential difference maintained by 
the first one. In summary, then, when no cur- 
rent is flowing through a battery, we can view 
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the battery as a machine for maintaining a 
definite difference in potential, the potential 
difference given by its EMF. 

A conductor in which charge has stopped 
flowing is an equipotential body. But what ofa 
conductor such as a wire connected to the ter- 
minals of a battery? Charge flows steadily 
through it, driven by an electric field. To find 
the complete pattern of the field is a more com- 
plicated job than we wish to do here, but we 
can tell a good bit about the field nevertheless. 
First, the field lines inside the conductor cannot 
run into its surface. If they did, charge would 
flow onto the surface until a canceling field was 
built up. Indeed, charge concentrations on the 
surface are built up as soon as the circuit is con- 
nected. From then on the field inside the wire 
points from the positive battery terminal to the 
negative terminal. No matter how many bends 
there are in the conductor, inside it the field 
lines will follow around each curve (Fig. 29-3). 
This field inside is, therefore, relatively simple 
compared with the field outside the conductor. 
The field lines outside can run in any direction 
from the charges on the surface. Unlike the 


29-3 When a conducting wire is connected to a battery, there 


is an electric field inside the wire that points from the posi- 
tive to the negative battery terminal. 


field inside, the field outside depends on the 
location of the battery, the shape of the con- 
ductor, and the position of the other charged 
bodies. 

The direction of the electric field inside a 
conducting wire points parallel to the sides of 
the wire. The magnitude of E must be constant 
throughout a uniform wire in order to drive the 
same current through all sections, as we shall 
see in Section 29-4. Hence, the work done per 
elementary charge as a positive charge moves 
from one end to the other of a wire of length / 
equals the magnitude of the force per elemen- 
tary charge times the distance moved, or El. 
Since the battery supplies the energy which is 
given to the charge, the work done per ele- 
mentary charge must equal the energy supplied 
per elementary charge by the battery, or &. 
That is: 


& = Ef, 


For a given battery connected to the ends of the 
wire, & is constant, so the magnitude of the elec- 
tric field inside the wire depends on the length 
of the wire. by. 

If the wire is not uniform, the magnitude of E 
varies from point to point. But if we plot E 
against the distance along the wire from the 
positive battery terminal, the area under the 
curve between the end points of the wire is 
equal to the energy supplied per elementary 
charge to a positive charge moving the entire 
distance; that is, it is equal to the potential dif- 
ference between the terminals. For instance 
(Fig. 29-4), if the wire is a good conductor for 
the length /; and a poor conductor for the length 
ly charge will accumulate at the junction be- 
tween the two conductors until the field E> in 
is sufficiently stronger and the field £, in /; is 
sufficiently weaker so that the same current 
flows ineach. The sum, £,/, + Eo/o, is then the 
potential difference between the positive and 
negative battery terminals. This is the total 
energy per elementary charge supplied to 
charges passing through the wire between the 
terminals and it is determined by &, the EMF of 
the battery. If it were less than &, the battery 
would quickly increase it by forcing more posi- 
tive charge onto the positive terminal and more 
negative charge onto the negative terminal; if it 
were more than &, the battery would be pre- 
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Magnitude of electric field in wire 


Distance along wire 


29-4 A graph of the magnitude E of the electric field in a wire 


i 
i} 
{ 
‘ 


vs. the distance | along the wire. Here the wire is a good 
conductor for one part of its length and a poor conductor 
for the other. The area El under each part of the curve 
gives the energy transferred per elementary charge in this 
length. The total area gives the potential difference be- 
tween the two ends of the wire. 


vented from separating charge until the termi- 
nals discharged and the energy per elementary 
charge required to force charges onto them 
again became 6. 

We have just seen that the EMF of the bat- 
tery equals the total potential difference, 
E,l, + Eolo, between the positive and negative 
battery terminal. That is, 


$= Eyl, + Ealo. 


This potential difference appears on the right- 
hand side of the equation in two parts: E,/, is 
the potential difference across the good con- 
ductor of length 4, and Eo/2 is the potential 
difference across the poor conductor of length 
ly. In fact as we go along the conductor from 
the positive battery terminal to the negative ter- 
minal, the potential difference measured from 
the positive terminal to any point on the wires 
changes continuously. From one end to the 
other of any little length of wire A/ the potential 
changes by the amount AV = EAI where E is 
the magnitude of the electric field in this piece 
of wire. For every elementary charge passing 
through the piece of wire of length A/ the energy 
(AV) (1 elem. ch.) is transferred first from elec- 
trical potential energy to energy of the moving 


charge. Then as the charge makes collisions 
with the atoms of the wire, the energy goes into 
thermal energy heating that section of wire. 
We shall be able to check up on these state- 
ments experimentally as soon as we have dis- 
cussed measurement of potential difference. 
(See Section 29-2.) We then find that our con- 
clusions describe the experimental facts. 

Since the energy transferred to one elemen- 
tary charge as it moves between two points 
whose potential difference is AV is equal to 
(AV) (1 elem. ch.), it may seem that the energy 
transferred to any charge g is (AV)g. Often 
this conclusion is correct. But it depends on 
the assumption that the neighboring charges 
which produce the electric field stay in the same 
positions and thus exert the same forces that 
they do when we move only a single elemen- 
tary charge. Remember that in the last chapter 
we specified that if the charges producing the 
field were nailed down, the energy would indeed 
be (AV )g. However, if these charges are ona 
conducting body, it is impossible to nail them 
down; they will move under the influence of the 
Coulomb forces exerted on them by g. Evena 
single elementary charge will induce a redis- 
tribution of charges when it moves from one 
place to another in the neighborhood of a con- 
ducting body. In fact, when a charged body is 
brought near an uncharged conductor, a redis- 
tribution of charges takes place and the charged 
body experiences an attractive force [Fig. 29-5 
(a)]. On the other hand, if the conductor has a 
great enough excess of charges, the change in 
the electric field due to induced charges will be 
negligible [Fig. 29-5 (b)]. In that case, we can 
use the potential due to the charges on the con- 
ductor, neglecting the redistribution of charges, 
to give the change in potential energy as (AV )q. 

The potential V at a point is really the poten- 
tial difference between that point and infinity, 
since we have chosen the potential at infinity to 
be zero. From now on we shall use the symbol 
V alone, rather than AV, to represent the poten- 
tial difference between any two points, whether 
or not one of them is at infinity. 

In addition to the case in which induced 
charges are negligible, we have been dealing 
with another kind of example in which qV yields 
correct results. When a particular difference of 
potential V is maintained between conductors 
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by a battery or by some other source of EMF, 
the motion of a charge q from one place to 
another is accompanied by just such a redistri- 
bution of other charges that the potential dif- 
ference is maintained. In this case the source 
of EMF supplies any needed energy or absorbs 
any excess energy. The energy transfer is cor- 


O 


29-5 a If we bring a charged body near an uncharged conductor, 


it induces a distribution of charge. These induced charges 
exert a force on the charged body, showing that there is 
an electric field from the induced charges. 


O 


29-5b A charged body is brought near a conductor with a large 


excess of charges. As long as the two bodies are not too 
close, the induced charges will not noticeably change the 
original electric field of the conductor. 


rectly given by qgV because the potential is not 
allowed to vary. 

Let us end this section by applying the ideas 
we have discussed to the motion of a positive 
ion which moves through space from a positive 
to a negative conductor. As the ion moves 
away from the positive conductor, the positive 
charge is gradually replaced behind it. As it 
approaches the negative conductor, negative 
canceling charge gradually concentrates directly 
in front of it. If the two conductors are con- 
nected through a battery, positive charge is 
gradually transported through the battery from 
the negative plate to the positive plate. Thus 
at the end of the process the canceling negative 
charge has been supplied to the negative con- 
ductor, and a replacement positive charge has 
been given to the positive conductor. Also, as 
the charge is transported through the battery, 
the battery supplies an amount of energy equal 
to that which goes into the kinetic energy of the 
positive charge moving between the conductors. 
When this whole process is finished, the situa- 
tion on the conductors is the same as it was at 
the beginning. Only the chemical energy of the 
battery and the thermal energy of the conduct- 
ors change. The next charge that goes across 
between the conductors will get exactly the 
same energy as the first one, and if charges 
whose total charge is g go across, they will re- 
ceive the energy qV. 

On the other hand, if there is no battery, the 
positively charged conductor permanently loses 
the charge of the ion, and the negative con- 
ductor has one of its negative charges perma- 
nently canceled. The potential difference be- 
tween the positive and the negative conductor 
drops because of the reduction in charge. The 
next charge to cross between the conductors 
will, therefore, be given somewhat less energy, 
and each successive charge crossing will get a 
progressively smaller amount. Consequently, 
the total charge g crossing receives less than the 
energy qgV, where V is the original potential 
difference. 

As an extreme example, we consider two op- 
positely charged metal plates. As elementary 
charges pass between them, the plates dis- 
charge; the potential V also goes to zero, stay- 
ing proportional to the charges on the plates. 
Consequently, although the first charge receives 


the energy (1 elem. ch.) V, where V is the poten- 
tial difference between the fully charged plates, 
successive charges receive smaller and smaller 
amounts of energy until the last charge receives 
no energy at all. The average amount of energy 
received per elementary charge is just half the 
original potential difference. Thus the total 
energy received by a total charge g passing from 
one plate to the other is }gV. You can see that 
this must be true by looking at Fig. 29-6 where 
we have plotted the energy transferred per ele- 
mentary charge vs. the charge then on the 
plates. When all the elementary charges have 
been transferred, the total energy transfer is 
given by the area shaded under the curve. Be- 
cause it is a triangle, that area istqV. It repre- 
sents the energy stored originally when the 
charges were concentrated on the plates. In 
other words 4qV is the electric potential energy 
of all the charges in their positions on the two 
plates. Clearly this total electric potential 
energy is to be distinguished from the electric 
potential difference V and from the energy qV 
that would be given to a total charge q passing 
between the plates if the potential were main- 
tained by a battery. 


Measurement of Potential 
Difference 


We can use a shielded electrometer to measure 
potential differences (Fig. 29-2). An electrom- 
eter gives a particular reading when the forces 
on the stem have a particular value; and these 
forces are determined by the charge on the stem 
and the induced charge on the inside of the 
shield. For a particular charge on the stem 
there is a definite electric field in between the 
stem and the inside of the shield, and the elec- 
tric potential difference has a particular value. 
The reading of the electrometer corresponds to 
this value of electrical potential difference. 
Conversely, whenever the electrical potential 
difference between stem and shield has the same 
value, the fields and charges inside the electrom- 
eter must be the same, and the electrometer will 
give the same reading. 

We can measure potential difference with an 
electrometer. Often, however, it is more con- 
venient to measure potential difference by using 
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Energy trans/elem ch 


Charge on plates 


29-6 As charge is transferred from one charged metal plate to 


another oppositely charged plate, the potential difference 
between the plates decreases as the net charge on each 
plate decreases. The potential difference for any given 
amount of charge on the plates tells how much energy per 
elementary charge is given to a charge crossing from one 
plate to the other. When all the charges have been trans- 
ferred, the total energy they have received is given by the 
shaded area under the curve. 


current 
meter 
high resistance 


potential difference 


29-7 A voltmeter to measure potential differences is made by 


connecting a high resistance and a current meter in series. 
Often the high resistance is included inside the case con- 
taining the meter. 


a current meter and a high-resistance wire in 
series (Fig. 29-7). When we apply various dif- 
ferences of potential V across the ends of this 
circuit, the electric fields driving charges 
through the circuit are proportional to the dif- 
ferences in potential. For example, if the differ- 
ence of potential is maintained by concentra- 
tions of charge on conductors at the two ends of 
the circuit, the fields and the potential differ- 
ence are proportional to those charge concen- 
trations. Consequently we see that a higher 
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potential means larger forces on the charges 
which are free to move through the high-re- 
sistance wire and the current meter. These 
larger forces lead to bigger currents through the 
circuit; and the current that we read is a mea- 
sure of the potential difference. With ordinary 
resistance wires, as we shall see in Section 29-4, 
the current is actually proportional to the po- 
tential difference, but in any case we can cali- 
brate the current meter with its high-resistance 
wire against known potential differences main- 
tained by batteries. Once we have calibrated 
the current meter with its high resistance, it 
becomes a potential-difference meter. Such 
meters are usually known as voltmeters. 

Voltmeters are convenient to use as long as 
the resistance in them is so high that the current 
through the voltmeter is small compared to any 
other currents we would like to maintain in the 
circuit, or as long as we can make a potential- 
difference measurement in a time so short that 
the current does not appreciably change any 
charge concentrations that we wish to maintain. 
When these conditions are not met, you must 
use more complicated circuits, for instance the 
circuits known as potentiometers which you can 
explore in the laboratory. 


29-3 A Further Check on Potential 


Difference and Energy 


A battery maintains a constant potential differ- 
ence. In the absence of currents any point ona 
good conductor is at the same electrical poten- 
tial. Consequently by maintaining a fixed po- 
tential difference between any two conductors 
with a battery, we can accelerate charged bodies 
to predetermined kinetic energies in the electric 
field between the two conductors. The con- 
ductors need not be large parallel plates. 

We can allow some current in the conductors 
without losing our knowledge of the potential 
difference between them. Because charges 
move freely in the conductor practically no 
energy is required to move a charge from one 
point to another, and the conductor may be 
approximately at a single potential even though 
the charges are forced to move. (We shall make 
these considerations more quantitative in Sec- 
tion 29-5.) 


source of 
electrons 


\ | 


Cte 


29-8 An experiment to show that the energy gained by charged 


particles depends only on the potential difference through 
which they move and not on the shape of the charged 
plates. The current through the ammeter stops whenever 
the potential difference measured across the plates be- 
comes greater than the potential difference across the gun. 


We can apply these ideas to get a check on 
our knowledge of potential difference and 
energy. For example, we can compute the en- 
ergy of the electrons emitted by the electron gun 
described in Chapter 26. This gun consists of 
a hot filament which boils out electrons with 
negligible speeds, and a plate which is main- 
tained at a constant difference of potential with 
respect to the filament. The electrons are accel- 
erated between the filament and the plate. 
Then they pass through a hole in the plate with 
a kinetic energy proportional to the potential 
difference. A thousand-volt potential differ- 
ence between filament and plate will give each 
electron a kinetic energy of 1000 x 1.6 « 10-19 
joule, because the charge of each electron is one 
elementary charge. The electric field in the re- 
gion between the filament and the plate is some- 
thing we need not know in detail. Actually, it 
is very large near the filament and small near 
the plate. But the energy given per elementary 
charge as the particles pass from one to the 
other depends only on the difference of poten- 
tial. 

We can check up experimentally on this fact 
by running the electrons from the electron gun 
into a uniform retarding electric field between 
parallel plates where we know the retarding 


29-9 


force (Fig. 29-8). The electrons will go across 
the space between the parallel plates as long as 
the retarding potential difference between the 
parallel plates is smaller than the accelerating 
potential difference between the filament and 
plate of the electron gun. They stop reaching 
the far end of the system and the current 
through the meter stops as soon as the retarding 
potential difference exceeds the accelerating 
potential difference. This experiment shows 
that it is the potential difference imposed by the 
batteries which determines the energy; the 
shape of the conductors is irrelevant. 


Current versus Potential Difference 


How do the currents in ionized gases, the cur- 
rents of electrons boiled out of metals, and the 
currents in metals depend on potential differ- 
ences maintained across these circuit elements? 
This is the question we shall now examine. 

A. Ionized Gases. We shall begin with the 
case of ionized gases. The experimental ar- 
rangement is shown in Fig. 29-9. Two parallel 
metal plates are connected to a variable voltage 
supply, and a sensitive current meter is inserted 
in one of the connecting wires. The plates are 


Apparatus to investigate electric currents in ionized gases. 
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29-100 Current vs. potential difference for argon gas at low volt- 


ages. 


at a distance of several centimeters, and the 
space between is filled with the gas under inves- 
tigation. When ionizing radiation (X rays or 
rays from a radioactive source) passes through 
the gas, the meter shows a current. 

Figure 29-10(a) shows how the current de- 
pends on the potential difference between the 
metal plates in one typical experiment. The 
gas is argon at atmospheric pressure and the 
radiation comes from a sample of radium. As 
the potential difference between the plates is 
increased, the current increases rapidly at first. 
then more slowly, and eventually reaches a cer- 
tain limiting value called the saturation current. 

The saturation current is reached when all the 
ions formed are swept out of the gas by the 
electric field and collect on the appropriate 
plates. For singly charged ions, such as those 
produced in argon, the ionization current (in 
elementary charges per second) equals the num- 
ber of positive ions per second reaching the 
negative electrode (and this is the same as the 
number of negative ions—in this case electrons 
—reaching the positive electrode). Therefore 
the saturation current measures the total num- 
ber of pairs of ions produced every second in 
the gas between the plates. 

Why is the current less when there is a small 
difference of potential between the plates? The 
field moving the ions toward the plates is then 
weaker, and the ions move toward the plates 
more slowly. As they gradually get pushed 
toward the plates, they move in all directions 
because of their random thermal motions, and 
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29-10b Current-potential difference curve for argon up to a high 


voltage. 


sometimes a positive and a negative ion will 
collide. Occasionally they will even recombine 
to form a neutral atom. When the systematic 
motion of the ions toward the plates is very 
slow, many positive and negative ions recom- 
bine instead of reaching the plates. 

If we increase the potential difference be- 
tween the plates far beyond the value necessary 
to establish saturation, we find that the current 
eventually begins to increase again. Then with 
a little more voltage it rises to very large values 
(Fig. 29-10 (b)]. At these potential differences, 
the gas between the plates glows and there are 
often crackling noises. Just what we observe 
at this stage varies greatly with the pressure, the 
nature of the gas, and the distance between the 
electrodes. At low pressures. the current and 
the glow are more or less constant. At atmos- 
pheric pressure, on the other hand, we have a 
series of sparks. 

These gas discharges are quite complex; but 
we can understand their fundamental cause. 
The electric field accelerates the positive and 
negative ions of an ionized gas in opposite direc- 
tions. Each ion picks up energy until it collides 
with a gas molecule. On the average, in these 
collisions, the ions then lose the extra kinetic 
energy they have acquired since the previous 
collision; and this energy is transferred to ther- 
mal energy of the gas. So the gas warms up. 

The situation, however, becomes different 
when the electric field is very strong. Then in 
the short time between collisions, some of the 
ions acquire sufficient kinetic energy to break 


up the gas molecules against which they collide. 
The new fragments are themselves ions which 
are accelerated by the electric field. They too 
become capable of disrupting the gas molecules 
which they encounter along their path. So an 
avalanche of more and more ions is produced. 
The gas suddenly acquires an enormous elec- 
trical conductivity, and a sudden discharge 
occurs. Geiger counters detect charged parti- 
cles by using such an avalanche to turn the 
slight ionization along the track of a particle 
into an appreciable electric pulse. 

B. Thermionic Emission. A somewhat simi- 
lar relation between current and potential dif- 
ference occurs for the electrons boiled out by a 
heated piece of metal (Fig. 29-11). When the 
potential difference between the heated filament 
and the surrounding collecting plate is big, we 
find a saturation current. Raising the potential 
difference does not change the number of elec- 
trons that cross from filament to plate, because 
all the electrons boiled out of the filament per 
second at a given temperature are already being 
pulled over to the plate. When the potential 
difference is low enough, however, the current 
drops beneath the saturation value. Apparently 
the electrons emitted from the filament do not 
move away sufficiently fast, and while they are 
in the neighborhood of the filament they push 
back electrons which would otherwise boil out. 
Detailed calculations actually show that this 
“space charge”’ limitation accounts for the cur- 
rent-voltage curves observed. 

If the potential difference between filament 
and plate is reduced to zero, we observe some- 
thing else of interest. A small current still 
passes. Even when the plate is made slightly 
negative with respect to the filament, a few elec- 
trons continue to get across. Apparently some 
electrons are boiled out of the filament with 
sufficient kinetic energy to go across despite a 
slight retarding potential difference. Careful 
measurements show that the potential differ- 
ence necessary to stop the current is about two- 
tenths of a volt.* This corresponds to the ther- 


*To make these measurements it is necessary for all the hot 
metal to be at the same potential. Otherwise the potential 
differences from one place to another in the metal may be 
as large as the potential difference we wish to measure. We 
therefore use a separate heater instead of having a large 
electric current flowing in the hot metal. 
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29-11 Current vs. potential difference curves for electrons boiled 


out of a heated wire at different filament temperatures in 
a diode. 


mal energy of a particle at the temperature of 
the filament. 

C. Electrons in Metals. As a \ast example of 
the relation between current and voltage, we 
shall take a metal conductor. Then the relation 
between potential difference and current is a 
particularly simple one: the two quantities are 
proportional to each other. That is, 


V=RI. 


The law expressed by this equation is called 
Ohm’s law, and the proportionality constant R 
is called the electric resistance of the conductor. 
If V is measured in volts and / in amperes, R is 
measured in a unit called an ohm. 

Ohm’s law says that the current in a metal 
wire is proportional to the potential difference 
between one end and the other. Because the 
electric field in a given piece of metal is propor- 
tional to the potential difference imposed on its 
ends, we can just as well say that the current is 
proportional to the electric field. We can under- 
stand this law by returning for a moment to the 
model of the conductivity of metals, in which 
we picture electrons running freely around in- 
side the metal like the molecules of a gas (Sec- 
tion 26-12). Because the electrons are so light, 
at normal temperatures they have tremendous 
speeds—about 105 meters per second. They 
rush around inside the metal, colliding with the 
positive metal ions with great frequency. The 
average time between collisions of a single elec- 
tron with one or another of the metal ions is 
extremely short, only about 3 x 10-! second. 
It is determined by the distance between metal 
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ions and the thermal speed of the electrons. 
Furthermore, at each collision the electron 
bounces off in a new direction. So a single 
electron runs in all directions in its random 
thermal dance. 

Now we add the electric field to our picture. 
In the short time between collisions, it acceler- 
ates the electrons along the wire. The small 
extra velocity which the electrons acquire along 
the wire is just proportional to the strength of 
the field and to the time between collisions. 
Because of the random changes in direction at 
each collision, or at worst after every few col- 
lisions, the extra velocity along the wire is wiped 
out and has to be reestablished by the action 
of the field. Our complete picture then looks 
like this: the electrons rush around in all direc- 
tions at huge speeds, but superposed on top of 
these random motions is a small systematic 
velocity along the wire. This systematic velocity 
is proportional to the strength of the field and 
to the time between collisions. With a potential 
difference of a few volts across a meter of wire, 
the systematic velocity is about a centimeter a 
second. It is this systematic velocity that re- 
sults in a current. The bigger the systematic 
velocity the bigger the current; so the current 
is proportional to the electric field. Our model 
therefore predicts the experimental result em- 
bodied in Ohm’s law. 

The model also makes another prediction 
about the electrical resistance. It should in- 
crease with increasing temperature. As the 
temperature goes up, so does the speed of the 
electrons. Therefore the time between colli- 
sions diminishes; and the same field yields less 
current. This conclusion agrees with the ex- 
perimental observation that the resistance usu- 
ally does become greater. This agreement is 
not perfect, however; detailed experiments 
show that the resistance usually increases in 
direct proportion to the temperature, while the 
model predicts that the resistance should be 
proportional to only its square root. The dis- 
crepancy is explained by two facts. In the first 
place, because of its high density, we should not 
expect the electron gas to behave like an ideal 
gas. The electrons are so close together that 
the forces between them always influence their 
motion. Secondly, when a gas of identical par- 
ticles is dense, quantum effects, which we shall 
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study later in this book, become important. 
When these effects are included, the improved 
model is in accurate correspondence with the 
experimental facts. Our model remains useful 
as one of the essential steps to a more complete 
description. 


29-5 An Overall View of a Circuit 


When a battery lights a flashlight bulb, runs an 
electric motor, or maintains the current in an 
electrolytic cell, the battery delivers energy to 
the external circuit (the bulb, the motor, or the 
electrolytic cell). There this energy is trans- 
formed into heat, or into mechanical energy. If 
the circuit contains a radio tube with a heated 
filament, the electrons gain a large amount of 
kinetic energy as they cross the vacuum from 
the filament and crash into the plate. In a tube 
designed so that the electrons hit a small region 
of the plate, they may make it white hot. Ina 
metal wire the energy supplied by the battery 
also goes initially into kinetic energy of motion 
of the electrons. Then as the electrons collide 
with the atoms of the wire this kinetic energy is 
transformed into the energy of random motion 
of the atoms. Because the collisions take place 
frequently, the electrons never acquire much 
kinetic energy. The energy fed in becomes heat 
almost at once. If the circuit contains a motor, 
most of the energy may be used to raise weights, 
though some of the energy always comes out as 
heat. 

Let us think of the circuit sketched in Fig. 
29-12. Each electron passing from filament to 
plate acquires a kinetic energy proportional to 
the potential difference maintained between 
them by the battery. Each electron that goes 
across takes one negative charge from the fila- 
ment and cancels one positive charge at the 
plate. If you disconnected the battery by open- 
ing the switch, the current would soon stop. 
With the battery connected, when one electron 
moves across, another one is forced along the 
wire from the negative battery terminal, taking 
the place of the one that has left. A current 
equal to the current from filament to plate is 
thus flowing through the wire. A small electric 
field in the wire forces the electrons to move. 
So when the current flows, the different parts of 


the conducting wire are not exactly at the same 
potential. If the wire is long and thin enough, 
and if the current is sufficiently great, the poten- 
tial difference from one end to the other will be 
big enough for us to measure. 

The potential difference between the battery 
terminals—the energy per elementary charge 
supplied by the battery—is split up into poten- 
tial differences across the various elements of 
the circuit. A small potential difference drives 
the electrons from the negative battery terminal 
to the filament. It accounts for the energy given 
to each electron and then dissipated in heat as 
the electron moves through the wire. A large 
potential difference accelerates the electrons 
from the filament to the plate and accounts for 
the kinetic energy with which they crash into 
the plate. Finally, another small potential dif- 
ference drives the electrons through the wire 
back to the positive battery terminal. The sum 
of these potential differences is the energy per 
elementary charge moved through the battery. 
All this energy is dissipated, heating the wires 
or heating the plate. All this energy is supplied 
by the battery. 

How the potential difference imposed by the 
battery is divided between the various elements 
of a circuit and how large the current is for a 
given potential difference depends on the physi- 
cal nature of the circuit elements. In Section 
29-4 we have examined the relation between 
the currents that occur and the potential differ- 
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29-12 A large potential difference moves electrons from filament 


to plate ina diode. Smaller potential differences move the 
electrons in the wires. 


circuit element no. 1 


circuit element no. 2 


'-13 I-V curves for two circuit elements. 


ences for a few circuit elements. We can now 
apply what we learned there to more compli- 
cated circuits containing more than one circuit 
element. 

Suppose that we have two circuit elements 
for which the curves of current vs. potential 
difference are known, for example, the circuit 
elements represented by the graphs of Fig. 29- 
13. If these two elements are connected in 
parallel as in Fig. 29-14, the potential difference 
V across their ends from A to B is automatically 
the same for both elements. The current that 
comes in at A and goes out at B splits up, and 
part of it passes through each circuit element. 
The total current is the sum of the currents 
through the two elements. It can be found by 
adding the current J, that flows through element 
1 at the particular value for the potential differ- 
ence and the current J that flows through 
element 2 at the same value of the potential 
difference. By adding up the two currents 
determined from Fig. 29-13 at each value of 
potential difference, we can make a graph of the 
total current J = J, + /2 passing from A to B 
versus the potential difference V (Fig. 29-15). 
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circuit 
element no. 1 


circuit 
element no. 2 


29-14 Two circuit elements connected in parallel. 
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29-15 I-V curve for the equivalent circuit element made by placing 


the circuit elements of Fig. 29-13 in parallel. It is obtained 
by adding the currents of the two individual circuit elements 
when the potential difference has the same value for both. 


In this way we combine the two elements in par- 
allel into a new single element represented by 
the new / versus V graph. This procedure can 
be extended to handle more circuit elements in 
parallel by adding the individual currents at 
each potential difference. Thus, we can always 
replace a group of circuit elements connected 
in parallel by an equivalent circuit element that 
acts in the same way as the whole parallel 
combination. 

For any potential difference V across the par- 
allel combination the energy per elementary 
charge is still given by the potential difference. 
Consequently, the power used in the parallel 
combination is JV, where / is the total current— 
the current that flows through the combination 
viewed as a single element. This power used is 
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made up of the power used in each of the indi- 
vidual elements. For example, if there are two 


elements, 
V= IV + Io V, 


where J; and /, are the currents through the in- 
dividual elements that we have connected in 
parallel. In this equation, each of the terms on 
the right is the power used in a particular indi- 
vidual circuit element, and their sum on the left 
is the total power consumed by the whole group 
combined in parallel. 

If we connect individual circuit elements in 
series, the analysis is somewhat different. The 
same current must flow through each of the in- 
dividual elements. Let us start by assuming 
that this current has a particular value. By 
using the graphs of current vs. potential differ- 
ence for each individual circuit element, we can 
read off the corresponding potential differences. 
Then to find the potential difference from one 
end of the series circuit to the other, we must 
add all of these individual potential drops. On 
Fig. 29-13, we have marked the same current 
on each of the current vs. potential difference 
curves and indicated by the dashed lines how to 
find the corresponding potential drops. When 
these two elements are in series, the potential 
drop across the series circuit is given by the sum 
of the two potential drops we read on the hori- 
zontal axes of the individual / versus V graphs. 
By following this scheme for each possible cur- 
rent, we can establish the relation between the 
current and the potential difference across the 
whole series circuit. We can again graph it as 
a curve of current vs. potential difference (Fig. 
29-16). In this way we can turn the series cir- 
cuit into an equivalent single circuit element 
represented by this new curve of current vs. po- 
tential difference. 

Now that we have found the behavior of this 
equivalent single circuit element, we can find 
the current that will flow through the series cir- 
cuit when any specified potential difference is 
applied across its ends. As always, this poten- 
tial difference represents the energy used per 
elementary charge passing through the circuit. 
Again the power consumed is /V, where V is 
the potential difference from one end to the 
other of the whole series circuit. In this case, 
however, V is the sum of the individual poten- 
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tial drops across the individual elements form- 
ing the series circuit. If the circuit is made of 
two elements, that sum is V = V; + Vo. Con- 
sequently, 

V= IV, + IV. 


In this equation the power consumption of each 
element is represented by a term on the right- 
hand side; and the total power consumption IV 
is just the sum of the power used in each indi- 
vidual element. 

We have seen how the potential differences 
and the currents actually come into adjustment 
in areal circuit. The results fit into our overall 
view of a circuit. In every case the sum of the 
potential difference taken in series around the 
circuit matches up with the EMF’s of the bat- 
teries or generators supplying the energy per 
elementary charge. The energy passed out per 
elementary charge is equal in each circuit ele- 
ment to the difference in potential from one end 
of the element to the other. The energy thus 
transferred into other forms such as chemical 
stored energy, mechanical energy or heat is 
supplied by the applied EMF; and the conser- 
vation of energy shows us that the sum of the 
potential differences is always equal to that 
applied EMF. 


Vv 


I-V curve for the equivalent circuit element when the circuit 
elements of Fig. 29-13 are connected in series. It is ob- 
tained by adding the potential differences across the two 
circuit elements when the current has the same value 
through both. You can visualize this addition by looking at 
the picture from the left. There if you pick a given current, 
the potential difference needed to produce it in circuit ele- 
ment 1 is given by the distance along the V axis to the 
dotted curve. The potential difference needed to produce 
this current in circuit element 2 is given by the distance 
along the V axis to the dashed curve. The sum of these two 
potentials is the potential difference needed across the cir- 
cuit elements in series to produce the same current. 
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What can you conclude about the field in a cur- 
rent-carrying wire from the fact that the current 
is always in the direction of the wire? (Section 1.) 


A uniform high-resistance wire, 10 meters long, 
is connected to a battery having an EMF of 30 
volts as in Fig. 29-3. What is the electric field in 
this wire? (Section 1.) 


Assume that a second wire, identical to the first, 
is connected in parallel with the wire of the pre- 
vious problem. What changes will occur in the 
electric field? (Section 1.) 


If a uniform high-resistance wire, 20 meters long, 
is connected to a 30-volt battery, what is the po- 
tential difference between two points 3 and 15 
meters from one end? (Section 1.) 


(a) How would you connect a 90-volt “B” battery 
and a 1.5-volt flashlight cell to obtain the maxi- 
mum potential difference? 

(b) How big is that potential difference? 

(c) Suppose you disconnect the 90-volt battery, 
turn it end for end, and then reconnect it. What 
potential difference do you get? 


(a) Plot the electric field intensity against posi- 
tion along AB for the cases shown in Fig. 29-17. 

The circuits in (2) and (3) are the same as in (1), 
except that in (2) AC consists of two parallel 
lengths of the same uniform wire and in (3) there 
are two large parallel plates at C whose separa- 
tion is 4 the distance AB. The EMF of the bat- 
tery is the same in every case. 

(b) Plot the difference in potential between B 
and each intermediate point against position 
along AB for the three cases. 
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29-18 For Problem 7. 


Two uncharged parallel plates are connected as 
shown in Fig. 29-18. When the switches are 
closed, connecting the plates to a 270-volt battery, 
charges flow until each plate has 6.4 x 10-9 
coulomb. 

(a) How much work does the battery do in 
charging the plates? 

(b) How much energy is stored in the charged 
plates? 

(c) Where does the rest of the energy go? 


The two plates of Problem 7 are charged with the 
270-volt battery so that each plate has 6.4 x 10-® 
coulomb or 4.0 x 10!° elementary charges. The 
battery is disconnected and the negative plate is 
heated until electrons are emitted from its surface 
and accelerated toward the positive plate. 

(a) What is the kinetic energy in joules of an 
electron arriving at the positive plate when this 
process has just begun? 

(b) What is the kinetic energy of one of these 
electrons when 3.0 x 10!° elementary charges are 
left on the negative plate? 

(c) What is the total kinetic energy which these 
electrons bring to the positive plate if the process 


For Problem 6. 
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distance beam 
pushed sideways 
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beam when E = 0 
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E = 1000 newtons/coulomb 
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29-19 For Problem 12. 


continues until the plates are completely dis- 
charged? 


Why is it desirable that an electrometer should 
not remove much charge from the object on 
which it takes a reading? (Section 2.) 


of the electric force exerted on it. How big is this 
sidewise velocity when the electron leaves the de- 
flecting plates? 

(e) How far is the electron pushed sidewise in 
passing between the plates? 


13. (a) For the apparatus used in Problem 12, find a 
10.* Under what condition can you use a current-type formula for the sidewise displacement of any ion 
voltmeter to measure potential difference be- accelerated through the same potential difference 
tween two points in a closed circuit? (Section 2.) V in the gun and deflected by the same deflecting 
field E. Write the formula in terms of £, V, and /, 
11. Suppose you were given two electrometers which the length of the deflecting field. 
measure potential differences in the 10,000-volt (b) What is the influence of the mass of the ion? 
range. One of them is calibrated but the other (c) What is the influence of the charge of the 
isnot. You are also given a glass rod and a piece ion? 
of cloth, but you are forbidden to buy any bat- 
teries. Can you calibrate the second electrometer 14.* Assume that the battery shown connected to the 
by connecting it to the first? source of electrons in Fig. 29-8 is one of 45 volts. 
What will be the kinetic energy of the electrons 
12. An electron gun shoots a stream of electrons be- passing through the hole in the curved plate? 
tween two deflecting plates of length / = 6.0cm (Section 3.) 
(Fig. 29-19). The electron mass is 0.91 ~« 103° 
kg. The potential difference between the fila- 15.* Assume that the electrons in Fig. 29-8 are accel- 
ment and plate of the gun is 2500 volts (2.5 x erated by a 45-volt battery and that the potential 
103 x 1.6 x 10-19 joule per elementary charge). divider and two batteries across the parallel 
The electric field E between the deflecting plates plates are replaced by a 30-volt storage battery. 
is 1000 newtons per coulomb (1000 newtons per Describe what happens to the kinetic energy of 
6.25 x 1018 elementary charges). an electron which passes through the hole in the 
(a) If the deflecting plates are separated by 0.20 plate at the left and strikes the plate at the right. 
cm, what is the potential difference from one de- (Section 3.) 
flecting plate to the other? 
(b) What is the speed of the electrons leaving 16.* Assume that the diode whose current vs. poten- 


the gun? 

(c) How long do the electrons take to pass 
through the length /? 

(d) As an electron passes between the deflect- 
ing plates, it picks up a sidewise velocity because 


tial curves are shown in Fig. 29-1] is connected, 
in series with a variable resistor, to a 90-volt bat- 
tery. If the filament is heated to 2100°K, what 
resistance in the resistor will limit the current to 
1.2 x 10-3 ampere? (Section 4.) 


Figure 29-20 shows a device for calibrating the 
ammeter A. It is an insulated can with a coil of 
wire in it. Water flows in at the top of the dia- 
gram and passes thermometer 7;. Then, after 
flowing past the coil of wire, it flows out at the 
bottom of the diagram past thermometer 7». 
The difference of potential across the coil in the 
calorimeter is measured, using a calibrated elec- 
trometer, so that we know the potential difference 
between the points a and f£. In an experiment 
(i) the flow of water is 1 gram per second, (ii) ther- 
mometer 7 2 reads a temperature 1°C higher 
than thermometer 7 and (iii) the electrom- 
eter reads a potential difference of 2.09 volts. 

(a) What is the current through the ammeter? 

(b) How would you calibrate an ammeter with 
this device? 


20 For Problem 17. 


18. 


In the circuit shown in Fig. 29-21. two resistors, 
a diode, an electric motor M, and an electrolytic 
cell are connected in series with a battery. The 
difference of potential across each of these circuit 
elements is measured and it is found that they are 
all the same. A certain amount of heat is dissi- 
pated per second in the first resistor. Compare 
this with the amount of heat dissipated per sec- 
ond: 

(a) In the second resistor. 

(b) In the diode. 


20. 


21. 


225" 
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(c) In the motor which runs a fan. 

(d) If there is actually less heat dissipated in 
the electrolytic cell than in resistor R,, which ter- 
minal, A or B, would be positive when the cell is 
used as a source of potential difference? 


(a) In Problem 17, what is the resistance in ohms 
of the coil? 

(b) Show that the power dissipation from the 
coil is given by /?R. 


If the conduction electrons in a metal move freely 
through it like the molecules of a gas, what is the 
mean thermal speed of the electrons at 27°C? 


(a) A copper wire has n conduction electrons per 
unit volume. The wire is carrying a current / 
produced by a systematic drift of the conduction 
electrons parallel to its length with an average 
velocity v. The area of cross section of the wire 
is A. How many electrons pass a marked point 
on the wire during the time Ar? 

(b) If each electron carries a charge g, what is 
the current in the wire? 

(c) Suppose that each copper atom in the wire 
contributes one conduction electron. Calculate 
the number of conduction electrons per cubic 
centimeter, taking the atomic mass of copper as 
63 and its density as 8.9 gm/cm?. 

(d) A common size of wire has an area of cross 
section of 0.83 mm?. A reasonable current for 
this wire is 5 amperes. What is the systematic 
drift velocity of the electrons along it? 


If the marks in Fig. 29-13 refer to volts and 
amperes and we connect the two circuit elements 
in series with a battery, what voltage would be 
needed to give a current of 2.0 amperes? (Sec- 
tion 5.) 


heating 
current 


R, and R, are 
metal resistors 


29-21 For Problem 18. 


544 Chapter 29 + ELECTRIC CIRCUITS 


23. 


24. 


25. 


26. 


We have two lengths of wire made of exactly the 
same metal and of exactly the same cross-sec- 
tional area. One wire is twice as long as the other. 

(a) When the same difference of potential is 
imposed on the ends of both wires, what is the 
ratio of the currents that will pass through the 
wires? 

(b) How does the resistance of a wire depend 
on its length? 


There are two wires of identical material of ex- 
actly the same iength and the same cross-sectional 
area. 

(a) If the same difference of potential is im- 
posed across their ends, what is the ratio of the 
current that will pass through them? 

(b) If the wires side by side are viewed as a 
single conductor, what is the ratio of the current 
through this combined conductor to the current 
through one of the single wires with the same 
potential difference across its ends? 

(c) If we have a wire of twice the cross-sec- 
tional area and the same length and material as 
each of the original ones, what current do you 
expect will flow through it compared to one of the 
original wires, with the same potential difference 
across its ends? 

(d) What do you expect to be the dependence 
of the resistance of a wire on its cross-sectional 
area? 


In Fig. 29-22(a), the current through a metal 
circuit is plotted as a function of the potential 
difference across its ends. In Fig. 29-22 (b), we 
plot the current through a diode as a function of 
the potential difference across it. 

(a) If a current of 5 x 10-3 ampere passes 
through both circuit elements in series, what is 
the potential difference from one end to the other 
of the resistor? What is the potential difference 
across the diode? 

(b) If the diode and the resistor are connected 
in parallel as in Fig. 29-22(c), and the potential 
difference across the diode is 100 volts, what is 
the current through each of the circuit elements? 

(c) What then is the total current passing point 
A in the figure? 

(d) What is the resistance in ohms of the re- 
sistor? 


The same diode and resistor as were used in Prob- 
lem 25 are connected in series. The potential 
difference from one end of the circuit to the other 
is 1000 volts. 
(a) What current flows through the circuit? 
(b) What is the potential difference between 
one end and the other of the resistor? 
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Current in units of 
10-3 amperes 
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29-22 ¢ For Problem 25. 


Potential difference 
in volts 


200 400 
Potential difference 
in volts 


5 
200 400 600 


600 


27. Connect a 270-volt battery in series with a 
1,000,000-ohm and a 2,000,000-ohm resistor. 

(a) What potential difference do you expect 
across the megohm resistor? 

(b) What potential difference do you expect 
across the 2,000,000-ohm resistor? 

Now suppose you measure the potential differ- 
ences with a voltmeter. 

(c) If the voltmeter has a resistance of 10 meg- 
ohms, what potential difference would you expect 
across the 2,000,000-ohm resistor? 

(d) What potential difference would you ex- 
pect to read across the megohm resistor? 


FURTHER READING 


These suggestions are not exhaustive but are limited 
to works that have been found especially useful and 
at the same time generally available. 


Fink, Donatp G., and Lutyens, Davip M., The 
Physics of Television.. Doubleday Anchor, 1960: 
Science Study Series. 

WILSON, ROBERT R., and LITTAUER, RAPHAEL, Acceler- 
ators. Doubleday Anchor, 1960: Science Study 
Series. A good treatment of modern high-energy 
machines of physics. 


FOR HOME, DESK, AND LAB 545 


chapter 


30 


The 
magnetic 


field 


30-1 


WHEN Albert Einstein wrote his life story at the 
age of 67, he recalled the day when he was a 
little boy of four, happy to get a new toy from 
his father. That toy was a compass needle; and 
the wonder it aroused remained with Einstein 
all his life. Most of us have shared that wonder, 
and a good many of us as children experienced 
the fascination of a horseshoe magnet, which 
attracts iron. In this chapter we shall discuss 
magnetic forces and the concept of the mag- 
netic field by which we can best interpret them. 


The Magnetic Needle 


A compass needle free to rotate about a vertical 
axis will line up in the north-south direction. We 
say that it aligns in the magnetic field of the 
earth (which originates deep in the core of the 
globe). We call the tip of the needle that points 
north the northern tip.* In any region wherea 
compass needle feels forces that tend to align 
it, we say that there is a magnetic field (Fig. 
30-1). The direction of the field is the direction 
taken by a compass needle which is free to line 
up. We say that the field points in the direction 
that runs from the southern to the northern 
compass tip. Just as we used grass seeds to 
show the direction of an electric field, so we use 
a magnetic needle to explore the direction of a 
magnetic field. You can see that a compass 
needle itself has a magnetic field by bringing up 
another compass needle and watching the two 
influence each other: each pulls on the other. 
Each produces a magnetic field, and tends to 
line up in the field of the other. 

As early as 600 B.c. the ancient Greeks were 
acquainted with magnetism. Thales of Miletus, 
often called the father of Greek science, knew 
about a mineral (magnetite) which attracts 
ordinary iron, and found that the iron itself be- 
comes magnetized by touching the magnetic 
mineral. The Chinese discovered, probably 
about the eleventh century, that a magnet acts 
as acompass. The unifying idea that the earth 


* Actually, the northern tip of the needle points approximately 
to the geographic North Pole as long as we are south of the 
Arctic Circle (and north of the Antarctic Circle). In the 
Northern Hemisphere the northern tip of a compass needle 
pivoted on a horizontal axis also points down, measuring 
the “dip” of the earth’s magnetic field. 
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A compass needle in a magnetic field lines up in the direc- 
tion of the field. 


itself is a magnet was provided by William 
Gilbert, who was working at the court of Queen 
Elizabeth of England in 1600, just about the 
time Shakespeare was writing Hamlet. 

One of the most striking features of magnets 
is that if we break one in two, each piece is also 
a magnet (Fig. 30-2). We might ask how far we 
can continue subdividing before “half a mag- 
net” is no longer a magnet. The answer is that 
this never happens. We can continue right down 
to the subatomic scale and find that electrons, 
protons, and neutrons themselves are magnets. 


Magnetic Fields of Magnets 
and Currents 


Magnetite and magnetized iron are not the only 
sources of magnetic fields. Let us perform an 
experiment in which we produce a magnetic 
field without using such materials. 

We attach a long piece of wire to the terminals 
of a battery through a switch as shown in Fig. 
30-3. With the switch open, we hold the wire 
above a compass needle and parallel to it. 
Then we close the switch. If the current in the 
wire is sufficiently strong, we see the compass 
needle suddenly deflected. It now points across 
the wire. We therefore conclude that electric 
currents produce magnetic fields in the sur- 
rounding space. ; 

Today this fact is common knowledge, so 
that it is difficult to appreciate the revolutionary 


(a) 


(b) 


30-2 (a) When we break a magnet, each piece has opposite 


poles at its ends. (b) Any of these pieces will line up in a 
magnetic field. 


(a) 


<7) 


(b) 


30-3 (a) A wire is placed over a compass needle and parallel 


to it. The switch is open, and no current flows in the wire. 
(b) When current flows, the needle is deflected and points 
across the wire. 
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impact of its discovery by the Danish school- 
teacher Oersted early in the nineteenth century. 
Until that time, electric and magnetic effects 
had been regarded as entirely separate. 
Oersted’s discovery revealed an unsuspected re- 
lationship: it tied the origin of magnetic fields 
to the motion of electric charges. 

The experiment last described is one you can 
do, and is probably enough to convince you 
that moving electric charges generate magnetic 
fields. But there is an even more direct experi- 
ment, though a far more difficult one. It was 
performed by Henry Rowland in Baltimore in 
1876. He put the biggest electric charge that he 
could onto a hard-rubber disc about 20 cm 
across. Then he spun the disc at about 60 revo- 
lutions per second. In this way he could look 
for the magnetic effect of the moving charges 
directly. He found that the spinning electric 
charge did produce a weak magnetic field. 

In Chapter 28 we learned that positive 
charges moving in one direction have the same 
electrical effects as negative charges moving in 
the opposite direction. Experiment shows that 
they also have the same magnetic effects. Sup- 
pose that we replace a part of the circuit of Fig. 
30-3 with an electrolytic conductor, as shown 
in Fig. 30-4. When the current in the electro- 
lyte is the same in magnitude and direction as 
the current in the wire of Fig. 30-3, the compass 
needle still deflects by the same amount and in 
the same direction. In the first circuit the cur- 
rent is due entirely to the motion of negative 


@ 


tube containing electrolyte 


30-4 If we replace part of the circuit of Fig. 30-3 with a tube 


containing electrolyte, the compass needle deflects just as 
before if the current in the circuit is the same as before. 


charges, whereas in the second the current is 
due to the motion of both positive charges and 
negative charges. Thus in describing the mag- 
netic effects of steady currents, we need not 
worry about the sign of the particles which 
move. ' 

We describe magnetic fields by drawing mag- 
netic field lines, just as we describe electric 
fields by drawing electric field lines. If a mag- 
netic field is sufficiently strong, and if you are 
not interested in great accuracy, you can “see” 
the field lines by spreading some fine iron filings 
on a piece of paper. The grains of iron line up 
along field lines like grass seeds in an electric 
field (see Section 27-3). Tap the paper gently if 
the filings stick. The photographs in Fig. 30-5 
are iron-filing pictures. 

Of course, we do not get the direction of the 
field, only the pattern of the field from the iron 
filings. We can determine the direction by 
placing a small compass needle at a number of 
different positions in the field. Then we can 
draw the field lines for the various patterns, in- 
dicating their directions with arrowheads. Fig- 
ures 30-6 and 30-7 show the magnetic fields 
produced by various magnets and currents. 
You may compare them with Fig. 27-8 and 
27-10 showing various electric fields. 

Electric field lines from charges at rest begin 
and end at the charges producing the field; but 
the lines of the magnetic fields produced by cur- 
rents have no beginning nor end. They encircle 
the wires carrying the current (Fig. 30-7). The 
lines of the magnetic fields produced by perma- 
nent magnets (Fig. 30-6) appear to begin and 
end at the surface of the magnets, but this is 
only because we have not drawn the lines inside 
the magnets where we cannot place an ordinary 
compass needle. Using neutrons as the com- 
pass needles, we can explore the inside of a 
permanent magnet. We then see that the lines 
do not stop at the surface. 

You can remember how the direction of the 
field is related to the direction of the current by 
the “right-hand” rule. In imagination place 
your right hand with the thumb in the direction 
of the current; then your fingers curled around 
the wire point in the direction of the field (Fig. 
30-8). Notice that this rule also gives the direc- 
tion of the field through a loop of wire. 
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(a) (b) 


30-6 Diagrams of the magnetic field lines of permanent magnets. 
(a) A bar magnet. (b) A horseshoe magnet. 


ee 


30-7 Diagrams of the magnetic field lines around current-carry- 
ing wires. (a) Along straight wire. (b) A loop of wire. (c) 
A solenoid. 


(c 


30-8 The ‘‘right-hand rule.” When your thumb points in the di- 


rection of the current in a wire, your fingers curl the way the 
magnetic field goes around the current. 


30-3 The Vector Addition of Magnetic Fields 


We have seen that a freely swinging compass 
needle aligns itself in certain directions as it is 
moved around in a magnetic field, and we have 
used the direction in which it points to define 
the direction of a magnetic field. Furthermore, 
we have a good idea of what we might mean by 
the magnitude of a field, or magnetic field 
strength: with a compass needle close to a large 
magnet, it takes more force to twist the needle 
out of the direction of the field than with the 
compass in only a relatively weak field such as 
the field of the earth. If a magnetic field can be 
characterized by both a magnitude and a direc- 
tion, it is natural to suppose that two magnetic 
fields, acting together, would add like vectors. 
Let us check up on this experimentally.* 

We begin by investigating a simple case, the 
addition of two fields of equal magnitude. We 
shall use a small compass needle, pivoted on a 
vertical axis, to detect the resultant field. Since 
the earth’s field is always present, let us choose 
this as one of our two test fields. The other test 


* Not everything with magnitude and direction is a vector. 
For example, the rotations of a body in three dimensions 
cannot be added vectorially. Try rotating a book 90° around 
a horizontal axis and then rotating it 90° around a vertical 
axis. Now try doing the rotation in the opposite order. You 
do not get the same final result. The rotations do not add 
vectorially. (We know that vectors can be added in any 
order.) 


WV 


current loop field CA 


(a) 


earth’s field 
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earth’s field 


field of 


_—— 
current loop 


(b) 


30-9 (a) A magnetic field, equal in magnitude to the earth’s field (as measured by a horizontal compass needle), is added at right angles 


to the earth's field. (b) The horizontal needle points at 45° away from magnetic north. For any other angles between the equal- 


magnitude fields, the compass needle always bisects the angle. 


field can be produced with any convenient cur- 
rent arrangement for which we know the direc- 
tion of the field. We shall choose a circular 
loop, because the field at its center is fairly uni- 
form and has the direction of the axis of the 
loop [Fig. 30-5 (d)]. To make the field at the 
center of the circular loop equal in magnitude 
to the earth’s field, we place the compass needle 
at the center of the loop and, when the current 
is zero, align the axis of the loop along the direc- 
tion of the needle. We choose the direction of 
the current by the right-hand rule so that its 
field is opposite to the earth’s field. As we in- 
crease the current in the loop, we find a value at 
which the compass needle swings freely. There 
is no force to align it in any particular direction; 
the needle indicates zero magnetic field. Thus 
the magnetic field of the earth has been just bal- 
anced by an equal and opposite magnetic field 
due to the current in the loop. 

Now let us add these two equal fields together 
at right angles to each other. We rotate the loop 
about a vertical diameter so that its axis turns 
through 90°. If the current has not changed, 
we find that the compass needle now points at 
45° to the direction of the earth’s field (Fig. 
30-9). This is what we expect if magnetic fields 
add like vectors. But one experimental check 
isnot enough. Wecan try other angles between 


Magnetic fields appear to add like vectors. 


63%° 


30-10 Two perpendicular vectors, with a two-to-one ratio of mag- 


nitudes, have a resultant lying at an angle of 634° from the 
shorter of the two vectors. If we define magnetic field 
strength as proportional to the current producing it, we find 
that magnetic fields add in this way also. Therefore, mag- 
netic fields are vectors. 


the directions of the two fields: 30°, 45°, 60°; 
the compass needle always exactly bisects the 
angle between the two equal-magnitude fields. 
Vector addition looks good, at least for fields 
of equal strength. But what about fields that 
have different magnitudes? Here we run into a 
problem, for we do not yet have a way of mea- 
suring field strength. But we might reason as 
follows: if one loop carrying a certain current 
gives a field just equal to the earth’s field, then 
two equal loops placed right together should 
give twice the earth’s field if magnetic fields 
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(a) 


is a magnetic force on the wire that pulls it taut. 


really do add like vectors. Indeed, one loop 
carrying twice the current should also give 
twice the field strength. Let us therefore define 
magnetic field strength B as proportional to the 
current producing it, and again check on vector 
addition. We return to the arrangement in 
which the field of the loop and the field of the 
earth were at right angles to each other. With 
the original current, the compass needle stands 
at 45° to the direction of the earth’s field; with 
twice this current, the angle increases to 634°. 
This is just what we expect for the addition of 
perpendicular vectors having lengths in the 
ratio of two to one (Fig. 30-10). No matter 
how we change the current and direction of the 
loop, we find again and again that the direction 
of the total magnetic field is correctly given by 
the vector addition of the individual fields, if 
we define magnetic field strength as propor- 
tional to the current producing it. We can now 
represent the magnitude and direction of a 
magnetic field by the vector symbol B. 


30-4 Forces on Currents in Magnetic Fields— 


A Unit of Magnetic Field Strength 


Electric charges produce electric fields which 
exert forces on other electric charges. Now we 
find that electric currents produce magnetic 
fields and we might guess that, correspondingly, 


(b) 


30-11 (a) A flexible wire in a magnetic field. The switch is open, no current flows, the wire hangs down. (b) When current flows, there 


30-12 A U-shaped wire runs on the edge of a light balance in the 


center of the magnetic field of two large coils. When the 
coils are separated a distance equal to their radii, the mag- 
netic field at the center is almost uniform. (Such coils are 
called Helmholtz coils.) The straight section of wire on the 
end of the balance is acted on by a force F tending to tip 
the balance. By putting weights on the other end we 
measure F. By turning the balance, we find how the angle 
between the wire and B affects F. 

Because the current runs in opposite directions in the two 
arms of the U, in a uniform field the forces on the arms 
cancel. Since the field is not perfectly uniform, these forces 
do not cancel exactly. However, the twist they apply to 
the balance is very small compared with the twist applied 
by F. 


U-shaped / y 


wire 
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30-13 A rule to give the direction of the magnetic force on a current. Extend the fingers of your right hand in the direction of the mag- 


netic field, and turn your hand so your thumb points along the current. The magnetic force then points out from your palm—in the 


direction you would push with your hand. 


magnetic fields exert forces on electric currents. 
They do, and with ordinary fields and currents 
the forces are quite sizable. It is these magnetic 
forces which spin the world’s electric motors. 

Suppose, to begin with, that we hang a flex- 
ible wire in a magnetic field (Fig. 30-11). The 
field may be either the field of a permanent mag- 
net or the field of a current which we control. 
When we turn on an electric current in the flex- 
ible wire, this wire is pushed across the magnetic 
field. 

Let us try to discover the rules describing the 
force experienced by a current in a magnetic 
field. We can find this force by measuring the 
force needed to hold a movable section of wire 
in place when a magnetic field is applied. Using 
experimental arrangements like that in Fig. 
30-12, we find the following: 

(i) The force is perpendicular to both the mag- 
netic field and the current. Here is a simple rule 
to enable you to remember the actual arrange- 
ment of directions. Stretch out your right arm 
with your hand open and your thumb sticking 
out at right angles to your fingers. Turn your 
right hand till the thumb points along the current 


and your fingers point along the external muag- 
netic field. Then the force on the current is in 
the direction pointing straight out from the palm 
of your hand; the force is in the direction in 
which you would push with your hand (Fig. 
30-13). 

(ii) By changing the strength of the magnetic 
field without changing its direction, we find that 
the force on the current is proportional to the 
magnitude of the field. By changing the direc- 
tion of the field we find that only B,, the com- 
ponent of B perpendicular to the current, con- 
tributes to the force. Therefore, the force is pro- 
portional to B,, the magnitude of the perpendic- 
ular component of the magnetic field (Fig. 30-14). 

To find how the force depends on the current 
and on the length of wire, we then reason as 
follows. Two wires placed side by side and 
carrying equal currents in a magnetic field to- 
gether experience twice the force experienced 
by each wire alone. But the two wires com- 
bined carry twice the current of one wire. Thus, 
doubling the current doubles the force: 


The force, F, is proportional to current, I. 
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30-14 The magnetic force on a piece of wire carrying a current is 


proportional to B,, the magnitude of the component of the 
magnetic field B perpendicular to the wire. The vector 
representing this force is perpendicular to the wire and to 
B,; its direction is given by the right-hand rule. 


Next, two short straight wires of the same length 
placed end to end to form one longer wire ex- 
perience together double the force experienced 
by each length alone. Thus doubling the length 
of the wire doubles the force: 


The force, F, is proportional to length of wire, 1. 


To summarize our results, we now know the 
direction of the force and we know that the force 
is proportional to B,, toJ,andto/. Inthe form 
of an equation, we can write this as 


F = (const.) //B,, 


where the proportionality constant depends 
only on the choice of units. 

Now we shall settle on a definite unit of mag- 
netic field by defining it in terms of the units we 
have already adopted for F, J, and /. We mea- 
sure Fin newtons, J in amperes, and / in meters, 
and we choose the unit of magnetic field to make 
the constant equal to 1. Then 


P= HB, 


] newton 
(1 ampere)(1 meter) ° 
magnetic field of | newton/amp-meter exerts a 
force of 1 newton on a current of | ampere 
running perpendicularly across it for a distance 


and the unit of B is 


30-5 


of 1 meter. Another unit of magnetic field 
strength, frequently used in practical work, is 
the gauss.* One gauss is 10-4 newton/amp- 
meter. 


Meters and Motors 


The delicate pointers which measure small cur- 


rents and the big shafts that turn the rollers of a 
steel mill are moved by the same sort of forces: 


those exerted by a magnetic field on a loop or 
coil of wire carrying a current. Large currents 
mean large forces; small currents can exert only 
very small forces. Iron is found in most such 
devices; it provides the engineer with a way to 
increase magnetic fields from a given supply of 
current. 

It is clear to anyone in our country that the 
use of this kind of force is very widespread, and 
that a great deal of understanding and skill 
must have been employed in inventing, design- 
ing, and building all the devices in which it is 
used. This is the work of electrical engineers, 
who have for about 75 years carried the applica- 
tions of this force to constantly new uses. We 
are not going to try to describe the ingenious 
and often complex ways they have found to use 
the force; that is another subject. But we shall 
give a short account of two simple devices 
which depend on magnetic forces. 

(a) Moving-Coil Ammeters. Figure 30-15 
shows the forces on a loop of wire in a magnetic 
field. The loop coil is rectangular with sides / 
and w; and its plane makes an angle with the 
field of strength B. When a current J runs 
around the loop, the forces on the sides are BI/ 
and — Billi. They are parallel, but they do not 
cancel out because they do not pull along the 
same line. They form a “couple” which twists 
the coil around the vertical axis. The forces on 
the top and bottom are B, Jw and — B, Iw, equal 
and opposite. They tend to stretch the coil, but 
do not move it as a whole. 

In an ordinary ammeter for direct currents 


*This unit is named for the great mathematician Carl Fried- 
rich Gauss, who initiated absolute measurements of the 
earth’s field, developing a unit of magnetic field strength inde- 
pendent of “standard” magnets. One gauss turns out to be 
the field strength at the center of a circular wire loop having 
a radius of 27 cm and carrying a current of 10 amperes. 


pa 
Leo) 7 


30-15 A schematic diagram of an ammeter. When current flows 


through the rectangular coil the magnetic force IIB and 
—IIB tend to twist the coil. It turns until the magnetic forces 
are just balanced by springs. A motor is usually made so 
the angle of twist is proportional to the current. 


(D.C.) the coil is carried on an axle with pivots, 
and its twisting is opposed by the elastic forces 
of a pair of hairsprings (Fig. 30-16). The mag- 
netic field is produced by a permanent magnet 
whose field gives a radial pattern. (This is pro- 
duced by shaped pole pieces and a cylindrical 
block of iron that is held in the open space in- 
side the coil.) Then even when the coil turns, 
it still finds the magnetic field perpendicular to 
its sides in such a direction that the magnetic 
forces twist it equally hard no matter how far it 
has turned. On the other hand, the opposing 
forces due to the springs increase as the coil 
turns. Consequently, the coil turns until the 
spring forces balance the magnetic forces. The 
greater the current, the greater the magnetic 
forces and the farther the coil must twist to 
reach equilibrium. Since the spring forces are 
usually proportional to the angle of twist, this 
angle is proportional to the current: the am- 
meter’s scale is linear. Such meters are made in 
a wide range of sizes and scales. 

(b) D.C. Motors. A motor is a more robust 
coil, carrying current in a strong magnetic field. 
The D.C. motor’s magnet can be either a perma- 
nent magnet or an electromagnet, carrying a 
current from the supply driving the motor. The 
coil is mounted on an axle in the magnetic field. 
If the current through the coil were always in 
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(a) 


(b) 


30-16 (a) An ammeter. When current enters the rectangular coil 


of many turns through the hairspring at the front of the 
shaft, the coil rotates around a fixed iron cylinder. The 
cylinder and the specially shaped poles of the large perma- 
nent magnet give a radial magnetic field of nearly uniform 
magnitude. (b) Close-up of the moving coil. 


ol 


30-17 A D.C. motor is similar to a moving-coil meter. The coil is 


bigger, and a reversing switch or commutator is provided 
to reverse the direction of current flow every half turn. 


30-6 
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the same direction, the coil would not continue 
to rotate; it would reach an equilibrium posi- 
tion. But a motor has a device to reverse the 
current in the coil every half turn. The coil is 
pulled around for half a turn; the current is then 
reversed and the coil is pulled around for an- 
other half turn. One arrangement of this re- 
versing switch, or commutator, is shown in 
simple form in Fig. 30-17. Real motors do not 
have a single coil but rather a whole group of 
coils placed so as to give steadier turning forces. 
Also, the coils are wound on a block of iron to 
increase the magnetic field. 


Forces on Moving Charged Particles 
in a Magnetic Field 


We have seen that a conductor carrying a cur- 
rent experiences a force when it is placed ina 
magnetic field. Since an electric current is a 
motion of electric particles, we naturally expect 
that the magnetic field acts directly on the indi- 
vidual charged particles—on the ions or elec- 
trons whose motion produces the current. The 
force exerted on the conductor as a whole is 
simply the resultant of the forces acting on the 
particles. 

We can check up on this idea by firing a beam 
of electrons from an electron gun through mer- 
cury or hydrogen gas at low pressure. The elec- 
trons emerging from the slit make the low-pres- 
sure gas glow. Thus, the path of the beam is 
clearly visible in a darkened room (Fig. 30-18). 
Now we bring a magnet near the tube, pointed 
so that its magnetic field runs straight out from 
us across the tube. The beam is deflected at 
right angles to its motion and to the magnetic 
field. 

To be specific, the electrons originally move 
vertically upward. Since electrons are nega- 
tively charged particles, this beam corresponds 
to a current directed vertically downward. 
Then, according to our rule for directions, the 
force acting on the moving particles must pull 
them to the right. In fact, as the beam goes up 
it is deflected to the right. If we reverse the 
magnet, the beam is deflected the opposite way. 

We shall now compute the force acting on an 
individual charged particle moving with a given 


30-18 An experiment to show the deflection of moving charged 


particles in a magnetic field. !n (a), electrons accelerated 
by the gun travel vertically upward, leaving a path of glow- 
ing gas. There is no magnetic field. When there is a mag- 
netic field (b), the path of the electrons is bent into a circular 
arc. (We used a pair of coils rather than a bar magnet, to 
get a uniform field in a space into which we can look.) 


velocity in a known magnetic field. For this 
purpose we shall consider a stream of elemen- 
tary charges evenly spaced and all moving with 
the same velocity, producing a current / (Fig. 
30-19). Then using F = J/B, we can find the 
force F; on one of these elementary charges. If 
there are N elementary charges in the length /, 
then 


IIB, 
Ne 


Fi = 


Thus, in order to get the force F; in terms of 
the speed v of the charges, we must evaluate the 
current in terms of the number of charges N in 
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the length /. To see how / is expressed in terms 
of N, /, and v, we imagine an observer posted at 
the beginning of the length / to count the ele- 
mentary charges as they go by. Because every 


charge is moving at speed », all N charges in 


the length / stream by him in the time ¢ = em 


Now, the current J is just the total charge 
passing per second, or N(1 elem. ch.)/t. By 
putting in //v for the time, we can express this as 


_ N(lelem. ch.) _ N(1 elem. ch.) 
t * I/v 


_ Nov(1 elem. ch.) 
= 7 , 


When we put this expression for / into our 
previous expression for Fi, we get 

_ TB, _ {| Nv(1 elem. ch.) |{/B, 

“ee l N 


I 


Fy 


= vB, (1 elem. ch.). 


As we should have expected, the expression for 
the force on an elementary charge is a function 
only of its speed and of the magnitude of the 
perpendicular component of the magnetic field. 

If a particle moving at speed v carries n ele- 
mentary charges, the force on it will be just 
times as great. In other words, the force ex- 
perienced by a particle carrying a charge q, 
equal to n(lelem.ch.), and moving with a 
speed v in a magnetic field is 


F = nF, = qvuB,. 


Let us show experimentally that this expres- 
sion for the magnetic force on a moving charge 
is correct by shooting charged particles across 
a magnetic field and observing their deflection 
by the magnetic force. Because the magnetic 
force is always perpendicular to the velocity, it 
cannot do work on charged particles shot across 
the field. They, therefore, move at constant 
speed. Consequently, gvB, always has the 
same value. In other words, as long as the field 
is uniform, the magnetic force is a deflecting 
force of constant magnitude. The particles 
should go around in a circle (see Fig. 30-18), 
and we can compute the radius of this circle by 
equating the magnetic deflecting force with 
mv2/r, the centripetal force necessary to make a 
particle of mass m moving at speed v go around 
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the arc of a circle of radius r (Fig. 30-20). From 
mv?/r = qvB,, we find thatr = mv/qB,. There- 
fore, we can test our expression for the mag- 
netic deflecting force by sending particles of 
known momentum and charge across a given 
magnetic field and measuring the radius of the 
circular arc on which they move. 

We already have the information for protons 
with which we can make this test. In Section 
28-1 we measured the mass of a proton and 
found it was 1.7 x 10-27 kg. We also learned 
that when protons are accelerated from rest 
through a 90-volt potential difference, they 
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30-19 An imaginary observer is watching a stream of elementary 


30-20 


charges moving with speed v. He counts N particles 
passing him when a length | of the stream goes by. This 
takes atime ft = I/v. 


F = qvB 


wl 


When a charged particle moves across a magnetic field, it 
experiences a magnetic force F = qvB at right angles to its 
path. If the field is uniform, the particle moves in a circle 
of radius r = mv/qB. 
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emerge with a speed of 1.3 x 10° meters per 
second. In this way we can produce protons of 
known momentum 


mv = 1.7 x 10-27 kg x 1.3 x 105 m/sec 


oa KO 
2.2 x 10-222. 


Now we shoot test protons perpendicularly into 
a magnetic field. A good practical magnetic 
field, for example, might be 1.0 x 10-2 new- 
tons/amp-m, and in elementary-charge units 
this is 

1.6 x 10-21 newton/(elem. ch./sec)(meter). 


In that field the magnetic deflecting force should 
cause the protons to go around a circle of radius 


: mop 2.2 « 10-22 
"= GB. 1x 16 x 10-2! m 


This expected radius is actually observed when 
protons of 90 electron-volts energy are shot into 
that magnetic field. Thus, experiments show 
that the magnetic deflecting force is indeed 
given by qvB_. in agreement with our reasoning 
from the magnetic force on currents. 


potential 
difference 


beam with no field 
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30-7 Using Magnetic Fields to Measure the 


Masses of Charged Particles 


To measure the masses of electrons and protons 
in Section 28-1, we used a known potential dif- 
ference to accelerate electrons or protons to a 
known kinetic energy, 4mv?. Then we deter- 
mined the speed v of these particles by doing a 
time-of-flight experiment. 

We have another, older method of making 
very accurate mass measurement. Instead of 
measuring the speed v of the particles we can 
find their momentum mu by observing their de- 
flection in a known magnetic field. If we know 
their kinetic energy and momentum, we can 
easily compute their mass. This is the method 
by which our most precise measurements of the 
masses of ions have been made in the past. It 
is particularly valuable for electrons because 
their high speeds make time-of-flight measure- 
ments difficult. 

The measurement of momentum by deflect- 
ing a beam of particles in a magnetic field is 
basically the same measurement that we made 
at the end of the last section. There we used the 


30-21 A simple mass spectrograph. lons are accelerated to a known kinetic energy by the electric field between the plates. In the mag- 
netic field their path is bent into a circular arc. The ions strike a screen or photographic plate, and from the deflection we can cal- 
culate the radius of the arc. 
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deflection of protons as an experimental check 
on the expression F = quB, for the magnetic 
force. Here we shall use the known magnetic 
force to find unknown masses. 

To use this method to measure ionic masses, 
we accelerate the ions of unknown mass through 
a known electrical potential difference, V (Fig. 
30-21). This tells us their kinetic energy: 
4mv2 = qV. Then we allow the ions to go per- 
pendicularly into the known magnetic field and 
measure the radius of the circular arc on which 
they move. The required centripetal force 
mv2/r is supplied by the magnetic deflecting 
force qvB, = quB. Thus, mv?/r = quB, and so 
we get mv = qBr. Consequently, by measuring 
the radius of the circular arc, we can evaluate 
the momentum of the particle. 

Let us take a specific example. We accelerate 
singly charged sodium ions through an electric 
potential difference of 90 volts. Any singly 
charged ion accelerated through 90 volts 
acquires 1.44 x 10-17 joule of kinetic energy. 
With this kinetic energy the sodium ions enter a 
uniform magnetic field of strength 0.100 new- 
ton/(amp-meter) at right angles to their direc- 
tion of motion. Now we measure the radius 
of the arc through which they travel in the mag- 
netic field, and we find that it is 0.066 meter. 
Since the ions are singly charged, each with 1.60 
x 10-19 coulomb, 


gBr = (1.60 x 10-19 coul) 
(0 100 senvton | (0.066 m) 
amp-m 


= 1.05 x 10-21 newton-sec. 


This is the momentum of the ions. 

Now from the kinetic energy 4mv?, and the 
momentum mo, we can get both m and v. The 
speed is easy: 


iz 2(4mv?) _ 2(1.44 x 10-17 joule) 
~ mvp _ 1.05 « 10-21 newton-second 


2.74 « 104 meters/second. 


Finally, dividing this speed into the momentum, 
we get the mass of the ions: 


v2.74 x 104 
This is the mass of sodium ion— good to within 
a percent. The mass of a sodium atom, which 


m= mov _ 1.05 x 10-21 = 3.84 x 10-26 kg. 


is made by adding one electron to the sodium 
ion, must be almost identical. So our value can 
be compared with the values obtained for the 
mass of sodium in other experiments. The 
accepted value for the mass of a sodium atom is 
3.82 x 10-26 kg. 

The apparatus that we have diagrammed in 
Fig. 30-21 is known as a mass spectrograph, 
and the procedure of measuring masses with 
such apparatus is called mass spectroscopy. 
Our mass spectrograph is very crude. One that 
is made for high-precision measurements usu- 
ally contains auxiliary devices to “focus” the 
particles on a small spot and to make sure that 
only particles in a very narrow range of veloci- 
ties can enter the magnetic field. With a good 
spectrograph masses of ions can be determined 
to many significant figures. 


TABLE 1 


A few of the isotopes of some common elements. One 
atomic mass unit is 7; of the atomic mass of the most 
common carbon isotope. 


MASSES OF THE RELATIVE 
ISOTOPES IN ATOMIC ABUNDANCE: 
ELEMENT MASS UNITS PERCENT 
Hydrogen 1.008 99.98 
2.014 0.02 
Lithium 6.015 7.42 
7.016 92.58 
Carbon 12.000 (standard) 98.89 
13.003 1 
Nitrogen 14.003 99.63 
15.000 0.37 
Oxygen 15.995 99.76 
16.999 0.04 
17.999 0.20 
Neon 19.992 90.92 
20.994 0.26 
21.991 8.82 
Sodium 22.999 100 
Magnesium 23.985 78.70 
24.986 10.13 
25.983 11.17 
Chlorine 34.969 75.53 
36.966 24.47 
Iron 53.940 5.82 
55.935 91.66 
56.935 2.19 
57.933 0.33 
Silver 106.905 51.82 
108.905 48.18 
Lead 203.973 1.5 
205.975 23.6 
206.976 22.6 
207.977 52.3 
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Ever since J. J. Thomson introduced mass 
spectroscopy about fifty years ago, it has been 
a powerful tool of atomic research. In partic- 
ular, because mass spectrographs sort the ions 
by their individual masses, the masses of the 
isotopes of a single element were largely deter- 
mined’ by mass spectrographic measurement. 
Although some evidence for the existence of 
isotopes among the heavy radioactive elements 
was pointed out in the first few years of this 
century, it was Thomson’s measurement show- 
ing the existence of the isotopes of neon that 
clinched the idea and started the accumulation 
of systematic data on isotopes. By now we have 
accumulated so much information that a huge 
table would be needed to exhibit it. Only a 
small sample of the known masses of isotopes 
is shown in Table 1. 


30-8 What Alpha Particles Are 


In Chapter 32 we shall take a look at some of 
the evidence about structure of atoms accumu- 
lated by Rutherford and his co-workers in the 
first few decades of this century. Rutherford’s 
chief experiments were done with alpha parti- 
cles. We already know how Rutherford and 
Geiger determined that alpha particles carry 
two elementary charges (see Section 27-9). 
Now we shall describe two experiments equiva- 
lent to those done by Rutherford and Robinson 
to determine the mass of the alpha particle. In 
one of these experiments we determine the 
momentum of an ion by measuring its deflec- 
tion in a magnetic field. Because we have just 
described this kind of experiment in the last 
section, we only mention the result. When we 
do this experiment using polonium as the source 
of alpha particles, we find that their momentum 
is mv = 1.06 x 10-19 kg-meter/sec. 

Now, to obtain the mass of the alpha particle, 
we must measure its speed. We could make 
this measurement by stopping the alpha parti- 
cles with a retarding electric potential differ- 
ence, thus determining their kinetic energy. 
This would require a potential difference of a 
million volts or so. But we can get the speed 
more directly by applying an electric field across 
the motion of the alpha particles at the same 
time that we apply a magnetic one. We put on 


this electric field so that the electric force on the 
alpha particles is just opposite to the magnetic 
force. Then the net force on the moving par- 
ticles is zero, and they move straight ahead, fol- 
lowing the same path that they take in the ab- 
sence of both fields (Fig. 30-22). The electric 
force on the particles is gE, and the magnetic 
force gBv; and when these forces balance, 
qBv = qE. The speed of the particles is there- 
fore given by v = é, and since we know both 
the magnetic and the electric field, we know the 
answer. For polonium alpha particles the 
measured speed is v = 1.6 x 107 meters per 
second. Consequently, the mass is 

spf NO ee 1.06 « 10-19 

v 1.6 x 107 

Within the experimental accuracy, this mass is 
almost exactly equal to the mass of a helium 
atom. It is thus natural to conclude that alpha 
particles are doubly charged helium ions. We 
can test this conclusion directly by placing a 
strong source of alpha particles in an evacuated 
glass tube. Such an experiment was done by 
Rutherford and Royds in 1908. After waiting 
for a sufficiently long time, they found a detect- 
able amount of helium. 

We shall use our knowledge of what alpha 
particles are to explore the structure of atoms in 
Chapter 32. 


= 6.6 x 10-27 kg. 


30-9 Magnetic Field Near a Long Straight Wire 


When we were studying the electric field due to 
a stationary charge, one of the first questions we 
answered was how the field falls off with dis- 
tance from the charge. We have not yet asked 
how the magnetic field of a steady current varies 
with distance from the current. 

In 1820 the French physicists Biot and Savart 
announced the results of the first quantitative 
investigation of a magnetic field produced by an 
electric current. This was the field near a long 
straight wire (Fig. 30-23). Near the middle of 
such a wire, the field arises almost entirely from 
the current nearby. The other parts of the 
current do not contribute much field because 
the magnetic effects decrease rapidly with dis- 
tance. (Youcan check this by moving the other 


lead box cut vertically in two 
to show source inside 


i‘ 


hole to let out 


source of 
alpha particles 


alpha particle beam 
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{10-22 Measuring the speed of alpha particles. With a pair of metal plates placed horizontally in the tube we can apply an electric force 


equal and opposite to the magnetic force. Then the particles are not deflected, and their speed v = 7 This figure is schematic. 


In a real experiment, we must change the dimensions to obtain known uniform electric and magnetic fields. Also, the apparatus is 
in a vacuum system to avoid scattering and energy loss by alpha particles hitting air molecules. 


(10-23 The field near the middle of the wire (where the field is 
shown) is uninfluenced by the parts of the circuit which are 


far away. See Fig. 30-5(b) and (c) and 30—7(a). 


parts of the circuit.) The field lines form con- 
centric circles around the wire [Fig. 30-5 (b) and 
Fig. 30-7 (a)]; and the strength B of the field at 
a distance r from the wire was found by Biot 
and Savart to be inversely proportional to r. 
We have seen earlier in this chapter that B is 
directly proportional to /. Consequently, 
Bst. wire = K ae . 
- 

As usual, the proportionality constant de- 
pends on the choice of units. We shall make an 
experimental measurement of this constant in 
Section 30-11. 


Circulation 


An important general relation can be derived 
from the formula for the magnetic field of a 
straight-line current. If we multiply both sides 


of the expression B = k+ by 2zr we obtain 


2arB = 2cKI. 
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The left side, 27rB, is simply the strength of 
the field multiplied by the length of the closed 
circular path to which it is tangent. And since 
B is inversely proportional to the radius of the 
circle, the product 27rB is the same for all circles 
surrounding a straight-line current J. This 
product 27rB is a special case of what is called 
the circulation of B. More generally, we may 
take any closed path, a smooth circle or an ir- 
regular loop, such as shown in Fig. 30-24, mul- 
tiply the length of each small, nearly straight 
segment of the path by the component of B 
along that segment and sum these products for 
all segments; the result is the circulation of B 
for the path loop. 

The importance of the idea of circulation is 
that for any loop the circulation depends only 
on the net current threading the loop. In Fig. 
30-25, for example, the circulations of loop 
(1) and loop (2) are the same since the same 
current, J, threads both loops. The circulation 
of the adjacent loop (3), on the other hand, is 
zero even though it is in the magnetic field of J, 
since no current threads it. 

To see why this is so, consider first the coun- 
terclockwise solid line of path abcd of Fig. 30- 
26. The contributions to the circulation of B 


the component of B along the segment. 


come only from segments b and d, since B has 
no component along the radial segments a and 
c. The length of the arc 5 is proportional to its 
radius, and B is inversely proportional to the ra- 
dius, so that the contribution to the circulation, 
bB, depends only on the angle subtended by the 
arc. This is true for all arcs, of any radius, so 
that if one goes around the. current along the 
path abcd the total circulation is 27K/. Sup- 
pose, on the other hand, the loop is made along 
the path abcd’. The component of B is opposite 
to the direction of the path along the dashed 
segment d’ and the contribution from d’ will 
cancel that from abc; the total circulation of the 
path abcd’ is therefore zero. Thus we see that, 
even though a loop may lie in a region of mag- 
netic field, it will have a zero circulation if it is 
not threaded by a current. 

If the position of the loop with respect to the 
current threading it does not matter, and the 
circulation depends only on the current thread- 
ing the loop, two currents J and I’ passing 
through different points in the loop will simply 
produce a circulation proportional to J + I’ 
(Fig. 30-27). The circulation of B depends only 
on the total current passing through the surface 
bounded by the loop. It need not even be a 


30-24 The circulation around the irregular loop is the sum around the loop of the products of each tiny segment of length Al times By, 
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(2) 
Cw, 


80-25 The circulation around loop (1) equals the circulation 
around loop (2), but the circulation around loop (3) is zero. 


30-27 The circulation around the loop is proportional to | + 1’. 


30-28 The circulation of B depends only on the total current pass- 
ing through the surface bounded by the loop. This is true 
even when the surface is not a plane surface; indeed, even 
the loop itself need not lie in a plane. 
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(0-26 Circulation paths about a current-carrying wire that is per- 


dicul h . The directi i : . ops 
pendicular to the page e direction of the current is out 30-11 Uniform Magnetic Fields 


of the page and the direction of the magnetic field is there- 


f terclockwise. : 
Se ge ae To get a magnetic field that does not change 


with time, all we have to do is keep the current 
constant that generates it.* But how do we 
make a field that is uniform over a reasonable 
volume of space? From Chapter 27 you will 
remember that to make a uniform electric field 
in space we used two parallel, closely spaced 
metal plates carrying equal and opposite 
charges. With such an arrangement, the elec- 


plane surface, and the loop itself need not be 
planar (Fig. 30-28). The currents need not even 
be confined to long, straight narrow filaments. 
The general theorem relating a property of the 
magnetic field to currents was the culmination 
of the thorough investigation by Ampére (1775- 
1836) on the magnetic effects of steady currents. 
It is called Ampeére’s circuital law, or the circu- *What happens when magnetic fields change with time is 
lation theorem for magnetic fields. taken up in the next chapter. 
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the other outside. 


tric field was constant between the plates except 
near the edges. 

Does the analogous prescription work here? 
Does a large uniform sheet of current, like a 
large uniform sheet of charge in the electric 
case, give rise to a uniform magnetic field? It 
does. In fact, in the case of a magnetic field we 
can bend the plane current sheet into a cylinder 
and still get a uniform field inside. In practice, 
the current sheet is composed of one long wire 
wound closely and uniformly as a cylindrical 
coil. The field inside is along the axis of the coil 
[Fig. 30-5 (e)] and uniform except near the ends. 

To find the magnetic field inside such a coil, 
or “solenoid” as it is often called, we can use 
the circulation theorem discussed in the last 
section. For our loop we take a rectangle with 
one side inside the coil and parallel to its axis 
where the field is B; the rectangle is completed 
outside the coil, where the field is very weak 
(Fig. 30-29). [Notice that in Fig. 30-5 (e) the 
iron filings are not noticeably lined up in any 
direction just outside the coil, except very near 
the ends.] This side therefore does not con- 
tribute anything of significance to the circula- 
tion. Neither do the two short sides since the 
field lines are very nearly perpendicular to these 
segments, and only the component of field par- 
allel to the path contributes to circulation. So, 
nearly the entire circulation comes from the 
length / inside the coil. We conclude, therefore, 
that the circulation around the rectangle is just 
Bl. 

Suppose the rectangle threads n turns of wire. 


30-29 To find the magnetic field inside a long solenoid, we take the circulation around a rectangle, one side of which is inside the coil and 


Then, from Ampére’s theorem, the circulation 
of B around the loop is B/ = 27KnIJ and the field 
inside is B = 27K nI/I. That is, it depends only 
on the number of windings per unit length of 
the coil n// and on the current J. It does not 
depend on the length or diameter of the coil, 
as long as n// is constant and the length of the 
coil is large compared with the diameter. If 
you displace the rectangle to the right or left 
(but stay away from the ends) the current it 
threads does not change, since the coil is uni- 
formly wound. The same holds for a displace- 
ment of the rectangle forward or backward, up 


30-30a One form of the ‘‘current balance’ which can be used to 


determine absolute units for the magnetic field, B. 
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variable resistor 


variable resistor 
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urren supply, 
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ammeter & 


The far end of the current balance, carrying the short current element I'l’, is in the center of the solenoid where the magnetic field 
is uniform. Short pieces of string of known mass are hung on the near end to balance the magnetic force on the current element. 


or down, as long as the segment stays inside the 
coil. So, according to Ampére’s theorem, the 
circulation around the rectangle does not 
change. Figure 30-5 (e) shows that the field 
lines inside the coil are everywhere parallel to 
the side /. Therefore, not only is the circulation 
constant, but also the field B is constant inside 
the coil, except near the ends. If we put N = 
n/l, the number of windings per unit length in 
the coil, the expression for the field inside the 
coil is B = 27KNI. 


Now, to determine the value of K in this ex- 
pression all we need to do is make a measure- 
ment of the uniform field in a long solenoid 
having N windings per unit length and carrying 
a current J. We can do this with the “current 
balance” shown in Fig. 30-30 (a). The end of 
the balance carrying a short, straight section of 
wire of length /’ is placed in the uniform field of 
the solenoid [Fig. 30-30 (b) and (c)}. With a 
current / in the coil and /’ in the loop, different 
known masses m are placed on the end of the 


i +e ii a 


Sle = 8. SS. 


The circuit connections for the experiment. 
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balance outside the coil until balance is ob- 
tained. Then since F = /’/’B,, the field B in- 
side the coil is mg//’’. Equating this value for 
B to the expression for B we obtained using the 
circulation theorem, we have mg/I’l’ = 27KNI. 
This gives for the value of the constant 


Se 
ioe 2aNIT'T 


When this experiment is carefully performed, 
the value of K is found to be 2.00 x 10-7 
nt/amp2. We can now include the value of the 
constant in the equations for the circulation, the 
field about a long straight wire, and the field 
inside a long solenoid: 


Circulation = (47 x 10-7 nt/amp?) J 
Bst. wire = (2 «x 10-7 nt/amp?) 2 


Bsotencia = (47 X 10-7 nt/amp?) NI. 


Here /must be measured in amperes and 
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1.* If a long straight wire carrying a current were 
placed flat on a paper and iron filings were 
sprinkled on the paper, what would you expect 
the iron filings to do? (Section 2.) 


2.* Do magnetic field lines have a beginning and 
ending? (Section 2.) 


3.* What is the direction of the magnetic field pro- 
duced by positive charges moving directly away 
from you? Negative charges moving toward you? 
(Section 2.) 


4.* Two identical coils carry equal currents, have a 
common center, and are at right angles to each 
other. How does the magnitude of the field they 


lengths in meters; then the field B comes out in 
newtons 
amp-m 
the proportionality constant, K, came out to be 
nt 
amp2 
The answer lies in the choice of units we made 
in Chapter 27 when we picked the ampere to 
be 6.25 x 1018 elementary charges per second. 
This made our unit for current agree with the 
“absolute ampere” which is usually determined 
by choosing K to be exactly 2 x 10-7 and doing 
an experiment similar to the one described here. 
Looking back at the contents of this and the 
previous chapters, you will realize that we have 
dealt so far with electric fields produced by elec- 
tric charges at rest, and with magnetic fields 
produced by steady currents. Such fields are 
constant in time. In the next chapter we shall 
again turn to experiment to learn what happens 
when electric and magnetic fields vary with 
time. 


aS we expect. You may wonder why 


such a simple number as 2.00 x 10-7 


produce compare with the magnitude of the field 
from just one of them? (Section 3.) 


5.* How does the field produced by a current-carry- 
ing wire depend on the magnitude of the current? 
(Section 3.) 


6. A horizontal uniform magnetic field B is perpen- 
dicular to the horizontal component B, of the 
earth’s magnetic field and points east. 

(a) The ratio B/B, = \/3; in which direction 
will a compass needle point? 

(Note: the compass needle rotates in a horizon- 
tal plane.) 

(b) If the compass needle points northeast, 
what is the magnitude of B now? 


Two circular wire loops of equal radius are set 
up at right angles to each other with a common 
center (Fig. 30-31). If /; = 3.0 amperes and / 


= 4.0 amperes, what is the direction of the mag- 
netic field at the center, 0? 


30-31 For Problem 7. 


Suppose two loops are fixed at right angles and 
you can run a current in either direction through 
either loop. Neglecting the earth’s field, how 
many different magnetic fields could you produce 
if a current of 2 amps flows whenever a loop is 
connected? 
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9.* In what direction can an electric charge move 


"1 


* 


through a magnetic field without having a force 
exerted on it? (Section 4.) 


Suppose a wire carries a current from left to right 
through a magnetic field whose direction is 
toward you. In what direction is the magnetic 
force on the wire? (Section 4.) 


What is the force on a wire 0.20 meter long, carry- 
ing a current of 3.0 amps, which is placed within a 
uniform magnetic field of 5.0 newtons/amp-m at 
an angle of 45° to the field? (Section 4.) 


The magnetic field inside a long solenoid is uni- 
form and parallel to the axis of the solenoid. 

(a) What is the force on a current-carrying wire 
inside the solenoid and parallel to the axis? 

(b) What is the force on the wire shown in Fig. 
30-32 which carries a current of 1.0 ampere, if 
the field B in the solenoid is 1.0 x 10-2 new- 
ton/amp-m and the length CD is 2 cm? 

(c) How much mass m should be placed on 
the other end of the balance to keep it from tilt- 
ing? 

(d) Describe how you could use this setup as 
an ammeter. 


(a) Show that a square loop of wire carrying a 
current will always tend to align itself in a mag- 
netic field so that the plane of the loop is perpen- 
dicular to the field. 

(b) What do the magnetic forces tend to do to 
the loop in this position? (Hint: draw a side 
view.) 


TTTEP SAA AAAI ALAALI ARAMA 
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30-32 For Problem 12. 
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30-33 For Problem 14. 


In the moving-coil ammeter of Fig. 30-16, the 
magnetic force on the coil is balanced by a torsion 
spring. An ammeter can also be constructed as 
shown in Fig. 30-33, using a small spring balance 
to measure the magnetic force on the coil. By 
adjustment of the position of the support, the 
conductors can be kept in the same position in 
the magnetic field for different currents. 

One such coil, 4.0 cm wide by 25 cm high, was 
constructed of 100 turns and weighed 2.4 new- 
tons. The spring balance had a scale of 0 to 5 
newtons. 

(a) When supported in a magnetic field, as 
shown, the spring balance changed from 2.4 to 
2.7 newtons as the current was increased from 0 
to 0.5 ampere. What is the maximum current 
that could be measured on this spring balance? 

(b) What is the magnetic field in the air gap of 
the magnet? 


How does the force that opposes the magnetic 
force in a moving-coil ammeter depend on the 


20. 


225" 


23. 


24. 


angle of rotation of the pointer on the ammeter’s 
scale? (Section 5.) 


How could the direction of rotation of the coil in 
Fig. 30-17 be reversed? (Section 5.) 


What happens to the radius of the circle in Fig. 
30-18 (b) if the accelerating potential inside the 
electron gun is raised? (Section 6.) 


Upon what does the magnetic force on a moving 
electric charge depend? (Section 6.) 


How do the momenta of a proton and an electron 
compare if both are moving perpendicular to the 
same magnetic field in circles of the same radius? 


Would it be easier for a mass spectrograph to sep- 
arate the isotopes of light elements or heavy 
elements? 


A beam of protons of kinetic energy Ex is injected 
into a region of uniform magnetic field B at right 
angles to the direction of the beam. 

(a) Find expressions for the radius and the 
period of the resulting circular motion in terms 
of the magnetic field strength. 

(b) How would your answers to (a) be affected 
if the incident energy were four times as great? 

(c) Protons of energy 4.60 x 105 electron volts 
are injected into a proton synchrotron in which 
the magnetic field strength is 2.10 x 10-2 
newlon/amp-m. Calculate the period and the 
tadius of the circular motion. 


What is the kinetic energy of alpha particles ac- 
celerated by a potential difference of 180 volts? 
(Section 7.) 


Charged particles are accelerated by a uniform 
electric field and then deflected by a magnetic 
field. What quantities must be measured to de- 
termine the mass of the particles from this ex- 
periment? 


When helium gas is fed into the apparatus shown 
in Fig. 30-21, mounted in a chamber from which 
the gas can be pumped to keep the pressure low, 
He+ and Het+ ions are produced. These two 
ions form two spots on the screen below the 
position of the beam with no field. The face of 
the magnet is 3.0 cm by 1.5 cm and the center of 
the face is 10 cm from the screen. The strength 
of the magnetic field is 1.5 »% 10-2 newton/ 
amp-m. 

(a) Compute the radius of the circular part of 
the path of each ion while it is in the magnetic 
field. 

(b) Make a scale drawing and determine the 
position of each spot on the screen. 

(c) What would be the path of a He++ ion 


I = 10 amps 


30-34 For Problem 29. 


25. 


26. 


27. 


which gains one electron while in the electric 
field? Describe it qualitatively. 

(d) What would be the path of a He++ ion 
which gains one electron while in the magnetic 
field? Describe it qualitatively. 


A nearly uniform electric field is set up parallel 
to the surface of a glass-topped table by charging 
two large parallel, vertical metal plates. The 
plates are 0.50 m apart and the potential differ- 
ence between them is 20 kv. A small Dry Ice 
puck with a total mass of 60 grams carries a cop- 
per-coated Ping-Pong ball which has a charge of 
2.2 « 10-8 coulomb. 

(a) What is the electric force on the ball when 
it is placed between the plates? 

(b) What would be the shape of its path if it 
were given a brief push perpendicular to the field 
lines? 

(c) Even ina restricted region, the largest mag- 
netic field that can be obtained fairly easily is 0.50 
newton/amp-m. If you projected the puck 
through such a field perpendicular to the field at 
a speed of one meter/second, what would be the 
magnetic force on the puck? 


A beam of singly charged ions moves into a re- 
gion of space where there is a uniform electric 
field E = 1.0 x 103 newton per coulomb, and a 
uniform magnetic field B = 2.0 x 10-? new- 
ton/amp-m. The electric and magnetic fields are 
at right angles to each other and both are per- 
pendicular to the beam so that the electric and 
magnetic forces on an ion oppose each other. 
What is the speed of those ions which move un- 
deflected through these crossed electric and mag- 
netic fields? 


The undeflected ions of Problem 26 are passed 
through a slit and move into a region where there 
is a uniform magnetic field B = 0.09 newton/ 
amp-m at right angles to their motion. If the 
ions are a mixture of the neon ions of mass 20 
and 22 atomic mass units, how far apart will these 
ions land on a photographic plate after they have 
moved through a semicircle? 


28.* A wire carrying a current / threads a square loop 


31. 


32. 
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2 cm ona side. What is the circulation around 
the square? (Express your answer in terms of K.) 
(Section 10.) 


What is the circulation around the loop shown in 
Fig. 30-34? (Section 10.) 


What is the field in the center of along solenoid 
having 10 turns/cm and carrying a current of 
5 amp? (Section 11.) 


Two very long straight parallel wires, one carry- 
ing 10 amperes and the other 20 amperes, are 
separated by a distance of 10 cm (Fig. 30-35). 
Find the magnitude and direction of B at the 
points P, Q, and R shown in the figure. 


—______» 


L. = 20 amps 


30-35 For Problem 31. 


A long straight wire carrying a current J = 100 
amperes is perpendicular to a uniform magnetic 
field of strength B = 1.0 x 10-3 newton/amp-m 
(Fig. 30-36). What is the strength and direction 
of the resultant B field at the points P, 9, R, Son 
a circle of radius 1 cm around the wire? 


newtons 
amp. meter 


30-36 For Problem 32. 
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33. Suppose we have a beam of electrons moving at 
a speed v = 3.00 x 106 m/sec and carrying a 
current of 1.00 microampere. 

(a) How many electrons per second pass a 
given point? 

(b) How many electrons are in 1.00 meter of 
the beam? 

(c) What magnetic field does the beam pro- 
duce at 1.00 m distance? 

(d) What is the total force on all of the elec- 
trons in 1.00 m of the beam if it passes through a 
field of 0.10 newton/amp-m? 

(e) What is the force on a single electron if you 
assume that each electron experiences the same 
force? 


34. Point A is 2 cm from each of 3 currents J, Io, 
and /3, as shown in Fig. 30-37. All three currents 
are carried by long wires perpendicular to the 
Paper. 

(a) If /; = J. = J3 = 10 amperes, and all three 
currents are directed out of the paper, what is the 
magnitude and direction of the magnetic field at 
A due to the currents in the wires? 

(b) If J; = Ig = I; = 10 amperes, but /2 is 
into the paper while /, and /3 are out, what is the 
magnitude and direction of the magnetic field at 
A due to the currents in the wires? 


30-37 For Problem 34. 


FURTHER READING 
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to works that have been found especially useful and 
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the Atom. Doubleday Anchor, 1964: Science Study 
Series. 

BITTER, FRANCIS, Magnets—The Education of a Physi- 
cist. Doubleday Anchor, 1959: Science Study Series. 
(Chapters 2, 3, and 5) 

Bonb1i, HERMANN, The Universe at Large. Doubleday 
Anchor, 1960: Science Study Series. Explains the 
effects of magnetic fields in space and in the earth’s 
atmosphere and suggests the possible source of the 
earth’s magnetism. (Chapters 8 and 12) 

MacDonaLp, D. K. C., Faraday, Maxwell and Kelvin. 
Doubleday Anchor, 1964: Science Study Series. 

PIERCE, JOHN R., Electrons and Waves. Doubleday 
Anchor, 1964: Science Study Series. (Chapter 4) 

WEISSKOPF, VICTOR F., Knowledge and Wonder. 
Doubleday Anchor, 1963: Science Study Series. 
(Chapter 3) 

WILSON, ROBERT R., and LITTAUER, RAPHAEL, Accel- 
erators. Doubleday Anchor, 1960: Science Study 
Series. (Chapters 5 and 6) 


Michael Faraday 


Michael Faraday (1791-1867) was one of the great elec- 
trical pioneers. Among his discoveries were electromag- 
netic induction and the laws of electrolysis. He emphasized 
the significance of the ideas of electric and magnetic fields. 


James Clerk Maxwell (1831-1879) built on the work of 
Faraday; he developed the formal electromagnetic theory. 
He introduced the idea that a changing electric flux pro- 
duces a magnetic field equivalent to that produced by an 
electric current. His theory shows that electromagnetic 
waves should behave like light. 


Heinrich Hertz (1857-1894) established the existence of 
what are today called radio waves, seventeen years after 
they were predicted by Maxwell. He generated the waves 
with electric sparks and demonstrated their wave nature by 
forming standing waves. 


J. J. Thomson (1856-1940) contributed further to electro- 
magnetic theory: for example, he introduced the idea of 
electromagnetic momentum. He established the existence 
of the electron and showed that it must be a particle with 
a negative electric charge and a mass very small compared 
to even the lightest atom. He pointed out that electrons 
are one of the building blocks of all atoms. 


The experiments done by Ernest Rutherford (1871-1937) 
and his students established the nature of alpha particles. 
He then used these particles to explore the structure of 
atoms, establishing the nuclear model. 


James Clerk Maxwell 


J. J. Thomson 


Ernest Rutherford 


(Pictures of Faraday, Maxwell, and Thomson, courtesy British Information Services. Picture of Rutherford from British Scientists 
of the Twentieth Century, 1952, Routledge & Kegan Paul Limited. Picture of Hertz, courtesy Journal of Chemical Education.) 
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31-1 Induced Current 


After Oersted’s discovery that an electric cur- 
rent is accompanied by a magnetic field, several 
people began to look for an “inverse” effect: 
Can a magnet produce a current? 

Suppose you wanted to do some experiments 
to determine whether a magnet can produce a 
current. How would you proceed? You might 
wrap some wire around a magnet, connect it to 
a current meter to complete the circuit, and see 
what happens. When you found that the meter 
continues to read zero, you might try a bigger 
magnet. Disappointed, you try a more sensitive 
meter. Or, instead of a permanent magnet, you 
may want to get your magnetic field by passing 
current through a coil of wire. You would put 
a piece of soft iron inside the coil, making an 
electromagnet and thus getting a stronger mag- 
netic field. And if you tried all of these things, 
you would be treading in the footsteps of that 
great experimenter, Michael Faraday. But, like 
Faraday, you wouldn’t see the needle of your 
current meter budge. 

Next you might see if what you know about 
the motion of charged particles in a magnetic 
field gives you any clues. From Chapter 30, you 
remember that the force on an electric charge 
in a magnetic field is proportional to the speed 
of the charge. So a stationary charge has no 
force on it, regardless of how strong the mag- 
netic field. Immediately you might conclude: 
If I want to get a current in a wire in a magnetic 
field, | have to move the wire! 

In Fig. 31-1, a short, straight wire is being 
moved to the left across the magnetic field. The 
right-hand rule tells us the direction of the force 
on negative charges in the wire. The force is 
directed toward Q. Positive charges would be 
pushed toward the near end and negative 
charges toward the far end of the wire. Of 
course, you don’t expect anything like complete 
separation of charges, because the electrostatic 
forces fight back. The positive charges near P 
attract the negative charges near Q and repel 
further positives from their end. This is just 
what happens in any open circuit when it is con- 
nected to a battery: charges build up on the 
ends of the wire. Figure 29-2 shows these 
charges registering on an electrometer. 

In Fig. 31-2, the circuit has been completed 


outside the magnetic field, and a meter is in- 
serted to indicate a possible current. Now 
charge can flow around the circuit. Will the 
meter register any current? 

If you were to try this experiment in the lab- 
oratory, you would be pretty confident of seeing 
the meter needle deflect. This time your hopes 
are based on previous knowledge, not just on a 
hunch. If you saw nothing, you might again 


31-1 As the wire moves to the left across the field of the mag- 


net, charges in the wire are pushed toward the two ends. 


31-2 
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try a bigger magnet, or faster motion of the 
wire in the field, or a more sensitive meter. And 
eventually you would detect a current! We say 
that the motion of the wire loop through the 
magnetic field has induced a current in the loop. 

It probably will not surprise you that 
doubling the velocity of the loop doubles the 
current; that if you move the loop at the same 
speed to the right instead of to the left, the cur- 
rent is reversed, but not changed in magnitude; 
or that turning the magnet upside down does 
the same thing, just reverses the induced cur- 
rent. 


Relative Motion 


But suppose you moved the wire loop and the 
magnet together, at the same velocity (Fig. 
31-3). Would you expect to induce a current in 
the loop? 

When you think about this question, you 
realize that nowhere in Chapter 30 was any- 
thing said about moving magnets. You might 
make a shrewd guess at the answer, but it would 
be only a guess at this stage and you would have 
to check it by experiment. The result is—no 
induced current. 

What do you conclude from this? You 
might, of course, conclude that you have to hold 


31-2 As the wire loop is pulled across the magnetic field by an 


external force, current is induced in the loop. Note that 
part of the loop is ina region of very weak field, well away 
from the magnet. 


31-3 


When magnet and loop move along together, no current is 
induced. 
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loo 
stationary 


31-4 With the magnet moving to the right at speed v and the 


loop stationary, the induced current is the same as with the 
loop moving to the left at speed v and the magnet station- 
ary. Apparently it is the relative motion that counts. 


the magnet stationary to get induced current. 
Or you might be tempted to try the experiment 
shown in Fig. 31-4: keep the loop stationary 
and move the magnet. And if you did it, you 
would find that moving the magnet to the right 
and holding the loop at rest induces the same 
current in the loop as moving the loop to the 
left and keeping the magnet at rest, as in Fig. 
31-2. Apparently, it is only relative motion 
that counts. 

This idea may be familiar to you from your 
study of mechanics. You probably have had 
the experience of sitting in a car stopped at a 
traffic light and suddenly thinking you were 
rolling slowly backward, realizing a moment 
later that you were being fooled by the truck in 
the next lane moving slowly forward. If your 
car had no windows, is there any experiment 
you could perform inside to tell whether the car 
was moving forward, backward, or standing 
still? The laws of mechanics tell you that no 
dynamics experiment can detect absolute rest 
or uniform motion. Now it appears that the 
laws of electricity and magnetism show the 
same indifference to absolutes. They won’t tell 
you “who is moving.” They are the same in 
one frame of reference as in any other whose 
motion is uniform with respect to the first. This 


refusal of physical laws to give preference to one 
frame of reference over another became, in the 
hands of Albert Einstein, the cornerstone of the 
special theory of relativity. 


31-3 Magnetic Flux Change 


In reading the last section, you have frequently 
come across the phrase “moving the magnet.” 
How can we say the same thing in the language 
of magnetic field, without referring to the mag- 
net which is the source of the field? Let us try 
some more experiments with induced currents 
and look for hints. Suppose we repeated the 
experiment of moving a loop in a magnetic field 
using a very small loop, small enough so that it 
stays in a region of uniform field throughout the 
motion (Fig. 31-5). It is only when part of the 
loop gets near the edge of the magnet, where the 
field gets weaker, that we see the meter needle 
budge. Is this a hint? Is it that the magnetic 
field has to be changing at some part of the 
circuit? 

We can test that hypothesis without moving 
either the circuit or the magnet. Using an 
electromagnet (Fig. 31-6), we can change the 
magnetic field by changing the current in the 
coils. When we throw the switch to start the 
current in the coils, a current is briefly induced 


31-5 When the whole loop is in a uniform magnetic field, the mo- 


tion induces no current. 


in the loop. And when we open the switch to 
stop the current in the coils, a current is induced 
again, but in the opposite direction.* It looks 
as if the hint that induced current is related to 
changing magnetic field has put us on the right 
track. 


* Historically, it was through this type of experiment that 
induced currents were discovered in 1831, by Michael Fara- 
day in England and, independently. by Joseph Henry, who 
was teaching in a boys’ school in Albany. New York. 


31-6 Current can be induced in a stationary loop by changing 
the magnetic field of the electromagnet. 
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31-7 Current can be induced in a stationary loop when the mag- 
netic field changes, even though the wire itself is in a 
region of very weak field. 
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A slight modification of this last setup is 
shown in Fig. 31-7. Here we use a loop large 
enough so that no part of the wire is between 
the poles of the electromagnet. All the wire is 
in a region in which the magnetic field is prac- 
tically zero. But when we throw the switch, the 
needle of the current meter jumps. So the in- 
duced current does indeed seem to depend ona 
changing magnetic field, but it does not require 
that the wire itself be in the strong part of the 
field. What does seem to be important is that 
we have a change in the “amount” of magnetic 
field passing through the closed loop of the 
circuit. 

How can we describe the “amount” of mag- 
netic field passing through the circuit loop ina 
way that applies to all the situations we have 
discussed (Fig. 31-2 through 31-7)? Certainly, 
the magnetic field strength, B, is one important 
measure of the “amount” of magnetic field, but 
this only describes the strength at each point. 
The field is spread out over an area, and we need 
to take account of the total magnetic field pass- 
ing through the area enclosed by the loop of the 
circuit. We shall define a new quantity, the 
magnetic flux og, to measure the amount of 
magnetic field passing through a given area. 
For uniform fields, the magnetic flux is just the 
field strength times the area as long as the area 
is perpendicular to the magnetic field [Fig. 
31-8 (a)]. Ifthe area is tilted at an angle so that 
the magnetic field does not run straight across 
it, less of the magnetic field passes through it 
[Fig. 31-8(b)]. For example, when we look at 
an area which is parallel to the lines of magnetic 
field, no magnetic field crosses it. It is only the 
component of the field perpendicular to a given 
area that carries magnetic field through that 
area. Thus, we shall define the magnetic flux 
through the area by 


op = B.A. 


The general case, in which B is not uniform over 
the area A, is treated in the box. 

Armed with this new concept, we now 
attempt a general statement: To get induced 
current in a circuit, the magnetic flux through 
the circuit must be changing. 

Let us test this statement to see how it applies 
in each situation: 

In Fig. 31-2, part of the loop is outside the 
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field. As the loop moves to the left, the effective 
area of loop in the magnetic field decreases, so 
the loop threads less and less magnetic flux, and 
current is induced. 

The analysis for Fig. 31-4 is the same as for 
Fig. 31-2. It does not matter who moves; it is 
the change of flux through the loop that induces 
the current. 


31-84 The magnetic flux dg through the circuit PQRS is the product 
of the field B times the area A of the circuit: ¢g = BA. 


31-8b When the circuit PQRS is oblique to the magnetic field, it in- 
tercepts less magnetic flux. The effective area A is now the 
shaded area PQR’S’. 
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31-9 When the magnetic field is not uniform over the circuit, 


we consider the circuit as divided into a network of little 
loops. Each loop of the net is small enough so that it 
may be considered as being in a uniform field, and we 
can use our definition of flux. The flux through the 
whole circuit is defined as the sum of the fluxes through 
the separate loops of the net. The magnetic field is 
strong in the region between the poles and falls off 
rapidly outside this region. Hence, the major contribu- 
tion to the flux comes from the region between the poles 
(shown shaded). 


MAGNETIC FLUX 


The definition ¢g = B, A of the magnetic 
flux through a circuit loop is incomplete 
when the B field is not uniform over the area 
of the loop. For the nonuniform case, it 
would make sense to use a suitable average 
of B, over the area enclosed by the circuit 
loop. To find such an average, we shall cover 
this enclosed area by a network of tiny loops 
of area AA, chosen so small that B, can be 
considered uniform over each of them (Fig. 
31-9). The total flux, then, is just the sum 
of the flux contributions from all of the tiny 
loops, or 


og = sum(B, AA) 


over all the AA’s enclosed by the circuit loop. 
It can be shown that this sum of fluxes is in- 
dependent of the way the network is drawn, 
as long as the A4’s are chosen small enough. 


In Fig. 31-3, there is no relative motion, the 
flux through the circuit does not change, no 
current is induced. 

In Fig. 31-6, the effective area of loop in the 
field stays the same (no motion). The flux 
threading the loop changes when the field 
changes; current is induced. 

The same holds for Fig. 31-7, although there 
the flux is dense (the field is strong) only near 
the middle of the loop, well away from the 
wire. If this loop is placed with some of the 
wire in the strong part of the field, less flux is 
enclosed by the loop, so a given change of cur- 
rent in the coils gives less flux change through 
the loop and less induced current. To see that 
less flux passes through the loop in the displaced 
position, it may be helpful to think of the elec- 
tromagnet as providing a given amount of flux 
for a given coil current. Then, in the displaced 
position, some of the flux which was passing 
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through the loop now lies outside it. In fact, if 
the loop is moved over by half its own width, so 
that one wire goes right down the middle of the 
face of the electromagnet, it then encloses only 
half the flux it did before. (Incidentally, if the 
electromagnet is left on during the displace- 
ment, you will see the needle of the current 
meter twitch.) 

Now let us look at some new situations: 

In Fig. 31-10, the field is uniform over a cir- 
cuit made of a spring. As the circuit is allowed 
to shrink, the flux through it decreases and cur- 
rent is induced. 

In Fig. 31-11 (a), the loop is entirely in a uni- 
form magnetic field, just as in Fig. 31-5, but the 
flux is changed by rotating the loop about a 
horizontal axis. The effective area A [see Fig. 
31-8 (b)] is now the projection of the loop on a 
horizontal plane. As the loop is turned out of 
the horizontal plane, the flux through it de- 


)) 


N-10 Current is induced by changing the area of the circuit. Here an extended spring is allowed to contract to a smaller area. 
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31-1]a Current is induced by changing the orientation of the circuit 


with respect to the magnetic field. As the loop rotates, the 
area of its projection on the horizontal plane changes. 


31-11b The flux through the loop is now zero. The area of the 


loop’s horizontal projection will start to increase as the 
loop rotates. However, from the point of view of someone 
riding on the loop, the direction of the field will now be 
in the opposite direction through the loop. Hence, the flux 
is still decreasing and the induced current is still in the same 
direction as before. 


The situation is now the same as in (a) except that the loop 
now is upside down. As viewed from the outside, the cur- 
rent will flow in the same direction as in (a), but the ammeter 
will register a current in the opposite direction. 


creases, and current is induced in the direction 
shown. When the loop is turned through 90°, 
the flux through it drops to zero [Fig. 31-11 (b)]. 
On further rotation, the flux starts increasing. 
From the point of view of the magnet (and of 
the reader), this is flux down through the loop, 
as before; but from the point of view of some- 
one riding on the loop, this is flux in the oppo- 
site direction. So the flux change has the same 
sign as before, and the current induced is still 
in the same direction in the loop. But when the 
loop has turned through 180°, its plane is hori- 
zontal again, the flux through it is maximum, so 
the rate of change of flux is instantaneously 
zero. Further rotation [Fig. 31-11 (c)] decreases 
the flux, giving rise to induced current in the 
opposite direction. What we have just de- 
scribed is, of course, a simple alternating-cur- 
rent generator. The huge generators that sup- 
ply electric power for entire cities operate on 
the same principle. 

The credit for unifying the description of such 
apparently different situations by the use of the 
flux concept must go to Michael Faraday. He 
was not only a most resourceful gadgeteer and 
experimenter, but in addition had the creative 
imagination to see that the results of many very 
different experiments could all be explained in 
terms of one general principle. 


31-4 Induced EMF 


If we try to make quantitative the relation 
between induced current and magnetic flux 
change, we find that there are other variables. 
If we choose wire of different dimensions or 
made of a different metal, the current also is 
different. Break the wire, and the current stops. 
The behavior of the current is just the same as 
if there were a battery in the circuit instead of 
a changing magnetic flux through the circuit. 
With a break in a circuit supplied by a battery, 
a current meter reads zero, but an electrometer 
indicates a potential difference across the break 
equal to the EMF of the battery. This leads us 
to try to analyze the situation of Fig. 31-2 to 
see if a given motion corresponds, not to a defi- 
nite current, but to a definite EMF. We shall 
try to relate this EMF to the rate of change of 
magnetic flux. The relation we obtain, put to 
the test of experiment in “new” situations, will 
be found to hold generally, regardless of how 
the flux change is caused. 

In Fig. 31-2, suppose that uniform motion of 
the loop with velocity V to the left across the 
magnetic field B induces a current / in the loop 
as shown. Then, as you know from Section 
30-4, the force on the length / of wire due to the 
magnetic field is 


F magnetic = IIB. 


If you apply the nght-hand rule, you will see 
that this force is directed to the right, tending 
to stop the motion. To maintain the loop in 
constant velocity, this magnetic force must be 
balanced by an equal force F to the left; that is 
just what the hand in the sketch is supplying. 
As it pulls the loop to the left, it does work. In 
the time interval Az, it pulls the loop along a 
distance v At, doing an amount of work W = 
Fv At. But, since 


F=—- magnetic = — IIB, 
then the work done, in terms of electric and 
magnetic quantities, is just 
W = —I1/1 Bvt. 


This work provides the energy necessary to 
drive the current around the loop. The energy 
per charge needed to drive a charge around the 
loop is just what we call & the EMF. The 


31-5 
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amount of charge passing any point of the cir- 
cuit in time As is / Ar, so the total energy needed 
to push this charge is &/ Ar. If we equate this to 
the work done in pulling, we get 


&/ At = —II Bu At 


or &At= —/BvAt. 


The disappearance of J from the equation is 
important, since it tells us that the length of the 
wire, the field strength, and the velocity are re- 
lated directly to the induced EMF, rather than 
to the current. Why have we not eliminated 
the Av as well? Because the length / moving a 
distance v Ar sweeps out an area /v At, the mag- 
netic flux change is: 


Ags = Blv At. 


We substitute this into the right-hand side of 
the previous equation and solve for the induced 
EMF: 


We see that the induced EMF is proportional to 
the rate of change of the magnetic flux. That 
the proportionality constant turns out to be 
unity is due to the choice of the unit of magnetic 
field strength made in Section 30-4. 


Direction of the Induced EMF 


What does the minus sign in the last equation 
mean? Somewhere in the argument we must 
have assigned a meaning to positive or negative 
flux without saying so explicitly. In the iden- 
tification of + BivAr as the flux change, we must 
have introduced a sign convention for flux. But 
rather than analyze what we mean by positive 
or negative B, v, and Af separately, let us use 
the conservation-of-energy principle to arrive at 
an understanding of the negative sign. 
Induced current in the loop gives rise to a 
magnetic field, and thus to magnetic flux thread- 
ing the loop. This flux must oppose the flux 
change that induced the EMF in the first place. 
For if it did not, if the induced current set up 
magnetic flux aiding the overall flux change, 
then the EMF would build up, causing the cur- 
rent to build up, causing the flux to build up, 
causing the EMF to build up, etc.—and all with 
no expenditure of energy. This property of the 
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induced EMF was discovered by the German 
physicist H. F. Lenz, working in Russia. Lenz’s 
law, in effect, allows energy conservation to 
limit the induced current. All the work done 
by the induced current has to be done by the 
force causing the flux change: by the hand in 
Fig. 31-2, by the turbine in the power-genera- 
ting station that supplies your town’s electricity. 


Electric Fields Around Changing 
Magnetic Fluxes 


We can get a fuller understanding of the electro- 
magnetic induction equation of Section 31-4 if 
we rewrite it, this time using “field” language 
rather than EMF. We owe this field descrip- 
tion to James Clerk Maxwell, who also intro- 
duced another field relation (to be discussed in 
Section 31-7) and was then able to predict elec- 
tromagnetic waves for the first time. 

We begin this train of thought with an obser- 
vation: magnetic field lines around currents 
always close. They do not start or stop any- 
where. In fact, the field lines due to current in 
a very long, straight wire are perfect circles 
around the wire. On the other hand, the elec- 
tric field lines described in Chapter 28 start on 
positive and end on negative charges. Is it 
possible for electric field lines to form closed 
loops, too? 

To answer this, let us consider a circular wire 
loop of radius r with a changing magnetic flux 
along its axis (Fig. 31-12). The law of induc- 
tion tells us that an EMF is induced in the loop 
whenever there is a change of flux through the 
loop. An induced current will flow in the wire, 
which means that charges are being driven 
around the loop. There must be a net force on 
these charges to drive them around the circuit— 
to supply the energy used in heating the wire, 
for example. This force, measured per elemen- 
tary charge, is just the electric field we are look- 
ing for. In this nice symmetrical example, there 
is nothing to distinguish one part of the circular 
loop from any other, so the electric field must 
have the same magnitude everywhere in the 
loop and must point along the wire. 

We can find the magnitude of E from the law 
of induction. The EMF was defined in Chap- 
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31-12 When the flux changes through the shaded area, the mag- 
nitude of the electric field that circles around it must be the 
same everywhere along the wire. Therefore the energy per 
elementary charge received by a charge pushed all the way 
around the wire is 27rE. 


31-13 The induced electric field around a changing magnetic flux 
runs around in circles. Its magnitude varies inversely with 
the distance. 


ter 28 as the work per elementary charge, in this 
case in going all the way around the circuit, a 
distance 27r. The work per elementary charge 
is then related to the force per elementary 
charge by the relation & = 2zrE. In terms of the 
rate of change of flux, we get: 
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We see that the electric field does have con- 
stant magnitude around a circle of radius r, just 
as we expected. But we also see that if we have 
a wire loop of greater radius, the E field at that 
greater radius must be proportionately smaller, 
since the product of the field times the circum- 
ference must always equal the negative of the 
rate of change of flux. 

But in Chapter 28 the electric field was de- 
fined to describe the force per charge regard- 
less of whether a charge is really there or not. 
Maxwell pointed out that the law of induction 
should hold whether or not there are any actual 


circuits, that the lines of E around a cylinder 
of changing magnetic flux would also exist in 
empty space, as indicated in Fig. 31-13. That 
this field is really there can be tested experimen- 
tally with charged particles not confined to a 
conducting circuit. There is a modern high- 
energy accelerating machine, the betatron, 
which speeds up the individual charged parti- 
cles to high energies by using just such circular 
electric fields. In this machine, electrons in an 
evacuated ring are caused to move faster and 
faster around a changing magnetic flux (Fig. 
31-14). They speed up in exactly the way we 


iNl-14 A schematic diagram of a betatron. The changing flux in the center produces an electric field which accelerates electrons. The 


electrons are made to move in circular paths by the outer ring of magnets. We correctly predict the paths from the local mag- 
netic field for deflection and from the induced electric field giving the acceleration along the path. 
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31-15 The circulation law for the induced electric field around a changing magnetic flux. Divide the path into small segments. For each 


one take the component of E along the segment times the length of that segment. The sum of the contributions along the entire 
path is the circulation of E, or the induced EMF, and equals minus the rate of change of magnetic flux through the region bounded 
by the path, no matter what the shape of the path. In (a) the path is circular and is centered around a region of decreasing mag- 
netic flux, as in Fig. 31-12. When viewed from directly above, the electric field vectors have the same length at every point on 
the path. In (b) the path is not centered around the changing flux, in (c) the path is not circular, and in (d) the path is not even in 
one plane. In these three cases the magnitude of Eis not the same at every point on the path. Yet the circulation of E still equals 


minus the rate of change of the magnetic flux enclosed by the path. 


predict from the action of the electric field that 
arises from electromagnetic induction. 

We have considered only a special and very 
simple example of the description of the law of 
induction in “field” language. In the general 
case, when we do not have the nice symmetry of 
Fig. 31-12, we must take the component of E 
along the path times the length of path for 
which E has that component, and add up these 
contributions once around the given loop. We 
find that the resulting EMF still equals the 
negative of the rate of change of flux through 
the region bounded by the loop. Indeed, the 
loop need not be circular, it need not even lie in 
a plane; the law of induction still holds (Fig. 
31-15). It is one of the fundamental laws of 
physics. It is often called a “circulation law” 
for electric fields. 


31-7 Magnetic Fields Around Changing 


Electric Fluxes 


The electric field surrounding a cylinder of 
changing magnetic field (Fig. 31-13) is very sim- 
ilar to the magnetic field surrounding an electric 
current [Fig. 30-7 (a)]. It is perhaps not too 
surprising that the circulation laws for the two 
cases also came out to be very similar. We saw 
in Section 30-10 that 


2arB = 27KI 


is Ampére’s circulation law for B. This is com- 
pared with 
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the circulation law for E, in Fig. 31-16 (a) and 
31-16 (b). r [aea/ss 
In the first case, the magnetic field B circles 

the current, and its magnitude falls off as 1/r : 
if the current remains constant; in the second 
case, the electric field E circles the changing 
magnetic flux, and its magnitude also falls off 
as |/r if the rate of change of magnetic flux re- 
mains constant. Only the direction of the 
arrows along the axes of the loops are different, 
as expected from the minus sign of the second 
equation. Also, both of these equations are 
only simple cases of the more general laws. For 
example, the general form of Ampére’s circu- 
lation law tells us that the component of B 
ae Pe anene, Pain ines ie leper Of pein 31-16b Similarly the electric field around a changing magnetic flux 
aving that component, summed over the com- circles the flux and falls off as 1/r far from the region of 
é p gion o 

plete loop, is equal to 27K times the total cur- strong magnetic field. 
rent crossing the surface bounded by the loop. 
But what happens if the current is not steady? 
Let us consider the magnetic field near a long, 
straight wire which has been broken open so 
that two parallel plates, spaced a short distance 
apart, can be connected into the current path 
as shown in Fig. 31-17 (a). We can put the rest 
of the circuit so far away that we can assume 


axial symmetry, even make the plates circular : 
so that we can be sure that any lines of B will be 
circles. Charges will be supplied to the plates 7 
by the current in the wire, and during the pro- 

B 


(a) (b) 


31-17 (a) A long straight wire has been broken and two parallel 
7@ circular plates have been connected into the current path. 
(b) While the current flows, charging the plates, there will 

be circular magnetic field lines around the wire. 


16a The magnetic field of an electric current circles the current, 
falling off in magnitude as 1/r. 
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cess of charging there should be circular lines of 
B around the wire as shown in Fig. 31-17 (b). 
At any instant during the charging, this B 
should satisfy Ampére’s circulation law: 


2arB = 2akKI 


with J the instantaneous current through the 
surface bounded by the circular line of B. But 
here we run into a paradox! There was nothing 
in Ampére’s circulation law that said that the 
surface bounded by the loop had to be plane. 
In fact, when we had a very long wire alone, we 
could readily consider a cuplike surface (or any 
other shape bounded by the loop) and it made 
no difference to the statement of the circulation 
law [Fig. 31-18 (a) and (b)]. When the plates 
are in the circuit, however, suppose that we 
choose the cuplike surface so that it passes 
through the space between the plates across 
which there is no flow of charge, hence no cur- 
rent through the surface [Fig. 31-18 (c) and 
(d)}. Yet, there is a B field, so the circulation 
(27rB) is not zero. The circulation law seems 
to have failed. We have a genuine paradox. 
To resolve this problem we must do one of 
two things: either we must say that the circula- 


(a) (b) 


tion law for B holds only for steady currents, 
or we must amend the law so that it holds also 
for this case where charges build up at some 
place in the circuit. We shall follow Maxwell’s 
lead and do the latter. 

First, we notice that, even though there is no 
current flow between the plates, there is an elec- 
tric field between them at any instant after the 
charging begins, with lines from the positive 
charges on one plate to the negative charges on 
the other. Second, we notice that whenever 
there is current flow there will be a change 
occurring in the number of charges on the 
plates, and hence a change in the strength of the 
electric field. If we define electric flux $¢ as the 
field E times the area to which E is perpendicu- 
lar, exactly parallel to the way we defined mag- 
netic flux, we can describe this change in the 
strength of the electric field as a change in elec- 
tric flux. Now, if we say this changing electric 
flux is in some sense equivalent to a current, we 
can “save” the circulation law for B. What 
crosses the cuplike surface bounded by our loop 
[Fig. 31-18 (d)] is not a real current but a chang- 
ing electric flux. 

In the box it is shown how the change in elec- 


(c) (d) 


31-18 (a) and (b). Nothing in Ampére’s circulation law (applied here to the field of a long, straight wire carrying a current) said that the 


surface bounded by the loop had to be plane. (c) and(d). Applying the same reasoning when parallel plates are in the circuit, 


however, leads to a genuine paradox. 
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tric flux is related to the change in the charge 
on the plates. We see there that the total cur- 
rent needed to make Ampeére’s circulation law 
correct when the currents are not steady is the 
sum of the true current, J, and the “equivalent 
_1 Ade 
4k At’ 
Coulomb’s law. For the cuplike surface passing 
between the plates, the true current is zero and 
the “equivalent current,’ due to the changing 
electric flux, is all-important. There, 


a 27K Adg 
ome = ee A 


current,” where &k is the constant in 


There are many ways of seeing exactly how 
the electric flux is related to the charge. One 
of the easiest is to consider a small body with 
a charge Q on it, which we can surround, in 
imagination, with a sphere of radius r. The 
electric field which is directed straight out- 
ward along the radii is of strength 


E = ko/r. 


The area of the sphere is 4zr?. Consequently, 
the total outward flux (field times area, which 
is in this case everywhere perpendicular to 
the field) is 


dr = 4nr2E = 4nkQ. 


The flux is thus independent of the radius; it 
is the same for all spheres surrounding the 
charge Q. Hence the rate of change of elec- 
tric flux is: 


Age _ 4,42 
At =k At 


But AQ/At is just the current flowing onto 
the body to charge it. Since 
AQ _ 1 Ade 


“At ~ 4ak At’ 


the quantity ack AE must have the magni 
tude of the charging current at any instant. 


It is a sort of “equivalent current” in a region 


= | Aor 
~ 9 x 1016 m2/sec2 Av 


The importance of this term, added by Max- 
well, is not so much that it resolved the paradox 
but that it led him to predict electromagnetic 
waves, and to say, many years in advance of 
experimental proof, that light is simply electro- 
magnetic radiation. 

The fact that a changing electric flux produces 
a magnetic field has always been very difficult 
to show experimentally. Even today, the ex- 
istence of electromagnetic waves, behaving just 
as Maxwell predicted, is the most convincing 
proof of the equivalence between current and 
the changing electric flux. 


where there is not a true current but a chang- 
ing electric field instead. 

We can use this “equivalent current” to 
amend the circulation law for B in our prob- 
lem with the parallel plates connected to the 
very long wire. To the true current we add 
the “equivalent current” term and obtain 


QarB = 2nK (1 ff x) 


In Section 27-7 we found that k = 2.3 x 
10-28 newton-meter?/(elem. ch.)?. Since 
we now know that one elementary charge is 
the same as 1.6 x 10-19 coulombs, we can 
readily determine that in practical units 

k = 2.3 x 10-28/(1.6 « 10-19)? 
= 9 x 109 newton-meters?/coul?. 


From Section 30-11 we know that 
K =2 x 10-7 newton/amp?. 
Therefore the contribution to the circulation 
from the “equivalent current” is 
27K Age _ 4a X 10-™nt/amp?__ Ade 
4nk At ~ 4x(9 x 109 nt-m?/coul?) Ar 


= | Adgp 
~~ 9 x 1016 m2/sec? Ar ” 
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31-19 (a) A region of space containing magnetic field B = con- 


stant to the left, and B = 0 to the right of a sharp boundary. 
The boundary, a plane parallel to the y—z plane, is assumed 
to move to the right with a velocity V. Magnetic flux through 
a rectangular loop in the x—y plane increases at a rate Biv, 
inducing an electric field in the left leg of the loop. (b) The 
induced electric field causes o changing electric flux in a 
rectangular loop in the x—z plane at the rate Elv, inducing a 
magnetic field B’ in the same direction as the original 


31-8 The Mechanism of Electromagnetic 


Radiation 


The two circulation laws enable us to derive the 
important properties of electromagnetic waves 
in empty space. We must first rewrite the laws 
to include loops which are made of straight-line 
segments instead of symmetrical circular paths. 
We need the component of each field in the 
direction of the path at that point; we multiply 
by the length of path for which the field compo- 
nent has this particular value and then sum up 
the result over all segments of the loop. Thus, 


Ags 
if At ’ 
Shy = Ade 
9x 1016 m At 
sec? 


where the capital sigma (2) means “sum of” 
around the whole loop. (We have left out the 
ordinary current term / because there are no 
moving charges in the part of space we shall be 
considering—in fact, no stationary charges 
either, since there is no material substance at 
all.) These are the two laws which Maxwell 
combined to predict electromagnetic waves. 
We can follow his argument physically if we 
assume that a changing field exists in space, and 
examine the circulation laws to see what would 
happen. ad 

Let us consider a magnetic field B, uniform 
where it exists but with a sharp front face or 
edge, so that B = 0 to the right of this face and 
B = constant to the left of it. Assume that this 
boundary between “field” and “no field” moves 
through space with a velocity which we call ¥. 
Figure 31-19 (a) indicates such a field, pointing 
toward us in what is shown as the z direction, 
with its boundary moving to the right, in the 
x direction. Now think of a rectangular loop 
lying in the x-y plane, at right angles to B; its 
y dimension is /, and its length L is greater than 
the distance the boundary will move in the time 
At for which we consider the motion. The fig- 
ure indicates the beginning of the interval As, 
with one leg of the loop lying just inside of the 
field region. Then in time Ars the flux through 
the loop will increase by 


Ady = Bul At. 
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This expression looks very familiar; it is, in 
fact, much like an equation near the end of 
Section 31-4. It is true that there we were deal- 
ing with a real circuit and here our loop is 
imaginary, but we have found that the circula- 
tion law holds just as well for imaginary loops 
as for real wire circuits. There is a flux change 
through the surface bounded by the loop, and 
therefore an EMF. If we look to see what con- 
tributes to the sum of all the £,/’s, we notice that 
the right end of the loop is far away, and the 
contributions from the two sides parallel to x 
would cancel each other as one traverses the 
whole loop. There must be an E somewhere to 
satisfy the circulation law, and an E upward in 
the y direction along the back segment of the 
loop will just do it. We can get the magnitude 
of E from 

Ags 

Aer Bol = El. 
Therefore, E = vB at the left of the loop. Can 
you check that E is up along y, not down, by 
Lenz’s law? = 

This electric field, at right angles to B, must 
exist everywhere to the left of the moving edge 
of B, since to apply the circulation law for E we 
could use any loop which is partly inside and 
partly outside the region. Thus the field B 
whose boundary moves with velocity ¥ is ac- 
companied by an electric field at right angles to 
both V and B, of magnitude E = vB. But the 
circulation law relating B to the change of elec- 
tric flux must also be satisfied. If we consider 
a rectangular loop in the x-z plane, at right 
angles to the loop we considered before, there 
is a change of electric flux through its surface 
in time As, and therefore an induced magnetic 
field somewhere along the perimeter of the loop 
[Fig. 31-19 (b)]. Using arguments which are 
exactly similar to those we have just used, we 
get: 


Agp = Evl At 
and 

Adg 

ae = Evl. 


If we call B’ the magnetic field induced accord- 
ing to the second circulation law, it follows that 
there must be a field B’ everywhere behind the 
advancing front of E, and at right angles to E, 


such that B - Ev 

9 x 1016 m2/sec? 
This B, which accompanies E, is in the same 
direction as the B with which we began. If we 
eliminate E from the two equations, we find 


= v°B 
9 x 1016 m?2/sec?2 * 


B’ 


Thus far, we have said nothing about the mag- 
nitude of v. Now we see that if 


v = 3 x 108 m/sec, 


then B’ = B; in short, the field B maintains it- 
self and a perpendicular field E, the whole con- 
figuration moving along with a speed of 3 « 108 
m/sec, a unique speed called c. 

For simplicity we have considered fields with 
an abrupt front edge. The same argument can 
be justified for a series of steps, either up or 
down in terms of field strength. The time Ar 
can be made as short as we like, so that the 
dimension of the loop in the direction of field 
propagation may be taken correspondingly 
small; for every increment (positive or negative) 
of one field there is a corresponding increment 
of the other, satisfying the same relation we 
have shown in detail for a sudden step from 
zero to a uniform field. Thus, the field changes 
may be continuous from one point to the next, 
and can have any arbitrary profile in space; for 
example, the field may vary in space like a sine 
function. At any point in such a moving con- 
figuration, E = cB at any instant, and the field 
pattern moves through space with speed c, 
which is just the speed of light. This conclusion 
from the circulation laws for electric and mag- 
netic fields led Maxwell to conclude “that light 
itself (including radiant heat, and other radia- 
tions if any) is an electromagnetic disturbance 
in the form of waves... .° In Maxwell’s time 
there was no direct evidence of the electrical 
character of light, or of any other radiation. 
More than twenty years after this prediction 
Heinrich Hertz was able to generate radiation 
which we now call radio waves, using machinery 
that was obviously electrical, and to show that 
the waves do travel with the speed of light. 
Then Maxwell’s theory was brilliantly con- 
firmed. In the next section we shall look briefly 
at the evidence for the existence of electro- 
magnetic radiation and its electrical nature. 


31-9 


588 Chapter 3] + ELECTROMAGNETIC INDUCTION AND ELECTROMAGNETIC WAVES 


Evidence for Electromagnetic Radiation; 


the Electromagnetic Spectrum 

All electric and magnetic fields arise from 
charges and their motions. When should we 
expect these fields to radiate away from the 
electric particles from which they originate? 
An electric charge at rest has only a radial 
Coulomb field which falls off as the inverse 
square of the distance and does not propagate 
away from it. A charge in constant-velocity 
motion is really no different from a charge at 
rest (Fig. 31-20). If we walk alongside it, we 
see the charge at rest and the field around it is 
a Coulomb field. If we move past it, or it moves 
past us, because of the changes of electric flux 
through any region, we shall also see a magnetic 
field. But this magnetic field is as much attached 
to the moving charge as the Coulomb field. So 
the electric and magnetic fields stay with a 
charge in constant-velocity motion. They do 
not radiate away. 

On the other hand, if we accelerate a charge, 
it cannot stay at rest in any dynamical frame of 
reference in which Newton’s laws and the laws 
of electromagnetism apply. At that moment, 
we have our only chance to start a pulse of 
crossed electric and magnetic fields moving 
away. To find electromagnetic radiation, then, 
we should look for radiation from accelerated 
charges. 

Let us check up experimentally on what hap- 
pens when we accelerate charges. A radio 
transmitting station pumps charges along an 
antenna, first in one direction and then in the 
other direction. They do not move at constant 
velocity but go back and forth, accelerated first 
one way and then the other. The radio waves 
which break away from the antenna travel at 
3 x 108 meters per second. Evidently they 
arise from the accelerated motions of the 
charges pushed back and forth along the an- 
tenna. When we stop high-speed electrons on 
the target of an X-ray tube, we give them a rapid 
backward acceleration to bring them to rest. 
X rays radiate away from the region where the 
charges are accelerated. On measuring the 
speed of propagation of X rays, we find that it 
also is 3 % 108 meters per second. 

In a synchrotron—a machine designed to ac- 
celerate electrons to high speeds—electrons of 


(a) (b). 


31-20 (a) If we walk along beside a moving charge, we see only 


its Coulomb field. (b) If the charge moves past us, we also 
see a magnetic field in the same region. 


tremendous energies are forced around large 
orbits by deflecting magnetic fields. If we look 
around the orbit, we see light coming out. In- 
deed, the energy to which we can bring the elec- 
trons is limited in practice by the energy they 
radiate in light as they are accelerated by the 
deflecting magnetic forces. We feed in energy 
from a huge electrical oscillator as rapidly as we 
can, but at some speed of motion of the elec- 
trons it is radiated away as fast as we can supply 
it. Ordinary visible light is therefore an electro- 
magnetic radiation with its origin in the accel- 
eration of electric particles. The coincidence 
between the speed of light and the speed of 
electromagnetic radiation as calculated by Max- 
well was no accident. All the radiations we 
have mentioned travel at 3 x 108 meters per 
second; all of them are electrical in origin. 
They are all electromagnetic radiation (Fig. 
31-21). 

The common speed of these radiations and 
their origin from accelerated charges is not the 
only evidence we have for their electromagnetic 
nature. There is other evidence connecting the 
whole spectrum of radiation from X rays to 
radio waves. If we accelerate charged particles 
back and forth with a given frequency, the 
radiant electric fields that we shake off from 
them should have this frequency of oscillation. 
Each radio-transmitting station pumps charge 
back and forth through its antenna at a definite 
frequency. It must impart this frequency to the 
radio waves which it sends out. The oscillating 
electric field in these waves should in turn drive 
charges back and forth in the receiving antenna 
at the same frequency. Are those oscillating 
currents really there? We detect the radio sig- 
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The electromagnetic spectrum: this is a continuous range of radiation spreading from gamma rays to radio waves. The descriptive 
names for sections of the spectrum are historical; they merely give a convenient classification according to the source of the radia- 
tion. The physical nature of radiation is the same throughout the whole range. In all sections it has the same speed, the same 
electromagnetic nature, and the only difference from one part of the spectrum to another is in frequency and wavelength. The 
regions with historical names overlap, but the names still give a hint of the common sources: radio waves and microwaves from 
electrons moving in conductors; infrared from hot objects; visible light from very hot objects; ultraviolet from ares and gas dis- 
charges; X rays from electrons striking a target; gamma rays from nuclei of radioactive atoms. 


nals by tuning the radio receiver, and we pick 
up a particular radio station when we have 
tuned our receiver to exactly the same frequency 
that the transmitter puts out. The osciliation 
frequency has been carried from the transmitter 
to us by the electromagnetic radiation. 

With various circuits and antennas we can 
make transmitters that will send out radio 
waves of frequencies from about 104 cycles per 
second to about 3 x 101! cycles per second. 
All of these electromagnetic waves travel with 
the speed of light. So the wavelengths—which 
we can measure by interference—run from 
about 30 kilometers down to the region of a 
millimeter. At the long-wavelength end these 
waves will diffract around any normal obstacle; 
but as the frequency rises, they behave more 
and more like light, traveling in straight lines 
and clearly reflecting and refracting as light 
does. 

Even at the highest radio frequencies that we 
can generate, the wavelength of electromagnetic 
radiation is many times longer than the longest 
wavelength of visible light. In between lies the 
region of heat radiation. This radiation is 
emitted by colliding molecules in hot gases. 
The thermal motions of the molecules involve 
accelerations of their charges with resulting 
emission of magnetic radiation of higher fre- 
quencies than we can produce with electrical 
circuits of man-made sizes. 

At still higher temperatures—in arcs and 
sparks, for instance—the disturbed atoms emit 


light—infrared, visible, or even ultraviolet light. 
The visible part of the spectrum corresponds to 
frequencies of between 4 x 1014 cycles per sec- 
ond and 8 x 1014 cycles per second. Here we 
have long passed the region where we can 
directly measure the frequency, but we can iden- 
tify the frequencies in light of a single spectral 
color by measuring the wavelengths. In this 
way, by using spectroscopes with the air 
pumped out, we can find the frequencies of the 
ultraviolet radiations emitted by atoms. These 
frequencies run up to a few times 10! cycles 
per second. 

For microwaves, infrared, visible light, and 
perhaps even ultraviolet, special intense phase- 
locked sources can be made. These are called 
masers (with an “m” for microwaves), irasers, 
or lasers. Their special nature was described 
briefly in Section 18-3. They have been made 
only with rather small total power so far, but 
that power is so concentrated in frequency and 
direction that the radiations have quite impres- 
sive effects on any absorbing matter. 

Besides emitting light, atoms absorb it. An 
atom of a particular kind will absorb light of 
only certain very definite frequencies. Presum- 
ably, these are the frequencies of the natural 
motions of the electrons in the atom. The atom 
is tuned only to these frequencies and will re- 
spond only to electric fields which oscillate with 
them. We cannot tune atoms in the way that 
we can tune an oscillatory circuit that we build 
ourselves. But by looking for the night kind of 
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atom, we may be able to find an electronic mo- 
tion tuned in a frequency region in which we 
want to absorb light. 

At higher frequencies we come to the region 
of X rays. Here we can make a crude estimate 
of the frequencies expected by calculating the 
time during which the high-speed electrons in 
an X-ray tube are decelerated when they crash 
into the target of heavy metal in the tube. We 
expect that the frequencies of the X rays gen- 
erated will run up to approximately one divided 
by this time. Ifthe frequency of the X ray is not 
too high, its wavelength will be about the size 
of an atom. Then we can use the regular grat- 
ings ruled in crystals by the natural repetitious 
spacing of the atoms to get a measurement of 
the wavelength. Also, indirect measurements, 
measurements that you will be able to under- 
stand from the discussion in Chapter 33, agree 
with the frequencies we compute from the 
crystal-grating measurements of wavelength. 
These indirect measurements can be extended 
to still higher frequencies, and they show that 
the X-ray frequencies observed are those we 
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1.* Where will the charges shown in Fig. 31-1 be 
located if the wire is moved in the opposite direc- 
tion? (Section 1.) 


2.* (a) In which direction is the force (due to motion 
through the magnetic field) on charges in the side 
arms of the loop of Fig. 31-2? 

(b) Does this force help push the charges 
around the loop? (Section 1.) 


3. (a) Analyze the situation of Fig. 31-5 entirely 
from the point of view of the forces on charges in 
the wire as it moves through the magnetic field, 
and show why there is no induced current. 

(b) Continue this line of argument to show 
why there is induced current as one side of the 
loop gets into the weaker field at the edge of the 
magnet. 


4.* In Fig. 31-5, would you expect induced current if 


predict from our estimates of the stopping time 
of the accelerated charges. 

Finally, at enormously high frequencies, we 
come to gamma rays. They are emitted spon- 
taneously in some radioactive decay processes. 
Like light, they travel in straight lines at 
3 x 108 m/sec and cannot be deflected by elec- 
tric or magnetic fields. The same kind of 
measurement that we use to determine high 
X-ray frequencies shows that there are gamma 
rays with a frequency of 10?! cycles per second. 

All these electromagnetic radiations carry 
energy. When they are absorbed, the body 
absorbing them heats up. This means that 
electromagnetic radiation, as we expected, can 
only be emitted in a process in which energy is 
supplied. As we assumed at the beginning, the 
radiating electric and magnetic fields must be 
set up when a force accelerates a charge. The 
evidence that electromagnetic radiation arises 
from accelerated charges is now overwhelming. 
Electromagnetic radiation exists; it is propa- 
gated with the speed of light, and it arises from 
accelerated charges. 


the magnet were moved while the loop was held 
stationary? (Section 3.) 


5.* In Fig. 31-11, as the loop of wire rotates, at what 
orientation (a) is the maximum current induced, 
(b) does the induced current reverse direction? 
(Section 3.) 


6.* Why can’t you induce a current in a loop of wire 
by moving it parallel to itself in a uniform field? 
(Section 3.) 


7.* A loop of wire with an area of 0.5 m? is in a uni- 
form field of 2 x 10-2 newton/amp-m. What is 
the flux through the loop if the plane of the loop 
is perpendicular to the field? (Section 3.) 


8. What would be the magnetic flux inside a long 
solenoid 4.0 cm in diameter with 10 turns per cm 
of length when the current is 1.0 amp? 


9.* 


If you were pulling the loop in Fig. 31-2 at a fixed 
speed, would you find it easier to pull it if its elec- 
trical resistance were increased? (Section 4.) 


Does it take more work to pull a coil out of a 
magnetic field at high speed or at low speed? 
(Section 4.) 


What EMF is induced in a 5-cm-long wire mov- 
ing with a speed of 10 cm/sec across a field of 
0.02 newton/amp-m? (Section 4.) 


What EMF is induced in a loop of wire if the flux 
through the loop changes at a rate of 0.5 
newton-m/amp-sec? (Section 4.) 


Suppose that in Fig. 31-2 the magnetic field 
strength is 0.5 newton/amp-m, / is 10 cm, the re- 
sistance of the loop is 0.5 ohm, and the loop is 
moved at a constant speed of 2 m/sec. 

(a) What is the EMF generated in the wire? 

(b) What is the current in the circuit? 

(c) What is the magnetic force acting on the 
wire? 


Figure 30-17 is a diagram of an electric motor. 

(a) Explain how you could use the same 
arrangement of magnetic field and wire loop to 
make a generator that would produce current in 
only one direction in an external circuit. 

(b) How should the wire loop be oriented in the 
magnetic field when the commutator interchanges 
the connections between the ends of the loop and 
the wires of the outside circuit? 


-31-22 For Problem 15. 


15. 


The rectangular wire loop shown in Fig. 31-22 is 
in a uniform magnetic field. 

(a) In what direction (clockwise or counter- 
clockwise) is the induced current when the loop 
is in the plane of the paper and BC is moving into 
the page about P; as an axis? About P2? 
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(b) For a given speed of rotation, how would 
the induced currents compare when the loop is 
rotated about P; and then about P»? 

(c) For a given speed of rotation, how does 
the induced EMF depend on the area of the loop? 

(d) If the magnetic field has a magnitude of 1.5 
newtons/amp-m, AB = 10cm, and BC = 4cm, 
what is the maximum induced EMF (in volts) 
when the loop is rotating about P, at 19.1 revolu- 


tions per second (sr rps y 


T 


——— 
A 


31-23 For Problem 16. 


16. 


A U-shaped wire (Fig: 31-23) has a movable wire 
AB connected to it. This arrangement is in a 
uniform field perpendicular to, and into, the page. 

(a) If the magnetic field strength is 40 
newtons/amp-m, what is the induced EMF (in 
volts) when AB is in the position shown and 
moving at 20 cm/sec? Calculate this first from 
the rate of flux change and then from the mag- 
netic force on the elementary charges in the wire. 

(b) What is the induced EMF when AB is 5.0 
cm from the left end and moving at 20 cm/sec? 
At 10 cm/sec? 

(c) At what rate is energy fed into the loop 
when AB moves at 20 cm/sec and the induced 
current is 2.0 amperes? 

(d) If the induced current is 2.0 amperes, what 
force is needed to move AB at 20 cm/sec? 


Suppose that the moving circuit of Problem 13 
has a mass of 200 grams, and that the external 
force is suddenly removed when it is moving at 
2 m/sec. What will its motion be like after- 
wards? 


If we applied a constant force to the loop in Fig. 
31-2, would the loop accelerate uniformly as long 
as the segment of length / was in the magnetic 
field? (Section 5.) 
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31-24 For Problem 19. 


19, 


20. 


21. 


A loop of wire JKL lies between the pole pieces 
of a magnet with the plane of the loop parallel to 
the pole pieces, as shown in Fig. 31-24(a). It is 
connected to a sensitive ammeter whose pointer 
stands at the center of the scale when there is no 
current, and which is so constructed that the 
pointer swings toward the terminal (P or Q) at 
which the current enters the ammeter. 

(a) Which way does the pointer swing when 
the loop is pulled out of the field of the magnet? 
When it is put back as it is in Fig. 31-24 (a)? 

(b) Which way does the pointer swing when 
the loop is put back as it is in Fig. 31-24 (b)? 

(c) How does the pointer move when the loop 
is turned over from the first position to the second 
without being taken out of the field of the mag- 
net? 


(a) Will the earth’s magnetic field induce currents 
in an artificial satellite with a metal surface that is 
in orbit around the equator? Around the poles? 

(b) If so, how would these currents affect the 
motion of the satellite? 


A bar magnet is dropped through a wire loop as 
shown in Fig. 31-25. 

(a) Describe the changes in the direction and 
magnitude of the induced current in the loop as 
the magnet falls through the loop. 

(b) Neglecting air resistance, will the accelera- 
tion of the falling magnet be constant? 


22. 


23:* 


24. 


A rectangular loop of copper wire is dropped be- 
tween the poles of a magnet as shown in Fig. 
31-26. Describe qualitatively the motion of the 
loop. Neglect air friction. 


Do the lines of an electric field induced by a 
change in magnetic flux have a beginning and an 
end? (Section 6.) 


In a betatron electrons are accelerated to very 
high energies by a changing magnetic flux. The 
electrons move in a circle around the inside of an 
evacuated glass “doughnut” and speed up when 
the flux through the hole in the doughnut in- 
creases. A separate magnetic field passes through 


wire loop 


vad 


31-25 For Problem 21. 


‘31-26 For Problem 22. 


the doughnut perpendicular to its plane to keep 
the electrons moving ina circle. 

An electron is traveling in a circle of 50 cm 
radius at 98 percent of the speed of light in the 
doughnut of a betatron. If the flux inside the 
doughnut increases at a rate of 24 newton- 
meters/amp-sec for 34, second, how much energy 
(in electron volts) will be transferred to the elec- 
tron? (Note: Assume that the speed stays con- 
stant at approximately the speed of light.) 


25.* What determines the “equivalent current” be- 
tween two parallel plates in an electric circuit? 
(Section 7.) 


* 


26.* Is it possible to maintain indefinitely (a) a con- 
stant magnetic circulation? (b) a constant elec- 


tric circulation? (Section 7.) 


27.* In Fig. 31-18(c), assume that the plates started 
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with zero charge and that the current shown has 
been flowing for a while. (a) What is the sign of 
the charges on each plate? (b) What is the direc- 
tion of the electric field? (Section 7.) 


28. Suppose that at the moment there is no electric 
field where you are, but a short time later there 
will be an electric field pointing vertically down. 
The boundary is moving straight toward you. 
When it has reached you, what will be the direc- 
tion of the magnetic field at your position? 


29.* What is the speed within a vacuum of (a) radio 
waves, (b) infrared waves, (c) gamma rays? 
(Section 9.) 


30. When electrons moving at 3 x 107 m/sec hit the 
target in an X-ray tube, they are brought to rest 
in about an atomic diameter—in about 10-?° m. 

(a) What is the stopping time? 

(b) If you use one divided by this time to esti- 
mate the frequencies you might expect to see in 
the electromagnetic radiation arising from this 
deceleration, what frequency do you get? 

(c) What wavelength does this frequency give? 


31. What evidence is there that sound is not electro- 
magnetic radiation? 
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32 


Exploring 
the 
atom 


WE already know a lot about atoms—about 
their masses and the chemical compounds they 
form. We also know that they contain electrons 
which are far lighter than any atom. We canrip 
off electrons, leaving positive ions of almost the 
entire atomic mass, and sometimes we can add 
an electron to a neutral atom, producing a nega- 
tive ion. But what does an atom look like? How 
is it built? About these questions we have said 
rather little. 

Much of the early information on the struc- 
ture of atoms came from probing very thin 
sheets of matter with moving charged particles. 
You can understand how we use high-energy 
charged particles to probe the internal structure 
of atoms if you think about the following 
analogy. For some reason, we suspect that a 
bale of hay may conceal some valuable contra- 
band goods, perhaps a large block of irreplace- 
able platinum metal, perhaps even several 
pieces of platinum which have been distributed 
around inside. Ifthe platinum is inside the hay, 
we may think of the bale as having an internal 
structure: so much platinum at such and sucha 
point, none in some other region, and perhaps 
some in still a third position. With platinum in 
a bale of hay, it would clearly pay us to rip the 
bale apart and comb through the fragments. 
But it is not so easy to rip an atom apart in order 
to see what is inside, and we would like to know 
where the particles that make up the atom are 
located. So in our model for atomic experi- 
ments, we shall now try to find the platinum in 
the hay without untying the bale. We therefore 
get out a rifle and start shooting bullets through 
the hay (Fig. 32-1). When a bullet passes 
straight through, we can conclude that nothing 
very massive was in its way. And since most of 
the bullets do pass straight through, we can con- 
clude that most of the bale is in fact pure hay. 
From our point of view, since we are looking for 
platinum, most of the bale is just empty. But if 
we are right and the contraband platinum is 
really somewhere inside, eventually one of the 
bullets will hit a piece of it. Then it will bounce 
off and come out at some angle to its original 
path. From the path of the bullet on the way 
in and the path of the bullet after it ricochets, 
we can work backward and locate some of the 
platinum. 

If we want to, we can do a great deal more. If 
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32-1 Probing inside a bale of hay with bullets. The paths of 


the bullets tell us where pieces of matter may be located 
in the hay, and something about their shapes. 


we shoot a lot of bullets into the general vicinity 
of the platinum, we can tell something about the 
shape of the piece of platinum from the angles at 
which the bullets ricochet. If there is a big flat 
surface of platinum dead ahead of us, the bullets 
will all ricochet at the same angle. If the plati- 
num has been cast into a sphere, the bullets will 
ricochet equally often in all directions around 
the original direction of motion. By spraying 
the whole bale with bullets and looking at all the 
ricochets, we can tell a good deal about the posi- 
tions of platinum pieces inside the bale and 
about their shape. 

Of course, an atom is not a bale of hay with 
hunks of platinum embedded inside. When we 
shoot charged-particle bullets at an atom, we do 
not expect to get exactly the same kind of infor- 
mation that we got from our search for contra- 
band. Nevertheless, by probing the atoms with 
charged particles and looking at the directions 
in which they come back out, we can hope to 
learn a good deal about the inside of atoms. 

In many ways atoms are a lot more regular 
than chunks of platinum in bales of hay. The 
laws of chemical composition, the characteristic 
spectra (the same for all atoms of the same 
species), and, as we shall see, the evidence 
gained by bombarding atoms with charged par- 
ticles to probe their depths—all these things 
indicate that atoms are built on about one 
hundred standard patterns; and in some ways 
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these patterns are pretty simple. For this 
reason, with relatively few probing experiments, 
we can learn a good deal about the structure of 
atoms. 

In order to bring back information about the 
inside of an atom, our probes must get in. Con- 
sequently, other atoms and molecules, which 
bounce off the atomic surface, are poor probes. 
Also low-energy charged particles are not much 
use, for they, too, do not penetrate very far. On 
the other hand, a probe that passes straight 
through anything will tell us nothing about the 
place it has been. Highly penetrating X rays 
or the even more penetrating gamma rays from 
radioactive disintegration are hard to use be- 
cause of this defect. In the early years of this 
centurv, the most suitable probes for poking in 
atoms were alpha particles. They come out of 
radioactive materials with high enough energy 
to penetrate well into an atom; and although 
they often pass on through with little change of 
direction, they sometimes are violently de- 
flected. Then we assume that they have hit 
something relatively massive inside and 
bounced away. 


The Deflection of Alpha Particles and 
the Rutherford Model of Atoms 


Figure 32-2 shows the setup for an experiment 
to probe gold atoms with high-speed alpha par- 
ticles. The alpha particles are emitted in radio- 
active disintegration of a piece of polonium. 
This is our gun. As we know from Section 30- 
8, it shoots out the alpha particles, which are 
doubly charged helium ions, with a speed of 
1.6 x 107 meters per second. Some of the alpha 
particles pass through a hole, so that we know 
their direction as well as their speed. These 
particles then hit a thin gold foil. 

On the far side of the gold foil there is a de- 
tector of alpha particles, a scintillating screen 
such as we used in Chapter 8, or a bank of 
modern counters which will give us a signal tell- 
ing us where the alpha particles go after passing 
through the foil. 

The gold foil is a big stack of gold atoms. A 
suitable gold foil is so thin that each square 
meter “weighs” only 2 x 10-3 kg. (This is the 
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kind of gold foil used to make gold letters on 
shop windows; watch the expert at work with it 
and you will see him breathe gently to make the 
gold flutter into place. Take a piece from him 
and hold it up to the light—you will see green 
light coming through it.) From the density of 
gold we can find the number of gold atoms in 
the way of an alpha particle as it crosses the foil. 
A cubic meter of gold “weighs” about 2 x 104 
kg, about 20 tons. The foil thickness is there- 
fore about 


2 x 10-3 kg/m? 
2x 104 kg/m 


Also, we know that the mass of a gold atom is 
about 3.3 x 10-25 kg (197 atomic mass units per 
gold atom times 1.66 x 10-27 kg per atomic 
mass unit). In this way, we learn that each 
atom—stacked in contact with its neighbors— 
has a volume of 


3.3 x 10-25 kg 
2 x 104 kg/m? 


= 1x 10-7 meter. 


= 16 x 10-39 meter’. 


If we think of the atoms as boxes, the side of 
each of the little boxes must be about 2.5 x 
10-19 meter. Therefore the thickness of the 
gold foil measured in little atomic gold boxes is 


1 x 10-7 meter 
2.5 x 10-19 meter 


The foil is about 400 gold atoms thick. 

In our analogy, each gold atom is represented 
by a bale of hay with contraband buried inside. 
Because we know that gold atoms all behave 
identically, and all weigh the same, we represent 


radioactive 


source gold foil 


them by bales of hay all with the same internal 
structure. The gold foil then is modeled by a 
wall of identical bales, 400 bales thick. 

The first thing we learn with this apparatus is 
that most of the alpha particles pass through the 
gold leaf without appreciable change in their di- 
rection of motion. In other words, an alpha 
particle usually passes right through some 400 
atoms. Just as we concluded by shooting bul- 
lets through a bale of hay that most of the inside 
of the bale is hay, here we can conclude that 
most of the inside of the atom is empty of hard 
massive objects from which the alpha particles 
would bounce off at an angle. The atom does, 
however, have something like atomic hay inside, 
for we see that the alpha particles gradually lose 
their energy in passing through gold. With any 
ordinary thickness of gold the alpha particles 
would never come out of the far side. As we 
can easily tell in other experiments, the alpha- 
particle energy is rubbed off, ionizing the gold 
atoms. When an alpha particle moves through 
the atoms, losing energy to rip off electrons, it is 
slowed up much as a bullet is slowed up when 
it goes through many bales. 

Because we have weighed atoms, however, 
we know that something massive must be lo- 
cated somewhere in the atom. We can hardly 
believe that this mass is made of electrons. 
Many thousands would be required for a light 
atom, and at most we can get only a few when 
we disrupt the atom. A gold atom has a mass 
about 50 times that of an alpha particle, and if 
an alpha particle hits such a mass head on, it 
should bounce straight back. Let us, therefore, 


scintillating 
screen 


32-2 An experiment to probe the interior of atoms with alpha-particle ‘‘bullets."’ 
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look again at the beam of alpha particles pass- 
ing through the gold foil. If we look carefully 
all around in every direction, we find that in 
passing through the gold foil, about 1 out of 
10,000 of the incident alpha particles is actually 
knocked off its original course and deflected by 
an angle of more than 10 degrees. Every once 
in a while, one out of some astronomical num- 
ber of alpha particles is bounced out of its 
course by 90 degrees or more. The same kind 
of event happens once in a while when alpha 
particles are passing through the gas in a cloud 
chamber. There, if we look at myriads of cloud- 
chamber pictures, we eventually find a few in 
which the alpha particles clearly ricochet from 
an atom, having made almost an about-face. 
Figure 32-3 is such a photograph. 

The alpha particles that are sharply deflected 
in the gold foil also have made just one violent 
collision with some part of one atom in the foil. 
We can be sure that it is one collision which is 
important, because most of the alpha particles 
pass straight through. Consequently, we know 
that the chance of even one big collision is tiny 
and the chance of more than one real hit on the 
way through is absolutely negligible. 

An alpha particle which has undergone sucha 
large deflection has been acted upon by strong 
forces. Somewhere inside the atom, therefore, 
there is at least one heavy massive center, and 
those alpha particles which come right at it 
interact strongly with it. 

To account for these observations any atomic 
model must have two features: Because almost 
all the alpha particles pass right through an 
atom, most of the atom must be empty of any- 
thing but atomic hay. Because an occasional 
alpha particle bounces off backward, some- 
where inside the atom there must be at least one 
lump of mass with which alpha particles can 
interact strongly. In addition, we would like to 
associate the atomic hay with the electrons 
which are ripped off when alpha particles pass 
through atoms and ionize them. So we are 
tempted to associate the main mass of the atom 
with the positive charge which must be present 
in order that the atom as a whole shall normally 
be neutral. 

In 191] Rutherford invented an atomic model 
which incorporated all these features and in 
addition called only upon the Coulomb force to 


32-3 A cloud-chamber photograph showing the tracks of alpha 


particles moving through nitrogen. The alpha particles 
are moving upward from a source in the lower left. 
Notice the particle which collided with a nitrogen atom near 
the center of the picture. It was deflected back through an 
angle of nearly 142 degrees, while the nitrogen atom re- 
coiled. (From P. M. S. Blackett and D. S. Lee, in Proceed- 
ings of the Royal Society, 134A, 658, 1931.) 


explain the interaction of alpha particles with 
the positive massive atomic core. His model 
describes an atom as a miniature solar system 
with a core, or nucleus, at the center and a num- 
ber of electrons around it. The nucleus is posi- 
tively charged and carries almost all of the 
atomic mass. The light, negatively charged 
electrons revolve around the nucleus, held by 
the Coulomb attraction, much as the planets 
revolve around the sun, held by gravitational 
attraction. Outside the atom, these negative 
electrons cancel the effect of the positive charge 
of the nucleus, so that the atom as a whole is 
neutral. This means that the nucleus carries a 
number of positive elementary charges equal to 
the number of electrons. 


32-4 


32-5 
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electron ® 


The Rutherford model of the hydrogen atom. On this scale 
both the electron and the nucleus are so very small that in 
fact you could not see them at all, even though the linear 
magnification is 109 times. 


e 
nucleus 


The computed paths of alpha particles approaching a 
nucleus. These were computed using an inverse-square 
force of repulsion. 


We have already concluded that the hydrogen 
atom is composed of a proton and an electron 
(Section 28-1). Thus, in the Rutherford model 
of the hydrogen atom (Fig. 32-4), the proton is 
the nucleus, and there is one electron moving 
around it in an orbit. Similarly, the helium atom 
consists of an alpha particle and two electrons. 
In helium the alpha particle is the nucleus, and 
two electron planets revolve about it. 

In the Rutherford model of any atom the di- 
mensions of the nucleus and of the electrons are 
assumed to be very small compared with the 
overall size of the atom, so that most of the 
atom’s volume is actually empty space. In this 
space near the nucleus, the electric field is essen- 
tially that of the nuclear charge, a Coulomb’s- 
law field whose strength varies as the inverse 
square of the distance from the nucleus. The 
planetary electrons are found in the outer 


regions of the atom, and there these negative 
charges will also contribute to the electric field. 
Outside the atom these negative charges com- 
pletely screen the positive charge of the nucleus, 
and the electric field vanishes. 

In this model, an alpha particle fired through 
an atom some distance off center will pass 
through without appreciable deflection. It will 
just brush the electrons aside. But in a stream 
of alpha particles fired at gold leaf, a few will 
pass so near the center of an atom that they 
encounter the strong electric field close to its 
heavy nucleus—they will be “scattered” through 
a large angle. 

We see that Rutherford’s model accounts, at 
least qualitatively, for the experimental facts. 
It explains why atoms let most alpha particles 
go through almost unaffected, and why a few 
alpha particles are strongly deflected. Before 
we place more confidence in this model, how- 
ever, we must submit it to a quantitative test. 
This Rutherford and his students did with great 
skill. 


32-2 The Trajectories of Alpha Particles 


in the Electric Field of a Nucleus 


In Rutherford’s model an alpha particle near a 
nucleus experiences a force of repulsion, in- 
versely proportional to the square of the dis- 
tance. To test this model, we must work out the 
paths that an alpha particle would take in sucha 
force field. 

Examples of the computed trajectories are 
shown in Fig. 32-5. Although we shall not re- 
produce the long computations of these paths, 
they involve nothing more mysterious than 
Coulomb’s law, Newton’s law of motion, and 
the detailed geometrical arrangement. The 
curves are hyperbolas, all with the nucleus at the 
focus. (The hyperbolic orbits here are related 
to the elliptic orbits of planets in the inverse- 
square gravitational force field. For some re- 
marks on this relation, see the box on page 
600.) 

You may also convince yourself that the com- 
puted results are sensible by looking at a me- 
chanical model which reproduces the essentials 
of alpha-particle scattering in the Coulomb- 
force field. You may even want to construct 
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such a model and experiment with it. In the 
mechanical model the alpha particle is repre- 
sented by a steel ball which rolls with little fric- 
tion on a smooth curved hill rising from a level 
table (Fig. 32-6). We make the gravitational 
potential energy of the ball on the hill corre- 
spond to the electric potential energy of the 
alpha particle near the nucleus; so this model 
pictures a plane through the center of an atom 
with the third dimension, the height in the 
model, representing not space but potential 
energy. The electric potential energy of the 
alpha particle varies as |/r, where r is its dis- 
tance from the nucleus. Therefore we build our 
hill so that above any point on the plane the 
height is inversely proportional to the distance 
r of that point from the center. 

With this model, the motion of an alpha par- 
ticle on the shaded plane through the nucleus in 
Fig. 32-6 is modeled by the motion of a ball on 
the potential-energy hill above. If we look down 
on a ball rolling on a real hill of this shape, the 
path we see will closely approximate that of an 
alpha particle near the nucleus. (See Fig. 32-7.) 


32-6 A mechanical model to illustrate the paths of alpha particles 


near a nucleus. Alpha particles have a potential energy 
proportional to 1/r, where r is the distance from the 
nucleus. The hill is so constructed that the height of any 
point on its surface is proportional to 1/r, where r is the dis- 
tance on the plane from the center. Consequently, a ball 
on the hill will have gravitational potential energy propor- 
tional to 1/r. Its motion then resembles the motion of a 
charge moving on the plane in the electric field of the 
nucleus. 


32-7 The solid line shows a possible path of a rolling ball in the ‘hill’ model of the Coulomb field. The dashed straight line on the 


plane below the hill shows the direction in which one ball was originally aimed. If you look straight down on the hill, the ap- 
parent path of a ball models the path of an alpha particle moving in the horizontal plane. This path is the dashed curved line 


on the plane. 
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An alpha particle aimed head on at a nucleus 
will be scattered in exactly the backward direc- 
tion. Similarly, in the mechanical model, if we 
start the ball rolling exactly toward the center of 
the hill, it will go straight up, to a height where 
its potential energy equals its original kinetic 
energy. There it reverses its motion and returns 
to the starting point. If, however, we aim the 
alpha particle at a point to the right of the nu- 
cleus, Coulomb repulsion pushes the alpha 
particle to the right, changing its direction as it 
passes the nucleus (Fig. 32-7). The angle @ be- 


nucleus 
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32-8 The aiming error b is the distance by which a particle would 


miss the nucleus if it were not deflected. The scattering 
angle 6 is the angle between the original direction and the 
direction after deflection. 


Conic SECTIONS AND INVERSE-SQUARE FORCE FIELDS 


Whenever a mass moves under the influ- 
ence of a force that varies as the inverse 
square of the separation from a fixed center, 
the orbit is a conic section: it is a curve which 
can be made by a plane slicing through the 
surface of acone. If the plane slices through 
the cone perpendicular to its axis, the surface 
of the cone is cut in a circle. As you know, 
this orbit is a possible planetary orbit. Ifthe 
plane is now tipped slightly, the surface of 
the cone is sliced in an ellipse (Fig. 32-9). 
Again we have a possible planetary orbit. 
As the plane is tipped farther, the ellipse be- 
comes more eccentric and the orbit resembles 
the orbit of a comet. 

As we see in Fig. 32-9, when the plane is 
tipped far enough, the intersection with the 
cone becomes a hyperbola, a curve like those 
computed for the orbit of an alpha particle 
in the electric field of the nucleus. The same 
kind of curve also gives the orbit of a mass 
which moves past the sun so fast that it will 
never come back. 

Just in between the closed orbits which are 
ellipses and the open hyperbolic orbits on 
which the mass never returns, there is one 
angle at which the plane cuts the cone in a 
parabola. This curve is the orbit of a parti- 
cle with barely enough energy to get infinitely 
far from the center of force. It divides the 
orbits of masses that return from those that 
make a single trip. 

Ellipses, parabolas, and hyperbolas are all 


ellipse porabola hyperbola 


a 


32-9 The conic sections. Plane figures such as the ellipse, the 


parabola, and the hyperbola are formed by the intersec- 
tions of planes at various angles with a cone. 


possible orbits when the force is attractive. 
Only hyperbolas will be found with a repul- 
sive force, because the mass is shoved away 
and does not come back. 

All the curves are interrelated because they 
are the orbits of masses moving in inverse- 
square force fields, and they are all related 
geometrically as conic sections. 
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tween the final direction of motion and the 
original line of flight is called the scattering 
angle (Fig. 32-8). The closer the alpha particle 
comes to the nucleus, the stronger the Coulomb 
force it feels and the more nearly that force 
pushes straight backward against the original 
direction of motion. Therefore, the scattering 
angle @ will increase when the “aiming error,” 
represented by the distance b, decreases. Figure 
32-10 shows the corresponding motions of the 
ball in our mechanical model. 


aiming error b 


32-3 Angular Distribution of Scattering 


For particles of the same energy a definite aim- 

ing error leads to a particular angle of scattering 

under the influence of the Coulomb force from 

the nucleus. By computing the paths for a num- 

ber of aiming errors, b (or by more elegant 0° 30° 60° 90° 120° 150° 180° 
methods), we can plot a graph of the aiming scattering angle @ 

error } against the resulting scattering angle 0. 

For the Coulomb force this relation is shownin 32-11 A graph of the relation between b and @ for a Coulomb 
Fig. 32-11. force of repulsion. 


32-10 Paths of a rolling ball on the hill model. The ball is sent with the same energy each time, but with a different aiming error. Note 
that the smaller the aiming error is, the larger is the scattering angle. 
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Now if we could see the center of an atom and 
aim an alpha particle with complete precision so 
that we picked our aiming error 6, we could 
test the relation between b and @ by a direct ex- 
periment. However, the alpha particles in the 
most accurately aimed beam will hit at random 
all over a region many times the area presented 
by an atom. Consequently, we must do a 
slightly less direct experiment. 

Because smaller aiming errors lead to larger 
scattering angles (Fig. 32-12), we can take ad- 
vantage of our uncontrollably poor aim by com- 
puting the number of alpha particles that will hit 
with less than a certain aiming error b. All these 
alpha particles (and no others) should then be 
scattered by more than the corresponding 
scattering angle 6. Since we can measure ex- 
perimentally the number of alpha particles N, 
scattered by more than any particular angle 0, 
we can then find experimentally whether the 
scattering is produced by a Coulomb force. 
Another force might produce the same number 


= nucleus 


32-12 As the aiming error b decreases, the scattering angle @ in- 


creases. Therefore, all particles aimed within a distance b 
of the nucleus will be scattered through angles greater than 
&. You see this same relation in Fig. 32-10 and 32-11. 


N, scattered by more than one particular angle 
8, but as we shall see, it could not produce the 
same relation between N, and @ over many 
angles. In detail, therefore, our experiment will 
be to measure N, as a function of 6 (Fig. 32-13) 
and to compare the experimental results with 
those we predict from the Coulomb force. 

To compute the number of alpha particles 


TN 145° 
aS 


32-13 Since the particles are scattered in all directions, they 


spread out over the surface of asphere. When we count 
all those particles scattered by more than a given angle 9, 
we are counting the particles that fall on a cap, ona seg- 
ment of the sphere. The caps for 9 = 145°, @ = 75°, and 
@ = 5° are shown. _N, is the number of particles scattered 
onto the appropriate cap. 


that hit within a certain distance b of the center 
of an atom, we take advantage of the fact that 
the beam sprays uniformly all over the target 
area of an atom. Because the number of alpha 
particles aimed at a small area of an atom is 
equal to the number aimed at any other equal 
area in the same atom, the number of alpha par- 
ticles that pass within a distance b of a given 
nucleus is proportional to the area of a circle of 
radius b (Fig. 32-14). This area is 7b?. Conse- 
quently, the number of alpha particles that are 
scattered through more than the angle @ is pro- 
portional to b?. 

Now we already know how 5 is related to @. 
By using the graph of b vs. 6 we can construct a 
graph of b? vs. 8. Since the number of particles 
N, scattered through more than the angle @ is 
proportional to 52, a plot of b? vs. @ and a plot of 
N, vs. @ are the same (except for a factor to 
adjust the vertical scale). Figure 32-15 shows 
this graph. 

We are now in a position to make an experi- 
mental test of the Rutherford model. By count- 
ing the number of alpha particles scattered out 
of the beam into all various directions, we can 
find out experimentally whether or not the num- 
ber of alpha particles N,—the number scattered 
through all angles larger than 6—looks like the 
graph. Detailed experiments on the angular 
distribution were performed by Geiger and 
Marsden (1913). The square boxes in Fig. 
32-15 show some of their results. Within the 
accuracy of the measurements, the experimental 
points fall on the computed curve for the 
Coulomb. force. 

We can now conclude that the scattering of 
alpha particles is the result of a Coulomb force; 
but to be more certain of this conclusion, we 
shall see what kind of graph of NM, versus 0 
would result from a different force. It is easy to 
calculate the paths and find the relation between 
aiming error and scattering angle for a force 
which is zero at large distances from the center 
of the atom and then rises abruptly to large 
values if an alpha particle gets within a certain 
distance of the center. For this reason we have 
chosen to construct the graph of N, versus 6 for 
such an abrupt force. This curve shown in Fig. 
32-16 is different from the curve that results 
from a Coulomb force, so different that we 


32-3 * ANGULAR DISTRIBUTION OF SCATTERING 603 


R o>. ") 
shes. . os 
es ak ae 


. 
at wae ne 


de Se 


32-14 Alpha particles are sprayed uniformly over the target area 


of many atoms. Therefore the number of particles coming 
within a distance b of any nucleus is proportional to 7b?— 
the area of a circle of radius b. 


0° 15°30°45°60° 


0; . 5305607, 90% 320°) 150°: 180° 
i] 


32-15 A graph of N, (the number of particles scattered through an 


angle greater than 9) vs. 8. The curved line shows what we 
would expect with a Coulomb force. The points in small 
squares represent the data collected by Geiger and Mars- 
den in their scattering experiments. The insert shows the 
curve for small angles on a different scale. 
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No 


O° 30°). 60°".- 90" 120% 1802 180° 
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32-16 The solid line is the curve of N, vs. @ for a force that rises 


abruptly. The dashed line connects Geiger and Marsden’s 
experimental points. The curves were adjusted so that 
they coincided at @ = 120°. No adjustment will make 
them fit together. 


clearly cannot get it to agree with the experi- 
mental results of Geiger and Marsden. 

In general we may assume that any force we 
fancy is acting on the alpha particles; then we 
can compute the graph of N, versus @ for that 
force. For each different force, we get a differ- 
ent graph—and we can identify the force by the 
shape of the graph. The shape of the graph of 
the experimental results is the same as that for 
the Coulomb force. Consequently this is the 
force that acts on the alpha particles. 

The test of the Rutherford model provided by 
the measurements of the angular distribution of 
scattered alpha particles is convincing evidence 
that the scattering takes place in a Coulomb- 
force field around the nucleus. But it is not the 
only evidence which tells us that the Rutherford 
model is correct. We can also use the depen- 
dence of the scattering on the energy of the 
alpha particles. We can change the energy of 
the stream of alpha particles by passing it 


through a number of thin foils. The numbers of 
alpha particles are hardly changed by this pro- 
cedure, but their energy is reduced, and we can 
measure the energy of the alpha particles com- 
ing through the foil. Then, with the same 
number of alpha particles but different energy, 
we can do the scattering experiments again. For 
less energetic alpha particles, the Rutherford 
model makes a specific prediction about the an- 
gular deflections. The number of large deflec- 
tions should increase. This number goes in 
inverse proportion to the square of the energy. 
With forces of other kinds, the change in num- 
bers has a different energy dependence. For ex- 
ample, with an abrupt force, the scattering of an 
alpha particle is the same at every energy. 
Consequently, we can distinguish one kind of 
force from another on the basis of the changes 
in the angular distribution that occur when the 
energy of the alpha particle is altered. Geiger 
and Marsden also carried out an experiment to 
check the Rutherford model in this way. Again, 
the experimental results agree with the Ruther- 
ford model. In changing the energy by a factor 
of 10, they found that the number of particles 
scattered into any given range of large angles 
increases as the inverse square of the energy. 
The force doing the scattering must be the 
Coulomb force. 

This is indeed a most remarkable result. 
Using alpha particles as probes, we have ex- 
plored the electric field inside individual atoms 
and found that it obeys an inverse-square law. 
In the first place, this means that the positive 
charge of the atom is actually concentrated in 
a much smaller volume than the complete atom. 
In the second place, we find evidence that 
Coulomb’s law, which we had previously veri- 
fied experimentally only down to distances of 
the order of centimeters, holds in fact with high 
accuracy down to distances much smaller than 
atomic dimensions. As we shall see in the next 
section, those alpha particles with which we 
probe closest to the nucleus and for which we 
get the largest angles of deflection penetrate far 
inside the atoms. They only turn around when 
they are about 10-14 meter away from the 
nuclear charge, about one ten-thousandth of an 
atomic dimension. The known domain of the 
Coulomb force is thus extended by a factor of 
104 toward the very small. 


detector 


gold foil 


source 
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132- 17 If we use foils of different metals, but each with the same 


number of atoms per cm? of surface, the observed scatter- 
ing is different. Using the same beam for equal times, the 
number of alpha particles scattered into any given angle by 
the gold foil is 2.8 times the number scattered into the same 
angle by the silver foil. 


32-4 More Information from Scattering 


There is more information to be obtained from 
the scattering experiments. Suppose that we 
keep our source of alpha particles and our 
detector in fixed positions and we change to a 
leaf of a different metal (Fig. 32-17). Suppose 
that we use, one after the other, very thin sheets 
of different elements (gold, silver, platinum, 
etc.), choosing the thicknesses so that in each 
foil there are the same number of atoms in the 
way of the beam, that is, the same number of 
atoms per square centimeter of foil surface. 
Now, although the number of scattering centers 
(the number of nuclei) is the same in all cases, 
we find that the numbers of scattered particles 
observed in a given time interval are very dif- 
ferent. 

We can easily understand this result if we 
assume that the nuclei of different elements 
have different electric charges. For a larger 
nuclear charge, the force pushing the particle 
out of its original direction is greater. There- 
fore, if we shoot in alpha particles with a given 
speed and the same aiming error, we expect 
them to undergo a larger deflection (Fig. 32-18). 
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Detailed computations (Newton’s law, Cou- 
lomb’s law, and geometry) show that the num- 
ber of alpha particles scattered within a given 
range of angles is proportional to the square of 
the nuclear charge. Therefore, we can actually 
compare by our experiments the electric charges 
of the nuclei of different elements. We can go 
further still and compute the actual charge in 
elementary electric charges. 

According to other evidence, the nucleus of 
copper has 29 positive elementary charges, the 
nucleus of silver 47, the nucleus of platinum 78. 
From alpha-particle scattering, Chadwick found 
almost these results. His experimental mea- 
surements yielded 29.3, 46.3, and 77.4 + 14%. 
This means that the nuclear charges must be 29 
or 30, 46 or 47, and between 76 and 79 elemen- 
tary charges respectively—a masterpiece of pry- 
ing information out of atoms with simple appa- 
ratus. 

Also we know from other evidence that the 
nuclei of hydrogen and helium have one and 
two elementary charges respectively. (See 
Chapters 28 and 30.) Scattering experiments 
with hydrogen and helium gases (e.g., in a cloud 
chamber) confirm this result. 

The number of elementary charges in the nu- 
cleus is called the atomic number of the element. 
Earlier in the development of chemistry this 
number was used for the serial number of the 
element in the chemical list. It is obviously a 
quantity of great physical significance. As we 
have mentioned, it can be measured by other 
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32-18 Alpha particles of a given energy and aiming error are de- 


flected more by nuclei of larger charge. 


606 Chapter 32 + EXPLORING THE ATOM 


methods as well as by alpha-particle scattering. 
They all agree and they give a new meaning to 
the seria! numbers in the table of elements. 
(See Appendix 3.) Because atoms are neutral, 
the atomic number tells both the number of 
positive elementary charges on the nucleus and 
the number of electrons that surround it. 

We still have not exhausted the information 
we can get from scattering. We have said sev- 
eral times that the radius of the nucleus must 
be much smaller than the radius of the atom. 
But how small is it? We found experimentally 
that in gold foils the scattering of alpha particles 
from a radioactive source corresponds to the 
predictions we made from Coulomb’s law. This 
means that these alpha particles never “hit” a 
gold nucleus. For, if they did, forces other than 
the Coulomb repulsion would come into play 
and the resultant scattering would certainly 
differ from that computed from the inverse- 
square law. Thus the gold nucleus must be 
smaller than the distance of closest approach of 
the alpha particles to the center of the nucleus. 

Alpha particles of a given energy come closest 
to the nucleus when they are aimed directly at 
its center. (They move then on a straight line 
until their potential energy equals their initial 
kinetic energy, and then retrace their path back- 
ward. See Section 32-2.) Let ro be the distance 
of closest approach. Since the gold nucleus has 
79 elementary charges and the alpha particle 2, 
the potential energy at the distance ro is: 


if (79 elem. ch.)(2 elem. ch.) 
kW) 


U 
= (3.6 x 10-26 joule-m) |, 
0 
incek = 2.3 x 10-28 newton-m? | 
a7 ms (elem. ch.)? 


On the other hand, alpha particles from a 
polonium source have a velocity of 1.4 « 107 
m/sec and a mass of 6.62 «x 10-27 kg. (See 
Chapter 30.) Therefore, their kinetic energy is 


dmv? = 8.5 x 10-13 joule. 


By equating the potential energy gained to the 
original kinetic energy, we obtain 


ro = 4.2 x 10-14 meter. 


Thus we can assert that the radius of the gold 
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nucleus is certainly less than 4.2 x 10-14 m. 
Similar results are obtained for the nuclei of the 
other elements. Alpha-particle experiments 
therefore also bear out Rutherford’s hypothesis 
that the nucleus is a minute heavy speck. 


Troubles 


Looking back at what we have learned in this 
chapter, we find good reason to be pleased with 
the new insight that we seem to have gained. 

The Rutherford model, describing the atom 
as a tiny but massive positively charged nucleus 
surrounded by a number of electrons, seems 
essentially correct. Moreover, we have learned 
how to measure the charge on the nucleus and 
how to estimate at least an upper limit for its 
“radius.” Knowing the charge of the nucleus, 
we also know the number of electrons which 
complete the atom. 

And yet, as we continue our study, our com- 
placency begins to be shaken. Suppose, for ex- 
ample, that in an effort to determine the size of 
nuclei, we bombard them with faster and faster 
alpha particles. The distance of closest ap- 
proach decreases. When it becomes smaller 
than the nuclear radius, deviations from the 
simple scattering laws should appear. Since 
the particles that come closest to the nucleus 
are those that suffer largest deflections, the 
theoretical scattering distribution should fail at 
the largest angles first. This, however, is not 
always in agreement with the observations. 
Deviations from the computed scattering law 
occur for sufficiently high energies of the alpha 
particles, but when they do, often small angles 
as well as large angles are affected. 

An even more serious flaw in the Rutherford 
model becomes evident as soon as we start con- 
sidering the behavior of the electrons. In the 
atom, as imagined by Rutherford, the electrons 
move around the nucleus like planets around 
the sun. In fact, under the urging of the Cou- 
lomb force, they can avoid falling immediately 
into the nucleus only by continuously revolving 
around it. This motion is an accelerated mo- 
tion, and therefore should be accompanied by 
the emission of electromagnetic waves. But the 
electromagnetic waves drain away energy. So, 


like an earth satellite which loses energy in the 
atmosphere, the electrons must spiral into the 
nucleus. By imagining that they move like 
planets, we have only stretched the time for elec- 
trons to fall in. Instead of falling into the nu- 
cleus in about 10-17 sec, as an electron would if 
it started from rest at the outside of an atom, an 
electron spiraling in while radiating away its 
energy should take about 2 x 10-1! sec to get to 
the nucleus. This time is still far too short to 
make the atom look stable at the dimensions 
we know. Consequently, Rutherford’s model is 
not consistent with our knowledge of the process 
of electromagnetic radiation. 

Atoms do emit light, and that light must come 
from the accelerated motion of the charge in the 
atom. Therefore our whole picture of the atom 
is clouded by the conflicting demands. The 
emission of light is consistent with the Ruther- 
ford model—but it also destroys that model, 
for the atoms should all shrink to nuclear di- 
mensions long before we can blink at their light. 
The normal atom should have the electrons 
stuck in the nucleus into which they have fallen. 
But this is in direct conflict with the evidence of 
alpha-particle scattering and with the size of 
atoms as seen in collisions in gases and in their 
packing in solids and liquids. 

The more we probe into these questions, the 
more we become aware of serious troubles. Let 
us consider for simplicity the hydrogen atom, 
consisting of a single proton and a single elec- 
tron. The frequency of the light emitted by the 
atom should be related to the number of revolu- 
tions per second of the electron around the nu- 
cleus. But the period of revolution depends on 
the diameter of the orbit, just as in the case of 
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the planets in the solar system (Chapter 21). 
Electrons rotating in a smaller orbit have a 
shorter period and therefore should emit light of 
a higher frequency than electrons rotating in 
larger orbits. 

As an electron emits light, its energy must de- 
crease. Therefore, the diameter of its orbit 
must decrease and the frequency of the emitted 
wave must increase. A light source contains a 
huge number of atoms, and many are emitting 
light at one time. Some of these atoms are at 
one stage in the process of light emission, and 
some at another. Consequently. the source 
should be emitting light of practically all fre- 
quencies. Thus, hydrogen gas made to glow, 
for example, by an electric discharge should 
emit a continuous spectrum of light. In con- 
trast to this prediction, spectral analysis of the 
hydrogen light reveals a number of sharp “lines” 
—that is, a number of separate wavelengths or 
frequencies (Chapter 7). 

These and other difficulties cannot be solved 
by a mere revision of the atomic model. The 
understanding of atoms requires a revolution- 
ary change in all our basic physical concepts. 
The new physics born of this revolution forms 
the subject of the following chapters. In that 
new physics the Rutherford atom is vindicated. 
The tiny, but massive, charged nucleus remains. 
So do the electrons spread through the far larger 
atomic volume. What changes is the very basis 
of dynamics. Newton’s mechanics must be re- 
placed by a more subtle quantum mechanics— 
a mechanics which includes Newton’s as a spe- 
cial case, aS an approximation good enough for 
the world of bulk motions but startlingly inade- 
quate in the atomic world. 
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Suppose you have a large collection of small steel 
balls which you can fire at different targets in turn. 
You cannot see the targets directly, but you can 
observe the paths of the balls before and after 
striking. In each case below, tell what you know 
about the target from the behavior of the balls. 
The balls are al! fired at the target in the same 
direction. 

(a) All the balls bounce off the target with angle 
of reflection equal to angle of incidence. 

(b) All the balls bounce back, but with no 
definite relation between angle of reflection and 
angle of incidence. 

(c) Practically all the balls go through the tar- 
get, but a few are lost in it. 

(d) All the balls are lost in the target. 

(e) The paths of all the balls cross after reflec- 
tion at a point in front of the target. 


To help visualize the thickness of the gold foil 
used in the alpha-particle deflection experiment 
described in Section 32-1, find the number of 
sheets of this foil which, when stacked together, 
are equal to one leaf of your textbook. 


One square meter of silver foil has a mass of 
5 x 10-3 kg. 

(a) What is its thickness? (The density of silver 
is 1 « 104 kg/m3.) 

(b) The mass of a silver atom is 1.8 x 10-25 kg. 
What is the length of the side of a ‘‘box” repre- 
senting a single atom? 

(c) What is the thickness of the foil expressed 
in atomic “boxes”? 


What is the evidence for our belief that alpha 
particles which are deflected by a large angle 
when passing through a thin gold foil do so in 
one collision? (Section 1.) 


What are the main features an atomic model 
must have in order to account for the way in 
which alpha particles are deflected when they pass 
through gold foil? (Section 1.) 


What is a scattering angle? (Section 2.) 


In a scattering experiment using gold foil, 4 alpha 
particles in 10,000 are scattered through an angle 
of more than 5°. 

(a) How many particles would be scattered 
through more than 5° if we doubled the thickness 
of the foil? 

(b) If we made the foil a thousand times 
thicker? 


A beam of alpha particles from polonium is shot 
perpendicularly into the gold foil described in 
Section 1. We observe that some of the particles 
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are scattered through an angle of about 3° or 
5 x 10-2 radian. The alpha particles have a 
kinetic energy of 8.5 x 10-13 joule, which cor- 
responds to a speed of 1.6 « 107 m/sec. 

(a) What velocity AV must be added at right 
angles to their original velocity to produce this 
change in direction? 

(b) How long does it take an alpha particle to 
pass through a single gold atom in the foil? 

(c) What is the average acceleration of one of 
these alpha particles if it gets its whole deflection 
in passing through a single gold atom? 


Why is it not possible to find directly the relation 
between @ and 6b from the Rutherford scattering 
experiment with alpha particles? (Section 3.) 


How is Ng, the number of particles which have 
scattered through all angles larger than @. related 
to the aiming error b? (Section 3.) 


What do the results of scattering experiments tell 
us about the electric field inside the gold atom? 
(Section 3.) 


If the alpha particles approaching a nucleus with 
a certain aiming error 5 were scattered by 90°, 
through what range of angles were the particles 
scattered which approached the nucleus with a 
smaller aiming error? (Section 3.) 


Imagine a device which can drop 1000 steel balls 
through a circular hole 5 cm in radius and spread 
them evenly over the area of the circle (Fig. 
32-19). In the center of the hole we fix a steel 
cone whose sides make an angle of 45° with its 
base, and whose base has a radius of 2cm. Ina 
group of 1000 balls, how many are scattered side- 
ways before they reach the hole? 


The point of the cone in Problem 13 is sawed off 
to leave a smooth plane parallel to the base and 
| cm in radius (Fig. 32-20). 

(a) In each group of 1000 balls, how many are 
turned back and how many are scattered sideways 
by it? 

(b) Draw a graph of the scattering angle 0 
versus the aiming error b, measured from the 
center of the hole. 

(c) Draw a graph of N, (the number of balls 
scattered through an angle greater than @) vs. @. 


(a) To construct the curve of } vs. @ for an abrupt 
force, draw a fairly large circle to represent a 
plane cut through a rigid sphere and measure the 
scattering angles for various aiming errors. 
(Assume that the angle of reflection of a ball 
hitting the surface equals the angle of incidence. 
Why?) 


20. 


(b) From your curve of b vs. @ construct a graph 
of N, vs. 6 and compare it with Fig. 32-16. 

(c) Explain why this relationship is independ- 
ent of the energy of the particles fired at the 
sphere. 


From the graph in Fig. 32-15, determine the ratio 
of the number of particles scattered through an 
angle greater than 15° to those scattered through 
an angle greater than 22.5°. 


How many times as close can an alpha particle 
of given energy get to the center of the nucleus of 
an aluminum atom as it can to the center of a gold 
nucleus? (Section 4.) 


How close can polonium alpha particles get to the 
center of an aluminum nucleus? (Section 4.) 


Which conservation law is used in calculating the 
distance of closest approach? (Section 4.) 


Three experiments were done with the same alpha 
particle beam, the same counters at the same 
positions, and different foil targets. Five counters 
were arranged with respect to each target and the 
beam to count particles scattered by the angles 
given in the table. The time interval of counting 
was the same for all three experiments. The foils 
were designed so that the beam passed through 
the same number of atoms per square centimeter 
regardless of which target was used. The results 
presented in the table below give the numbers of 


32-19 For Problem 13. 


32-20 For Problem 14. 


21. 


22. 


23. 


24. 


25. 
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particles scattered into the same range of scatter- 
ing angles. For example, the count at 30° in- 
cludes all particles scattered in any direction in 
the range between 29° and 31°; the count at 60°, 
all those scattered in any direction in the range 
between 59° and 61°, etc. 


SCATTERING 
pera NUMBER COUNTED 

Target 1 Target 2 Target 3 

30° 2790 35,920 102,810 

60° 346 4451 12,760 

90° 100 1288 3685 

120° 39 496 1423 
150° 14 187 532 


(a) Plot the number scattered versus the scat- 
tering angle for each target. (Plot all three graphs 
on the same axes.) 

(b) Target 1 was aluminum. What were the 
other targets? 


(a) Explain why the gravitational force between 
an alpha particle and a gold nucleus has little 
effect on the scattering of alpha particles by gold. 

(b) What is the ratio of the electric force on an 
alpha particle to the gravitational force when the 
separation of an alpha particle and a gold nucleus 
is 10-14 m?_ When it is 10-15 m? 


An alpha particle of kinetic energy 1.0 x 10-!2 
joule is scattered by a gold nucleus. 

(a) What is the minimum possible distance of 
closest approach? 

(b) What must be the aiming error if the alpha 
particle is to get this close? 

(c) How close could a proton of the same 
energy approach? A neutron? 


In one scattering experiment a proton beam 
strikes a gold target. In a second experiment a 
beam of deuterons (atomic mass = 2, atomic 
number = 1) is used. The kinetic energy of the 
particles is the same in both beams. How will the 
minimum distance of closest approach to gold 
nuclei of the two kinds of beams compare? 


(a) What fraction of its energy is lost by an alpha 
particle in a head-on collision with an electron? 
(The mass of an alpha particle is about 7200 
times that of an electron.) 

(b) Approximately how many such collisions 
must occur before the energy of the alpha particle 
is reduced by 1 percent? 


An alpha particle with speed 1.00 x 107 m/sec is 
scattered by a gold nucleus at rest through an 
angle of 60°. Assume that so little kinetic energy 
is transferred to the gold nucleus that the speed 
of the alpha particle after the scattering is the 
same as it was before. 
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26. 


27. 


(a) What is the momentum transferred to the 
gold atom? 

(b) What is the velocity given to the gold 
nucleus? 

(c) What is the kinetic energy given to the gold 
nucleus? 

(d) Was your initial assumption a good one? 
Explain. 


(a) If the distance of closest approach of the 
alpha particle in Problem 25 was 1.65 x 10-13 m, 
what was its speed at this point? 

(b) At what speed was it moving toward the 
nucleus at that point? 


In the hydrogen atom, the electron is on the aver- 
age 5 x 10-1! m from the positively charged 
proton. 

(a) Estimate the average force between the 
electron and proton. 

(b) If the atom were placed between the plates 
used in the Millikan experiment of Section 27-7, 
how many of the 90-volt batteries would we need 
to put in series with the plates to tear the atom 
apart? 


What does the Rutherford model of the atom 
predict about the ratio of the frequency of the 
light emitted by a hydrogen atom when the radius 
of the electron’s orbit is halved, compared with 
the original frequency? (Section 5.) 
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Gamow, GEorGE, Mr. Tompkins Explores the Atom. 
Cambridge University Press, 1945. A novel presen- 
tation of atomic structure and behavior. Includes 
three dreams to dramatize the properties of atoms, 
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tific basis for the dreams. 

HuGHEs, DoNALD J., The Neutron Story. Doubleday 
Anchor, 1959: Science Study Series. (Chapters 1 
and 4) 

RoMER, ALFRED, The Restless Atom. Doubleday An- 
chor, 1960: Science Study Series. (Chapter 13) 

WEISSKOPF, VICTOR F., Knowledge and Wonder. 
Doubleday Anchor, 1963: Science Study Series. 
(Chapters 4 and 5) 

WILSON, ROBERT R., and LITTAUER, RAPHAEL, Accel- 
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Arthur H. Compton 


In 1900, Max Planck (1858-1947) proposed that when 
atoms emit or absorb light, their energy states change by a 
discrete amount, or a quantum of energy that is propor- 
tional to the frequency of the light. This proposal had a 
profound effect on the development of physics in the twen- 
tieth century. 


Albert Einstein (1879-1955) is shown here at the age of 26, 
when he was working as a clerk in the Swiss Patent Office. 
It was around this time that he published some of his great- 
est work, such as his interpretation of the photoelectric 
effect. 


Niels Bohr (1885-1962) applied the ideas of photons and 
energy states to understanding the structure of atoms. He 
and his students were at the center of the development of 
modern quantum ideas. 


The Compton effect for the scattering of light by electrons 
was predicted in 1923 by Arthur H. Compton (1892-1962). 
It was confirmed by his own measurements on the scattering 
of Xrays. The Compton effect and Einstein’s interpretation 
of the photoelectric effect provided convincing evidence of 
the particle nature of light. 


Louis de Broglie (1892- ) suggested in 1923 that elec- 
trons sometimes exhibit the properties of waves with wave- 
lengths inversely proportional to their momenta. This 
assumption was confirmed a short time later by experiments 
in which Davisson and Germer were able to form diffraction 
patterns with electrons. 


Louis de Broglie 


(Picture of Einstein, courtesy Lotte Jacobi. Pictures of Planck and De Broglie. Wide World Photos. 


Max Planck 


Niels Bohr 


Picture of Bohr. courtesy 


Royal Danish Ministry of Foreign Affairs. Picture of Compton, courtesy Washington University News Bureau.) 
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Photons 
and 
matter 

waves 


WitTH the Rutherford model, classical physics 
went as far as it could into the understanding of 
the atom. The troubles discussed at the end of 
the last chapter made it clear that only funda- 
mental new ideas about the principles of physics 
could carry us further. But the troubles un- 
covered by the Rutherford model were by no 
means the only nor the first indication that 
fundamental changes were needed in physics. 
At the end of the last century, the successes of 
the classical wave theory of light were tempered 
by troubles similar to those met by the Ruther- 
ford model with regard to dynamical laws. 
With a series of new discoveries, including the 
photoelectric effect, X rays, and radioactivity, 
the new physics began. Although this new 
physics was to make a revolutionary change in 
dynamics, the original clues to this change came 
from the radiation of light and its interaction 
with matter. 

We now shall examine the experimental evi- 
dence which called for a good hard look at the 
wave theory of light. Later we shall see how the 
ideas coming from this study eventually led to 
an extension of Newtonian dynamics. Then 
you can see how really revolutionary the state- 


are lamp 


33-1 The light from the arc lamp illuminates a large number of 


droplets or specks of metal. These specks have been al- 
lowed to charge, and are floating between charged par- 
allel plates; they are nothing but a large crowd of ‘'Milli- 
kan oil drops.'’ As the light strikes the specks, they may 
lose electrons. Each time an electron is lost, the speck will 
begin to drift upward toward the negative plate, for it is 
now positively charged by more than enough to balance its 
weight. Here and there, at random over the whole lighted 
region, a speck will suddenly start upward. 


33-1 


ments of the new physics are, and at the same 
time how this new physics was built upon and 
successfully conserved the great gains of the 
physics of the past. 


The Graininess of Light 


The wave theory has had convincing successes 
in describing all forms of electromagnetic radia- 
tion, from radio waves measured in kilometers 
down to the light waves which in our micro- 
scopes bring us a view of the smallest cell. We 
shall now give an account of experiments, some 
actually as they were done, some only illus- 
trative of what might be done, in which the wave 
picture was subjected to a new kind of test. 
That test was to see what light did to the 
atomic structure of matter. In the Millikan ex- 
periment, discussed for a very different purpose 
in Section 27-5, X rays—high-frequency light— 
expel individual electrons from tiny specks of 
matter. A good many tries were made of a re- 
lated experiment: a kind of Millikan experi- 
ment in which X rays or ultraviolet light from 
an arc lamp falls upon large numbers of specks 
of material drifting between a pair of charged 
plates (Fig. 33-1). We ask what the wave pic- 
ture of light predicts about the ejection of elec- 
trons from the tiny specks, and compare the 
prediction with what actually happens. 


(a) 


Number of trials in 
which a first jump 

’ eecured within each 
time interval 


weak light 


33—] * THE GRAININESS OF LIGHT 613 


When light—that is, electromagnetic radia- 
tion—shines on a speck of matter, the electric 
field in the light wave pushes on the electrons in 
the atoms. If an electron is ejected from an 
atom, its ejection must be an effect of the elec- 
tric field which forces it out of its normal mo- 
tion within the atom. (You may want to figure 
out why the magnetic field is not important for 
electron ejection.) 

Now, the electric field is rapidly changing in 
time, but at a given instant it has the same 
Strength everywhere along the front of the 
electromagnetic wave. When such a wave hits 
an atom, therefore, it starts to shake the elec- 
trons. Since the wave looks the same over a 
large region of space, it shakes electrons in the 
little specks of matter in the same way at almost 
exactly the same time all over the region be- 
tween the plates. Ifthe light is weak, it will take 
the light wave considerable time to shake any 
electrons loose. Then, since there are many 
electrons in identical atoms pushed in the same 
way by the electric field of the light wave, a large 
number of electrons should be ejected at almost 
the same time. We thus expect to see, for rather 
weak light, a time during which nothing hap- 
pens. Then, at one time all over the front of the 
light beam, individual specks should begin to 
lose electrons. With stronger light, the loss 
should come sooner; with weak light, later. 

The actual result is astonishingly different. 


(b) 


strong light 


Time interval during which first spark jumped 


33-2 In the apparatus of Fig. 33-1, we turn the light on suddenly and watch for the first speck to start upward. This time is then 
recorded. The graphs show the results of many such time-lag measurements. In (a) the experiment was done with weak light; 
in (b) with much stronger light. Everything else remained unchanged. The total number of trials in each group of experiments was 
the same. On the average, the strong light ejects electrons more quickly than the weak light, but even in weak light some electrons 
are ejected with no appreciable lag. Experiments of more advanced sort have pushed this minimum lag time below 10-8 second. 
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Instead of a definite wait, after which all the 
specks begin to lose electrons, it is found that a 
speck or two may jump immediately. These 
jumps show that the specks have already lost 
electrons and are now moving like the Millikan 
spheres under the influence of the electric field 
between the plates. The first specks to jump 
may be found anywhere in the beam. After 
them others will jump—one here, one there, 
with no particular pattern. After a while most 
of the specks will have lost electrons, but in a 
quite random way. Some may have lost sev- 
eral electrons; a few will have lost none at all. 

If the light is made weaker, the waiting period 
is sometimes no longer. If the light is stronger, 
the wait is sometimes no shorter. We can make 
the specks as similar as can be, use our best 
identical spheres, and yet the individual specks 
behave differently (Fig. 33-2). Only the aver- 
age behavior seems to be what we expect. On 
the average the specks will lose electrons as well 
in one part of a uniform light beam as in an- 
other. On the average, more electrons are 
driven out in one second by strong than by weak 
light; but this refers only to the average over 
many specks and many trials. In any particular 
case, how long it takes the first speck to respond 
seems to be a matter of chance. Once in a 
while, even the weakest light will cause the im- 
mediate loss of an electron; once in a while, 
even in the strongest beam, you will wait a fairly 
long time to see the first electron removed. The 
whole nature of this result seems to belie our 
well-founded view of the smooth oscillating 
wave front, everywhere uniform and moving in 
phase, displacing electrons in every speck by 
the cumulative action of the varying electric 
field. 

The predictions of our picture of electromag- 
netic waves do not fit the facts, but we know of 
another simple model, long discarded, which we 
can now revive. Suppose that instead of the 
smooth plane wave front, the beam of light is 
represented by a collection of fast-moving tiny 
particles, like a volley of bullets or an air-driven 
blast of sand (Fig. 33-3). In such a beam, a 
speck would be hit squarely by a single particle 
of light only by chance. The hits would appear 
now here, now there, over the whole of the 
beam. The moment when the first speck was 
hit would also be a matter of chance. Even if 


the beam was weak—with only a few particles 
crossing a given area in a second—it might hap- 
pen that a particle of light strikes one speck 
immediately after the beam is turned on. On 
the other hand, in a strong beam, the dense rain 
of particles might fail to make any direct hit for 
a noticeable time. Only on the average would 
it be true that in a strong beam the first hit 
would come soon, and the others follow in rapid 
sequence. This picture gives an accurate and 


(a) 9 


(b) : 


33-3 The close analogy between bullets fired in a random volley 


at a set of targets, and a light beam ejecting electrons. If 
the volley comes from only a few guns (a), the ‘‘beam"’ of 
bullets is weak. Most of the time, you would wait a long 
time to see a direct hit. But occasionally a lucky hit would 
immediately follow the start of firing. With many rifles fir- 
ing (b), the “beam” is intense. Hits become frequent, and 
on the average you wait less time for the first one. But the 
first hit might come no sooner, or even later, than an early 
first hit in a weak beam. Just which target would be hit 
next, of course, is a matter of chance. 
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convincing description of the way light really 
ejects electrons from the little specks of matter. 

On this picture light comes in grains. It 
arrives in little bundles which we shall call 
photons. The photons are the bullets or parti- 
cles of light; and when they hit a speck of 
matter, they may eject an electron. 

Our experiment directly detecting the ejec- 
tion of electrons by a light beam is not the only 
means of displaying the grainy character of the 
beam of light. A photographic plate bears a 
layer of very small crystals, each one of which 
can be changed by the impact of light into a 
form which the developer solution can blacken. 
The image is not formed smoothly, but by the 
random accumulation of blackened grains. 
This process is too complex to lead us to inter- 
pret light from it alone—the film grains differ 
in their atomic constitution, for example—but 
it adds support to the direct electron-ejection 
experiment. With other devices using ejection 
—the photoelectric cell, the television-camera 
image tube—one can watch an image being 
formed point by point by light. In very weak 
light, the successive “hits” are so slow that the 
eye can easily follow them. The image, what- 
ever it may be, is painted slowly by the accumu- 
lation of random hits, which gradually pile up, 
many wherever much light falls, few wherever 
the illumination is weak. Only when very 
many particles of light have struck every little 
area—in a strong beam, quickly, or in a weak 
beam after sufficient time—does the accumula- 
tion become so dense that all trace of its grainy 
structure is lost. 


The Orderliness of Chance 


It is easy to convince yourself that the accumu- 
lation of individual events, all going on by 
chance, but some of them more probable than 
others, will form in the end a regular and smooth 
pattern. There is no substitute for actually per- 
forming an experiment in which you watch 
meaning emerge from what appears to be a 
sequence of wholly meaningless and sporadic 
events. It is not practical to simulate the myriad 
grains of light which form a good photographic 
image, but we can consider a crude pattern 
formed by a smaller number instead. 
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Suppose the bombardment of some receiving 
plate by a light beam results in the bar pattern 
of Fig. 33-4(a). More of the “grains” of light 
must in the end fall on the regions of the photo- 
graphic plate that become dark than on those 
that remain lighter. We can represent this pat- 
tern by the graph of Fig. 33-4(b), where the 
height of the graph is proportional to the total 
number of hits on that same region in the picture 
of Fig. 33-4 (a). Now we prepare a set of cards, 
marked L, C, and R for the left-, center, and 
right-hand bars of the pattern. We prepare 
cards in a number proportional to the total 
number of hits expected; say, 3 marked L, | 


with photons with cards 


after 10 draws 
51 


43 
ba 


after 100 draws 
618 


after 1000 draws 


33-4 The growth of pattern out of chance. In (a) we see a bar 


pattern of light and dark, representing some sort of inter- 
ference fringes. In (b) the same pattern has been graphed, 
showing how the light intensity varies with position. In (c) 
we see plots of an analogous experiment in which a similar 
pattern is built up by random chance draws from a collection 
of cards whose probability of draw has been correctly ad- 
justed. The patterns made with more and more individual 
draws come closer and closer to the expected pattern, be- 
ginning with an apparently disorderly arrangement showing 
no resemblance to the final result. The ordinary light 
source presents us images which are painted out by some 
1012 or even many more photons per second. 
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marked C, and 6 marked R. This fairly ex- 
presses the assumed probability of a hit in each 
of the three places we distinguish. Now drawa 
single card blindly from a well-shuffled mixture. 
Read what it is, then put it back, reshuffle, and 
draw again. Do this over and over again. At 
each draw, note the letter the card bears, and 
plot the results of each draw by adding to the 
height of the appropriate vertical bar on a graph 
constructed like Fig. 33-4(b). At first, no clear 
sign of the pattern will be present, except very 
rarely by a remarkable accident. Later on, the 
pattern will begin to emerge, and if you are pa- 
tient enough to draw several thousand times, 
the pattern thus randomly built up is almost 
sure to be as regular as any graph you could de- 
liberately construct. The results of one such ex- 
periment are plotted in Fig. 33-4(c), and your 
own experiment should give you a still better 
idea of how such patterns can arise. Of course, 
the grains of light are not cards; we are not 
really experimenting with light, but with the 
laws of chance and probability. But many ex- 
periments have demonstrated that the forma- 
tion of images by light follows in quantitative 
detail exactly the laws obeyed by the random 
draw of shuffled cards. 

With this model we produced the final regular 
pattern and also the irregular fluctuating build- 
up of the pattern that can actually be observed. 

It is just for this reason that the finely detailed 
images caught by a TV camera or a photo- 
graphic camera can be formed only in sufficient 
light. The inviolable minimum of light needed 


smoked 
glass 


33-3 


is set by the graininess of light. No matter how 
sensitive the receivers of the light may be, the 
image cannot be made unless there are enough 
of the light packets to form it accurately. It is 
striking that the effects of the intrinsic graininess 
of light have been demonstrated to occur for the 
eye just about at the dimmest light which a man 
can see. Our eyes are developed about as far 
as any light receivers working with the same size 
of lens, the same time of response, and the same 
band of wavelengths can possibly be. They 
have reached very close to the natural limit. 


Graininess and Interference 


In weak light we find the individual effects of 
grains. Little bundles of light come along at 
random, now here and now there, arriving in 
greater number where the intensity is higher 
and in smaller number where the light is weaker. 
This grainy picture of light is far different from 
our usual view of waves. It seems to have 
nothing to do with interference and diffraction. 
Can it be that the wave properties demonstrated 
so clearly in interference experiments apply 
only to strong light, where somehow the many 
individual “grains” of light interact one with 
another to produce the wavelike results? Ordo 
the patterns built up by weak light also show 
interference? This question was directly tested 
fifty years ago by Geoffrey Taylor, a young stu- 
dent at the University of Cambridge, who later 
became Sir Geoffrey for his lifetime of success- 
ful work in physics. 


photographic 
plate 


33-5 G. |. Taylor's experiment, proving that the interference pattern was correctly given even if only one photon was present in the 
apparatus ata time. He found good, sharp fringes in the shadow of a needle cast by light from a slit, even when that light came 
from a dim gas flame through such absorbers that an exposure of three months was needed. 
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33-6 The cloud chamber shows the absorption of photons, one by one, and the weakening of the beam as photons are 


removed. The photons enter from the left, and are absorbed by the argon atoms of the gas. They eject photoelectrons, whose 
tracks acquire little fog droplets, which show white in the photograph. Notice the similarity of all the short photoelectron tracks. 
The ‘‘light’’ is actually an X-ray beam of wavelength about 0.2 angstrom. (W. Gentner, H. Maier-Leibnitz and W. Bothe, ‘‘Atlas 


Typischer Nebelkammerbilder,'’ Springer Verlag, Berlin, 1940.) 


In a lighttight box Taylor set up a small lamp 
which cast the shadow of a needle on a photo- 
graphic plate (Fig. 33-5). He chose the dimen- 
sions so that the diffraction bands around the 
shadow of the needle were plainly visible. Then 
he reduced the intensity of the light. Longer 
and longer exposures were needed to get a well- 
exposed plate. Finally, he made an exposure 
lasting for several months (which, the story 
goes, he spent sailing). Even on this plate the 
diffraction bands were perfectly clear, though 
he could show for this very faint light that only 
one photon—one of the packets of light—was in 
his box at a time. Interference therefore takes 
place even for single particles of light. It works 
for every single photon.* 

Taylor’s experiment is not the only experi- 
ment that points to this conclusion. There are 
many. Nowadays a photocell working an 
amplifier can make the arrival of the photons 
audible. It is interesting to hear the clicks which 
signal the painting out by individual photons of 
a two-slit diffraction pattern. While you watch 
and listen, the pattern is formed by photons 
coming in one by one. All interference experi- 
ments work this way: the photons come one at 
atime. So we are forced by direct experimental 
evidence to believe that wave behavior applies 
to individual photons. 


* Taylor knew that there was only one (and often no) photon 
in his box at one time because from the energy of one photon 
and the intensity of the light he could find the number of pho- 
tons in any given length of light beam. He found the photons 
must be spaced farther apart on the average than the length 
of the box. So usually there was not even one photon in the 
box. You can do this kind of calculation after studying the 
next section. 


What do we mean by the wave behavior of an 
individual photon? We shall have more to say 
on this by no means simple point. For the mo- 
ment, we shall be satisfied to say that the electro- 
magnetic wave must somehow fix the probabil- 
ity of appearance of a photon. Where the field 
in the wave is strong, there we shall very prob- 
ably find photons; where the field is weak, pho- 
tons will occur with small probability: where 
the field vanishes, no photons occur at all. 
When it interacts with the photographic emul- 
sion or the photoelectric cell, no single photon 
is spread out over a whole interference pattern. 
The photon hits at a definite place. But for each 
photon, the probability is highest that it will 
arrive where the interference pattern is most 
intense. The probability of arrival at a region 
of half that intensity is half as big, and so on. 
The probabilities of arrival for each photon 
have just the pattern of the intensity of the inter- 
ference fringes (the bright and dark interference 
bars). So when many photons have arrived, 
the interference picture is painted out by their 
cumulative effect. 


33-4 The Photoelectric Effect 


Where a photon hits, and when it arrives, are 
matters of probability. On the other hand, a 
photon behaves every single time, and not just 
on the average, like a particle of definite energy 
and momentum. 

This is shown directly by watching the ejec- 
tion of an electron by a photon, not from a 
speck of matter, but from a single atom. In Fig. 
33-6 a beam of photons coming from the left 
strikes the gas ina cloud chamber. As the beam 
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penetrates, here and there a photon ejects an 
electron from an atom of the gas. The little 
clusters of waterdrops form at the place where 
the electrons come out. After a while the beam 
of photons is noticeably weakened; indeed, for 
each electron produced, a photon has been re- 
moved from the beam. This can be verified by 
watching the photons penetrate so far into the 
gas that the original beam has all but been ab- 
sorbed. The energy of the beam of light has 
passed into the gas. In fact, most of that energy 
appears as the kinetic energy of the ejected 
electrons. 

Each electron makes a track of about equal 
length wherever it may start. So each of the 
emitted electrons must have had almost the 
same energy. From this point of view all the 
events are the same. And in particular each 
photon that causes an event is the same. A 
weaker beam means fewer photons, rather than 
photons of different energy. When we study 
the energy balance more closely we find that 
the energy is conserved in each individual event, 
and .we again check that a weaker beam only 
means fewer photons. 

Such a cloud-chamber study cannot be made 
with photons of visible light. In the experiment 
shown in Fig. 33-6, X rays were used, forming a 
beam of electromagnetic. radiation of wave- 
length only a few tenths of an angstrom. At 
this wavelength the individual process is then 
made obvious. With X rays of shorter wave- 
length the photoelectrons are knocked out 
harder and the identical nature of the individual 
events is even easier to see. 

The use of a beam of ultraviolet light allows 
a more detailed, if a less direct, study of the 
process of ejection of an electron by light. This 
process is called the photoelectric effect. It can 
occur at a metallic surface, in a liquid, or in the 
individual atoms of a gas. 

To study the photoelectric effect, we can use 
a simple device (though not an easy one to 
build). It is a glass bulb, evacuated to a first- 
class vacuum, with two small and really clean 
copper plates mounted inside (Fig. 33-7), and 
two leads for electrical connections to the plates. 
We apply a potential difference of several volts 
between the plates, and shine light on the inner 
surface of one plate. If we illuminate the posi- 
tive plate, no measurable current will flow 
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Two copper electrodes are mounted 


The photoelectric cell. 
in a well-evacuated glass bulb, and leads are brought out 
as shown. The circuit allows for adjustment of the potential 
difference between the plates; the moving contact is con- 
nected to the unilluminated plate, and can be arranged to 
make it either positive or negative in potential compared 
to the illuminated plate. 


within the vacuum. But if instead we illumi- 
nate the negative plate, a current will flow. 
Evidently electrons are flowing across the vac- 
uum. If the light is cut off, the current ceases. 
If the beam of light is turned on again, the cur- 
rent begins without delay—direct measurement 
has shown that the lag in the photoelectron 
emission is certainly shorter than 10-8 second. 
The current is not large, but it is within easily 
measurable range; a copper plate a few square 
centimeters in area will yield microamperes of 
photoelectric current in direct sunlight. The 
current will increase and decrease in proportion 
to the intensity of light over a very wide range. 
Similar tubes are widely used in practical appli- 
cations, from opening doors to reading the 
sound from movie film. 

Our simple phototube confirms what we 
knew: when light strikes, electrons are released 
from the surface of a substance. The stronger 
the light, the greater the number of electrons 
ejected. The number of electrons ejected is 
proportional to the number of photons. All 
this makes sense, but we are in for a surprise 
when we change the wavelength of the light 
used. The copper photocell will give no cur- 


33—5 + EINSTEIN’S INTERPRETATION OF THE PHOTOELECTRIC EFFECT 619 


rent in even the strongest beam of red or of 
green light; only ultraviolet light, or light of 
still shorter wavelength, will work. 

Perhaps this effect occurs only in copper. Let 
us try another substance. We continue the ex- 
periment with a tube in which the plate surfaces 
are coated with potassium. Now visible blue 
light will give a photoelectric current but red 
light will not. A threshold, as it is called, exists 
in green light. (In copper the threshold was 
between the visible and the ultraviolet.) Light 
with a wavelength slightly longer than the 
threshold value will give no photocurrent even 
if it floods the surface, while some current will 
flow in even the weakest beam of light with 
wavelength shorter than the threshold value. 

All substances have photoelectric thresholds. 
The wavelength of the threshold depends on the 
nature of the substance. But there is one com- 
mon point: for long waves the photoelectric 
effect does not take place, and for short waves— 
for light of high enough frequency—it does. 
No picture of a wave will suffice to explain these 
results, but they fit well with the idea of pho- 
tons. An individual electron is ejected by one 
particular photon. The strength of the beam 
determines the number of photons. Therefore 
the current is proportional to the light intensity. 
But the character of each photon collision, its 
ability to eject an electron, does not depend at 


Current I 
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33-8 Current of photoelectrons vs. potential difference between 


the plates for a given kind of light. Note that the current 
does not stop until the receiving plate is a volt or so nega- 
tive. This value is the cutoff potential V,. 


all on how many others are present. It is a 
property of every single photon, and must some- 
how depend on wavelength of the light. Light 
of short wavelength seems more effective than 
that of long. Every surface will let electrons go 
when hit by the photons of light which is blue 
enough; a few surfaces will let electrons go for 
the photons of red light—and those of any light 
of shorter wavelength. Some artful combina- 
tions, notably the alkali metal cesium dissolved 
with oxygen in a silver surface, have a threshold 
in the infrared; but metals like platinum will 
not respond to any of the light that passes 
through glass; only use of the deep ultraviolet 
will suffice to generate a photocurrent from 
them. 


33-5 Einstein’s Interpretation of the 


Photoelectric Effect 


We have seen a little way into the mechanism of 
the photoelectric effect. We know that it in- 
volves some detail of the photoelectric surface. 
We also know that it always requires light of 
high rather than low frequency. This suggests 
that the photons differ in some way dependent 
on the frequency. That photons of red light are 
different from those of blue light is only reason- 
able. Photons must somehow carry the infor- 
mation which shows up as the wavelength when 
light waves interfere. To find out in what way 
the frequency is contained in the photons we 
must do something new. We must find out how 
violently the photoelectrons are ejected. 

In the apparatus of Fig. 33-7 we can adjust 
the magnitude of the applied potential. We get 
the maximum current for any particular choice 
of surface and any given illumination by mak- 
ing the receiving plate slightly positive with re- 
spect to the emitting one. No increase in cur- 
rent follows upon increasing the voltage; 
evidently we are picking up all the photoelec- 
trons ejected (Fig. 33-8). Now we can turn the 
voltage down and reverse the potential, making 
the emitting plate the positive one. Then the 
electrons are attracted back to the plate as they 
seek to leave it; but the photocurrent does not 
vanish. Apparently the ejection of photo- 
electrons by light imparts to some of the elec- 
trons enough energy to overcome the retarding 
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electric potential difference between the plates. 
Finally, as the retarding potential is increased, 
at some particular retarding potential differ- 
ence, the current stops. Even stronger light (if 
the wavelengths remain unchanged) will not re- 
store any photocurrent. None of the photo- 
electrons have enough energy to cross between 
the plates against this retarding potential differ- 
ence. We call it the cutoff potential. (See 
Fig. 33-8.) 

The cutoff potential V, is a means of study- 
ing the energy imparted in each single act of 
electron ejection. The cutoff potential differ- 
ence times the one elementary charge of each 
electron tells us the energy that must be taken 
from the fastest electrons to stop them from 
going all the way across from one plate to the 
other. It therefore tells us the maximum kinetic 
energy E£,; with which these photoelectrons are 
emitted: 

E. = (1 elementary charge) x Vi. 


With the cutoff potential as a tool, we can 
measure the maximum kinetic energy of the 
photoelectrons ejected in a series of experi- 
ments on light beams of different colors. When 
we are at the cutoff potential difference with 
one wavelength, we find that we can always re- 
store some photocurrent by using light of 
shorter wavelength. This observation tells us 
that the shorter the wavelength of the light we 
use, the more energy the photons can give to 
the ejected electrons. We can measure just how 
much more by finding the cutoff potentials at 
shorter and shorter wavelengths. 

If we plot the results of a series of experiments 
with light beams of different colors, a simple 
and fundamental relation emerges. It is shown 
in Fig. 33-9, where we plot the maximum kinetic 
energy of the photoelectrons against the fre- 
quency »v (rather than the wavelength) of the 
light.* For any particular substance, the curve 
of maximum kinetic energy versus frequency is 
a straight line with a slope which we shall call h. 


*In modern physics the frequency is almost always repre- 
sented by the Greek letter v (read nu) rather than by the letter 
jf. We shall follow this standard practice throughout the rest 
of the book. When you read modem physics in other books, 
the symbols will then be familiar to you. For example, the 
relation between the speed of light, its frequency and its wave- 
length is written c = vA, meaning just the same thing asc = fA, 
which you used in Part II. 


And this slope / is the same for all materials. 
Only the intercept, B, changes from one ma- 
terial to anothef. Consequently, the graphs for 
all substances can be described by the relation: 


E. = (1 elem. charge) x V. = —B +4 hy, 


where h is always the same, B is constant in any 
particular experiment, and »p is the frequency of 
the light which changes with the spectral color. 

Here we see that the experimental informa- 
tion clearly distinguishes between the role of the 
light and the role of the photoelectric surface. 
The surface is represented solely by the term 
— B, which is the intercept of the photoelectric 
curve indicated on the left in Fig. 33-9. This 
term is independent of the light, for we can 
change the frequency v as much as we like with- 
out influencing it. Consequently, it only con- 
tains information about the nature of the sur- 
face. On the other hand, the light is described 
by the term hv, which is always the same for 
light of the same frequency. (Because the slope 
h is the same for all substances, this term has 
nothing to do with the nature of the photo- 
electric surface.) This term tells us in what way 
the photon carries the information about the 
frequency of light. Each photon is able to give 
more energy to an emitted photoelectron in 
direct proportion to the frequency; that is, Ee) 
increases with vp. 

On the photon picture we can interpret the 
last equation completely. Each photon carries 
(or perhaps the photon is) the energy hv. When 
the photon hits the surface it disappears, and 
the energy hp is transferred. Some of this en- 
ergy is needed to bring the photoelectron out 
of the surface. That becomes the threshold 
value B. Photons with less energy than that 
value can eject no electrons. But if a photon 
has more energy than the threshold value, the 
surplus appears as kinetic energy of the emitted 
electron. Not all electrons come straight out 
of the metal surface; some go more deeply into 
the metal, and never come out at all. Others 
come out by indirect paths, having lost some 
energy in atomic collisions on the way out. A 
few come nearly directly out with the full sur- 
plus of kinetic energy donated by the photon; 
these are the electrons which still flow when the 
retarding potential difference is not quite so 
great as the cutoff value. 
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33-9 The results of experiments with the apparatus of Fig. 33-7, augmented by the use of various light sources and filters of differ- 


ent color. The maximum kinetic energy E,) is plotted against the frequency v of the light used. 


The photon interpretation of the photoelec- 
tric effect was first given by Einstein in 1905, 
and the equation we have found which 
represents the conservation of energy in the 
photoelectric process is known as Einstein’s 
photoelectric equation. But the experimental 
evidence that we used to establish this relation 
was not available to Einstein. He invented the 
whole picture on the basis of far less evidence, 
and predicted the experimental results which 
we have used. In this work Einstein built upon 
a result obtained by Planck. In 1900 Planck 
had explained the spectrum of light inside an 
insulated enclosure at constant temperature.* 
His explanation implied that light was emitted 
and absorbed in energy bundles Ap in size. 
Einstein now pointed out a number of pieces of 
evidence for the reality of these bundles. He 
made them into particles of light, into photons; 


*An insulated enclosure with a small hole in one wall is com- 
monly called a “black body,” because it absorbs radiation 
almost perfectly through the hole. Previous theories about 
the frequency distribution of radiant energy in a black body 
had been in violent disagreement with the experimental facts. 


and at the same time he used them to found the 
theory of photochemistry and forecast the re- 
sults of later photoelectric experiments. 


33-6 The Mechanics of the Photon; 


Photon Momentum 


The photoelectric effect has been explained by 
the photon picture. In any beam of light of fre- 
quency v, each photon carries an energy 


E=hy. 


This is the famous Einstein-Planck relation. A 
beam of light is more or less intense according 
as it has more or fewer photons per unit time; 
but the energy per photon, the quantum energy, 
is always the same for a definite frequency or 
wavelength of the light. 

The Einstein-Planck relation is the key to the 
photon. The proportionality constant / is 
called Planck’s constant, after the great German 
physicist who first proposed this relation in 
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1900, a few years before Einstein showed that it 
would clarify the photoelectric effect. This con- 
stant is directly measurable from the last ex- 
periment; for, as we saw in the last section, h 
is the slope of all photoelectric curves. The 
result is 

h = 6.62 « 10-34 joule-sec. 


From the value of A, we can quickly find the 
energy of ordinary photons. Visible light has a 
wavelength of about 5000 A or 5 x 10-7 m. 
(Recall that the A stands for angstroms. Each 
A is 10-19 m, so this is 5 x 10-7 m.) Its fre- 
quency is 

c _ 3x 108 m/sec 


= ~ 14 
p= NT 5d 0-t = 6 x 1014 cycles/sec. 


Consequently, an average visible photon carries 
the energy E = hv, which is 


(6.62 x 10-34 joule-sec)(6 « 1014 cycles/sec) 
= 4 x 10-19 joule. 


When we write this in ordinary units, the enor- 
mous negative power of ten involved suggests at 
once how small is the energy of a single photon 
compared to the energies of everyday mechani- 
cal systems. This is a pretty clear case for the 
desirability of using the energy units suited to 
electron energies, the electron volt of Chapter 
28. Since there is 1.6 x 10-19 joule per electron 
volt, the energy of our visible photon is about 
2.5 electron volts. (The relation between wave- 
length and photon energy is worked out in the 
box.) The whole range of visible-light photons 
extends from an energy of around two electron 
volts for the red to somewhat above three for 
the blue. 

These energies, of a few electron volts per 
photon, are exactly in the lowest energy range 
which can cause important chemical changes, 
presumably—as we shall see in the next chapter 
—because they are energies high enough to dis- 
turb the electrons within an atom or even to 
eject them. For these energies, then, but not for 
lower values, photographic chemicals, photo- 
electric surfaces, and the retina of the eye itself 
are Sensitive. The differences among the “‘visi- 
ble” ranges for such devices are exciting, but 
they are really rather small. No known photo- 
surface will respond to infrared light which is 


THE RELATION OF PHOTON ENERGY AND 
THE WAVELENGTH OF LIGHT 


The relation between photon energy and 
the wavelength of the corresponding light 
can be derived as follows: 


c_ he _ he 
: ae hae hy = TB in 
he = 
(6.62 « 10-34 joule-sec)(3.0 x 108 m/sec) 
= 1.99 x 10-25 joule-meter. 


Also, there are 101° angstroms/meter and 
6.25 x 1018 ev/joule. Therefore, 


he = (1.99 x 10-25 joule-m)(10!° A/m) 
x (6.25 x 1018 ev/joule) 
= 1.24 x 104 ev-angstroms 


This means that the wavelength in angstroms 
is 
_ 1.24 x 104 ev-angstroms 


E , 
where E is the energy of the photon in elec- 
tron volts. Accurately, the energy in electron 
volts possessed by a single photon of wave- 
length A measured in angstrom units is given 
by: 


r 


AE = 12,397 electron volt-angstroms. 


even ten times longer in wavelength than the 
limiting response of the human eye. 

From the value for the energy of a single pho- 
ton, we can find the number of photons stream- 
ing by in any radiation beam whose total energy 
rate we know. Then itis interesting to compare 
the total number of photons striking a photo- 
electric surface with the number of photoelec- 
trons ejected. Even for a very good surface, 
only a few percent of the photons eject elec- 
trons. The rest send electrons deeper into the 
surface, or are wasted in some other way. Of 
course, photons with less than the threshold 
energy cannot eject electrons at all. 

Energy is not all that is transferred from light 
to matter when a photon collides with an atom. 
The hail of photons impacting on a surface 
transfers momentum as well. From the photon 
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point of view, we must think of the pressure of 
light exactly as we think of the gas pressure in 
the kinetic theory. The apparently smooth and 
continuous pressure is the result of a myriad of 
little collisions, each one transferring momen- 
tum to the surface. Then, by measuring the 
pressure of light from photons of a single “‘fre- 
quency” and dividing the corresponding mo- 
mentum up equally among photons, we find 
that each photon carries momentum hv/c in its 
direction of motion. 

Although the electromagnetic theory of Max- 
well contained no photons, it agrees with the 
photon momentum. According to the electro- 
magnetic theory, any radiant energy E going in 
one direction should carry the momentum E/c 
in the same direction. Photons of energy hv and 
momentum hv/c “obey” this relation. Conse- 
quently, a large number of photons can lead to 
the same effects as a supposedly continuous 
wave of light. . 

We can verify the photon momentum directly 
when a single photon collides with an electron. 
For this experiment we need to observe the mo- 
tion of the electron, and we can do this in the 
cloud chamber. The electrons are supplied by 
the atoms of the gas or by a thin sheet of matter 
placed in the cloud chamber. They do not come 
to us in free form, and the photon must knock 
them out of the atom. So the energy of the 
photon must be high compared to the energy 
with which the electron is bound to the rest of 
the atom. 

Even with photons which are energetic 
enough to remove an electron from the atom, 
we may not get the kind of collision we want to 
study. Unless we use an X-ray photon—a pho- 
ton of really high energy—we shall see the ordi- 
nary photoelectric effect in which the energy of 
the photon is shared between the residual ki- 
netic energy of the electron and the energy 
required to break the electron away from the 
atom, the quantity B, which fixes the photo- 
threshold. In the photoelectric effect, the mo- 
mentum also goes partly to the atom, and the 
momentum conservation does not take place 
between electron and photon alone. But if we 
use much more energetic photons, those of 
high-voltage X rays or those of nuclear gamma 
rays, the atomic binding energy becomes small 


in comparison. Then the electron is knocked 
out with nearly all the energy and all the mo- 
mentum lost by the photon. This new process 
is called the Compton effect, named for the 
American physicist A. H. Compton. 

In a Compton collision the photon is not 
absorbed. It appears after the collision 
scattered off with reduced energy and momen- 
tum, moving in some new direction. The elec- 
tron recoils from the collision, also carrying off 
some energy and some momentum. In each 
collision of this kind, the energy brought in by 
the original photon is accounted for by the en- 
ergy of the recoiling electron and that of the 
scattered photon. The momentum is also con- 
served. The momentum of the original photon 
becomes the total momentum of the recoil elec- 
tron and of the scattered photon. Figure 33-10 
shows two photographs of recoil electrons 
which have been given momentum when struck 
by a photon. We see directly that the photon 
has brought in momentum. In addition we can 
check the conservation of momentum by add- 
ing up the momentum vectors as is done in the 
diagram of Fig. 33-10. The conservation of 
momentum checks out in each such collision, 
and in each we use the photon momentum 


p= ie . Asa result we have a convincing check 
that 
_ hv _h 
fe 


is the photon momentum. 
The relations 
mv? _ pv 


P mo an K 5) 5} 


which we learned for slow-moving particles do 
not apply here. Instead p = io and E = hv give 


E = pce. This is not something peculiar to a 
photon; it is a verification of the theory of rela- 
tivity, which modifies mechanical laws for mo- 
tions which are close to the speed of light. The 
photon indeed moves at the speed of light; its 
mechanical behavior is to be described, not by 
Newton’s, but by Einstein’s slightly modified 
equations of motion. Relativity is outside of 
our present topic; we can only pause to remark 
that in the atomic domain the laws of relativity 
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The Compton effect. To the left are cloud-chamber photographs; next are diagrams showing the paths of gamma-ray photons 
and electrons; to the right are vector diagrams showing the momentum changes. In both sets of pictures a gamma-ray beam, 
with energy of around 2 Mev, enters the cloud chamber from below. A gamma ray strikes the mica foil, and occasionally a 
Compton recoil electron is ejected, mostly near the forward direction. The reemitted photon, having lost energy and momen- 
tum, goes off in another direction, and ejects a photoelectron from the lead strips put into the cloud chamber. This reveals its 
path, and the measurement of the curvature of the electron tracks in the known applied magnetic field makes possible the check on 
the conservation of energy and momentum. (Photographs from: Crane, Gaerttner, and Turin, ‘‘A Cloud-Chamber Study of the 


Compton Effect,’’ Physical Review, Vol. 50, 1936.) 


mechanics have been amply verified. Of course, 
they must agree with Newton’s mechanics 
whenever they are applied to bodies which move 
slowly compared with the speed of light, and 
they do. 


Photons and Electromagnetic Waves 


Where is the wave picture in all this? It may 
seem to have no relationship to what we have 
just been discussing, but we cannot forget all 
the evidence for light waves that we discussed in 
Part II, nor the evidence for electromagnetic 
waves of all kinds in Section 31-9. Somehow 
photons and electromagnetic waves must fit to- 
gether, and we already noticed that this is pos- 
sible for average effects involving great numbers 
of photons. In Section 33-3 we saw that inter- 
ference patterns—a typical wave effect—are 
painted by photons landing one at a time at 
many different points. Here we shall look again 
at the relation between waves and photons. 
First we must establish that photons are com- 
patible with all we know about electromagnetic 


waves in the region of wavelengths from milli- 
meters to miles. We make and detect these 
waves, not by using single electrons or atoms, 
but with radio tubes and antennas, through 
which currents flow back and forth. And we 
have plenty of evidence that the wave picture 
agrees with the facts of radio transmission. 

In that range the frequencies are small, rela- 
tive to atomic values. A frequency of a few kilo- 
cycles represents the low frequency limit of 
radio technique, while a frequency of a million 
megacycles is beyond the most advanced radar 
and microwave techniques, and lies at the mar- 
gin of the deep infrared. Yet even these highest 
radio frequencies, with the tiny atomic constant 
h, give a photon energy which is really very 
small. 

At one megacycle, for example, the photons 
in a radio wave have the energy 


hv = (6.62 « 10-34 joule-sec)(10® cycles/sec) 
6.62 x 10-28 joule. 


Because there are 6.25 x 1018 electron volts per 
joule, this is 


hv = 4 x 10-9 electron volt. 


Such small photon energies mean that a radio 
signal cannot be detected unless it contains very 
many photons. The lower limit of a good com- 
munications receiver is about 101° photons/sec- 
ond. Among so many photons the average 
behavior alone is detectable. The result is the 
smooth transfer of energy from wave to matter 
which we would expect on the wave theory. 
The large numbers of photons guarantee that 
the graininess will not usually show up unless 
we try very hard to detect it. 

We might even suspect that there are no pho- 
tons in light of long wavelength. But we now 
have experimental evidence of the absorption 
and emission of “radio-frequency” photons by 
atoms and molecules (see Section 34-3). So we 
know that both the photon and the wave de- 
scription apply. 

As we go to higher frequencies, we pass to the 
region of visible light. Here the number of 
photons is large in any light beam that appears 
bright to our eye. Sunlight, for example, repre- 
sents a rain of some 101” photons per square 
centimeter per second. In such a burst the in- 
dividual arrivals of photons are not easily 
noticed. At the other extreme, however, we can 
still make out the glow of a faint luminous 
source which sends to our dark-adapted eye a 
hundred photons on the area of the pupil each 
second. So for visible light, both the wave and 
the photon sort of observation are possible. 

The photographic plate and the photoelectric 
cell are, like the eye, capable of responding to 
the smooth flow of intense or moderate beams 
no less than to the fluctuating and chancy 
arrival of a few photons every second. It is for 
this reason that it was with the study of visible 
light, and not in the study of the long-wave- 
length portions of the electromagnetic wave 
spectrum, that the photon idea was first con- 
ceived and found satisfactory. 

As the frequency of light increases and the 
photon energy and momentum rise, the photon 
description appears more and more dominant. 
The photon energy in the X-ray region is large 
enough so that single photons are easily de- 
tectable. The arrival of a single gamma-ray 
photon—associated with still higher frequency 
and correspondingly shorter wavelength—is 
energetically a sizable event. It can be noted 
with good probability in a whole variety of 
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“counters.” Gamma-ray photons, which have 
energies as great as 1014 electron volts, have 
been found in the high atmosphere. There they 
are produced by cosmic-ray particles reacting 
with the atoms of the air. Such a photon pro- 
duces tens of millions of recoil electrons. 

On the other hand, as the frequency rises and 
the wavelength correspondingly diminishes, 
wave effects are less obvious. For example, 
interference and diffraction become more diffi- 
cult to demonstrate. The wavelengths of X rays 
are no longer than the dimensions of atoms. 
For them we can hardly make slits narrow 
enough to exhibit interference maxima of de- 
tectable width. Although X-ray interference is 
widely used, the essential diffracting apparatus 
is rarely man-made. Instead we employ the 
regular atomic patterns of crystals. For gamma 
rays, not even crystals will work as diffraction 
obstacles; only the nucleus of a single atom can 
be employed, and the procedure has become 
very indirect. 

We have no choice; electromagnetic radia- 
tion of every kind must be understood from two 
points of view. If we wish to view the overall 
pattern it makes in space or time, we can do so 
by the theory of electromagnetic waves de- 
scribed in Chapter 31. We can design antennas, 
lenses, and gratings. They all function just as 
the wave theory predicts. But we must admit 
that we cannot say exactly when or where the 
energy will be transferred to the detector or the 
recoil momentum given to the screen or to the 
electron. The wave theory gives us only the 
probability of finding the photon. It tells only 
the probability that a photon will transfer its 
energy and momentum to a given object within 
a definite time. Here we are subject to the laws 
of chance. The photon cannot be pinned down 
by any wave prediction. In an interference ex- 
periment, a particular photon may occur in any 
bright bar, and we cannot trace its path through 
the slits of the apparatus. But wherever and 
whenever it interacts, there and then we can be 
certain that energy and momentum are pre- 
cisely conserved. 

In the older mechanics and classical physics, 
we thought that we could know the energy and 
momentum of a particle and at the same time 
tell when and where it was going to hit. That 
was naive, and the study of the photon was the 
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hard school in which physicists became more 
sophisticated in the ways of the world. For 
photons at least, when we know the energy and 
momentum, we cannot do any more than assign 
probabilities to the time and place of arrival. 
These probabilities follow from the associated 
wave properties of light. We can therefore use 
only part of the ideas that we formerly associ- 
ated with particles and their motions, and at the 
same time we must add new ideas from the wave 
picture and the probability interpretation to fill 
out our description of what actually happens. 

Sometimes only one of the older pictures is 
needed. When many photons take part in any 
detectable change, it is the wave picture alone. 
On the other extreme, when a single photon is 
so energetic that it can easily be observed, and 
when it has as well so short a wavelength that 
interference studies are nearly impossible, then 
the photon picture is sufficient. But the real 
nature of light is more subtle. It shows us both 
wave and photon behavior. We have therefore 
been forced to make a new picture of light, one 
which combines some aspects of wave behavior 
as we previously understood it with some 
aspects of photon or particle behavior. This 
new picture is forced upon us, for this is the way 
the world is. Newton’s corpuscular picture of 
light is by no means restored by the photon. It 
is no more true than the pure electromagnetic 
picture, with its waves of continuously distrib- 
uted energy and momentum. Light is to be 
understood fully only by a novel scheme of the 
kind we have tried to outline. 


Matter Waves 


By 1923 the photon lesson was well learned. In 
the next years it was learned again in a new and 
unexpected connection. At about that time, the 
French physicist Louis de Broglie asked the fol- 
lowing question. Since light, which we had 
thought was a continuous wave, has also a pho- 
ton nature, can it be that the particles of matter 
have wavelike properties associated with them? 
De Broglie’s proposal was little more than pure 
speculation. but he was able to draw some con- 
clusions from it. In particular, he could assign 
a wavelength to his hypothetical matter waves. 
Particles of momentum p should have the same 


wavelength associated with them as photons of 
the identical momentum. The value of A should 


be A. Then, within a few years’ time, the ques- 


tion he raised was settled by a wide variety of 
experiments. The answer was yes—there are 
waves associated with moving material par- 
ticles. 

The idea of matter waves came at the same 
time as a number of other theoretical ideas 
which changed Newtonian mechanics, extend- 
ing and refining it to fit the facts of the world of 
atoms. Soon it was found that all these ideas 
fitted together. Together they form our most 
powerful theory, quantum mechanics, which 
had extended its proper domain over all of 
physics within a single decade from its birth. 
Today this theory is the basis of our knowledge 
of both matter and radiation. Although the 
ideas of quantum mechanics can be profitably 
studied in the light of the improvements on 
Newtonian dynamics introduced by Bohr, 
Heisenberg, and other members of the Copen- 
hagen school of physics, here we shall penetrate 
a little way into them by following de Broglie’s 
wave ideas. 

The most direct evidence for matter waves is 
the observation that beams of particles are dif- 
fracted. Electrons make elegant diffraction and 
interference patterns (Fig. 33-11 and 33-12). 
They are easily controlled; so beams of them, 
all of nearly the same definite momentum, are 
easy to obtain. With such beams the intensity 
patterns look like the optical patterns of dif- 
fraction and interference of light of one wave- 
length—like the patterns we obtain from any 
kind of waves of one wavelength. Furthermore, 
by changing the momentum we can change the 
apparent wavelength. Then we find that the 
wavelength is inversely proportional to the mo- 
mentum. The relation is 


h 
= P’ 

where A is again Planck’s constant. Just as de 
Broglie had predicted, this is the same as the 
relation between photon momentum and the 
wavelength of the associated light wave. 

This de Broglie relation holds good for every- 
thing. What sort of particles are used is irrel- 
evant. In an early investigation helium atoms 


33-8 * MATTER WAVES 627 


(a) screen region of shadows 


region of light 


obstacle 


light source 


33-11 Electron diffraction compared with the corresponding 
fringes made by visible light in the shadow of an edge. (a) light-intensity pattern 
Diagram of the setup used with visible light. An ordinary expected on the screen 
carefully made straightedge will serve; the fringes are 
closely spaced and must be studied a meter or so behind the 
obstacle. The small graph (b) shows the expected pattern (b) 
of light intensity on the screen. (c) The pattern painted by 
light. (From: Valasek, ‘Introduction to Theoretical and Ex- 
perimental Optics,’’ John Wiley & Sons, New York, 1949.) 
(d) The pattern painted by electrons. For the electrons, the 
straightedge is a small cubical crystal of MgO, much smaller 
than a micron, and the fringes have been photographed 
with the aid of an electron microscope. (From: H. Raether, 
“Elektroninterferenzen,'' Handbuch der Physik, Volume 
XXXIl, Springer Verlag, Berlin, 1957.) 
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33-12 Two analogous experiments showing the interference of 


waves. 


Both show interference fringes from a biprism —a 


device that takes waves from a single slit as the source and 
produces the effect of waves from two slits. The likeness of 
the patterns obtained with light and with electrons is striking. 
The bending would happen in just the same way if electrons 
behaved simply as charged particles; but the peculiarity is 
that where the two streams of electrons overlap there are 
bright and dark bands just like those of light waves, though 
ona very small scale. 


(a) With visible light, a glass bi- 
prism (two wedges of glass point- 
ing opposite ways) bends the two 
halves of the beam of light from 
the original slit so that they over- 
lap on aremote photographic film. 
The light passing through the up- 
per half is bent down and the 
lower half bent up so that in the 
region of overlap on the photo- 
graphic film light appears to come 
from two slits S$; and S». Interfer- 
ence is observed in this region of 
overlap. At some places on the 
photographic plate, crests that 
seem to come from Sj arrive along 
with troughs that seem to come 
from S2, making a dark fringe. At 
other places crests arrive together, 
making a bright fringe. 


(b) The electron source is a 20,- 
000-volt gun which provides elec- 
trons with a de Broglie wavelength 
of 0.086 angstrom. The electric 
field ‘‘biprism’’ is made by a fine 
silvered quartz thread, a few mi- 
crons in diameter, suspended ina 
wide slit in a metal screen. The 
thread is kept about 6 volts posi- 
tive with respect to the slit. The 
diagrams show the electrostatic 
biprism and its electric field tines. 
The electric field bends the streams 
of electrons that pass each side of 
the wire. They overlap on the 
photographic film, arriving there 
as if they came from two sources. 


(Above) The interference pattern 
painted by light. (Valasek, op. 
cit.) 


(Above) The interference pattern 
painted by electrons. It has been 
hugely magnified by an electron 
microscope. (From: H. Duker, 
“Lichtstarke Interferenzen mit 
einem Biprisma fur Elektronenwel- 
len," Zeitschrift fur Naturfor- 
schung, Volume 10A, 1955.) 
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"3-130 The general idea of an atomic beam experiment for observing the interference of helium matter waves reflected from a grating spec- 
troscope. A beam of helium is directed at the surface of a crystal which acts as the grating because of the natural repeated spacing 
of its molecules. The source of the beam is a slightly warmed box fed with a very small amount of gas. Because of the regular ver- 
tical ‘rulings’ made by the atomic spacing, the reflected waves show constructive interference at angles that depend on the wave- 
length. When used this way, the crystal acts for helium waves in the same way that a ruled optical grating does for light. You can 


measure the wavelength of the matter waves from the angles of constructive interference just as you can measure the wavelength 
of light with a reflection grating. See Fig. 33-13 (b) and 33-13(c). 


3-13b In the actual experiment the whole apparatus is in a highly evacuated chamber, constantly being pumped. The helium beam 
strikes the crystal at a low grazing angle to increase the amount of reflection. The beam deviated upward comes from first-order 


constructive interference of the waves scattered from atomic rulings perpendicular to those producing the beams deviated toward 
Aand B. The intensity is measured along the line AB. 
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33-13¢ The graph shows the result of an experiment with a beam of 


helium directly at a freshly cut surface of a lithium fluoride 
crystal. The existence of interference shows the wave na- 
ture and the angle measures the wavelength.* (From ‘‘Beu- 
gung von Molekularstrahlen,”’ |. Estermann and O. Stern, 
Zeitschrift fur Physik, Volume 61, p. 107, Springer Verlag, 
Berlin, 1930.) 


were used. Figure 33-13 (c) shows the beautiful 
pattern they make when they reflect from the 
molecular grating that nature rules on the sur- 
face of a lithium fluoride crystal. Here the 
beam did not have a single well-defined mo- 
mentum. It was made of atoms coming out of 
a warm box of helium gas. Nevertheless, the 


*The beam of helium atoms came from a sample of gas at 
about room temperature; not all atoms have the same 
speed, but they tend to cluster about some central value, 
which determines the angle at which the maximum is seen in 
the diffracted beam. From the crystal lattice spacing of 2.85 
angstrom units, and from the measured angle, about 11.8°, 
the de Broglie wavelength is calculated to be about 0.57 
angstrom unit. The de Broglie wavelength calculated from 


A= an for helium at speeds corresponding to room tem- 


perature is also 0.57 angstrom unit. 


interference maxima are clearly visible, humped 
up around the wavelength expected from the 
thermal energy and the corresponding mo- 
mentum of the atoms. 

Since this experiment, all sorts of particles 
have been tried. In recent years, with the in- 
tense neutron beams from nuclear reactors, 
even the neutron has been put to test. With 
high-speed mechanical velocity selectors— 
whirling wheels that eat up all the neutrons 
passing down a channel at any but a preselected 
speed—beams of almost a single momentum 
are produced. Alternatively, and this is often 
the more practical method, we may send a beam 
of neutrons at the face of an interference grating 
where the slits or the reflecting regions have a 
known spacing. Then the neutron waves com- 
ing off the grating in a given direction will have 
a definite wavelength—the wavelength for 
which a maximum wave disturbance is obtained 
at this angle. By investigating this particular 
neutron beam with a second interference grat- 
ing, we can easily confirm the success of this 
procedure. Then we can use the beam of neu- 
trons to perform new diffraction and interfer- 
ence experiments. The results are so good that 
we now use neutron interference patterns to 
find out more about the positions of atoms in 
crystal gratings. Hydrogen atoms, for instance, 
whose regular spacing will not show up well in 
X-ray interference, form a far more effective 
part of the grating as seen by neutrons. Locat- 
ing them in their regular repetitive array in a 
crystal is only one of the jobs neutrons can do 
because of their wave nature and their own spe- 
cial way of interacting with other particles of 
matter. Figure 33-14 shows the interference 
maximum of a neutron beam. 

Neutrons will travel a long way in air, but the 
experiments with atoms and electrons must be 
done in vacuum. Otherwise the air molecules 
would scatter and diffuse the beam beyond any 
possible use for sharp measurement. Also, 
when crystals are used as gratings, the particles 
penetrate only very slightly into the solid matter 
before losing their energy. Only those few par- 
ticles which lose very little energy before pass- 
ing out of the target material can yield a well- 
marked diffraction pattern. When beams of 
atoms are used, most of the atoms which come 
back from a crystal surface have in fact been 
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An interference experiment to show the wave properties of neutrons. A neutron beam is directed at a salt crystal mounted so 
it can be rotated about an axis. At most angles of incidence the beam will go right through. However, if we rotate the crys- 
tal (keeping the beam direction constant) there will be an angle at which a reflected beam will suddenly flash out. If we rotate 
the crystal further, reflection will cease and the neutrons will again go through. The reflection flashes out when the path dif- 
ferences between the regularly spaced layers of the crystal give constructive interference for the neutron waves. This is analo- 
gous to the thin-film interference described in Chapter 18. See Fig. 33-14 (b) and 33-14 (c). 


The line shown dotted is the extra distance traveled by a neutron wave that reflects from the second layer of the crystal instead 
of the first. tf the beams from each layer are to interfere to give a maximum reflection, this dotted distance must be a whole 
number of wavelengths. The dotted distance is also 2d sin 8, where d is the spacing between the reflecting layers of atoms. 
Therefore the first flash-out should occur when 2d sin 8 = X. 


neutron 
detector 


a 


| oo0o°o 
counter 


Neutrons / 20 Seconds 


9° 10° {1° 
Glancing Angle 6 


The experimental arrangement. A beam of neutrons selected to have speed 4.04 x 10+ meters per second (or a de Broglie 
wavelength 0.98 angstrom unit) falls on the crystal from the left. When the beam is reflected, the detector responds by send- 
ing a signal to the counter for each neutron caught. We plot the neutron count against crystal angle, as measured by the pointer 
on the crystal mounting. The flash-out angle is @ = 10.01°. The spacing d for a salt crystal is 2.815 angstrom units. Com- 
pute the wavelength. Is it the expected de Broglie wavelength? (Experiment by Prof. Clifford G. Shull.) 
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somewhat disturbed internally by their colli- 
sions within the crystal, or have imparted 
differing fractions of their kinetic energy to the 
crystal. These do not make clear the wavelike 
behavior. In the diffracted wave there are to be 
found only those atoms which have behaved 
throughout the process as simple structureless 
masses, not changing in any way their internal 
condition. All the particles diffracted into a 
definite direction have the same velocity; this 
was directly checked to verify the point. Every 
moving particle, as long as it behaves as a whole 
and has no change internally, or in its kinetic 
energy, diffracts as though it has a single wave- 
length given by the de Broglie relation: 


h 

A=-. 

P 
The de Broglie wavelength applies to the mo- 
tion of the center of mass of the whole “par- 


ticle.” 


When Is the Wave Nature of Matter 
Important? 


Observe how short are the waves of matter. If 
we take the mass of a microbe, about 10-15 kg, 
and a speed appropriate to a lethargic snail, 
say of about 10 centimeters per day, the 
de Broglie wavelength which results is 


y — 6:62 x_ 10744 joule-sec 
~ (10-15 kg)(10-§ m/sec) 
= 6x 10-8 m = 6 x 10-3A. 


The particle involved in this sort of motion, 
which is about as small a mechanical system as 
we might expect to find outside of atomic 
physics, has a wavelength as short as that of a 
photon of several million electron volts of en- 
ergy. Such a photon is a nuclear gamma ray, 
and its wavelength is one-millionth that of 
visible light. Even for visible light the wave 
properties are usually unimportant. To know 
where it will go and what shadows it will cast, a 
ray approximation is usually sufficient. The 
nuclear gamma ray is far more raylike. It is 
almost impossible to find its wave properties 
through diffraction or interference. Similarly, 
the moving microbe of the same wavelength 


shows us only normal particle properties. We 
cannot detect its wave nature. Its physical be- 
havior is quite perfectly described by New- 
tonian mechanics. An ordinary body like a 
baseball has a mass about 1014 times as much. 
There is no hope of seeing its wave properties at 
all, and we can understand why the wave nature 
of matter took so long to discover. 

To observe effects which show us the wave 
nature of matter, we must have much longer de 
Broglie wavelengths. How could we lengthen 
the de Broglie wavelength? We can try to re- 
duce the speed; but this is not practical. 
Thermal agitation itself limits the slowness of 
motion which can in fact be realized. The only 
other factor we have left to change is the mass; 
we can take smaller masses. The smallest 
masses are the particles of which matter is com- 
posed: the molecules, the atoms, the electrons, 
and the particles within the nucleus. As we 
have seen, their wavelengths can be long enough 
so that we can see their diffraction patterns. 
Because an electron has a mass of only 10-3 
kg, at a reasonable speed it will have a wave- 
length of the size of an atom. An electron mov- 
ing with 90 electron volts of kinetic energy, as 
we found out in Section 28-1, moves at a speed 
of 5.6 x 106 meters per second. Its momentum 
is therefore 


(0.91 « 10-3°kg) x (5.6 x 106 m/sec) 
= 5.0 x 10-74 kg-m/sec. 


Consequently, its de Broglie wavelength is 
about 1.3 x 10-1 meter, which is in the range 
of atomic dimensions. A reasonably slow- 
moving electron with one electron volt of kinetic 
energy moves at about a tenth of the speed, and 
has a wavelength of about 10 atomic dimen- 
sions. Atoms are small obstacles for such an 
electron. The associated waves can easily 
diffract around them (Fig. 33-15). These ex- 
amples show that wave behavior is essential 
whenever an electron of small kinetic energy 
moves in or near an atom. For these motions 
our ordinary experience with Newton’s particle 
mechanics is not an adequate guide. 

The situation is the same for protons and 
neutrons with respect to the size of the atomic 
nucleus. The wavelength of a proton or neu- 
tron with 100 electron volts of kinetic energy is 
about 3 x 10-12 meter. This wavelength is 
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large compared to nuclear dimensions, which 
are 10-14 meter or less. Consequently, such a 
neutron approaching the nucleus from the out- 
side will find it a small obstacle around which it 
diffracts. Neutrons with ten million electron 
volts have a wavelength of 10-'4 meter, com- 
parable to the nuclear size. Consequently, 
neutrons of this energy just get inside the 
nucleus. A neutron that stays inside a nucleus, 
forming a part of it with practically no chance 
of being found outside, must have a wavelength 
of this size or smaller. Consequently, we expect 
that the neutrons and protons in nuclei have 
kinetic energies of about ten million electron 
volts or more. Even at these energies their wave 
nature is important as they move about inside 
the nucleus. 

The alpha particles emitted from nuclei show 
similar kinetic energies, and their wavelengths 
are also of the same order of magnitude. When 
we use them in scattering experiments, a wave 
effect explains why the whole pattern of alpha- 
particle scattering can be modified at energies at 
which the alpha particles get near certain nuclei. 
The alpha-particle waves may then diffract 
around the nucleus so that scattering at many 
angles differs from the Coulomb scattering, 
although only scattering in the backward direc- 
tion would be modified according to ordinary 
Newtonian mechanics. This effect correctly re- 
moves one of the apparent troubles we men- 
tioned in Section 32-5 in discussing the plane- 
tary model of the atom. 

Once again we have found that the atomic 
world cannot be fully described by the simple 
models of the older physics. The little particles 
cannot be followed like so many bullets as they 
fly about within the atom; they obey rather the 
laws followed by waves. The waves determine 
the probable location of the particles, and the 
motion of wave trains determines the probable 
motion of the particles. Where the amplitude 
of the wave is large, there the particle is prob- 
ably to be found; where it is small, there it will 
be found rarely. But all we can learn is a prob- 
ability. Exactly where the electrons will be 
found in an atom we cannot predict. Inside the 
atom we must be prepared to use a new version 
of mechanics which combines parts of Newton’s 
particle mechanics with the effects of the wave 
nature of matter. 


33-15 Ripple-tank photographs of waves meeting obstacles. On 


the left a small object is located where the waves seem to 
bend together. Notice that this small barrier disturbs the 
waves very little. On the right there is a large obstacle 
in the ripple tank. The waves are strongly reflected and 
there is a definite ‘‘shadow’"’ region. 
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Light and Matter 


The circle has closed. Waves of light proved to 
describe the probability of the appearance of 
certain particlelike photons; the particles of 
matter turn out to be governed by a wavelike 
quantity. Planck’s constant controls the mag- 
nitudes involved in both cases. We cannot fol- 
low the path of a particle through the slits of a 
diffraction grating any better than we can follow 
the path of a photon. The associated waves 
diffract and from these waves we can calculate 
probable locations of a particle and probable 
numbers of arrivals. But, just as in the photon 
picture, the particles transfer energy and mo- 
mentum in every single collision in the same 
way as they are expected to do from the me- 
chanics of Newton. The wave nature does not 
modify that at all. Therefore, whenever the 
wavelengths are small compared to the dimen- 
sions of slits or obstacles, small compared to the 
dimensions of atoms or of measuring instru- 
ments, we get results identical with the predic- 
tions of ordinary mechanics. Indeed, it is for 
this reason that we can use ordinary measuring 
instruments, and it is for this reason that ordi- 
nary measurements will only allow us to 
measure the same quantities which are dealt 
with in Newtonian mechanics. 

For all objects of everyday size, or for objects 
like the planets, the mechanics of Newton is 
without any important error, but if we look with 
great refinement, or if we ask questions on the 
scale of the atom, the classical physics (as 
physics before 1900 is often called) is found 
wanting. It remains the foundation of physics, 
because the very instruments and apparatus 
with which we measure are well understood in 
classical terms, but it is powerless to explain the 
atom. Only the quantum theory can do that, 
with its orders of magnitude proclaimed by 
Planck’s constant, and its more subtle picture 
of the atomic world. The photon governed in 
space and time by its electromagnetic wave of 
probability, the particle by its matter wave of 
probability—all with the de Broglie wavelength 
—are the keys with which we propose to enter 
the interior of the atom. 

In all that we have said, the analogies be- 
tween the behavior of light and matter have 
been striking. Light behaves both as waves 
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and as particles—photons. Matter behaves 
both as particles and as waves. But the similari- 
ties have their limitations. There is one sharp 
distinction between a photon and a particle of 
the sort we usually think of, between a photon 
and a little bit of matter. Photons are not con- 
served in number; they are easily created and 
easily destroyed. To turn on the light creates 
photons by the swarm; they rush to the walls. 
Some are reflected, but in the end all die, giving 
their energy to the atoms they strike. Energy is 
conserved, for heat or chemical changes will re- 
veal the photon energy content, but the number 
of “particles” is not. This behavior is sharply 
different from the behavior of electrons and 
atoms. Those particles cannot be created or 
destroyed (not in any commonplace way, at 
least). They are permanent as a photon is not. 
In this sense photons differ very much from little 
grains or bullets of matter. 

In physics today we regard the wave-particle 
relationship as fundamental for every one of the 
objects we deal with on the atomic scale; the 
main distinction between light and matter is 
between the permanence of particles and easy 
creation or absorption of photons. 


What It Is That Waves 


In the ripple tank it is quite plain that the 
“waves” are waves of water. The water moves, 
the shape of its surface changes, the orderly na- 
ture of the patterns is in the end the orderly 
behavior of little masses of water. But in the 
electromagnetic wave, there is no material 
changing its shape or its motion or its density. 
The emptiest of vacuums will transmit light or 
radio waves just as well as—indeed, better than 
—a region filled with any material we know. 
The waves are patterns of electric and magnetic 
fields formed in space. In the last century there 
was for a while a fashion of thinking that the 
empty space was filled with some strange sub- 
stance—the “luminiferous” or light-bearing 
aether—and that waves of light were motions of 
that curious substance. Gradually physicists 
came to feel that it added very little to say that 
space was filled with aether. We now regard it 
just as a property of space itself that electro- 
magnetic disturbance can travel within it. 


“Empty” space is devoid of atoms, of any ma- 
terial things at all, but that no longer means that 
we try to think of it as empty of properties. One 
of the properties of space is its ability to carry 
energy in electromagnetic form, and to support 
the waves of electric and magnetic field which 
we find to make up radio or light. 

The same view holds for the de Broglie waves. 
The de Broglie waves are not changes of shape 
or of motion of the electrons whose positional 
probabilities they describe. They are simply 
patterns of probability which behave in most 
respects as analogies to the waves we studied in 
the ripple tank. There is no reason to say that 
any substance is waving to and fro. We have 
been able to show that the fundamental proper- 
ties of the world resemble some simple models 
we can build up in the laboratory. But we do 
not need to carry that to extremes: electromag- 
netic waves and matter waves are not, as far as 
we now know, waves of any substance. The 
wonderful thing is that these things are so much 
like the waves we can see in the ripple tank; 
there is no point in insisting that every feature 
of the ripple tank be found in atom or in photon. 

The physicists of the early twentieth century 
who lived through the development of modern 
physics found it a magical but a terrible time. It 
seemed full of paradox: things were both waves 
and particles, waves of no substance at all, par- 
ticles without definite paths through space. The 
novelty of combining these ideas in a new, con- 
sistent picture was often mistaken for impossi- 
bility. But we have learned that the old models 
based on experience with matter more or less on 
our own scale do not completely suit the world 
on the scale of the atom. The new picture is 
much better. The astonishing thing is that we 
can use a large part of our everyday experience 
as a guide to the atom. The quantum theory— 
the combination of wave and particle—was the 
greatest of triumphs. For a physics willing to 
face the facts squarely and to be neither 
frightened nor dazzled by novelty, it opened up 
a whole new domain. How it revealed the in- 
terior of the atom is the topic of the next 
chapter. 
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FOR HOME, DESK, AND LAB 


1.* How would the two graphs in Fig. 33-2 look if 
the electrons were ejected according to the wave 
model of light? (Section 1.) 


2. Ina certain camera, at dusk, the light that gets 
through the lens is so dim that in 1/100 second 
one photon on the average lands in 10 mm? of the 
film. If you want to take a finely detailed, sharp 
picture, what should you do? 


3.* A surface ejects electrons when hit by green light, 
but none when hit by yellow light. Do you ex- 
pect that electrons will be ejected when the sur- 
face is hit (a) by red light? (b) by blue light? 
(Section 4.) 


4. Some photographic materials can be handled 
safely in red light but are spoiled instantly when 
white light is turned on. How do you account 
for this? 


5.* In Fig. 33-9, which points on the curve were ob- 
tained by using violet light? (Section 5.) 


6.* What is the minimum energy, in electron volts, 
needed for photons to eject electrons from the 
photoelectric surface used in Fig. 33-9? (Section 
5.) 


7. In the three-month experiment described in Sec- 
tion 33-3, G. I. Taylor estimated the energy of the 
light reaching his photographic plate. He found 
it was 5 x 10-13 joule per second. (He obtained 
that value by comparing the average blackening 
of the plate with that produced in 10 seconds by 
a candle 2 yards away, without any absorbing 
screens of smoked glass.) From that estimate, 
calculate the average distance between photons, 
as follows: 

(a) Assume the wavelength of the useful light 
was about 5000 angstrom units. What energy 
did each photon carry? 

(b) Calculate from the given flow of energy the 
average time that elapsed between the arrival of 
one photon and the next. 

(c) From the average time. calculate the aver- 
age distance between one photon and the next 
in the beam of light. 

(d) If you were asked, “How many photons are 
in the box at any chosen instant?” you would 
have to answer “None” most of the time, but on 
looking again and again and again, you should 
expect to “see” one photon in the box about once 
in so many trials. How many? Assume the box 
was 1.2 meters long. 


8. Copy Fig. 33-9 in a rough sketch, with any scale 
you like. Draw another graph with the same 
scale for a different photoelectric surface, for ex- 
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ample a metal that requires two or three times as 
much energy to remove an electron. 


A good mirror reflects about 80 percent of the 
light which hits it. How could you determine 
whether 20 percent of the photons were not re- 
flected, or whether all of the photons were re- 
flected but each with 20 percent less energy? 


Red light has a wavelength of about 6500 ang- 
stroms. 

(a) Estimate its frequency. 

(b) Estimate the energy in joules of one photon 
of red light. 

(c) Estimate the energy in electron volts of one 
such photon. 

(d) Find out approximately the longest and 
shortest wavelengths you can see, and compute 
the energy of the corresponding photons. 


Light of 5000-angstrom wavelength illuminates a 
surface. What voltage is needed to stop all the 
photoelectrons emitted from the surface if their 
binding energy to the surface is 2.0 electron volts? 


A typical FM radio station broadcasts with a 
wavelength of 3 meters. Estimate: 

(a) the energy in one photon of this radiation. 

(b) the number of photons broadcast per sec- 
ond if the radiated power is 10 kilowatts. 

(c) roughly the number of photons received 
by a receiving set during one vibration of the 
letter “s” in the audio pattern, if the receiver is 
100 km from the station. (Make the following 
simplifying assumptions: 

(i) the radiation spreads uniformly in all 
directions along radii from the source so that an 
inverse-square law holds for energy flow—this 
is not true for any ordinary antenna. 

(ii) the receiving antenna collects radiation 
from an area of | meter? perpendicular to the 
line of travel of waves. 

(iii) the sound of the letter “s” involves air 
oscillations of frequency about 4000 cycles per 
second.) 

(d) Will you ordinarily notice the individual 
photons in receiving the letter “s”? 


” 


(a) How much energy is carried by an “average” 
photon of visible light with wavelength of about 
5000 angstroms? How much momentum? 

(b) Estimate the number of photons of visible 
light emitted per second from a 100-watt light 
bulb emitting | percent of its power in the visible 
region. 

(c) What is the light pressure exerted by the 
photons from that bulb when they strike a black 
body 2 meters away head on? 


In a particular X-ray tube electrons hit a target 
after they have been accelerated by a potential 


difference of 20,000 volts. As they decelerate to 
a stop in the target, a few of them emit X-ray 
photons. 

(a) Why is there a definite minimum wave- 
length of photons observed from this tube? 
(This limit is known as the Duane-Hunt limit.) 

(b) Calculate that minimum wavelength. 


A photon of wavelength A = 1.00 A hits an elec- 
tron “at rest.” The photon bounces away at right 
angles to its original path. 

(a) Draw a vector diagram of the photon mo- 
mentum before the collision and the photon and 
electron momentum after the collision. 

(Nore: For such a collision the fractional loss of 
energy is small: v’ is nearly equal to v, so in draw- 
ing a vector diagram for momenta you can take 
the momentum of the photon after collision to 
have practically the same magnitude as the mo- 
mentum of the photon before collision when you 
are finding the direction of the electron’s recoil. 
Taking the electron recoil given by that assump- 
tion, use conservation of momentum and con- 
servation of energy to compute the answers asked 
for.) 

(b) Calculate the momentum of the photon 
after the collision. 

(c) Calculate the kinetic energy of the electron 
after the collision. 

(d) Calculate the energy of the photon after 
the collision. 

(e) Is v’ very different from v? 


A plane mirror is illuminated perpendicularly to 
its surface by light of frequency »v. The surface 
of the mirror is hit by NM photons per unit time 
and per unit area. 

(a) What is the change in momentum of a 
single photon when it is reflected by the mirror? 

(b) What is the pressure of light on this mirror? 

(c) Express the pressure in terms of the total 
energy £ falling on the mirror per unit time and 
per unit area. Would it make any difference if 
the light, instead of being monochromatic, were 
spread over a whole range of frequencies? 

(d) What is the numerical value of this pres- 
sure, assuming that the intensity of iJlumination 
is 103 joules/m2-sec? (This intensity corresponds 
roughly to direct sunlight illumination at noon in 
summertime.) 


The layers of atoms in crystals are known (from 
density and Avogadro’s number) to be a few 
angstroms apart, say 3 x 10-19m. X rays from 
ordinary commercial X-ray tubes are found to be 
diffracted at quite large angles, such as 10°, by 
such crystals acting as interference gratings. 
Make a rough estimate of the energy of photons 
in such X rays. 


What is the wavelength of an electron whose 
speed is 1.0 x 107 m/sec? (Section 8.) 


19.* As the angle @ in Fig. 33~14(b) is increased, the 
beam will again reflect very strongly out of the 
crystal. What must 2d sin @ be equal to at this 
angle? (Section 8.) 


20. A narrow stream of 100-ev electrons is fired at 
two parallel slits very close together. The dis- 
tance between the slits is estimated to be 10 ang- 
strom units. The electrons passing through the 
slits reach a screen 3 meters away, and form a 
pattern of interference fringes. 

[It seems almost impossible to make such a pair 
of slits in any real sheet of matter, made of atoms 
which are themselves | angstrom or more in di- 
ameter, and even more impossible to measure 
their separation, since light has a wavelength of 
thousands of angstroms. Yet the equivalent of 
this pair of slits can be made—has been made 
and used. It is the “biprism” of Fig. 33-12 (b).] 

(a) Estimate the distance between one bright 
fringe and the next. 

(b) The bright fringes would appear as bright 
marks on a fluorescent screen sufficiently sensi- 
tive to glow when bombarded with 100-ev elec- 
trons (or as dark marks on a photographic film, 
or as large pointer readings on some meter at- 
tached to an electron collector). What is the 
essential difference between the bright-fringe 
electrons and those that reach the screen in a dark 
fringe: Are they bigger? More massive? Of 
better quality? Of greater charge, or what? 


21. Electrons passing through a double slit (fantastic 
but possible, as discussed in the previous ques- 
tion) make an interference pattern on a remote 
screen. If the gun voltage used to provide the 
original stream of electrons with kinetic energy is 
changed from 50 volts to 5000, what does this do 
to the spacing of the fringes? 


22. The sizes of atomic nuclei are hard to measure 
with alpha particles, because we have to look for 
small differences from Coulomb scattering. Neu- 
trons are often used. 

(a) What are the de Broglie wavelengths of 
neutrons with kinetic energy 104 electron volts? 
106 electron volts? 108 electron volts? 

(b) Compare these wavelengths with the 
diameter of a gold nucleus (15 x 10-15 m). 

(c) Look back at Fig. 33-15 to see how waves 
behave when they meet an obstacle. Suppose we 
fire a stream of neutrons at a small target of gold. 
For which of the neutron waves in (a) do you 
expect to find 

(i) most of the neutrons pass by the nuclei 
undisturbed while some are absorbed and some 
bounce off, all like balls in Newtonian mechanics? 

(ii) most of the neutrons pass the nucleus 
apparently undisturbed and the rest come out of 
the gold target equally in all directions, regardless 
of the shape of the nucleus? 
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(d) With neutrons of which energy would you 
prefer to try measuring the nuclear size? 


23. (a) What is the wavelength of X rays whose pho- 

tons each carry 40,000 electron volts of energy? 

(b) At about what energy do electrons have a 
de Broglie wavelength equal to that of 40,000-volt 
X rays? (Give your answer in electron volts.) 

(c) What energy baseballs? 

(d) What is the wavelength of a baseball mov- 
ing at 10 meters per second? 


24. The relation between photon energy in electron 
volts and the wavelength of light in angstroms is 
shown in the box on page 622. 

(a) Work out a similar relation between the 
kinetic energy of a particle and its de Broglie 
wavelength. 

(b) If the particle is an electron and its kinetic 
energy is generated by accelerating it through a 
potential difference, relate the potential differ- 
ence in volts to the de Broglie wavelength of the 
electron in angstroms. 

(c) What is the energy of electrons whose 
wavelength is the same as that of yellow light? 


25. Figure 8-2 shows an electron-micrograph of 

protein molecules. 

(a) From that picture calculate the size of the 
molecules. 

(b) Find the ratio of the diameter of a molecule 
to the wavelength of visible light. Why cannot a 
molecule be seen with visible light? 

(c) Why is it possible to photograph the pro- 
tein molecules by using electrons instead of light? 
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34 


Quantum 
systems 
and the 
structure 
of atoms 


WITH Chapter 33 we began twentieth-century 
physics. There direct and convincing experi- 
ment showed that the old picture of the world 
with waves for light and particles for matter was 
too simple. Nature is more subtle than these 
early models: the photons on the one hand, and 
the de Broglie waves on the other, show that 
subtlety. The older mechanics proved inade- 
quate. Energy and momentum are conserved 
in every individual event, but the wave picture 
is necessary to describe the overall patterns of 
events. For example, each electron that hits a 
detector transfers the nght amount of momen- 
tum and energy, but to know where electrons 
hit most often we need the wave picture. With 
the aid of the idea of probability, we found a 
single view combining wave and particle be- 
havior. Chapter 33 ended with a quiet note of 
victory. 

Chapter 32, however, ended with a jangling 
enigma. Scattering experiments, using alpha 
particles as probes, showed the atom to be a 
loose structure, somewhat like that giant New- 
tonian machine, the solar system. The electrons 
were there, all mght, flying about like tiny 
planets. This much seemed to be established, 
but it led to a troublesome problem. As the 
electrons fly about in their orbits, they ought to 
spend their energy in radiation (Section 32-5). 
Unlike the earth, an electron should not remain 
indefinitely on the same orbit. Instead, the 
energy it loses in electromagnetic radiation 
should have just the mechanical effect of energy 
lost by a satellite in air friction; the steady loss 
should shrink the orbit toward the attracting 
center. In other words, because accelerated 
charges radiate, an atom built according to 
Rutherford’s planetary model could not be 
stable, and the world could not remain as it 
does. That impossibility spotlighted the ulti- 
mate limitation of classical physics. The com- 
bination of Newton’s mechanics and classical 
electromagnetism cannot describe atoms as 
they are. 

Apart from this basic trouble—energy loss by 
radiation—physicists had another reason to fear 
that the Newtonian laws of mechanics could 
never explain a Rutherford atom. The solar 
system and the atom may both be planetary 
systems, but in changing the scale to the very 
small a qualitative difference appears. 
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We can picture some agent (such as a visiting 
star) changing our own solar system by any 
amount, small, medium, or large—short of a 
major breakup—and when the disturbing agent 
is removed the new arrangement would just 
continue. We can imagine a solar system of 
planets built to any size over a wide range—with 
orbits, masses, and numbers of planets different 
from ours, and yet equally stable. A collection 
of similar solar systems, such as we might find 
around other stars, would be like the other 
things we see in nature, like a set of roses or of 
raindrops; they would bear a strong family re- 
semblance, but with different-sized suns, and 
planetary orbits of different sizes, no two would 
be precisely alike. 

Atoms are not like that. Their most remark- 
able property is the likeness they bear one to 
another. All hydrogen atoms act the same, all 
helium atoms are alike, and so on. Atoms of 
one kind are far more alike than any Grade A 
peas. Yet they have different histories; differ- 
ent stories of collisions and ionizations and 
chemical combination le behind each one. 
Through it all they remain one and the same, 
showing the same spectral lines and making the 
same chemical reactions with the same amounts 
of energy.* The atom may be a planetary sys- 
tem, but it is a planetary system that comes in 
myriad identical copies. 

The identity of the atoms, and the stability of 
their internal motions, makes no sense on the 
basis of Newton’s laws of mechanics. This 
repetitive quality requires a new explanation, a 
fundamental change in the theory. Here a won- 
derful thing happens. The ideas we introduced 
to make sense of photons and matter waves also 
supply a clear and powerful explanation of 
atomic stability and atomic sameness. To take 
account of the wave behavior of matter, we 
must modify Newton’s mechanics, making it 
into the newer quantum mechanics. Then we 
find a way to understand all that we have yet 
seen of the structure of matter. The combined 
view of wave and particle behavior covers all we 
know about nature. 


* Although the atoms of an element are all alike in essential 
structure, they can take in energy, as we shall see, and change 
to an “excited state.” However, unlike a solar system which 
would keep any change imposed on it, an excited atom snaps 
back to exactly the same original form when it is left alone. 


34-1 The Experiments of Franck and Hertz; 


Atomic Energy Levels 


For a planetary system, according to New- 
tonian mechanics, motions at all total energies 
are possible. For an atom, on the other hand, 
we suspect that only a limited set of motions can 
take place. This limitation is suggested by the 
repetitious behavior and by the stability of 
atoms. The identity of the members of an 
atomic species suggests the same thing. 

If only certain distinct patterns of motion are 
possible, we would expect that an atomic system 
can take on only the separate total energies cor- 
responding to those motions. Then there should 
be gaps between the possible energies; and in 
that case the internal energy of an atom can be 
changed only by certain definite amounts of 
energy transferred from the outside. 

Are there really gaps between the possible en- 
ergies that an atom may have? A direct test of 
this idea is important. It can be made by trying 
to change the energy of atoms directly by bom- 
barding them with electrons. Can an atom that 
is hit by an electron take in some energy and 
keep it as a gain of internal energy? And if so, 
can it retain any gain from small to large, or is it 
limited to a selection of sharply defined 
amounts? In Germany in 1914 such a test was 
made. James Franck and Gustav Hertz per- 
formed an electron-bombardment experiment 
for which they later received the Nobel Prize. 
This experiment—and the many similar ones 
that stem from it—are a key to the problems of 
atomic stability and structure. Here we shall 
describe an experiment somewhat different 
from the original Franck and Hertz experiments 
which gets the same information by closely re- 
lated means. We choose this particular experi- 
ment because it is easier to interpret though 
harder to carry out. 

Like Franck and Hertz we shall use electrons 
to bombard the atoms. We can do this by using 
an electron gun like the ones we described in 
Chapter 26. The electron gun gives kinetic 
energy to the electrons boiled out of the fila- 
ment. If the accelerating voltage in the gun is 
Va, the electrons leave the gun with kinetic 
energy of one electronic charge times V4. 

When the electrons leave the gun they pass 
into a chamber containing a gas. They enter 
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this chamber through a small hole, and the elec- 
tron gun operates in a good vacuum because we 
continually and rapidly pump away any gas that 
escapes from the chamber into the gun (Fig. 
34-1). The chamber containing the gas is made 
of a conducting material so it is all at one po- 
tential and there is no electric field inside it 
which could change the energy of the electrons. 
Consequently, any change in the electrons’ en- 
ergy arises because of their interaction with the 
gas atoms. 

Now to investigate what happens to the elec- 
trons when they collide with the gas atoms, we 
allow some of the electrons to come out of the 
gas chamber through another small hole lead- 
ing out on a slant into a second evacuated space. 
There we measure the energy of the electrons 
which have passed through the gas. We can 
make this measurement with any one of a num- 
ber of devices. For example, we can use a mag- 
netic mass spectrograph like that described in 
Chapter 30. Then, since we know the mass of 
the electron, the curvature of the electron path 
in the magnetic field allows us to determine the 
energy. Alternatively, we can determine the 
electron’s energy by making the electron move 
against a retarding potential difference and 
measuring what potential difference just pre- 
vents the electrons from reaching the collector. 
We could even use time-of-flight measurements 
in the detecting chamber to find electron speed 
and therefore kinetic energy. The practical 
details of these measurements turn out to be 
difficult and complicated, but despite the com- 
plications we emerge with the knowledge we 
want of the energy of electrons after interaction 
with the gas atoms. 

What kind of information do we get from this 
apparatus? Let us take a specific example. 
What happens when we have mercury vapor in 
the gas chamber? As long as the accelerating 
potential in the electron gun is only a few volts, 
we find that the electrons entering our detector 
after colliding with the gas atoms have almost 
exactly the same energy that is imparted to them 
by the gun. The collisions with gas atoms at 
this low energy are elastic. (In such collisions 
the massive atoms take a negligible share of 
kinetic energy.) However, when the acceler- 
ating potential in the gun passes 5 volts, so that 
the electrons bombard the atoms with 5 elec- 
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34-1 The general idea of an experiment to measure the changes 


in the energy of electrons when they collide with gas atoms. 
The electrons pass through a sample of gas (mercury vapor) 
in the middle chamber. Electrons leave the gun with energy 
given by the accelerating voltage. Their energy remaining 
after collisions is measured in the right-hand chamber. 
Note that the opening into the energy-measuring region is 
not in the direct line of the original beam of electrons. This 
is to insure catching only those electrons that have been de- 
flected by collisions. 


tron volts or more kinetic energy, a dramatic 
change occurs. The electrons entering the de- 
tector no longer have the energy with which 
they left the gun. Instead the electrons entering 
the detector have practically no kinetic energy. 

Now we increase the gun potential further so 
that the kinetic energy of the bombarding elec- 
trons is greater. We find that the energy of 
electrons reaching the detector is also greater. 
When we raise V, from 5 volts to 6 volts, the 
kinetic energy measured in the detector rises 
from a small fraction of an electron volt to one 
electron volt more than that. Careful measure- 
ments in which we determine the gun voltage 
accurately and the kinetic energy in the detector 
accurately show that in their collisions with the 
atoms the electrons are losing almost exactly 
4.9 electron volts. This loss only sets in when 
the bombarding electrons have 4.9 electron 
volts of kinetic energy, and the amount of the 
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loss stays the same while we increase the bom- 
barding energy through the next couple of 
electron volts. The mercury atom cannot ac- 
cept anything less than 4.9 electron volts of 
energy, and even when it is offered somewhat 
more energy it still accepts exactly this amount. 

However, 4.9 electron volts is not the only 
amount of energy the atom can take in. If the 
bombarding energy is 6.7 electron volts or more, 
the electrons can lose either 4.9 electron volts or 
6.7 electron volts. On increasing the bombard- 
ing energy still further, we find other thresholds 
at which greater losses can occur and beyond 
which any of several different amounts of energy 
can be robbed from the electrons. This is the 
essential property Franck and Hertz looked for: 
atoms can change their internal energy, but the 
changes are restricted to sharply defined steps. 

The smallest amount of energy which can be 
accepted by an atom is called its first excitation 
energy. For mercury the excitation energy is 4.9 
electron volts. For helium, which has the high- 
est excitation energy, the value is 19.8 electron 
volts. The lowest excitation energy of all the 
atoms goes to cesium, which will accept a 
bundle of 1.4 electron volts. Other atoms will 
also accept certain definite bundles of energy, 
and these bundles are characteristic of the kind 
of atom. 

The experiment we have described is an ideal- 
ization; the results we have quoted were col- 
lected in a number of similar experiments, all of 
which agree. Thus the Franck-Hertz experi- 
ment and its later modifications have shown us 
that atoms can accept only parcels of energy. 
The internal energy content of an atom cannot 
be continuously changed. It changes only in 
steps. The successive internal energies which 
an atom can take on are called its energy levels. 
Often they are diagrammed as we show them in 
Fig. 34-2. 

The ground state is the state in which we nor- 
mally find the atom before any excitation energy 
has been fed into it. Above it lie the various 
excited states, separated by gaps. These excited 
states are formed when enough energy is sup- 
plied by the impinging electrons. Finally, 
when an atom is hit by an electron of sufficient 
energy, the atom is in fact disrupted. An elec- 
tron is ejected from the atom and a positive ion 
left behind. Since the energy of the ejected 
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(a) Some of the energy levels of the mercury atom. In this 
diagram the normal ‘ground state"’ is taken as the zero of 
the energy scale; and we have plotted a few of the amounts 
of energy that the atom will accept. (b) A similar diagram 
for the cesium atom. 


electron can take on any value, the atom can 
accept any parcel of energy larger than the 
ionization energy. For mercury, as we have 
indicated in Fig. 34-2, the ionization energy 
turns out to be 10.4 electron volts. 

The atoms of many elements have been 
studied by electron collision. From these ex- 
periments, we find that every kind of atom has 
its own set of energy levels and its own ioniza- 
tion energy. They identify the atom much as 
its chemical reactions or its optical spectra 
identify it. 


Dissecting Atomic Spectra: 
Excitation and Emission 


A completely different means of measurement 
fully confirms the existence of energy levels. 
While we are bombarding a gas with electrons, 
we observe the light emitted by the gas. Atlow 
bombarding energies, we see no appreciable 
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light emitted by the gas. But when we pass the 
first excitation energy, light suddenly appears. 
Examining the light with a spectroscope, we see 
a sharp line indicating light of a definite wave- 
length and frequency, photons of a single 
energy. 

With mercury, for example, when the energy 
of the bombarding electrons passes 4.9 electron 
volts, a spectroscope with which we are observ- 
ing the gas will suddenly show the presence of 
ultraviolet light having a wavelength of 2537 
angstroms. This strong spectral line is one of 
the lines by which the mercury spectrum is rec- 
ognized. But this single-line mercury spectrum 
is most unusual. From a discharge tube filled 
with mercury vapor we usually see many char- 
acteristic mercury spectral lines, many lines of 
definite wavelength which identify the element 
mercury. We have produced only one part of 
the normal mercury spectrum. 

The experiments we described in the last sec- 
tion tell us that we have succeeded in feeding 
energy bundles of 4.9 electron volts to some of 
the mercury atoms in the gas. Only when such 
energy bundles have been transferred do we see 
any light from the mercury. Apparently the 
excitation energy which we feed in from the 
kinetic energy of the electrons is radiated as 
photons by the individual atoms as they return 
to the ground state. (Remember that the 
ground state is the lowest energy state, the state 
in which the mercury atom is normally found 
before the 4.9 electron volts of energy are trans- 
ferred to it by a colliding electron.) If all the 
energy taken in by an individual atom is radi- 
ated in one lump, the photons should have 4.9 
electron volts energy, and the wavelength of the 
corresponding light should be* 

_ 12,400ev-A _ 12,400 ev-A 


n E ~ 49 ev 


= 2530A. 


If a mercury atom could radiate its extra energy 
in more than one photon, light of longer wave- 
lengths would be visible. The experiment with 
the spectroscope therefore shows that the atoms 
not only take a definite amount of energy from 
the electrons but that they can only radiate ex- 
actly this amount of energy in returning to the 
ground state. Both in accepting energy from 


* This expression is derived in the box in Section 33-6. 


electron bombardment and in emitting energy 
as light, the atoms change in one jump between 
two energy states a little less than 4.9 electron 
volts apart (Fig. 34-3). This is a magnificent 
confirmation of the idea that atoms can make 
only definite shifts of internal energy. 

Let us continue to experiment with the spec- 
troscope, increasing the energy with which the 
electrons bombard the mercury atoms and ob- 
serving the light they emit. As we increase the 
bombarding energy, the rest of the familiar lines 
of the mercury spectrum appear. They enter in 
groups as the bombarding energy rises succes- 
sively above the thresholds for excitation of 
higher and higher energy states. This proce- 
dure therefore allows us to dissect the mercury 
spectrum and to see how it arises. 

Before an atom is hit by an electron, the atom 
is in its lowest internal energy state, the ground 
state. When an atom is hit by an electron of 
less than the energy difference between the 
ground state and its first excitation state, noth- 
ing happens. A higher-energy electron, how- 
ever, may transfer energy into the atom. If 
there is only sufficient energy to reach the first 
excited atomic state, just the first excitation 
energy will be taken from an electron, and the 
atom will then radiate a photon which helps to 
make the 2537-angstrom line which we first 
saw. Many atoms contribute photons, and each 
photon has the same energy because each of the 
individual atoms falls from the first excitation 
state back to the ground state. When the elec- 
trons can supply still more energy, individual 
atoms can be excited to still higher internal 
energy states. Then as an atom returns to the 
ground state, it can radiate a photon of greater 
energy or possibly several photons with ener- 
gies equal to the energy differences between the 
several internal energy states at which the atom 
can exist. 

In radiating photons—as in every other pro- 
cess that we know—energy is conserved. The 
energy of the emitted photon, hp, is equal to the 
difference between the initial internal energy 
and the final internal energy of the atom as it 
jumps from one state to another: 


photon = hv = Ejnitia — Esinai. 


Each spectral line consists of the radiation from 
many atoms, all jumping between the same in- 
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34-3 The changes of energy when an atom is bombarded by electrons. 


(a) An elastic collision between a bombarding electron and an atom. The arrow shows the path of the incoming electron. The 
“load” above the electron represents its kinetic energy. The atom and its energy levels are represented by the rectangular ‘‘bill- 
boards.” In this case the electron does not have enough energy to raise the atom to the next higher energy level so it scatters 


off elastically, keeping its kinetic energy. 


(b) Here the electron has more energy. The atom absorbs just the right amount of energy to reach its second level, and the electron 


goes on with only the surplus kinetic energy. The collision is inelastic. 
(c) The atom is at its second energy level, an ‘‘excited state.’ 
energy equal tothe difference in energy between the two states. 


ternal energy states independently of each 
other. Figure 34-4, in the box, shows the anal- 
ysis of the mercury spectrum and its connection 
with the energy levels of the mercury atom. The 
vertical lines on the energy-level diagrams show 
the energies of the photons that can be emitted. 
For each photon emitted, some single atom 
must jump from a higher state down to a lower 
state, and the photon carries off the energy 
given up. 


In returning to the ground state, the atom emits a photon with 


Notice that the longer wavelength lines of 
mercury correspond to jumps between states 
both of which are above the ground state. 
Their energy differences are smaller, so the 
photons emitted have lower frequency and 
longer wavelength. To make such long wave- 
length lines, however, some of the mercury 
atoms must first be sent into the higher energy 
states. To get them there takes more than 5 
electron volts. Thus we can explain what other- 


The Dissection of the Spectrum of Mercury 


34-4 The photographs show the spectral lines that appear when 
mercury vapor is bombarded with electrons. In each case 
the bombarding electrons have a definite energy which is 
recorded at the side of the photograph. (Photos from: 
John A. Eldridge, ‘‘The Spectrum of Mercury Below loniza- 
tion,’’ Physical Review, Vol. 23, Series 2, 1924.) 

1s SREY: ¢ 
2 st 
(a) With electrons of any energy above 4.9 ev, the 
strong ultraviolet line of wavelength 2537 angstroms is 
emitted. This corresponds, as shown at the right, to an 
energy change in the atom from the first excited state to 
the ground state. By the time the energy is 7 ev, there is 
also an energy change from 6.67 ev to the ground state, 

‘giving a line of wavelength 1849 angstroms. The wave- 

length of this light, however, is too short to affect the photo- 


graphic plate. Here this transition is shown by a dotted ground state 
arrow. In the subsequent figures that arrow is omitted. 


ev above ground state 


(b) At 8.4 ev three new lines of longer wavelength show 
up in the region photographed. The photons of this light 
have energy given by the transitions from the levels around 
7.8 ev to the levels around 4.9 ev. 


ev above ground state 


ground state 


Us u, 

(c) With bombarding energy raised to 8.9 ev, two more 
lines of intermediate wavelength appear. The photons 
have energies given by the transitions from the levels 
around 8.8 ey to the levels around 4.9 ev. 


(d) As the electron-accelerating voltage is further in- 
creased, more and more lines appear. At 10.4 ev the atom 
is ionized and the complete spectrum is produced. In this 
case the classifications above and below the photo help to 
sort out the various sets of lines. 


Slee eis 


ev above ground state 


ground state 
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wise would seem strange: the longer wave- 
length lines of mercury consist of photons of 
lower energy than 5 electron volts. Yet more 
electron energy is needed to produce them than 
to produce the strong line at 2537 angstroms. 
The reason is clear: spectral lines are formed by 
the transitions of atoms between particular in- 
ternal energy states. And none of the initial 
states required for these long wavelength tran- 
sitions can be reached from the mercury ground 
state without energy transfers well above 5 elec- 
tron volts. 

So far in our discussion we have assumed that 
the mercury atoms are normally found in the 
lowest energy level, or ground state. This is 
true at room temperature. As temperature in- 
creases, however, the collisions among mercury 
atoms become more violent. At sufficiently 
high temperature, some atomic collisions can 
be inelastic just as electron collisions can. They 
leave one or both of the colliding atoms in an 
excited state. So as the temperature rises, more 
and more atoms are moved into excited states. 
When enough atoms are in excited states, the 
gas glows. The light is emitted as the atoms 
rapidly return to the ground state, sometimes 
stepping from energy level to energy level, emit- 
ting photons as they go, sometimes jumping 
from a high level to a low one emitting a high- 
frequency photon. 

High temperatures, electron collisions, and 
every other way of producing emission of light 
from gas atoms are all means of promoting 
atoms to excited states. The atoms then emit 
the photons whose energies correspond to the 
energy differences between the atomic energy 
levels. These emitted photons make up the 
atom’s spectrum. A given kind of atom can 
emit only the lines which have the characteristic 
frequencies: 


_ E;nitia — Etinas 

y h 
determined by the differences between its en- 
ergy levels. 

Of course, different ways of putting energy 
into the gas can result in different proportions 
of atoms in the various excited states. As we 
shall see in the next section, photons from light 
of a single wavelength can excite atoms to a 
single high energy state; and only a few other 
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states may be reached as the atoms radiate their 
way back to the ground state. The carefully 
adjusted electron beam of 5 electron volts ex- 
cites only the first excitation state of mercury. 
High temperatures act differently. The col- 
lisions of the randomly moving atoms raise the 
internal energies of a few atoms to high energy 
levels, but there are more atoms in lower states. 
Thus the brightness of lines can vary, but an 
individual line of an atom always has the same 
frequency whenever it is present. 


Absorption Spectra 


Emission spectra—the bright lines we see in the 
spectra of excited atoms—are not the only spec- 
tra which reveal the internal energy states of the 
atoms. We get similar information about those 
states when we send white light through a gas 
and then analyze it with a spectroscope. The 
white light is a mixture of all frequencies; it con- 
tains photons of all energies. Most of these 
photons pass through the gas and show up in 
the spectrum on the spectrographic plate. They 
are not absorbed, because the energy of the 
photon cannot be taken up by the atom as it 
makes a transition from one internal energy 
level to another. But some of the photons are 
taken up. Their absence is shown by narrow 
gaps in the spectrum of the light which passes 
through the gas. Each missing photon has been 
absorbed by an atom, causing a transition from 
one internal energy level to another. These 


gaps in the spectrum then tell us about the in- 
ternal energy states (Fig. 34-5). 

Here the same interpretation and the same 
rule of energy conservation apply; only the 


The short wavelength region of the absorption spectrum of 
sodium. Since this is a reproduction of a photographic neg- 
ative, the wavelengths absorbed appear as light lines on a 
continuous dark background. (From: H. Kuhn, ‘Uber Spek- 
tren von unecht gebundenen Molekulen (Polarisationsmo- 
lekilen) Kz, Nav, Cs2, und Verbreiterung von Absorptions- 
linien,”’ Zeitschrift fir Physik, Vol. 76, 1932.) 
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order of the process is different (Fig. 34-6). In 
this case the initial state of the atom is the lower 
internal energy state; the final state is the 
higher, because it must have the full energy of 
the original atom plus that of the absorbed light 
photon: 


Evinal = Exnitial + Ehaton = Evnitial + hv 


In this way one can see, for example, why mer- 
cury vapor at room temperature is transparent 
to visible light. No photon in visible light has 
enough energy to promote the mercury atom 
from the ground state to its first excited state. 
The right photons come only in ultraviolet light 
of 2537 angstroms wavelength. As we should 
expect, that particular light is very strongly 
absorbed. The same argument applies to the 
other common colorless gases—oxygen, nitro- 
gen, helium, and the rest. They can absorb 
light only in the ultraviolet. And there we find 
a series of absorption lines. 

Once the frequency of the light is sufficiently 
high, in the deep ultraviolet or beyond, a pho- 
ton can take an electron completely out of an 
atom. The atom is ionized, and any surplus 
energy is carried away by the electron as kinetic 
energy. This is the photoelectric effect. There 
is no limitation on the amount of kinetic energy 
the electron can be given. So there are no re- 
strictions on the frequency of the light that 
ejects electrons provided it exceeds a certain 
minimum “threshold” value. The observed 
threshold of the photoelectric effect in atoms is 
just the minimum frequency required to break 
an electron loose from the atom. The evidence 
of spectra in this matter agrees perfectly with 
the evidence obtained by observing the photo- 
electrons. 

All light, all electromagnetic radiation can 
excite atoms, or be emitted by them in jumps or 
transitions between energy levels. Consider 
one example far outside the range of visible 
light. Although we are apt to think of radio 
waves interacting with antennas rather than 
with atoms, the study of atomic spectra at radio 
and microwave frequencies is a modern and 
powerful tool for physicist and chemist. Be- 
cause radio waves are long, their photons carry 
little energy, so they arise from levels which lie 
very close together in energy. All the alkali 
metals, lithium, potassium, rubidium, and 


cesium, have pairs of close-lying energy levels. 
The photons from transitions between these 
pairs of energy states are in the radio-frequency 
part of the spectrum. In particular, the ground 
state of the element cesium is really a pair of 
energy levels separated by about 4.14 « 10-5 
electron volt. Precisely, the radiation from this 
transition between energy levels has a fre- 
quency of 


v = 9.19263177 x 109 cycles per second. 


This frequency is now used as a standard of 
frequency and time. Clocks working directly 
with it are commercially available. 

The spectrum has become the best clue to the 
energy levels of any radiating atom. But realiz- 
ing this and establishing the energy levels from 
these clues required great ingenuity. Once the 
spectral wavelengths are known, they must be 
converted to frequencies, and the frequencies 
examined and fitted together to find the energy 
levels themselves. Each spectral line gives a 
difference of two energy levels, and a few levels 
can give quite a complicated collection of lines. 
So the job is not easy. To disentangle the levels, 
absorption spectra help. So does excitation by 
photon absorption, and other special forms of 
excitation. Following up all these clues, the 
spectroscopist finally presents his results in the 
form of a table or diagram of energy levels be- 
longing to the atom he is studying. As the result 
of his labor, many internal energy states have 
been precisely established for practically all 
kinds of atoms. 


34-4 The Energy Levels of Hydrogen 


The energy levels of atomic hydrogen and some 
of the spectral lines with which each one is asso- 
ciated are displayed in Fig. 34-7. It is the fruit 
of the work of a generation or two of spectros- 
copists; in it we see displayed the level structure 
of the simplest of atoms. 

What is remarkable is that these many energy 
levels, which gave rise to still more numerous 
spectral lines, all can be represented by a very 
simple formula 
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34-6 The change in energy when an atom is bombarded by light photons of various energies. The ‘‘load’’ sketched above the photon 
represents its energy. 


(a) The atom is in the ground state, and the photon has too little energy to change the atom to the next excited state. The photon 
simply passes through or scatters off elastically. 

(b) The photon is one that has exactly the right energy to raise the atom to its first excited state. The atom absorbs the pho- 
ton, taking on all the energy of the photon. 

(c) The photon is one that has more than enough energy to excite the atom but not enough to reach another excited state. This 
photon, too, must scatter elastically, for if it were absorbed the atom could not both conserve energy and be in an allowed 
energy level. The only alternative is the reemission of the photon. 

(d) In this case the photon is one with enough energy to ionize the atom. It raises the atom to a region filled with positive energy 
levels. This is another way of saying that the atom is broken up and the electron carries away the energy above the ionization 


threshold as kinetic energy. (Note that an atom which is already excited can be ionized by a photon of lower energy which would 
simply have been scattered elastically from an atom in its ground state.) 
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Lyman series 


The energy level diagram of the simplest atom, hydrogen. 
The arrows show the energy changes for two of the sets of 
spectral lines characteristic of hydrogen. The jumps marked 
H,, Hg, etc., are called the Balmer series. The lines of the 
Lyman series in the ultraviolet are also shown. This dia- 
gram is considerably simplified, because the scale does not 
permit drawing the ‘‘fine structure.” 


A photograph of the first dozen lines in the Balmer series 
produced by glowing hydrogen gas. 


A photograph of the Balmer series, from n = 6 to as high 
asn = 20o0rmore. Their positions fit the predicted values 
to within one part in ten thousand or even better. (Photos 
from: G. Herzberg, ‘Uber die Spektren des Wasserstoffs,"’ 
Annalen der Physik, Vol. 84, 1927.) 


where £; is the ionization energy of 13.6 elec- 
tron volts, and n is any positive whole number. 
When n = 1, this formula gives FE; = 0, setting 
our zero of energy at the ground state. When 
n = 2, we get 


Ez = 13.6ev — ay = 10.2ev, 
which is the energy of the first excited state. 
For other values of n we get the other observed 
energy states. Scores of levels have been iden- 
tified at their predicted positions. The formula 
works wonderfully well, fitting experiments to 
one part in ten thousand or better. 

In all these energy states, the electron and 
proton are bound together. They cannot get 
infinitely far apart. For higher values of n, 
however, the energy states approach the ioniza- 
tion energy, and as n becomes infinitely large 
we reach the energy at which the electron can 
just escape from the proton. 

At still higher energies the electron and pro- 
ton are no longer bound together. The electron 
is just moving past the proton. At these ener- 
gies, even when the electron gets infinitely far 
from the proton, there will be kinetic energy left 
over. On the energy-level diagram you will 
notice the essential difference between these 
energy states in which the electron moves freely 
away with any energy and the bound states 
(beneath the ionization energy). There are free 
states at all energies above ionization, while 
there are gaps between the individual bound 
energy states. 

In Chapter 32, we saw that the atom resem- 
bled a planetary system. In particular, on the 
Rutherford model the hydrogen atom consists 
of a proton sun with a single electron planet. 
The Coulomb force between them goes with the 
inverse square of their separation, just like the 
force between the sun and a planet, and the 
force between the earth and a satellite. In Sec- 
tion 24-5 we studied the binding and the escape 
of satellites in just these systems. There we 
found that it was natural to choose the zero of 
energy when the sun and planet, the earth and 
satellite, or the proton and electron are standing 
still infinitely far apart. That energy marks the 
border between bound states and free states. 
For the atom it is the ionization energy. 

When we raise the zero of the energy scale 


by 13.6 ev, the formula for the energy states of 
hydrogen becomes even simpler. It is 


— 13.6 electron volts 


En = 
n2 


Now £,; = — 13.6 ev, which tells us directly that 
the ground state is 13.6 ev lower than the ionized 


state. The atom is bound together by 13.6 
electron volts. The equality 
— 13.6 ev 
= — > = —34 
E» (22 3.4 ev 


says the first excited state is only 3.4 electron 
volts below ionization level; and so on. On the 
right-hand edge of Fig. 34-7 we have added an 
energy scale with its zero at the ionized state. 
You can compare these answers with the energy 
levels measured against that scale. 

Originally the simple formula for the energy 
states was obtained from the measurements of 
spectral lines. The spectroscopists Balmer and 
Rydberg developed it in fitting the spectra into 
a neat pattern, and what we now call the energy 
levels were called the term values in their purely 
spectroscopic analysis. Then in 1913 Niels 
Bohr showed the connection between the plane- 
—13.6ev 

ne 
He was actually able to derive the value 13.6 
from the fundamental constants of nature: the 
Coulomb constant k, Planck’s constant h, and 
the mass m of the electron. We may take Bohr’s 
success as marking the beginning of our present 
theory of the structure of matter.* 


tary model and the formula E, = 


*Bohr justified his derivation by appealing to a general 
principle which we now name his Correspondence Principle. 
Suppose we have a successful theory—a theory developed to 
deal with the known facts in some region of knowledge. As 
new knowledge is gained, the theory may show difficulties: 
it may fail to fit all the new facts. Then a new theory has 
to be developed to replace the old. But, the new theory has 
no hope of success unless it agrees with the old theory in all 
matters where the old theory itself agreed with the facts. In 
other words, new theory must make the same predictions. 
in the same form, as old theory in the region where the old 
was adequate. In this way the structure and content of old 
theory can provide an essential check on new theory and may 
even go further and show the direction in which unknown 
new theory must develop. 

Bohr’s first use of this Correspondence Principle was in 
justifying his derivation of the constant for hydrogen energy 
levels. He imagined the atom excited until it is almost ionized 
so that the electron moves around the proton in a huge orbit 
of man-sized dimensions, a meter or so across (n = 10,000 
or so). An orbit like that is the size of a radio antenna ora 
synchrotron, and we know that in such cases the frequency 
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Despite their similarities, the description of a 
hydrogen atom must be different from that of a 
planet moving around the sun. The description 
must account for the stability of the ground 
state, for the existence of special excited states, 
and for the identity of all the individual hydro- 
gen atoms in the universe. An atom can remain 
for any length of time only in one or another of 
its separate energy levels. If the atom is in any 
energy level above the ground state, it will not 
stay there forever. Sooner or later it will radi- 
ate; it will lose energy, not until the electron 
coincides with the proton, but only until it 
reaches the ground state. In the next sections 
we Shall see how the properties of the de Broglie 
waves which describe the electron moving in 
the electrostatic field of its proton allow us to 
calculate the values of the internal energy states 
of hydrogen. 


The Origin of Energy Levels 


How can we understand the presence of definite 
internal energy levels, and the simple numerical 
relations they sometimes have? We hope to do 
this by using the ideas of the last chapter. In it 
we learned of matter waves, waves whose in- 
tensity at any place indicates the probability of 
finding a particle there. How does that idea ex- 
plain separate, well-defined energy levels? 
The matter wave for a particular energy level 
must stay the same for a very long time. We 
know from Franck-Hertz experiments and from 
the definite line spectra of elements that there 
are definite separate energy states in atoms. 
We should not find that behavior if the matter 
wave for a particular energy level wobbled 
around and did not remain the same for a long 
time. Also, there must be a different matter 


radiated is the frequency of the motion (up and down the 
antenna. or around the racetrack). Therefore. the frequency 
of photons emitted in a hydrogen atom’s quantum jumps 
between levels near ionization must be the same as the fre- 
quency of the orbital motion. Equating the photon [re- 
quency and the orbital frequency tells us the combination of 
k. h, and m which must appear in the expression for these 
energy states and for all other energy states of the hydrogen 
atom. In this way. Bohr derived his result by relying on an 
overall principle of fitting together new theory and old. 
Here, however, we shall derive the result from other con- 
siderations in Section 34-6. 
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wave corresponding to each separate energy 
level, because the energy levels are different. 
We must therefore look for several distinct 
wave patterns, each one different from the 
others and each unchanging. The only waves 
which show the same patterns all the time and 
do not travel away are standing waves. These 
are the stationary waves that you find on vi- 
brating strings or in tubs of water. They do not 
move about. Instead, they stay in place and 
keep their shape while the displacements peri- 
odically grow and collapse without moving 
along. Look at Fig. 34-8, for example, at the 
second picture from the left. At the two ends 
of the tube and in the middle there are nodes— 
points which do not move. In between each 
pair of nodes are regions of maximum displace- 
ment. These regions always stay at the same 
place along the tube, but as time goes on the 
displacement ranges from maximum in one 
direction through zero to maximum in the other 
direction. Everywhere, the displacement oscil- 
lates back and forth in the same way, but noth- 
ing appears to move along the tube. 

There is no substitute for making standing 
waves yourself. Tie a rubber tube between two 
firm supports. Wiggle the tube up and down 
with your hand near one support. By choosing 
the right frequency for the motion of your hand, 
you can set up a standing wave pattern in which 
the tube oscillates up and down but the pattern 
does not travel along. It may be a pattern with 
one loop between the end supports, or two 
loops, three loops, four loops, and so on (Fig. 
34-8). Now stop moving your hand and watch 
the motion. Except for friction losses, the mo- 
tion persists with the tube oscillating in the 
same fixed pattern. The standing wave stays in 
place and continues unchanging. That is the 
kind of wave motion we are going to picture for 
a Stable state of an atom. 

Notice that these standing waves are natu- 
rally determined. With the ends held fixed, 
only the patterns with a whole number of loops 
(and corresponding definite frequencies) will 
stand on the tube. If you try to drive the tube 
with any other frequency, you will find that the 
motion of your hand undoes some of the tube’s 
existing motion rather than being in step and 
increasing the motion. So, unless you use the 
right frequency, your efforts produce very little 


effect. You fail to build up a standing wave 
that can stay on the tube. The set of distinct 
standing waves with whole numbers of loops is 
the only set of unchanging wave patterns. 

Although standing waves just oscillate up 
and down, we can view them as the superposi- 
tion of two equal traveling wave trains moving 
in opposite directions. If you draw two wave 
patterns, move them across each other, and add 
their displacements to find the resultant, you 
will find that they make a standing wave. Also, 
you will find that the loops of the standing wave 
are just 4A long, where A is the wavelength of 
either wave train. We did something like this 
in Section 15-3. 

If it is hard to see that standing waves are 
thus made by two separate equal wave trains 
traveling in opposite directions across each 
other, you should try it experimentally with real 
waves. Get a long rope and have two people 
hold it. Then let each of them send out a train 
of, say, a dozen wavelengths along the rope. 
Watch what happens when the two wave trains 
Pass across each other. 

On this view the standing waves between two 
supports are just like standing waves you have 
already seen in front of a reflecting wall in a 
ripple tank. There, you can drive the wave 
toward the wall with any frequency; and the 
teflected waves returning from the wall com- 
bine with your forward waves to make standing 
waves. However, for a given position of driver 
and wall you must choose the “right” frequency 
or you will find you have to give the driver a 
large motion to get a big effect. With the right 
frequency, a very small motion of the driver 
builds up a large effect. 

As you can see from Fig. 34-8, we can make 
good standing waves on a rubber tube by tying 
one end to a rigid support and wiggling the 
other end very slightly with the “right” fre- 
quency. Then, the reflection by the support at 
the other end supplies the opposite wave train 
which combines with the forward one to make 
standing waves. When such a standing wave is 
established, we may imagine that two rigid re- 
flecting walls are suddenly installed at nodes in 
the standing wave pattern. Because we install 
the walls at places of no motion, they would 
trap a section of standing wave between them. 
In any such section we would see the standing 
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34-8 Standing waves. As one end of the tube is moved from side to side with increasing frequency, patterns with more and more loops 


are formed. Note, however, that there are only certain definite frequencies that will produce fixed patterns. 


wave as a pattern of oscillation instead of a 
moving wave pattern. 

You can now see that the standing wave pat- 
tern on the tube between the rigid supports can 
be generated by adding two wave trains, a for- 
ward one and a returning reflected train. To 
trap a standing wave pattern the supports must 
be one half-wavelength apart, or two half-wave- 
lengths, or three, and so on. We shall now use 
standing waves in discussing atom models. 

We know there are matter waves. And when 
they are confined to a limited region of space, as 
they are in atoms, they must take the form of 


standing wave patterns. We shall see how these 
standing matter-wave patterns explain the ob- 
served energy levels in atoms. But to get the 
general idea, we shall start with an example that 
is simpler than any atom. We shall consider a 
particle traveling steadily to and fro between re- 
flecting walls and we shall look for the standing 
wave pattern which fits that motion. When the 
particle moves at constant speed in one direc- 
tion between the walls, it has constant momen- 
tum, so there is a definite de Broglie wavelength 
associated with its motion. When it rebounds 
and moves in the opposite direction, the mag- 
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nitude of the momentum is the same, so that a 
reflected wave with the same de Broglie wave- 
length is also associated with the motion. We 
picture both these matter waves existing to- 
gether in the region between the walls. The 
wavelength is determined by the magnitude of 
the particle's momentum. And if that wave- 
length is suitable, the two wave trains will set 
up a standing wave pattern between the walls. 

This is where the wave nature enters in an 
essential way. Between fixed end walls only 
certain standing waves can exist, so only certain 
particular motions of the particle with corre- 
sponding definite magnitudes of momentum 
can take place. The simplest standing wave 
looks like the first photograph in Fig. 34-8. 
There the wavelength is twice the distance be- 
tween the walls: A = 2d. This is the wavelength 
belonging to one of the possible motions of the 
particle. (Other patterns of several loops give 
shorter wavelengths and bigger momenta. 
Therefore this “one loop” wave gives the slow- 
est motion a particle can have.) We can find the 
energy of the particle in this motion from the 
relation 


1 2 2 
ocpessg og MIO) 2 oP 
E=tmv? = a = ae 
By using the de Broglie relation, p = 4, we 
then find 
__ 
~ 2md2° 
And since A = 2d, we get a definite value 
sone. * 
~ 8md?2 


for the kinetic energy of the particle bouncing 
back and forth in a “box” of length d. This is 
the lowest energy at which the de Broglie stand- 
ing wave can maintain itself. At lower energy 
the wavelength is too long and no wave asso- 
ciated with a particle of mass m can stand in the 
box. Although in Newtonian mechanics the 
particle could move with less energy, in our 
wave mechanics there is no possible state of 
motion at lower energy. So this lowest energy 
is the ground state. 

Now when we think back to the hydrogen 
atom, we can see that we are following a prom- 


ising road. For just such reasons, the hydrogen 
atom must have a ground state—although New- 
tonian mechanics would allow it indefinitely 
lower energies. Thus an explanation of the sta- 
bility of atoms is already in sight. Furthermore, 
there are many matter waves of higher energy 
that can stand in the box. There are the stand- 
ing waves with 2 loops, 3 loops . . . 2 loops, and 
so on. These stationary wave states, with their 
definite values of energy, provide a model for 
the excited states of the atom. 


34-6 The Wave Theory of Hydrogen 


Energy Levels 


Now let us apply the idea of standing waves to 
the hydrogen atom. An atom is not a box with 
hard walls between which a particle bounces, 
but the Coulomb force between the nucleus and 
the electron prevents the electron from running 
away. This force makes the electron bounce 
back and forth or run around inside a small 
region near the nucleus. The hydrogen atom 
therefore sets us the problem of a standing wave 
in three dimensions, a wave in a region of 
changing Coulomb force in place of the simpler 
wave in the space between hard walls. This 
problem is like the problem of finding the stand- 
ing wave patterns on water inacup. (Youcan 
see these beautiful symmetrical patterns in the 
cup just by jiggling the cup. See also Fig. 34-9.) 
The mathematical theory of waves is fully able 
to handle such wave patterns, and in the same 
way it can handle the waves in the hydrogen 
atom. Here we shall take a few shortcuts; we 
shall try to make the result plausible, though 
we cannot claim a perfectly logical demon- 
stration. 

To start with, we consider an electron moving 
in a circular orbit at distance r from the center 
of the atom. The centripetal force needed to 
keep the electron moving on the circle is the 

1192 
k -: 


electrostatic attraction Consequently, 


mo? = £29 
nde 


This equation relates the speed v to the radius r. 
Because the electron moves at a constant dis- 
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34-9a A time exposure of standing waves in a circular ring ina 


ripple tank. The whole tank was vibrated, but the moving 
waves outside the ring are blurred out. 


tance from the nucleus and therefore at con- 
stant speed, the magnitude of its momentum 
around the orbit stays constant. In such an 
orbit, therefore, the matter wave associated with 
electronic motion has a well-defined de Broglie 


wavelength: 
hat. 
mov 

Of course the matter wave cannot really 
move around a classical orbital path, for all 
waves in the atom, like those in a cup, extend 
over some region sidewise as well as along the 
orbit. But we can hope to approximate the 
behavior of the matter wave by thinking of it 
as a wave around a narrow circular channel of 
radius r. In this channel a standing wave can 
persist only if there is a whole number of wave- 
lengths around the circumference of the “orbit.” 
Then the traveling waves moving in opposite 
directions, which make up the standing wave, 
come back around the orbit with a maximum 
on top of a maximum in the wave displacement 
and a minimum on top of a minimum (Fig. 34- 
10). If there were not a whole number of wave- 
lengths around the orbit, on going around a 
number of times we would find that a minimum 
now lies on top of a maximum, so that no stand- 


34-9b 


34-9 


Standing wave patterns in a metal plate held rigidly at the 
center. Such patterns (often called Chladni's figures) are 
formed by fine sand sprinkled on the plate when it is set 
into vibration. The sand accumulates on the stationary 
nodal lines. 


Sand patterns formed by standing waves on the diaphragm 


of atelephone receiver. (Photos b and c from F. A. Saun- 
ders, ‘A Survey of Physics for College Students,’’ Henry 
Holt & Co., New York, 1930.) 
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ing wave can actually exist. There are there- 
fore only certain orbits or channels in which the 
waves can stand: and, for the circular channels 
in particular, we must have 


nA = 2ar. 
Because the de Broglie wavelength is deter- 


mined by the momentum (a = | , this con- 


dition gives us a second relation between the 
radius r of the orbit and the speed of the 


dieetbone 2s = ar 
1U 


From the two conditions, the one for stand- 
ing waves in a channel and the other which tells 
us how the channels fit into the box made by the 
Coulomb force, we can find the speeds and the 


34-10 (a) A schematic diagram of water waves in a narrow cir- 


cular channel producing a standing wave pattern. A wave 
moving around the channel comes back to its starting point 
so that crest meets crest and trough meets trough. This will 
happen when the channel is a whole number of wavelengths 
long. (b) The channel is not a whole number of wavelengths 
long. In this case, when the wave comes back to its starting 
point, crests and troughs do not exactly come together. The 
waves tend to cancel and no fixed pattern is produced. 


corresponding radii for which standing wave 
patterns can exist. The algebra by which we 
evaluate the velocities and radii is shown on the 
next page. Once we know the speed and the 
radius, we can compute both the kinetic energy 
: ; k. 
4mv? and the electric potential energy — waa 
r 
This gives us the energies of the standing wave 
states. The result (obtained opposite) is 


27kqiqz 2 
= 1 guy 
= 4m ( ra ‘ 


Now in order to compare these energies for 
the standing wave patterns with the actual en- 
ergy states in hydrogen, we must put in the 
values of Planck’s constant, the constant in 
Coulomb’s law, and the mass of the electron: 


h = 6.62 x 10-34 joule-sec 
k = 2.3 x 10-28 newton (meters)?/(elem. ch.)2 
m= 0.911 x 10-3°kg 


Then remembering that the charges of electron 
and proton are each one elementary unit of 
charge, we get 


0.911 x 10-39(27 x 2.3 x 10-28 x 1 x 1)? & l 


aia: (6.62 x 10-34)2 ne 


_ 27x 10-18 


E= 
n2 


joules where n = 1,2,3.... 

Since each joule is 6.25 x 1018 electron volts, 
this gives 
— 13.6 


E,= 
n2 


ev 


for the energies of the standing wave states in 
hydrogen. This is exactly the same as the ex- 
pression for the energy levels of the hydrogen 
atom which we had in Section 34-4. There the 
expression came from the experimental work of 
the spectroscopists. It represents the energy 
states of hydrogen which lead to the observed 
spectral lines in the light it emits and absorbs. 
It also agrees with the measured energy neces- 
sary to ionize the hydrogen atom; 13.6 electron 
volts is just the energy necessary to take a hydro- 
gen atom from its ground state, the lowest- 
energy standing wave state in which n = 1}, and 
bring it to zero energy which we set at the point 
where the hydrogen atom is just ionized. Our 
result for the standing wave therefore agrees 
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COMPUTATION OF THE STANDING WAVE ENERGIES 


Two conditions relate the speed to the 
radius of the orbit on which a charged par- 
ticle travels around the nucleus. Because the 
Coulomb force must provide the necessary 
deflecting force to keep the particle on the 
orbit, we have 


or (1) 


For matter waves that can form a standing 
pattern 


nA = 2aranddA = h/mv, 


so uy = 2ar. (2) 


By multiplying equations (1) and (2) together, 
left side with left side and right side with right 
side, we get 


[mv?] BE = |) [2zr] 


nhv = 27kq1qQ2. 


completely with the experimental evidence. 

We can check up on our theoretical result in 
several other ways. According to our analysis 
of the standing wave states, the energies should 


9st — 
tet — 
Let, 


Ww 
° 
cy 


Ooze - 


34-11 The spectrum of singly ionized helium with the wavelengths 


marked in angstroms. These lines correspond to the Lyman 
series of hydrogen (see Fig. 34-7) modified for a nuclear 
charge of 2 units. Notice that they are in the extremely 
short ultraviolet range. (From: P. G. Kruger, ‘Arc and 
Spark Spectrum of He,"’ Physical Review, Vol. 36, Series 
2, July-December, 1930.) 


This gives us the possible speeds of the 
orbiting particle 


a 27kqiq2 
nh 


On substituting (3) into (2), we obtain the 
corresponding radii of the orbits: 
nh n2h2 


ie 2nmv (27)?mkqiqz (4) 


wheren = 1,2,3.... (3) 


wheren = 1,2,3.... 
The total internal energy is 


E = kinetic energy + potential energy 
= (4mv?) + (—kqige/r). 


On putting the possible values of v from (3) 
into 4mv? and the corresponding values of r 


from (4) into ane we obtain for the total 


internal energies 


Qak 2 
bene (27a <aut2) | (5) 


be proportional to the square of the number of 
elementary charges on the nucleus. Therefore, 
any atomic structure with a central nucleus and 
only one electron should give a spectrum like 
that of hydrogen, but with all the energies in- 
creased in proportion to the square of the 
nuclear charge. For example, a helium atom 
may lose one of its two electrons. The helium 
ion then consists of an electron moving around 
a nucleus with two positive elementary charges. 
This ion of helium is present where an atom of 
helium has been excited beyond its ionization 
energy. Its spectrum has been observed in the 
atmospheres of blue-hot stars, and in the lab- 
oratory when intense sparks are sent through 
helium. Figure 34-11 displays some of its spec- 
tral lines. They are exactly represented by our 
formula for hydrogen energy levels with a factor 
of 4 for the square of the nuclear charge. The 
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34-12 Photos showing the details of two different hydrogen spec- 


tral lines. The faint spectral lines of deuterium are seen 
slightly to the right (one or two angstroms shorter wave- 
length) of the much overexposed lines of ordinary hydro- 
gen. This experiment showed for the first time that the 
heavy isotope of hydrogen did exist. The deuterium lines 
are faint because the concentration of deuterium atoms in 
natural hydrogen is only about 1 in 6500. For these photo- 
graphs the concentration was increased somewhat by evap- 
orating liquid hydrogen. With modern techniques one can 
separate the isotopes and produce relatively pure deute- 
rium, and that makes it easier to check the wavelength of 
the line. (From: H. C. Urey, F. G. Brickwedde, and G. M. 
Murphy, ‘‘A Hydrogen Isotope of Mass 2 and Its Concen- 
tration,"’ Physical Review, Vol. 40, Series 2, April-June, 
1932.) 


observed spectrum of doubly ionized lithium is 
also in agreement with the wave-mechanical 
formula, but there the nuclear charge is 3 rather 
than 2 elementary charges. Consequently, the 
energies are all nine times those for hydrogen. 
Actually, hydrogen itself comes in three dif- 
ferent forms. In addition to normal hydrogen, 
there are two rare heavy isotopes. The spectra 
of these isotopes look almost exactly like those 
of ordinary hydrogen, but there are minute 


differences. To understand them, we must look 


more closely at our computations for the energy 
levels in hydrogen. In finding the energy states, 
we assumed that the heavy nucleus remained at 
rest. But this is only approximately true. The 
two attracting masses, nucleus and electron, ro- 
tate about their mutual center of mass, like 
earth and sun. This center of mass nearly 
coincides with the nucleus, because it is so much 
heavier than its partner. But the small distance 
between center of mass and the nucleus implies 
that the energy levels depend just a little bit on 
the nuclear mass. The size of this effect was 
calculated by Bohr in his original paper in which 
he used an approach entirely different from the 
one we have discussed. For a nucleus of mass 


34-7 


M (instead of infinite mass), every energy should 
be multiplied by the factor 


po Ale 
m 
(1+ 57) 
Since the proton is about 2000 times as massive 
as the electron, this means that each frequency 
in the spectrum of ordinary hydrogen should be 
about one part in 2000 less than we previously 
predicted. (Indeed it is after making this correc- 
tion that the predictions and the experimental 
results agree to better than a part in 10,000.) For 
the other isotopes we now get slightly different 
predictions. For example, the mass of the deu- 
terium nucleus—the deuteron—is about double 
that of the proton. Consequently, the deute- 
rium frequencies are lower than those for an 
atom with an infinitely heavy nucleus by only 
one part in 4000. The frequencies in the spec- 
trum of deuterium should thus be slightly 
greater than those for ordinary hydrogen. 
Spectroscopy is so refined a tool that this small 
difference can be detected. In fact it played a 
role in the discovery of deuterium (Fig. 34-12). 


Conclusion 


In a certain sense the story that we have been 
telling is now complete. Waves, which we first 
met in Part IJ, have turned out to be associated 
with the energy and momentum we met in 
Part III. However, this association was not re- 
vealed until Part IV, where the probing of the 
atom required us to refine Newtonian me- 
chanics by the more subtle quantum theory. 
In the world of the atom and the photon, both 
the wave and particle aspects of nature are 
essential to our understanding. 

In the last section we found the energy states 
of hydrogen, using a standing wave model that 
supplies some of the possible wave patterns. 
There are other standing wave patterns that do 
not correspond to circular channels, but the full 
wave theory shows that those other patterns 
give the same energy levels that we have com- 
puted. Our success here is important, both be- 
cause of the quantitative agreement of our 
theoretical calculation of the constant, 13.6 


electron volts, with its observed value, and even 
more because the general picture of standing 
wave States gives us confidence that the matter 
waves are essential to the description of all 
atoms. In successfully describing hydrogen on 
the combined picture of waves and particles we 
are not at the end. Instead we are really at the 
beginning of our ability to understand nuclei, 
atoms, molecules, etc.: the structure of matter. 
Energy levels with significant separations occur 
in all these physical systems and all of them can 
be understood in terms of standing wave pat- 
terns. In these fields questions arise that could 
never be properly answered within the frame- 
work of Newtonian dynamics. Other questions 
could not even be formulated without the in- 
sight we get from wave mechanics. 

But this is not all. Wave behavior differs 
from the behavior of particles as predicted from 
Newtonian mechanics, not only in leading to 
definite separated energy states (and an irre- 
ducible ground state), but also in other unex- 
pected ways. One example may suggest some 
of the new insights into the behavior of particles 
that arise from considering the associated 
matter waves. The wave patterns often spread 
into regions where, according to Newtonian 
mechanics, particles would never penetrate at 
all. For light a Newtonian particle picture 
would make us expect to have either reflection 
or transmission at a surface between air and 
glass, but not both. The waves, however, split 
up: they are partially reflected and partially 
transmitted, and photons are found with some 
probability in either the reflected or the trans- 
mitted light. In the same way, matter waves 
may undergo partial reflections and partial 
transmissions where, according to Newtonian 
mechanics, only one or the other would take 
place. Injust this way matter waves have led to 
an understanding of radioactive decay by the 
transmission of particles through a region where 
no particle would penetrate in Newtonian me- 
chanics. A similar mechanism also explains 
some chemical reactions. 

We have therefore come to the threshold of 
many new developments. In-the years since 
1925 (when wave mechanics was formally 
stated) wave mechanics has given us a great deal 
of understanding of the physics that was previ- 
ously mysterious. There is much to be studied 
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in these new fields, some of it already fairly well 
understood and a great deal of it the subject of 
present work. This book is barely an introduc- 
tion. A life can be well spent in study of the 
physical world. 
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1.* An electron whose kinetic energy is 4.2 ev collides 
with a mercury atom. What will be the kinetic 
energy of the electron after the collision? (Sec- 
tion 1.) 


2. Suppose you are going to bombard a vapor of 
cesium atoms with 4.00-electron-volt electrons. 
Use Fig. 34-2 to predict some of the things that 
you would expect to happen. 


3. If we heat helium gas to a high enough tempera- 
ture, the average kinetic energy of an atom in its 
thermal motion will be so high that an inelastic 
collision between two helium atoms can easily 
excite one of them to its first excited state at 19.8 
electron volts above the ground state. Estimate 
this temperature, obtaining any data you need 
from Part III. 


34-13 For Problem 4. 


4. Figure 34-13 is a schematic sketch of a vacuum 
tube in which electrons emitted by S can be accel- 
erated by either of the potential differences V; or 
V2. Suppose the tube contains some mercury 
vapor and is used to perform the Franck-Hertz 
experiment. 

(a) If V¥; = Ovolts, V2 = 5.0 volts, and the field 
between G,; and Gz is uniform, in what region of 
the space between G, and Gz can electrons give 
up 4.9 ev in inelastic collisions? 

(b) If V; = Ovolts and Vz = 10.0 volts. in what 
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6.* 


region of the space between G; and Gy» can elec- 
trons give up 4.9 ev in inelastic collisions? In 
what region 6.7 ev? 

(c) If V; = 10 volts and V2 = 0 volts, how far 
do the electrons have to go through the gas before 
they can lose 4.9 electron volts in inelastic colli- 
sions? How far before they can lose 6.7 ev? 
What electron energies should it be possible to 
measure to the right of G2? 

(d) The 6.7-ev transfer of energy is observed 
when the apparatus is operated as in (c), but it is 
not observed when the apparatus is operated as 
in (b). Explain this result in terms of your 
answers to (b) and (c). 


Mercury vapor is bombarded by electrons whose 
kinetic energy is 6.67 ev. What are the possible 
energies of the emitted photons? (Section 2.) 


Suppose a certain atom emits a photon with a 
wavelength of 6838 A. How much energy does 
the atom lose? (Section 2.) 


Figure 34-14 shows a mechanical model of energy 
levels with platforms at four different levels 
above the ground. A number of uniform putty 
balls are located on top of A. When balls are 
pushed over the side from A and land somewhere 
below, their temperature will rise in direct pro- 
portion to their loss in potential energy. Balls 
which land on B, C, and D are again pushed until 
they reach the ground. How many different 
changes in temperature are possible? Draw the 
“energy levels” and mark the possible jumps. 


If ordinary table salt is introduced into a gas 
flame or a soft glass rod is heated in it, the flame 


10.* 


is colored with the characteristic light from 
sodium atoms, whose wavelength is 5890 
angstroms. This light is emitted by electrons re- 
turning to the ground state from the first excited 
energy level. 

(a) What is the energy of this level above the 
ground state, in electron volts? 

(b) What would be the temperature of a gas 
whose molecules had an average kinetic energy 
of this amount? 

(c) The average temperature of the molecules 
in a gas flame is about 2100°K. How is it pos- 
sible for a gas flame to raise sodium atoms to the 
first excited energy level? 


Compare the amount of energy absorbed when 
mercury vapor is bombarded with a 6-ev electron 
and when it is bombarded by a 6-ev light photon. 
(Section 3.) 


If the energy of an ionized mercury atom is desig- 
nated as the zero of the energy scale, what is the 
ground state energy of mercury? (Section 4.) 


Of the seven “jumps” marked with arrows in the 
energy-level diagram in Fig. 34—7 (a), which corre- 
sponds to the spectral line with the shortest wave- 
length? (Section 4.) 


Calculate E19 for hydrogen when the zero of the 
energy scale is at (a) the ground level; (b) the 
ionization level. (Section 4.) 


(a) With electrons of what energy would you 
bombard hydrogen atoms to excite them to the 
first excitation state shown in Fig. 34-7? This 
state is 10.2 electron volts above the ground state. 


34-14 For Problem 7. 


15. 


20. 


(b) If you send in electrons of 12.1 electron 
volts kinetic energy (just enough to excite the 
second excited state), what energies can they lose 
in inelastic collisions with the hydrogen atoms? 
(Section 4.) 


In Fig. 34—7 (b) and (c), the lines on the right side 
of the photo approach a limit. What is the wave- 
length of this limit? 


The visible spectrum extends from 4000 to 7500 
angstroms. Are all lines of the Balmer series in 
the spectrum of hydrogen visible? 


(a) What energy electrons would you have to use 
in a Franck-Hertz experiment in order to “see” 
the Lyman a line? (See Fig. 34-7.) 

(b) In order to “see” the H, line? 

(c) What other spectral lines would you expect 
to ‘‘see” if you can see the H, line? 


(a) What wavelength of light is necessary to ex- 
cite hydrogen atoms in their ground state so that 
they emit the H, line (Fig. 34-7)? 

(b) What is the longest wavelength that can be 
absorbed by the hydrogen atoms in making a 
transition from the ground state (Fig. 34-7)? 

(c) Compare this with the H, wavelength. 
(You need only one really significant figure.) 


When a length d is chosen for the “box” discussed 
in Section 34-5, does this restrict the particle in 
the “box” to only one fixed energy? (Section 5.) 


What is the order of magnitude of the kinetic 
energy of an electron (mass 10-39 kg) bouncing 
back and forth in a “‘box” of length | A. (Section 
5.) 


(a) Estimate the kinetic energy of a neutron in a 
nucleus of radius 


R=6 x 10-4 m. 


(This is a big nucleus.) Assuming the nucleus is 
a box of length R will be good enough. 

(b) If the nucleus is smaller, should the kinetic 
energy be smaller? 
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21. Suppose that an electron is confined within a 
small cubic crystal about | micron (10-6 m) ona 
side. Would quantum effects be detectable if 
you observed changes in the energy of the elec- 
tron? (Hint: Calculate the lowest possible en- 
ergy, considering the electron as a standing wave 
within the crystal.) 


22. Suppose the particle between fixed walls (Section 
34-5) is charged and can, therefore, radiate. 
What is the frequency of its radiation as it goes 
from the first excited state to the ground state? 
Express your answer in terms of h, m, and d. 


23.* Is the wavelength of the electron in the hydrogen 
atom the same in the ground state as it is in the 
second excited state? (Section 6.) 


24. (a) Compute the first two wavelengths that you 
expect for the Lyman series of hydrogen. 

(b) Compare these with the spectrum of singly 
ionized helium (Fig. 34-11). Explain why your 
comparison indicates that Fig. 34-1] is the 
Lyman series for ionized He. 


FURTHER READING 


These suggestions are not exhaustive but are limited 
to works that have been found especially useful and 
at the same time generally available. 


BITTER, FRANCIS, Magnets—The Education of a Physi- 
cist. Doubleday Anchor, 1959: Science Study Series. 
(Chapters 3 and 7) 

HOFFMANN, BANESH, Strange Story of the Quantum. 
Dover, 1959. Understandable and helpful. (Chap- 
ters 4, 5, and 8) 

HuGues, DONALD J., The Neutron Story. Doubleday 
Anchor, 1959: Science Study Series. (Chapters 6 
and 7) 

ROMER, ALFRED, The Restless Atom. Doubleday 
Anchor, 1960: Science Study Series. (Chapter 16) 

WEIsskopF, VICTOR F., Knowledge and Wonder. 
Doubleday Anchor, 1963: Science Study Series. 
(Chapters 5, 7, and 9) 
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Table of Trigonometric Functions 


sin (read down) 


A 


.0070 
0244 
.0419 
0593 
.0767 


0941 
WIS 
1288 
1461 
.1633 


1805 
1977 
2147 
2317 
2487 


.2656 
2823 
.2990 
3156 
3322 


3486 
3649 
3811 
3971 
.4131 
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4446 
4602 
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.5060 
.5210 
5358 
5505 
5650 


5793 
9934 
6074 
6211 
6347 


6481 
.6613 
6743 
6871 
6997 
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cos (read up) 


5 6 4 8 3 
0087-0105, 0122, 01400187, .0175 
0262 0279 §=.0297 = 0314. = 0332. = .0349 
0436 .0454 ~—.0471 0488 = .0506 = 0523 
0610 0628 .0645 0663 0680 .0698 
0785 =.0802,—s 0819-0837, 0854 = .0872 
0958 .0976 .0993 1011 1028 = 1045 
AL32 0.1149, 1167011841201 1219 
1305 1323) 41340) .1357) 1374 1392 
1478 = .1495) 1513) 1530 1547 1564 
1650 =.1668)~— 1685. .1702,— 17191736 
1822. 1840) = .1857, 1874 1891 .1908 
1994 2011 2028 =.2045— 2062 ~——.2079 
2164 = 2181 2198 .2115 = .2233.-—.2250 
2334 = 2351 2368 2385 2402 .2419 
2504 = 2521 2538 9.2554 2571 2588 
2672, =.2689- 2706 = 2723'S 2740 ~—— 2756 
2840 2857 = 2874. 2890 = 2907 —S 2924 
3007, 3024 3040 = 3057S «3074 =~ .3090 
3173 3190) = .3206 = 3223 3239S .3.256 
3338 = .3355. 3371 3387 3404 3420 
3502 3518 3535 3551 3567 3584 
3665 = .3681 3697 3714. 3730-3746 
3827 = .3843. 3859) 38753891 3907 
3987 = .4003. 401940354051 4067 
4147 4163) 4179 41954210 4226 
4305 4321 4337, 43524368 ~—4384 
4462 4478 = 4493 4509-4524 4540 
4617 =-.4633.—( 464846644679 ~— 4695 
4772, ~=—4787-—s4802)—sC4B18 48334848 
4924 = 4939, 49554970 4985 5000 
5075 = =.5090 = 5105. .5120) 51355150 
22& = 5240 525552705284 5299 
5373 5388 S402 5541754325446 
5519  =.5534 = .5548. 5563-5577 5592 
5664 5678 =.5693, 5707 5721 5736 
5807 5821 5835  .5850 .5864 5878 
5948 5962 5976 5990 6004 6018 
6088 ~—.6101 6115 6129 6143 6157 
6225 6239 6252 6266 6280 6293 
.6361 6374 6388 6401 6414 6428 
6494 6508 ~—«.6521 6534 = .6547,— 6561 
6626 6639 6652 6665 6678  .6691 
6756 6769 6782 6794 6807  .6820 
6884 6896 6909 6921 6934 6947 
7009 =.7022,—S «7034 70467059 7071 

5 A 3 2 1 0 
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Table of Trigonometric Functions 


sin (read down) 


0 a 2 3 A 5 & 0 8 3 
45° 7071 .7083 .7096 7108 .7120 = .7133) .7145 = .7157 7169 7181 =.7193 44° 
46° 7193 7206 8.7218 7230 8.7242 = .7254 7266 = 7278 =~ .7290 7302. ~=—-.7314 48° 
47° 73147325. 7337, 673497361 7373, 73857396 ~——.7408 7420 ~—«.7431— 42° 
48° 7431 7443 .7455 7466 §=.7478 = 7490) 7501-7513. 67524 7536 = 7547, 41° 
49° 7547, 7559, 67570-7581 «7593 676047615. 7627 SS .7638 7649 ~.7660 = 40° 
50° 7660 = .7672)~—s 7683) 7694. 7705) 77167727) 77387749, 7760) 7771 38° 
51° 7771 7782 77937804. 7815. «78267837 «7848 7859 ~—Ss«7869 =~ 7880—S 38° 
52° 4.7880) = .7891._—S( «7902s 7912S 792379347944 79557965 797667986 8:79 
53° .7986 = 7997, —Ss«8007—s—«w018~——— 8028 —Ss( «8039S 8049—Ss(«€8059=—s(8070~—Ss(«8080 = «8090_-—s 36° 
54° 8090 8100 i111 8121 8131 8141 9.8151 = 816181718181 8192 35° 
55° «=.8192) -8202.—s«C 211 8221 8231 =.8241 ~— 8251 8261 8271 8281 .8290 34° 
56° 8290 8300 8310 8320 8329 8339 8348 8358 8368 8377 8387 33° 
57° «4.8387 =.8396~—s(i8406)—siCiB415 8425 8434084430 845384628471 = 8480 = 32° 
58° 38480 8490 8499 8508 8517 8526 8536 8545 8554 8563 8572 31° 
59° 8572 ~—8581 8590 8599 8607 8616 8625 .8634 8643 8652 8660 30° 
60° 8660 8669 8678 8686 8695 8704 8712 8721 8729 8738 8746 29° 
61° 8746 8755 8763 8771 8780 8788 8796 8805 8813 8821 8829 28° 
62° 8829 8838 8846 8854 8862 8870 8878 8886 8894 8902 8910 27° 
63° 8910 8918 8926 8934 8942 8949 8957 8965 8973 8980 8988 26° 
64° 8988 §=.8996)=—s 9003. 9011 = 9018 = 9026) 90339041 9048 =6.9056 = 9063 25° 
65° 9063 =.9070 )=—s. 9078 ~—s «9085S 9092 ~—— 9100 9107, 9114 9121) 91289135 2A? 
66° 9135 9143 9150 9157 9164 9171 9178 9184 9191 9198 9205 28° 
67° 9205 =.9212,— 9219. 9225. 9232S 9239) 924592529259 92659272 22° 
68° 9272 9278 .9285  .9291 9298 =. .9304— 9311 9317 =.9323 9330) 9336 = 21° 
69° 9336 9342 9348 9354 9361 9367 .9373 9379 9385 9391 .9397 20° 
70° «4.9397. 9403 9409 9415 9421 9426 .9432 .9438 9444 9449 9455 19° 
71° «9455 = 9461S (94669472, 9478S 9483 9489 94949500 9505 9511 18° 
72° 9511 9516 = .9521 9527, 9532) 9537) 9542s 95489553 95589563 :17° 
78° «9563 =.9568 ~=—- 9573 9578) 9583) 9588) = 9593 9598s «9603 9608S 9613: 16° 
74° «9613 9617 9622, 9627, Ss 9632,‘ 9636 964196469650) 9655 9659—18° 
75° 4.9659 §=.9664. —(9668 )~=— 9673. 9677 — «9681 9686 9690 .9694 9699 .9703 14° 
76° «9703 = .9707 9711 9715 9720 9724 9728 9732 9736 9740 9744 18° 
77° =—9744. 97489751 9755 9759 = 9763, 9767) 9770S 9774. 9778 9781129 
78° 978) 9785 9789 9792 9796 .9799 9803 9806 9810 9813 9816 11° 
79° «69816 = 9820 9823 9826 = 9829S 9833 9836 = 9839 9842-9845. 9848 —s:10° 
80° 9848 9851 9854 9857 9860 9863 9866 .9869 9871 .9874  .9877 9° 
81° 9877 9880 9882 9885 9888 .9890 .9893 .9895 .9898 9900  .9903 8° 
82° 9903 9905 9907 .9910 9912 9914 9917 9919  .9921 9923 9925 7 
83° 9925 = =.9928 §.9930 9932 9934 9936 9938 9940 9942 9943 .9945 6° 
84° 9945 9947 9949 9951 .9952 9954 9956 .9957 9959 9960 9962 5° 
85° 9962 9963 9965 9966 .9968 9969 9971 .9972 9973  .9974 9976 4° 
86° 9976 .9977 9978 9979 9980 9981 9982 .9983 9984  .9985 9986 3° 
87° 9986 =s.«.9987_—'_—s«.9988—( 9989-9990 «9990S 9991 9992 = 9993 .9993 9994 2° 
88° 9994 9995 9995 9996 9996 .9997 9997 .9997 9998  .9998 9998 1° 
g9° 9998) 9999-9999: «699999999, 1.000 =:1.000_~=Ss 1.000 =s:11.000 ~=1.000 ~=—: 1.000 0° 
9 8 4 & 5 A 3 2 Jl 0 
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cot (read up) 


0 Jl 2 3 A 5 6 7 8 9 
0000 =6.0017,— «0035. s—(«.0052.—S—s««0070—S—(« «0087s 0105)——sisO122,—s«i0140—Ss«iw0157,—s«s0175—s 89° 
0175 0192 0209 0227 0244 0262 0279 0297 0314 .0332 .0349 88° 
0349 =.0367, 0384 = 0402) 0419) 0437) 0454 0472s «0489'S «0507s 0524S 87° 
0524 §=.0542 = 0559S 0577, «0594 0612, «0629s «0647s «0664 ~=—s«0682—S—s«0699 Ss: 86° 
0699 0717 = .0734 0752 =.0769 =.0787) «0805S 0822) «0840 ~=— («0857S «0875S 85° 
0875 .0892 .0910 0928 0945 0963 .0981 0998 .1016 1033 1051 84° 
1051 =-.1069- «108611041122, .1139) 1157) 11751192) .1210 1228 )~— 88° 
.1228 1246 1263 1281 8.1299 13171334 1352 =.1370 «13881405 82° 
.1405 1423. 1441 1459) 1477) 149515121530) 1548 1566 = «1584 = 81° 
.1584 1602. 1620. .1638 = 1655 1673, 16911709) 1727, 1745, 1763 =: 80° 
1763) 1781) 2.1799 1817, 1835. 1853 1871 1890 = =.1908 .1926 .1944 79° 
1944 1962 .1980 .1998 2016 2035 2053 .2071 .2089 2107 2126 78° 
2126 =.2144 — 2162 2180 39.2199) .2217,)— 2235, 2254. 2272S 2290S 2309'S 77° 
.2309 = .2327, 2345 2364 2382 2401 2419 2438 2456 2475 2493 76° 
2493, 2512) =~ .2530 2549 =.2568 = 2586S 2605) 2623, 2642S 2661 = 2679S 75° 
2679 = .2698 ~—.2717 2736 = 2754 2773, 2792, 2811 2830S 28492867) = 74° 
2867 =—.2886—S 29052924 2943 2962) 2981 = 3000 = 30193038 = 3057) = 78° 
3057, .3076—S 3096-31115) 31343153) 3172) 3191) 3211 3230S 3249 72° 
3249 3269 =. .3288)——(3307) 3327) 33460 3365 3385) 3404034243443 71° 
344363463) 3482, 3502, 3522, 3541) 3561 = 3581 = 3600) )3=—s 3620 «3640S 70° 
3640 3659-43679 = 63699. 3719) 3739, 3759 3779S 43799-3819 3839 69S 
3839 = .3859 3879) 3899) 3919) 3939) 3959 3979S 4000 = «4020S («4040 G8 
4040 4061 4081  ~ .4101 4122 4142 ~=.4163 = 4183 4204-4224 4245 67° 
4245 4265 4286 4307 4327 4348 4369 = 4390) 44114431 4452 66° 
4452. 4473, 449445150 45360-4557) 4578 ~—4599 46212 4642 =~ «4663 65° 
4663. 4706 =.4727,-— 4748 — A770 —sCA791—sC 48130 4834485604877 4° 
4877. 4899-4921. 4942s «4964 4986 = 5008 )=— 5029) 5051) 5073, 5095 68° 
5095 5117) 5139) 51615184 5206 = 5228) 5250S 5272, 52955317 = 62° 
5317 5340 5362 =.5384 Ss 5407. 543025452. 5475— 5498 = 5520. .5543—S ss 1° 
5543 5566 5589-5612) «56355658 = S681) = 5704-5727) 5750S .5774~— 60° 
774 = 5797, 58205844 — «5867 = 5890) 5914 5938 5961 5985 6009 59° 
6009 6032 6056 .6080 6104 6128 6152 6176 6200 6224 6249 58° 
6249 6273 6297 =.6322,—s 6346 — «6371 = 6395-6420 6445S 6469 = 6494 B57 
6494 6519 6544 6569 6594 6619 6644 6669 6694 6720 6745 56° 
6745 6771 6796 .6822 6847 ~=— 6873. — («6899S «6924 —(«6950( «6976 = .7002_—s «55° 
7002 = .7028—S 7054S £7080) 7107) 71337159) .7186 7212, «72397265 54° 
7265 7292 7319 = .7346 7373, 7400) 7427) 745474817508) 67536) 58° 
7536 = 7563, «7590S 7618 764676737701 7729 7757-7785 7813 5° 
7813 7841-7869 67898) 7926S 7954S 7983, 8012s «8040 ~=—s 8069 =—s( «8098 ~=—s «51° 
8098 8127 8156 8185 8214 8243 8273 8302 8332 8361 8391 50° 
8391 8421 8451 = .8481 8511 = .8541 8571 8601 8632 8662 8693 49° 
8693 8724 8754 8785 8816 8847 8878 8910 8941 8972 .9004 48° 
9004 9036 9067 9099 9131 9163 9195 9228 9260 9293 9325 47° 
9325 9358  .9391 9424 9457 9490 9523 9556 .9590 .9623 9657 46° 
9657, 96919725, 9759 9793, 9827 ~—— 9861 9896 9930 9965 1.000 45° 
9 8 2 6 5 4 3 2 l 0 
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Table of Trigonometric Functions 


tan (read down) 


0 Jl 2 3 4 5 6 7 8 9 
45° 1.000 1.003 1.007 1.011 1.014 1.018 1.021 1.025 1.028 1.032 1.036 44° 
46° 1.036 1.039 1.043 1.046 1.050 1.054 1.057 1.061 1.065 1069 1.072 48° 
47° 1.072 1.076 1.080 1.084 1.087 1.091 1.095 1.099 1.103 1.107 1.111 48° 
48° 1.111 1.115 £118 1.122 1.126 1.130 1.134 1.138 1.142 1.146 1.150 41° 
49° 1.150 1.154 1.159 1.163 1.167 = 1.171 1.175 1.179 $1183 1.188 1.192 40° 
50° 11.192 1.196 §=1.200 81.205 1.209 1.213) 1217 1.222 1.226) 1.230 861.235 39° 
51°) 1.235) 1.239 1.244) 1.248 1.253) 1.257) 1.262) 1.266 ~~ :1.271 1.275 1.280 38° 
52°. 1.280) 861.285) :1.289 11.294 -:1.299) 1.303) 1.308) = 1.313) 1.317) 1.322) 1.327 39° 
58° (1.327) 1.332) 1.337) 1.342) 1.347, 1.351 1.356 = 1.361 1.366 1.371 1.376 36° 
54° 1.376 = 1.381 1387 1.392 1397 1402 1407 1412 1418 1423 1.428 35° 
55° «1.428 «61.433 1.439) «1.444 s-1.450)0 1.455 1.460 )=—s-1.466~—Ss-1.471 1477 1.483 34° 
56° 1.483 1488 1494 1499 1.505 1.511 1.517 1.522 1.528 1.534 1.540 393° 
57° «1.540 1546 1.552 1.558 1.564 1.570 1.576 1.582 1.588 1.594 1.600 32° 
58° 1600 1.607 1613 1619 1625 1632 1638 1645 1.651 1.658 1.664 31° 
59° 1.664 1.671 1678 1.684 1.691 1698 1.704 1711 1.718 1.725 1.732 30° 
60° 1.732.) 1.739 1.746) 1.753) 1.760) 1.767) 1.775, 1.782, 1.789 1.797, Ss 1.804 =. 29° 
61° «61804 = =11.811 1819 1.827 1834 1842 1849 1857 1865 1.873 1881 28° 
62° 1.881 1.889 1897 1.905 1.913 1.921 1.929 1.937 1.946 1.954 1.963 27° 
63° ' 1.963 1.971 1980 1.988 1.997 2006 2014 2.023 2.032 2.041 2.050 26° 
64° 2.050 2.059 2069 2.078 2.087 2097 2106 2116 2125 2.135 2.145 25° 
65° 2.145 2.154 «2.164 892.174 2184 2194 2204 2.215 2225 2236 2.246 24° 
66° 2.246 2.257 2.267 2.278 2.289 2300 2311 2.322 2333 2.344 2.356 28° 
67° 2.356 =6.2.367) 2.379) 2.391) 02.402) 2.414 24260 «2.438 892.450 82463 2.475 22° 
68° 2475 2488 2.5500 2513 2526 2539 2.552 2.565 2.578 2.592 2605 21° 
68° 2.605 2619 2633 2646 2.660 2.675 2.689 2.703 2.718 2.733 2.747 20° 
70°) (2.747) 2.762) 2.778 = 2.793 2.808) =. 2.824 2.8400 2.856) = 2.872) 2.888 = 2.904 —s «19° 
71° (2.904 2.921 2937 2.954 2.971 2.989 3.006 3.024 3.042 3.060 3.078 18° 
72° 3.078 = 33.096) 3.115 3.133 3.152, 3.172) 3.191 3.211) 3.230) 3.251 23.271 :17° 
73° 3.271, 3.291) 3.312) 3.333) 33.354 33.376 = 3.398 = 3.420) 3.442 3.465 = 3.487 — 16° 
74° 3.487 3.511 3.534 3.558 3.582 3606 3.630 3.655 3.681 3.706 3.732 15° 
75°) 3.732) 3.758 = 3.785 33.812) 3.839 3.867) 3.895 3.923 3.952 3.981 84.011 14° 
76° 84.011 4041 4071 4102 4134 4165 4198 4230 4.264 4.297. 4331 18° 
77° 43310 4.366 = 4.402) 4.437) 4.474 4.511 4.548 4.586) 4.625 4.665 = 4.705 = 12° 
78° 4.705 4.745 4.787, 4.829 «4.872 4915 4959 5.005 5.050 5.097 5.145 11° 
78° 5.145 5.193 5.242, 5.292 5.343 5.396 = 5.449 5.503 5.558 5.614 = 5.671 ~=—:10° 
80° 5.671 5.730 5.789 5850 5.912 5.976 6.041 6107 6.174 6243 6314 9° 
81° 6314 6386 6460 6535 6612 6691 6772 6855 6940 7.026 7.115 8° 
82°) 7.115 97.207, 7.300) 7.396 = 7.495) 7.596 =7.700 §=7.806 §=67.916 §=8.028— 8.144 7° 
83° 8.144 8.2604 8386 8513 8643 8777 8915 9.058 9.205 9.357 9.514 6° 
84° 9.514 9.677 9845 10.02 1020 10.39 1058 10.78 10.99 11.20 11.43 5° 
85° 11.430 «11.66 =—-11.91 12.16 1243 12.71 13.00 1330 1362 1395 14.30 4° 
86° 1430 1467 15.06 1546 1589 1635 1683 1734 1789 1846 19.08 3° 
87° 19.08 19.74 2045 21.20 2202 2290 2386 2490 2603 27.27 28.64 2° 
88° 28.64 30.14 31.82 33.69 3580 38.19 40.92 4407 47.74 52.08 57.29 1° 
89° 57.29 463.66 71.62 8185 95.49 114.6 143.2. 191.0 2865 573.0 0 0° 
9 8 2 6 5 4 3 2 Jl 0 
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APPENDIX 2 


Physical Constants and Conversion Factors 


PHYSICAL CONSTANTS 
Avogadro’s number: No = 6.02 x 1023 
Speed of light: c = 2.99793 x 108 m/sec 


m? 
kg-sec? 


Gravitational constant: G = 6.670 x g-" 


joule 


°o 


Boltzmann’s constant: kK = 1.3805 x 10-23 


10-28 newton-m? _ 8.988 x 109 newton-m? 


Constant in Coulomb’s law: k = 2.306 x (elem. ch.)? coulomb2 


Mass of electron: m. = 9.109 x 10-31 kg 
Mass of proton: m, = 1.672 x 10-27 kg 


Constant in Ampére’s circuital law: K = 2 x 10-7 ape (exact, by definition) 


Planck’s constant: h = 6.626 x 10-34 joule-sec = 4.136 « 10-15 ev-sec 


CONVERSION FACTORS 
1 atomic mass unit = 1.66 x 10-27 kg 
1 electron volt = 1.602 x 10-19 joule 


1 coulomb = 6.242 x 1018 elem. ch. 
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APPENDIX 3 


Table of the Elements 


ATOMIC ATOMIC MASS 

ELEMENT SYMBOL NUMBER (in amu) 
Actinium Ac 89 (227.0278) 
Aluminum Al 13 26.9815 
Americium Am 95 (243.0614) 
Antimony Sb 51 121.75 
Argon Ar 18 39.948 
Arsenic As 33 74.9216 
Astatine At 85 (210) 
Barium Ba 56 137.34 
Berkelium Bk 97 (247.0702) 
Beryllium Be 4 9.0122 
Bismuth Bi 83 208.980 
Boron B 5 10.811 
Bromine Br 35 79.909 
Cadmium Cd 48 112.40 
Calcium Ca 20 40.08 
Californium Cf 98 (251) 
Carbon Cc 6 12.01115 
Cerium Ce 58 140.12 
Cesium Cs 55 132.905 
Chlorine Cl 17 35.453 
Chromium Cr 24 51.996 
Cobalt Co 27 58.9332 
Copper Cu 29 63.54 
Curium Cm 96 (247) 
Dysprosium Dy 66 162.50 
Einsteinium Es 99 (254.0881) 
Erbium Er 68 167.26 
Europium Eu 63 151.96 
Fermium Fm 100 (253) 
Fluorine F 9 18.9984 
Francium Fr 87 (211.996) 
Gadolinium Gd 64 157.25 
Gallium Ga 31 69.72 
Germanium Ge 32 72.59 
Gold Au 719 196.967 
Hafnium Hf 72 178.49 
Helium He 2 4.0026 
Holmium Ho 67 164.930 
Hydrogen H ] 1.00797 
Indium In 49 114.82 
Iodine I 53 126.9044 
Iridium Ir 71 192.2 
Iron Fe 26 55.847 
Krypton Kr 36 83.80 
Lanthanum La 57 138.91 
Lawrencium Lw 103 (257) 
Lead Pb 82 207.19 
Lithium Li 3 6.939 
Lutetium Lu 71 174.97 
Magnesium Mg 12 24.312 
Manganese Mn 25 54.9380 


ELEMENT 


SYMBOL NUMBER 


Mendelevium 
Mercury 
Molybdenum 
Neodymium 
Neon 
Neptunium 
Nickel 
Niobium 
Nitrogen 
Nobelium 
Osmium 
Oxygen 
Palladium 
Phosphorus 
Platinum 
Plutonium 
Polonium 
Potassium 


Praseodymium 


Promethium 
Protactinium 
Radium 
Radon 
Rhenium 
Rhodium 
Rubidium 
Ruthenium 
Samarium 
Scandium 
Selenium 
Silicon 
Silver 
Sodium 
Strontium 
Sulfur 
Tantalum 
Technetium 
Tellurium 
Terbium 
Thallium 
Thorium 
Thulium 
Tin 
Titanium 
Tungsten 
Uranium 
Vanadium 
Xenon 
Ytterbium 
Yttrium 
Zinc 
Zirconium 


Md 


ATOMIC 


101 
80 
42 
60 
10 
93 
28 
41 

7 

102 

76 

8 
46 
15 
78 
94 
84 
19 
59 
61 
91 
88 
86 
75 
45 
37 
44 
62 
21 
34 
14 
47 
1] 
38 
16 
73 
43 
52 
65 
81 
90 
69 
50 
22 
74 
92 
23 
54 
70 
39 
30 
40 


ATOMIC MASS 
(in amu) 


(256) 
200.59 
95.94 
144.24 
20.183 
(237.0480) 
58.71 
92.906 
14.0067 
(255) 
190.2 
15.9994 
106.4 
30.9738 
195.09 
(244) 
(209) 
39.102 
140.907 
(145) 
(231.0359) 
(226.0254) 
(222.0175) 
186.2 
102.905 
85.47 
101.07 
150.35 
44.956 
78.96 
28.086 
107.870 
22.9898 
87.62 
32.064 
180.948 
(98) 
127.60 
158.924 
204.37 
232.038 
168.934 
118.69 
47.90 
183.85 
238.03 
50.942 
131.30 
173.04 
88.905 
65.37 
91.22 


Note: The figures in parentheses are the atomic masses of the most stable isotopes of radioactive elements. 
The other masses are the average for all the isotopes together, as they occur in their natural abundances. 


INDEX 


A 


Absolute ampere (unit), 566 
Absolute index of refraction, 226 
Absolute value, 87 
Absolute zero, 47, 168, 170 
Absorbed light, 189 
Absorption and heating, 248 
Absorption of light, by atoms, 589-590 
Absorption spectra, 645-646 
Absorption spectrum of sodium, 645 
Abundance of elements, | 16 
Acceleration, 71-74 
average, 72 
centripetal, 342-343 
of charges, 588-590 
in circular motion, 342-343 
constant, 73-74 
definition of, 71 
in free fall, 336-338 
instantaneous, 72 
of the moon, 373 
and Newton’s law, 328 
Acceleration, vector 
average, 96-97 
changing, 96-99 
in a circular path, 98 
constant, 91-96 
instantaneous, 96-97 
Accelerator, particle, 5 
Accuracy, 36 
degree of, 37 
Adams, John Couch, 373 
Aether, 311, 634 
Aiming errors, 601-602 
Air resistance, 337-338 
Alpha Centauri, distance of, 46 
Alpha particles, 415, 416 
charge of, 501 
cloud chamber tracks, 475-476 
mass of, 560 
and the Rutherford model of atoms. 
595-598 
scattering of, 598, 601-606 
tracks of, 129 
trajectories of in the electric field of a 
nucleus, 598-601 
Alphonso X, 360 
Alternating-current generator, 578 
Ammeter, 523 
moving-coil, 554-555 
Amorphous substances, 149 
Ampére, André Marie, 563 
Ampere (unit), 523 
Ampeére’s circuital law, 563 
Amplification, in measurement, 180 
by laser, 299 
Amplifiers, 180, 182 
Analysis, chemical, 114, 120-121 
of spectra, 117-121 
Analytical balance, 107 


Andromeda nebula, 29 
Angle, critical, 229 
Angle of incidence, 205, 221-223, 242- 
244, 270-271 
Angle of reflection, 205, 242, 270-271 
Angle of refraction, 243 
Angle of scattering, 601 
Angles, sines of, 225 
Angles and source separation, 287-289 
Angstrom unit, 128 
Angular distribution of scattering, 601- 
605 
Antennas, 588 
Apollonius, 360 
Arc spectra, 119, 120, 589 
Area, measurement of, 33 
on velocity-time graph, 58-61 
Aristarchus, 361 
Aristotle and motion, 319-320 
Asteroids, 3 
Astronomical telescopes, 2, 209-211 
Astronomical unit, 365 
Atomic beam experiment, 629-630 
Atomic clocks, 14, 646 
Atomic dimensions, 129-132 
Atomic energy levels, 639-641 
Atomic gas, 163 
Atomic mass units, 142 
Atomic masses (tables), 141 
Atomic nucleus, discovery of, 130 
Atomic number, 605 
Atomic particles, counting of, 129-132 
Atomic spectra, absorption, 645-646 
excitation and emission, 641-645 
See also Spectral lines. 
Atomic stability, 639, 652 
Atomic states, 641-645. 648-649 
and matter waves, 649-656 
Atomic vibrations, 15 
Atoms, 8, 125-156 
and electric field of the nucleus, 598- 
601 
and electron volts, 523 
and interaction in measurement, 184 
as light sources, 298-299 
planetary model of, 511-512 
Rutherford model of, 594-607 
size of, 132 
structure of, 638-657 
Attraction, gravitational, 370-371 
Cavendish experiment, 374-375 
Attraction and repulsion between elec- 
trified objects, 464-465 
Avalanche, 536 
Average acceleration, 72 
Average density, 110 
Average velocity, 69 
Avogadro, Amadeo, 141 
Avogadro’s hypothesis, 138. 140 
Avogadro’s law, !41 
Avogadro's number, 142-143, 173 
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Bacon, Roger, 453 
Balance, 106-109 
analytical, 107 
current, 564-565 
electric, 497-500 
quartz-fiber, 109 
torsion, 483-484 
Balmer, J. J., 649 
Balmer series of hydrogen lines, 648 
Bands of interference, 298 
Base lines, 23, 24-25 
Batteries, 473 
in circuits, 528-533 
as sources of energy, 517-518 
and units of EMF, current, and charge, 
522-523 
Beams of light, 202 
Becquerel, Henri, 4 
Betatron, 580 
Bevatron, 4, 5 
Binding energy, 434-437 
of atoms, 648 
and Compton effect. 623 
Binocular vision, 203 
Biot, Jean Baptiste, 560 
Biprisms, 628 
Black body, 621 
“Black boxes,” 182-184 
Bohr, Niels, 611, 626, 649. 656 
Bones, strength of, 48-49 
Bound states, 648 
Boyle, Robert, 115, 453 
Boyle’s law, 163-167, 447 
as an idealization, 264 
limitations of, 167 
Brahe, Tycho, see Tycho Brahe 
Brown, Robert, 171 
Brownian motion, 171-173, 182 
Bubble chamber, 4. 5, 129 
Bulk motion, 451-453 


Cc 


Calcium, spectrum of, 119 
Calculus, 68, 373 
Calibration, 182-184 
of current meters. 516 
of a light, 245-247 
Caliper, micrometer, 30, 181 
Calorie, 455 
Camera, 236 
Cancellation of waves, 304 
Candle, standard, 247 
Cannizzaro, Stanislao, 138, 141 
Carbon, compounds of. 153 
crystalline structure of, 149-150 
Cartesian coordinates, 32 
Cathode, 479 
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Cathode-ray oscilloscopes, 479-481 
Cavendish, Henry, Lord, 374, 483 
Cavendish, experiment of, 374-375 
Cell, electrolytic, 512 
and measurement of current, 514-516 
standard, 522 
Celsius temperature scale, 107, 168 
Center of mass, 387-390 
and energy states, 411, 655 
Center-of-mass motion of molecules, 
449-451 
Centigrade temperature scale, 107, 168 
Centrifugal force, 351-352 
Centripetal acceleration, 342-343 
Centripetal force, 343, 352, 369-370 
Cesium, energy levels of, 641 
as a standard of frequency, 646 
Chadwick, James, 416, 605 
Chadwick’s experiment, 415 
Chain, molecular, 154 
Chamber, bubble, 4, 5, 129 
cloud, 475-476 
Chance, 625 
orderliness of, 615-616 
Changes in momentum, 381-385 
Changes in velocity, 323-325 
Characteristic frequencies, 645 
Charge, acceleration of, 588-590 
conservation of, 500 
in electric fields, 506-524 
elementary (Millikan’s experiment), 
494-497 
grains of, 490 
induced, 469, 532 
positive and negative, 465 
unit of, 523 
Charged particles, in a magnetic field, 
556-560 
measurement of mass of, 558-560 
Chemical analysis, 120-121 
and synthesis, 114 
Chemical composition, laws of, 132 
Chemical reactions and conservation of 
mass, 327 
Chemistry, of life, 155 
organic, 153 
Chladni’s figures, 653 
Circuits, 528-540 
energy transfers in, 538 
parallel, 539 
series, 540 
Circular motion, 98-99, 340-344 
of earth satellites, 345-347 
Circular pulses, 269-271 
Circulation law, for an induced electric 
field, 582 
for a magnetic field, 561-563 
Classical physics, 634 
Cleavage, 147 
Clocks, 14 
atomic, 646 
Closed orbits, 600 
Cloud chamber, 475-476 
Cluster, of galaxies, 30 
Star, 28 
Coils in meters and motors, 554-556 
Collisions, 381-387 


Compton, 623 
elastic, 412-413, 428 
of electrons with gas atoms, 640, 643 
in a gas, 169 
head-on, 414, 426-428 
inelastic, 417, 428 
and kinetic energy, 408-412 
Color, 6, 117, 189-190 
Color and interference in thin films, 310 
Color and wavelength of light, 299-301 
Color filters, 118 
Color spectrum, 231 
Combining masses, 142 
Combining volumes, law of, 140-141 
Commutator, 555-556 
Compass needle, 546-547 
Components of vectors, 89-91 
Compounds, carbon, 153 
definition of. 115 
Compression and potential energy, 422- 
426 
Compton, A. H., 611, 623 
Compton effect, 623-624 
Concave mirrors, 215-216 
Conductivity, in gas discharges, 536 
of gases, 474-475 
in metals, 477-479, 537 
of solutions, 476-477 
Conductors, 466-467, 528-533 
Conic sections, 600 
Conservation of charge, 500 
Conservation of energy, 432, 434, 438, 
444-458, 540, 580 
in the photoelectric effect, 621 
Conservation of mass, and matter, 113- 
114 
in chemical reactions, 327 
Conservation of momentum, 378-396 
law of, 385-387, 390-391 
of photons, 623 
Conservation of total mechanical energy, 
437-438 
Constant acceleration, 73-74 
Constant composition, 134 
law of, 132, 148 
Constant in Coulomb’s law, 498-500 
Convergence of light by prisms, 233-236 
Conversion of mechanical to internal 
energy, 453-458 
Coordinate line, 55 
Coordinates, Cartesian, 32 
rectangular, 32 
Copernicus, Nicolaus, 101, 360 
Copernicus’ planetary system, 360-361 
objections to, 361-362 
Corex, 193-194 
Cornu, Marie Alfred, 249 
Correspondence principle, 649 
Cosmic rays, ionization by, 475 
Coulomb, Charles, 483 
Coulomb (unit), 523 
Coulomb experiment, 473, 483-485 
Coulomb’s law, 483-501 
constant of proportionality, 498-500 
and electric field, 519-520 
expression for, 485-486 
near a nucleus, 597-605 


and wave theory, 652-656 
Counting atomic particles, 129-132 
Counting units, 14 
Couple, 554 
Critical angle, 229 
Crossing pulses, 257-261 
Crystal, virus protein, 126-127 
Crystal gratings and interference of mat- 
ter waves, 629-632 
Crystal lattice, 148, 169 
Crystals, 144-151 
geometry of, 147 
Curie, Marie, 6, 130 
Curie, Pierre, 130 
Current, electric, 473-474, 488, 512-514 
electrolytic measurement of, 514-516 
equivalent, 585 
induced, 572-573 
in ionized gases, 535 
and magnetic field, 547-550, 552-554 
in metals, 537 
in parallel and series circuits, 539-540 
in thermionic emission, 536-537 
unit of, 523 
use in decomposition, 115 
Current balance, 564-565 
Curvature, radius of, 343 
Cut-off potential, 619-620 
Cycloid, 100 
Cyclotron, 143 


Dalton, John, 132, 134, 142 
Dalton’s symbols, 135 
D. C. motor, 555-556 
De Broglie, Louis, 611, 626 
De Broglie relation, 626, 632 
and standing waves, 652 
De Broglie wavelength, 632 
Decay, radioactive, 131, 657 
Decay curve, 396 
Deceleration, 71 
Decimal system, 23 
Decision in measurement, 178-180 
Decomposition, 115 
Deflecting force, 340-344 
Delay, phase, 289-291 
in light sources, 299 
Delta notation, 64 
Democritus, 125 
Density, 109-113 
of gases, 163 
of substances (table), 111 
Descartes, René, 224, 232 
Deuterium, 144 
discovery of, 656 
spectral lines of, 656 
Deuteron, 656 
Diffraction, 195-197, 276, 301-307, 617 
electron, 626-627 
as a limit to magnification, 305-307 
and resolution of optical instruments, 
305-307 
single-slit, 302-305 
of waves, 276-277 


Diffraction grating, 185 
Diffuse reflection, 191-192, 204, 242 
Diffusion chamber, 476 
Digits, meaningless, 36 
significant, 35 
Dimensions, atomic, 129-132 
linear, 42 
of space, 32 
Diodes, 479-481 
Direct proportion, 41 
Discovery of the neutron, 415 
Disintegration, radioactive, 131, 657 
Disintegration curve of polonium, 131 
Dispersion of light, 231-232 
of color, 118 
of waves, 275-276 
Displacement, definition of, 55 
along a line, 54-56 
from velocity-time graph, 58-61 
Displacement vectors, definition of, 83 
addition and subtraction, 83-86 
Display devices, 180-181 
Dissection of the spectrum of mercury, 
642-645 
Distance, 24-27 
estimation of, 203-204 
measurement by inverse-square law, 
46 
measurement by triangulation, 24-27 
notion of, 8 
orders of magnitude (tables), 28, 29, 
31 
units of, 23 
Distant stars, 25 
Dosimeters, 472 
Double-slit interference pattern, 301 
Dry Ice puck experiments, 322-323 
Dynamics, 101, 318 


Early planetary systems, 360 
Earphones, 181 
Earth, age of, 17 
as electrical ground, 468 
elements in crust of, 116 
gravitational field of, 335 
as a magnet, 546-547 
mass of, 112, 373 
radius of, 35 
relation of circumference to standard 
meter, 23 
rotation of, 19, 352-353 
Earth satellites, 345-347 
and rockets, 393-396 
Earth’s orbit, radius of, 197, 365 
use in triangulation, 25-27 
Eclipse, of the sun, 18, 201 
of Jupiter’s moons, 197 
Eddies, 101-102 
Einstein, Albert, 6, 311, 329, 375, 574, 611 
Einstein-Planck relation, 621 
Einstein’s interpretation of the photo- 
electric effect, 619-621 
Einstein’s photoelectric equation, 621 
Ejection of mass by rockets, 394-396 


Elastic collisions, 242, 412-413, 428, 643 
Elastic interactions, 412 
Electric balance, 497-500 
Electric charge, see Charge, Charged 
particles, Ions 
Electric circuits, 528-540 
energy transfers in, 538 
parallel, 539 
series, 540 
Electric current, see Current, electric 
Electric field, 486-490, 518-521 
between charged plates, 490, 494 
circulation law for, 582 
in a conducting wire, 530-531 
and electric potential, 518-521 
induced by changing magnetic flux, 
580-582 
and motion of charges, 506-524 
of a nucleus, 598-605 
vector definition of, 519 
Electric flux, change in, 584-585 
and magnetic fields, 582-586 
Electric force, 465 
on a charge above a_ uniformly 
charged plane, 491 
and electric charge, 484-486 
measurement of, 490-494 
Electric potential, 520 
Electricity, 464-481 
Electrodes, 476 
Electrolysis, 477, 514-516 
Electrolytic cells, $12 
and measurement of current, 514-516 
Electromagnetic induction, 572-590 
Electromagnetic radiation and Ruther- 
ford’s model, 607 
Electromagnetic spectrum, 589 
Electromagnetic waves, 572-590 
and photons, 624-626 
and probability of arrival of a pho- 
ton, 617 
radiation mechanism for, 586-590 
speed of propagation of, 587 
Electrometers, 471-473, 533 
Electron diffraction, 626-627 
Electron emission, from an ion source, 
S11 
by light, 613-615 
in photoelectric effect, 617-621 
thermionic, 477-479 
Electron gas, 537 
Electron guns, 479-480, 639-640 
Electron interference patterns, 626-628 
Electron microscope, 125-127 
Electron multiplier, 501 
Electron volt (unit). 523, 622 
Electronic scaler, 181 
Electrons, 17, 488 
collisions with, 640 
electric charge of, 500-501 
mass of. 144, 506-512 
in metals, 477-479, 537-538 
See also Charge and Current. 
Electroscopes, gold-leaf, 467-471 
shielded, 471-473 
Electrostatic induction, 469-471 
Elementary electric charge, 483-501, 
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494-497 
and energy transfer, 516 
Elements, the, 105-121 
definition of, 115 
in earth’s crust, 116 
in human body, 116 
masses of, 141, 559 
in stars, 211 
Ellipse, 599 
Emanation, 4 
EMF, 517-518 
induced, 579-580 
unit of, 522-523 
Emission, of atomic spectra, 641-645 
of electrons, 511, 613-615, 617-621 
of heat, 114, 193 
of light, 298-299 
thermionic, 479 
Energy, from batteries, 517-518 
binding, 434-437, 623, 648 
of charges in electric fields, 506-524 
conservation of, 432, 434, 438, 444- 
458, 540, 580, 621 
of excitation, 641 
internal, 412, 449-454, 639-642 
of ionization, 641, 648 
kinetic, see Kinetic energy 
potential, see Potential energy 
quantum, 621 
of standing waves, 652, 653 
Energy changes in atoms, 639-645 
Energy conversion, 453 
Energy dissipation and temperature rise, 
455 
Energy levels, 639-641 
of cesium, 641 
of hydrogen, 646-649 
of mercury, 641 
origin of, 649-652 
and wave theory, 652-656 
Energy states and center of mass, 656 
Energy transfer, 402-404 
in circuit elements, 538 
Equal areas, law of, 364 
Equation, linear, 42 
Equilibrium, 107, 113 
Equipotential, 528 
Equivalent current, 585 
Error, 36, 182 
theory of, 37 
Errors in aim, 601-602 
Escape energy, 434-437 
of atoms. 648 
Escape velocity, 436 
Euclid, 47-48 
Euclidean geometry, 47-48 
Eudoxus, 360 
Eudoxus’s planetary system, 359 
Excitation energy, 641 
and atomic spectra, 642-645 
Excited states, 639, 641 
Exhaust velocity, 393-396 
Expansion of steel, 35 
Experimental frames of reference, 350 
Explosions, 17, 387 
Exponential curve, 396 
Exponents, 15-16 
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Exposure, multiple, 14 
Extrapolation, 47 
Eye, as optical instrument. 236 


F 


Falling objects, motion of, 336-338 
Faraday, Michael, 3, 515, 571, 572, 575. 
578 
Fermi, Enrico, 4 
Fictitious forces, 351-352 
Field, electric, see Electric field 
Field, gravitational, see Gravitational 
field of the earth 
Field, magnetic, see Magnetic field 
Field-ion microscope, 132-133 
Field of force, 427 
Field strength, magnetic, 552-554 
Figures, significant, 35-37 
similar, 42-44 
Films, thin, 307-310 
Filters, color, 118 
Fine structure, 647 
Fission of uranium, 4 
Fixed stars, 25, 358-367 
Fizeau, Armand, 197, 249 
Flame spectra, 120 
Flame test for sodium, | 17 
Flash photography, !1, 12 
multiple, 10 
Flashes, scintillation, 130 
Flow, heat, 454-455 
Fluctuations, Brownian, 173 
Fluorescent light, 188 
Fluorescent screen, 131 
Flux, electric, see Electric flux 
Flux, magnetic, see Magnetic flux 
Focal length, 209, 214 
of a lens, 234 
of a mirror, 208 
Focus, principal, 208 
Foot-candle, 247 
Force (electrical), 465 
on currents in a magnetic field, 552- 
554 
on moving charged particles in a 
magnetic field, 556-560 
Force (mechanical), addition of, 329- 
330 
centrifugal, 351-352 
centripetal, 343, 352, 369-370 
and changes in acceleration, 329 
and changes in velocity. 323-325 
deflecting, 340-344 
fictitious, 351-352 
gravitational, 335-336 
impulsive, 379 
of interaction, 370-371, 391-393 
in nature, 331 
net, 329-330 
Newtonian, 390-393 
restoring, 348-350 
Force-compression curve, 424-425 
Force field, electric, see Electric field 
Force field, potential, 427 
Foucault, Jean Bernard Leon, 250, 275, 
353 


Foucault pendulum, 353 
Frames of reference, 99-100 
accelerated, 351-352 
experimental, 350 
rotating, 351-352 
Franck, James, 639 
Franck and Hertz experiments, 639-641 
Franklin, Benjamin, 6, 465 
Free fall, 336-338 
Free states, 648 
Frequencies, characteristic, 645 
Frequency, 272, 589 
and index of refraction, 276 
standard of. 646 
See also Wavelength. 
Friction, 263, 321 
Frictional interaction, 417 
Functions, 40-51 
definition of, 44 


G 


Galaxy, 29 
Galilean moons, 27 
Galileo Galilei, 2, 27, 48-49, 197, 346, 
453 
and motion, 319-323 
Galle, Johann, 373 
Gamma ray photons, 625 
Gamma rays, 590 
Ganymede, 27 
Gas bearing, 322 
Gas discharges, 536 
Gas glow at high temperature, 645 
and hydrogen lines, 648 
Gas law, 163-167 
Gas pressure, 163-167, 445-448 
Gas thermometers, 167-168 
Gases, conductivity of, 474-475 
ionization of, 475, 535 
and kinetic theory, 449-451 
molecular model of, 161-175, 445- 
448 
number of particles in, 136-138 
simple model of, 137 
without walls, 174 
Gauss, Carl F., 554 
Gauss (unit), 554 
Gay-Lussac, Joseph Louis, 141 
Geiger, Hans, 501, 560, 603 
Geiger counters, 4, 536 
Generator, alternating-current, 578 
Geocentric system, 358, 362, 367-368 
Geocentric theory, 361 
Geochemistry, 117 
Geology, 117 
Geometry, Euclidean, 47-48 
of crystals, 147 
of molecules, 154 
of triangulation, 24 
Geophysics, 117 
Giants, 48-49 
Gilbert, William, 547 
Gold-leaf electroscope, 467-471 
Graininess, of charge, 490 
and interference, 616 
of light, 613-615 


Grand Canyon, 113 
Graph, position-time, 55, 61-70 
velocity-time, 57-61, 71-73 
Graphical methods, 40 
Grating, diffraction, 185, 301, 629-632 
Grating spectroscope, 301 
Gravitation, universal, 358-374 
law of, 370-371 
Gravitational constant, 373-374 
Gravitational field of the earth, 335-336 
and binding energy, 434-437 
and free fall, 336-339 
potential energy of, 430-438 
and satellite motion, 346 
Gravitational mass, 327-328, 335-336, 
370-375 
Gravitational pull, 50, 108, 174 
Great Nebula, 29 
Ground state, 641, 652 
Grounding, 468 
Gypsum crystals, 145 


Hahn, Otto, 4 
Hale telescope, 211, 307 
Half-life, 131 
Halftone, 178-179 
Haiiy, René, 147 
Head-on collisions, 414, 426-428 
Heat, 444-458 
loss of mass due to emission of, 114 
Heat engine, 456 
Heat flow, 454-455 
Heat loss of the body, 50 
Heat radiation, 193 
Heating by absorption of light, 248 
Heisenberg, Werner, 626 
Heliocentric system, 367-368 
Helium, discovery of, 121 
singly ionized, 655 
Helium atom, Rutherford model of, 598 
Helium waves, 629-630 
Helmholtz coils, 552 
Henry, Joseph, 575 
Heracleides, 361 
Hercules globular cluster, 28 
Herschel, William, 373 
Hertz, Gustav, 639 
Hertz, Heinrich, 571, 587 
High energy, 415 
High-speed photography, 10, 11, 12 
Hill model, 599-601 
Hipparchus, 360 
Hirn, Gustave Adolph, 456 
Hooke, Robert, 147, 453 
Horsepower, 433 
Hull, G. F., 248 
Human scale, 51 
Huygens, Christian, 275, 302, 385, 387 
Hydrogen, isotopes of, 656 
mass of positive ions, 507-512 
masses in molecules, 138 
Hydrogen atom, energies of the stand- 
ing wave states, 654 
energy levels, 646-649 
planetary model, 511-512 


Rutherford model, 598, 606-607 
spectral lines, 648 
wave theory of, 652-656 
Hyperbola, 600 
Hyperbolic orbits, 598 
Hyperon, 415 


Idealizations and approximations, 263- 
264 
Illumination, intensity of, 245-247 
Illumination from stars, 46 
Illusions, 212-215 
optical, 7 
Images, 192, 200-216 
formation by lenses, 235-236 
and illusions, 212-215 
and object size, 214 
real and virtual, 215-216 
retention of, 10 
of stars, 35, 210-211 
virtual, 206 
Impulse, 378-379 
Incandescent bodies, 188 
Incidence, angle of, 205, 221-223, 242- 
244, 270-271 
Incident pulse, 261, 270 
Index of refraction, 223-226, 243-245, 
275 
definition and table, 226 
and spectral colors, 232 
Indirect lighting, 189 
Induced charges, 469, 532 
Induced current, 572-574 
and magnetic flux, 575 
Induced EMF, 579-580 
Induction, electromagnetic, 572-590 
electrostatic, 469-471 
Inelastic collisions, 417, 428, 643 
Inertia, law of, 320 
Inertial mass, 325-328, 375 
Information display devices, 181 
Infrared radiation, 193, 589 
Instantaneous acceleration, 72 
Instantaneous velocity, 66, 69 
Insulators, 466-467 
Intensity of light, 45-46 
and illumination, 245-247 
transmitted by films, 309-310 
Interaction, 184 
elastic, 412 
forces of, 370-371 
of two bodies, 381-385 
Interference, 282-292 
and color, 300-301 
and graininess, 614 
in light, 295-301 
and pitch, 311 
from point sources in water, 283-286 
on a spring, 282-283 
in thin films, 307-310 
Interference patterns, of electrons, 626- 
628 
of helium waves, 630 
of light, 296-301 
of neutron beams, 630-631 


Internal energy, 412, 449-454 
of atoms, 639-642 
of standing waves, 655 
See also Heat. 
Internal reflection, 229 
Interpolation, 47 
Intervals of space, 23 
of time. 15 
Inverse-power relation, 44 
Inverse-square force fields and conic 
sections, 600 
Inverse-square law, for electric particles, 
483-484 
Inverse-square law of force, 370-371 
Inverse-square relation, 44-47, 245-247 
for light intensity, 45-46 
Invisible light, 193-194 
Involute, 351 
Ionization, 474-475 
of atoms, 523 
in a cloud chamber, 475-476 
Ionization current, in gases, 535 
Ionization energy, 641 
of hydrogen, 648 
Ionized gases, currents in, 535 
Ions, 475 
in electrolysis, 514-516 
of hydrogen (mass of), 507-512 
and mass spectrograph measure- 
ments, 559 
in solutions, 476-477 
Irasers, 589 
Iron filing patterns, 548-550 
Isomers, 152 
Isotopes, 142, 144 
of hydrogen, 656 
table of masses and relative abun- 
dance of common elements, 559 


J 


Johnson noise, 172 
Joule, James Prescott, 404, 453 
Joule (unit), 404 
Joule experiment, 454-455 
Judging distance, 203-204 
Jupiter, 3, 27 
eclipses of the moons of. 197 
motion of, 100 
satellites of, 27 


Kelvin, William Thomson, Lord, 170 
Kelvin temperature scale, 168 
Kepler, Johannes, 363-368 
Kepler’s laws of planetary orbits, 364- 
366 
Kepler’s third law (table), 365 
Kinematics, 101, 102 
definition of, 54 
Kinetic energy, 402-418, 506-511 
conservation of, 403, 412-413 
definition of, 406 
in a frictional interaction, 417 
and gas pressure, 445-448 
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and gas temperature, 449-45] 
molecular, 447 
and momentum, 413-415 
with more than one force. 416 
and simple collisions. 410-412 
of standing matter waves, 652 
transfer of. 407-410, 516 
Kinetic model, 173 
Kinetic theory, 449-451 


L 


Lambda (wavelength), 272 
Lasers, 296, 299, 588 
Latent heat, 451] 
Lattice, 148. 169 
Launching into orbit, 393-396, 434-437 
Lavoisier, Antoine Laurent, | 15 
Law of combining volumes, 140-141 
Law of constant composition, 132. 148 
Law of multiple proportions, 135 
Laws, power, 42-44 
definition of, 44 
Lebedev, Peter, 248 
Length, focal, 214 
orders of magnitude of (table), 28, 
29. 31 
standards of, 23 
Lenses, 233-236 
construction of, 233 
cylindrical, 234 
and diffraction. 306-307 
Lensmaker’s formula, 235 
Lenz, H. F., 580 
Lenz’s law, 580, 587 
Leverrier, Urbain, 373 
Life, chemistry of. 155 
Light, behavior of, 188-197 
and color, 117, 299-301 
convergence by prisms and lenses, 
233-236 
diffraction of. 195-197. 276, 301-307, 
616 
dispersion by prisms, 231-232 
and excitation of atomic spectra, 641- 
645 
graininess of. 613-615 
interference in, 295-301 
invisible. 193-194 
and matter, 634 
and momentum, 393 
speed of. 47, 102, 196-197, 244-245, 
249-251, 275 
and thin films, 307-310 
Light (models), as electromagnetic radia- 
tion, 587-590 
particle model. 241-251 
photon and wave model, 624-626, 634 
wave model, 268-278, 295-311 
Light emission, 298-299 
and loss of mass, 114 
and Rutherford’s model. 607 
Light intensity, 45-46. 245-247, 309-310 
Light meter, calibration, 245-246 
Light pipe, 230 
Light pressure, 247-248, 623 
Light-sensitive devices, 193 
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Light source, 45-47. 188-189 
Light waves, 268-278. 295-311 
Lilliput, physics of, 48-5} 
Limit, 68 
Limitations of measuring, 34-36 
Limitations of the Rutherford model, 
606-607 
Line, base. 24 
coordinate, 55 
generation of, 32 
of sight, 24, 34 
Linear dimensions, 42 
proportionality of, 42 
Linear equation, 42 
Linear relation, 42 
Line spectra, 119, 120, 169 
See also Spectral lines. 
Lines, absorption, 646 
Lines, of magnetic field, 548-550 
Lines, nodal, 285-286 
Lithium, doubly ionized, 656 
Locked-phase sources, 299 
Loss of kinetic energy, in frictional in- 
teraction, 417 
and potential energy, 424 
and temperature, 417 
Loss of mass, 114 
Lyman series of hydrogen lines, 648 


Magnetic field, 546-566 
and circulation, 561-563 
and currents, 547-550, 552-554 
of the earth, 546-547 
and moving charged particles, 556- 
560 
near a long straight wire, 560-561 
patterns and field lines, 548-550 
uniform, 563-566 
unit of field strength, 554 
vector addition of, 550-552 
Mapnetic flux, change in, 574-578 
and electric fields, 580-582 
and induced EMF, 579 
Magnetic needle, 546-547 
Magnetite, 546 
Magnets, 547-548. 550 
Magnification, limitation by diffraction. 
305-307 
Magnitude, orders of. see Orders of 
magnitude 
Mariotte, Edme, 387 
Mars, 3 
motion of, 364 
Marsden, E., 603 
Masers, 589 
Mass, 105-121 
atomic and molecular, 141-142 
center of, 387-390, 411, 656 
of charged particles in a magnetic 
field. 558-560 
conservation of, 113-114, 327 
of electron and proton, 506-512 
gravitational. 327-328, 335-336. 370- 
375 
of hydrogen ions, 509-512 


inertial, 325-328, 375 
measurement of, 109 
and momentum, 380 
on a spring, 348-350, 425-426 
standard of, 107 
Mass number, 142, 144 
Mass spectrograph, 558-559, 640 
Mass spectroscopy, 136, 559 
Masses (tables), of atoms, 141 
of common objects, 108 
of hydrogen in gas molecules, 138 
of isotopes of common elements, 559 
Mathematical functions, 44 
Mathematical relations, 40 
Matter, conservation of, 113-114 
and light, 634 
measure of, 105 
nature of, 8 
States of, 162 
Matter waves, 626-635 
and energy levels, 649-656 
importance of, 632-633 
Maxwell, James Clerk, 483, 571, 580, 585 
Maxwell’s laws, 586 
Mayer, Julius Robert, 453 
Meaningless digits, 36 
Measurement, 34-36, 178-185 
accuracy of, 35, 36 
of area, 33 
decision in, 178-180 
limitations, 34-36 
of masses of charged particles, 558-560 
of potential difference, 533-534 
of small electric forces, 490-494 
of space, 22-37 
of star distance, 46 
of surface. 33 
of time, 7-18 
of volume. 33 
Mechanical energy and internal energy, 
451-454 
Mechanical model of alpha-particle scat- 
tering, 599-601 
Mechanics, Newtonian, 3, 318-458 
of the photon, 621-624 
quantum, 607, 626, 639 
wave, 652 
Mercury, energy levels of, 641 
spectrum of, 642-645 
Mercury (planet), orbit of, 375 
Meson, 415 
Metals, conductivity in, 537 
electrons in, 477-479, 537-538 
Meter, definition of, 23 
Meters and motors, 554-556 
Metric system, 23, 24 
origin of, 23 
prefixes, 24 
standards of mass, 107 
table of units of distance, 23 
Michelson, Albert A., 250, 275 
Microbalance, 108, 178, 184 
Micrograph, 126-127 
Micrometer caliper, 30, 181 
Micrometer screw, 36 
Micro-microbalance, 493 
Microscope, 31, 126, 182 
diffraction in, 306 


electron, 125-127 
field-ion, 132-133 
Microwaves, 589 
Millikan, R. A., 495 
Millikan’s experiment, 494-497 
and graininess of light, 611-615 
Mirrors, 192 
concave, 215-216 
parabolic, 207-216 
plane, 205-207 
spherical, 209, 215 
Mobility of gases, 162 
Model of a gas, 137, 161-163 
Models, physical, 160-161 
Molecular composition, 139 
Molecular formulas, 138-140 
Molecular kinetic energy, 447 
Molecular kinetic theory, 449-451 
Molecular masses, 141 
Molecular model of a gas, 161-163, 445- 
448 
Molecular motion, 417, 444-458 
Brownian, 171-173 
in gases, 163, 169-171 
random directions of, 448 
Molecules, 125-156 
center-of-mass motion of, 449-451 
definition of, 128 
in gases, 163, 169-171 
models of, 154 
organic, 153 
structures and properties of, 151-156 
Moles, 142-143, 165 
Momentum, 378-396 
changes in, 381-385 
conservation of, 378-396 
definition and unit of, 380 
and interaction of two bodies, 381-385 
and kinetic energy, 413-415 
law of conservation of, 385-387, 390- 
391 
and light, 393 
of matter waves, 626 
and Newton’s law, 381 
of photons, 623 
Monolayer, 128, 136, 248 
Moon, acceleration of, 373 
motion of, 347 
as a source of light, 189 
Moons, Galilean, 27 
of Jupiter, 27 
Motion, 11 
Brownian, 171-173 
bulk, 451-453 
of the center of mass, 387-390 
of charged particles in a magnetic 
field, 556-560 
of charges in electric fields, 506-524 
circular, 78-99, 340-344 
at constant vector acceleration, 95 
at the earth’s surface, 335-353 
of electrons in metals, 537 
without force, 320-322 
in free fall, 336-338 
of gas molecules, 161-163 
as a limit in measurement, 182 
molecular, 417, 444-458 
of the moon, 347 


Newton's law of, 318-331 
in outer space, 394 
periodic, 272 
planetary, 101, 358-374 
of projectiles, 338-340, 432 
of pulses and waves, 255 
relative, 573-574 
repetitive, 12 
simple harmonic, 347-350, 426 
simulated by still pictures, 11 
in space, 82-102 
“stopped,” 13 
along:a straight-line path, 54-75 
Motor, D. C., 555-556 
Movie camera, 10 
Moving-coil ammeter, 554-555 
Multiple-flash photograph of motion of a 
ball, 91-92 
Multiple-flash photography, 10 
Multiple proportions, law of, 135 
in crystals, 147 
Multiplying vectors by numbers and 
scalars, 87 


Natural limit, of speed, 102 
of thickness, 128 
Natural units, 34 
Nebula, 29 
Needle, magnetic, 546-547 
Negative charge, 465 
Neptune, discovery of, 373 
Net force, 329-330 
Neutron, 144, 416 
discovery of, 415 
slow, 4 
wave properties of, 630-631 
Newton, Isaac, 6, 102, 232, 241, 249, 275, 
346, 368-375, 387, 453 
Newton (unit), 328 
Newtonian forces, 390-393 
Newtonian mechanics, 318-458 
Newton’s law of motion, 318-331, 381 
and the rotation of the earth, 352-353 
vector nature of, 329, 338 
Newton’s third law, 392 
Niagara Falls, 9 
Nichols, Edward F., 248 
Nodal lines, 285-286 
Node, definition of, 283 
Noise, 171-173, 182 
Normal to a wave crest, 269 
North, magnetic, 546 
Nuclear charges, 605 
Nuclear physics, 4 
Nucleus, discovery of, 130 
electric field of, 598-605 
radius of, 606 
and trajectories of alpha particles, 
598-601 


° 


Object size, 214 
Oersted, Hans Christian, 548 


Ohm’s law, 537 
Oil-drop experiment, 495 
Opaque materials, 189-190 
Open orbits, 600 
Optical illusions, 7 
Optical microscope, 36, 126, 182 
Orbit of Mercury, 375 
Orbit of the earth, radius of, 197, 365 
use in triangulation, 25-27 
Orbits of earth satellites, 346 
in inverse square force fields, 600 
and wave theory of atoms, 652-655 
Orbits of the planets, Copernican, 361 
from Kepler's laws, 366 
Ptolemaic, 360 
table of values, 365 
according to Tycho Brahe, 362 
Order and disorder, 148-150, 170 
Orderliness of chance, 615-616 
Orders of magnitude, definition of, 16 
of densities, 111 
of distances, 28, 29, 31 
of masses, 108 
and significant figures, 35 
of times, 15-18 
Organic chemistry, 153 
Organic molecules, 153 
Oscilloscopes, 479-481 
Oxygen, 115 


Parabola, 600 
Parabolic mirrors, 207-216 
Parabolic path, 340-341 
Paraboloid of revolution, 208 
Parallax, 25, 27 
of stars, 27 
Parallel circuits, 539 
Partial reflection, 262, 264 
Partial transmission, 262, 264 
Particle accelerator, 5 
Particle model of light, 241-251 
difficulties with, 248-249 
Particle tracks, 129 
Particles, charged, see Charged particles 
Particles in gases, number of, 136-138 
Brownian motion of, 171 
Path of a projectile, 339-340 
Patterns of diffraction, 302-307 
Patterns of interference, 296-301 
Pencils of light, 202 
Pendulum, 14 
Foucault, 353 
simple, 349-350 
Penumbra, 201 
Period, 272 
of planetary motion (table), 365 
of revolution. 346 
of a simple pendulum, 350 
Periodic waves, 271-273 
superposition of, 282-286 
Permanent magnets, 548, 550 
Perpetual motion, 321 
Perrin, Jean Baptiste, 172, 173 
Persistence of vision, 10 
Perturbations, 372 
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Phase, definition of, 283 
Phase delay, 289-291 
Phase of light sources, 298-299 
Photocell, 193 
Photoelectric effect, 617-619, 646 
Einstein’s interpretation of, 619-621 
at high energy, 623 
Photoelectric threshold, 619 
Photograph, half-tone, 178-179 
multiple-flash of motion of a ball, 91- 
92 
Photographic exposure, film processing, 
193 
Photographs, time-lapse, 18 
electron microscope, 126-127 
optical microscope, 126-127 
Photography, high-speed, 10 
multiple-exposure, 14 
multiple-flash, 10 
time-lapse, 12 
Photons, 612-635 
and electromagnetic waves, 624-626 
energy of, 620-622 
mechanics of, 621-624 
momentum of, 621-624 
and photoelectric effect, 617-621 
Photosensitive substances, 193 
Physical models, 160-161 
Pitch, 311 
Planck, Max, 611, 621 
Planck’s constant, 621-622 
Plane mirrors, 205-207 
Planetary model of the atom, 511-512, 
638-639 
Planetary motion, 101, 358-374 
Planetary orbits, 360-365, 375, 600 
Planetary system, of Copernicus, 361 
early and Ptolemaic. 360 
of Kepler, 363-366 
kinematic description and the dynam- 
ical problem. 366-368 
and Newton, 369-370 
of Tycho Brahe, 362 
Planets (tables). 365, 367 


shape of, 50 
Plastic flow, 149 
Plate, 479 
Plato, 359 


Poles, of the earth, 546 
of magnets. 547 
Polonium, disintegration curve of, 131 
Position, 54-56 
Position-time graph, analysis of. 61-63 
definition of. 55 
slope of, 63-70 
Position vector, 83 
Positive charge, 465 
Potential, cut-off, 619-620 
Potential difference, 521. 528-533 
between charged plates, 532-533 
and current. 535-538 
and energy, 534 
measurement of, 533~534 
in parallel and series circuits, 539- 


540 
Potential energy, 422-438 
electric, 520 


escape and binding energy, 434-437 
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Potential energy, gravitational, 430-438 
of a spring, 422-426 
of two interacting bodies, 426-430 
choice of zero value, 431 
Potential hill, 520, 599-601 
Potentiometer, 534 
Power, 433, 518 
in parallel and series circuits, 539-540 
Power laws, 42-44 
definition of, 44 
Powers-of-ten notation, 15-16, 35 
Pressure gauge, 181 
Pressure of a gas, 163-167 
Pressure of light, 247-248, 623 
Principal focus, 208 
Principal rays, 216 
Prisms and light, 6, 118, 230-233 
Probability, 615-616, 625-626 
Probe, space, 4 
Projectile motion, 338-340, 432 
Propagation, of light waves, 302 
speed of, 271, 275 
Proportion, direct, 41 
Proportionality, 40-51 
of pressure and volume of a gas, 166 
Protein molecule, 155-156 
Proton, 144, 416 
collisions of, 415 
and electron energy states, 648 
in a magnetic field, 557-558 
mass of, 506-512 
Ptolemaic planetary system, 360 
Ptolemy, Claudius, 360 
Pull of gravity, 50, 108 
Pulses, 254-264 
crossing of, 257-261 
reflection and transmission of, 260- 
263 
on springs, 256-257 
straight and circular, 269-271 
superposition of, 257-261 
Punched cards and tape, 181 
Purification, 115 


Q 


Quantum energy, 621 

Quantum mechanics, 607, 626, 639 
Quantum systems, 638-657 
Quartz crystal, 14, 145 
Quartz-fiber balance, 109, 178 


Radarscope, 181, 481 
Radiation, from accelerated charges, 
588-590 

and excited atomic states, 642 
heat, 193 
infrared, 193, 589 
as a light source, 298-299 
and transfer of energy, 457 
ultraviolet, 194, 589 
See also Light. 

Radiation, electromagnetic, 586-590 
spectrum, 589 


Radiation dosimeters, 472 
Radio-frequency photons, 625 
Radio-frequency transitions, 646 
Radio transmitters, 589 
Radio waves, 120, 587-588, 646 
Radioactive disintegration, 131, 657 
Radioactivity, 17, 130 
discovery of, 4 
Radium, 4 
Radius, of curvature, 343 
of the earth, 35 
of an orbit, 365 
Radon, 137 
Rainbow, 118, 231, 300 
Random motion, Brownian, 171-173 
of electrons in metals, 537 
molecular, 448 
Random signal, 172 
Range finder, 24, 182 
Ratio, 42, 43 
Rays, of light, 202 
pnncipal, 216 
Reactions, chemical, 115 
Real images, formed by lenses, 235-236 
from mirtors, 215-216 
Rectangular coordinates, 32 
Rectifier, 480 
Reference, frames of, 99-100 
Reference direction, 25 
Reflected pulse, 261-262, 270 
Reflection, 191-192, 200-216 
angle of, 242 
diffuse, 191, 242 
internal, 229 
laws of, 204-205 
of pulses, 260-263 
specular, 241 
in thin films, 309-310 
of waves, 270-271 
Refraction, 220-236 
angle of, 221-223, 243-244 
definition of, 190 
dependence on frequency, 276 
index of, 223-226, 232, 243-245, 275 
laws of, 222 
particle model of, 242-245 
by prisms, 230-233 
and speed of light, 249-251 
of waves, 273-275 
Relative abundance, of elements, 116 
of isotopes, 559 
Relative index, 228 
Relative motion, 573-574 
Relative velocity, 88 
Relativity, 102, 311, 623 
general theory of, 375 
special theory of, 574 
Reliability, 37 
Resistance, 469, 537 
in a spring, 263 
Resolution, 305-307 
Restoring forces, 348-350 
Resultant, 86 
Retention of images, 10 
Reversibility, of light paths, 227-228 
Revolution, period of, 346 
Rhombic crystals, 147 
Right-hand rule, 548, 550, 553 


Ripple tank, 268-269 
Robinson, Robert, 560 
Rockets, 393-396 
escape and binding energy, 434-437 
Roemer, Olaf, 197 
Rotating frame of reference, 351-353 
Rotation of the earth, 14, 352-353 
measurement of time of, 13 
Rounding off, 16, 36 
Rowland, Henry, 548 
Royds, Thomas, 560 
Rumford, Benjamin Thompson, Count, 
453 
Rutherford, Ernest, Lord, 130, 137, 501, 
512, 560, 571 
Rutherford model of atoms, 593-607 
limitations of, 606-607 
Rydberg, J. R., 649 


$s 


Sand patterns, 653 
Satellites, and binding energy, 435-437 
circular motion of, 345-347 
of Jupiter, 27 
and rockets, 393-396 
Saturation current, 535-536 
Savart, Felix, 560 
Scalars, 86 
multiplication by, 87 
Scale, 161 
human, 51 
Scale model, 41 
Scaler, electronic, 181 
Scaling, 40-51 
and Millikan’s experiment, 497 
Scatter in the atmosphere, 189 
Scattering, angle of. 601 
angular distribution of, 601-605 
energy dependence of, 604 
and nuclear charges, 605-606 
and nuclear radius, 606 
Scintillation counting, 131 
Scintillation flashes, 130 
Screw, pitch of a, 30 
Screw thread, 30 
Searchlights, 209 
Second, definition of, 14 
Senses, the, 7 
extension of, 8 
Separation of mixtures, 114 
Series circuits, 540 
Shadows, 194-195, 200-201 
Shielded electroscopes, 471-473 
Shift, position, 25-27 
Sight line, 24 
Sight triangulation, 34 
Sighting, 24 
Sign, of displacement, 56 
of velocity, 56 
Signal-to-noise ratio, 182 
Significant figures, 35-37 
Similar figures, 42-44 
Simple harmonic motion, 347-350, 426 
Simple pendulum, 349-350 
Sines of angles, 225 
Single and double slits, 305 


Single-slit diffraction, 302-305 
Slits, single and double, 305 
use in interference and diffraction, 
297-305 
Slope, definition of, 63 
on position-time graph, 64-70 
of a straight line, 64 
of a tangent line, 66-70 
on velocity-time graph, 72 
Slow-neutron, 4 
Snell, Willebrord, 224 
Snell’s law, 223-226, 243-244 
definition of, 226 
geometry of, 225 
and lenses, 235 
for waves, 274 
Soap films, 307-309 
Sodium, absorption spectrum of, 645 
flame test for, 117 
spectrum of, 119 
Solar system, 358-374, 638-639 
scale model (table), 367 
table of, 365 
Solenoids, 549-550 
magnetic field in, 564-566 
Solid state, physics of, 144-151 
Solutions, conductivity of, 476-477 
electrolytic, 514 
Sound barrier, 47 
Source separation, 287-289 
Source strength, 245-247 
Sources of light, 45-47, 188-189 
lasers, 299 
phase-locked, 299 
Space, dimensions of, 32 
intervals of, 23 
measurement of, 22-37 
motion in, 82-102 
notion of, 8 
probe, 4 
Space charge, 536 
Sparks, 120, 536, 589 
Spectra, analysis of, 117-121 
atomic, 641-646 
of invisible light, 194 
Spectral colors, 231 
wavelengths of, 300 
Spectral lines, 119-121, 300, 655-656 
and atomic absorption, 645-646 
and atomic excitation, 642-645 
of deuterium, 144 
of hydrogen, 648 
and Rutherford’s model, 607 
Spectrograph, mass, 558-559 
Spectroscope, 118, 211 
grating, 301 
Spectroscopy, 117-121 
Spectrum, 4 
of calcium, 119 
definition of, 118 
of doubly ionized lithiym, 656 
electromagnetic, 589 
of mercury, dissection of, 642-645 
of singly ionized helium, 655 
of sodium, 119 
Specular reflection, 204, 241 
Speed, definition of, 56 
of electromagnetic radiation, 587-588 


of molecules in a gas. 170 
natural limit of, 102 
of propagation, 271-273, 275 
thermal, 537 
See also Velocity. 
Speed of light, 47, 102, 196-197, 249- 
251 
and electromagnetic radiation, 587- 
588 
in vacuum, 244-245 
in water and air, 275 
Spheres of planets, 359-360 
Spherical mirror, 209, 215 
Spring bumper, the, 422-426 
Springs, and potential energy, 422-426 
and simple harmonic motion, 348-350 
and waves, 256-257 
Standard, of frequency and time, 646 
of length, 23 
of mass, 107 
meter, 23 
Standard candle, 247 
Standard cells, 522 
Standing matter waves, energy of. 652 
patterns of, 651 
Standing waves, 311 
and atomic energy levels, 649-652 
energies of, 655 
and orbits, 652-655 
Star, Barnard’s, 26 
Stars, cluster of, 28 
distant, 25 
fixed, 25, 358-367 
as gas molecules, 174 
images of, 35 
observation by telescope, 210-211 
position shift, 25-27 
in triangulation, 25 
twinkling of, 34 
State, of a system. 444 
atomic, see Energy levels 
States of matter, 162 
Stationary wave states, 652 
Steady current, 473-474 
Steno, Nicolaus, 147 
Stereo effect, 203 
Still pictures, 11] 
“Stopped” motion, 13 
Straight-line motion, 54-75 
Strassmann, F., 4 
Strength-to-weight ratio, 48-49 
Stroboscope, 12-13 
and light pulses, 249 
and periodic waves, 273 
Structure of atoms, 638-657 
Subatomic particles, 415 
traits of. 5 
Sun, eclipses of the, 18 
Sunlight, number of photons in, 625 
Superfluid, 169 
Supernova, 392-393 
Superposition, of light waves, 302-305 
of periodic waves, 282-286 
of pulses, 257-261 
and standing waves, 650 
Superposition principle, 259 
Surface, generation of, 32 
measurement of, 33 
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Sweep circuit, 480 
Swift, Jonathan, 48 
Synchrotron, 588 
Synthesis, 45, 153 
chemical, 114 
Systematic velocity, 537 


T 


Tangent line, slope of a, 66-70 
Taylor, Geoffrey I., 616 
Telescope, 35, 209-211 
diffraction in, 307 
Television tubes, 481 
Temperature, 167-171 
basic scales of, 168 
and electrical resistance, 537 
and emission of electrons by metals, 
477-478 
and excited atomic states, 645 
and the gas model. 168-171 
and loss of kinetic energy in inelastic 
collisions, 417 
and molecular kinetic energy, 449- 
451 
rise with energy dissipation, 455 
sense of, 7 
Ten, powers of, 15-16 
Terminal velocity, 338 
Thermal energy, see Internal energy 
Thermal radiation, 589 
Thermal speed, 537 
Thermionic emission, 479 
Thermodynamics, first and second law 
of, 456 
Thermometers, gas. 167-168 
Thickness, natural limit of, 128 
Thin films, 307-310 
Thomson, J. J., 516, 560, 571 
Threshold, photoelectric, 619, 646 
Tides, 372 
Time, direction of. 18 
intervals of, 10, 15 
measurement of, 7-18 
orders of magnitude of, 15-18 
sense of, 8 
units of, 14 
Time delay in interactions, 393 
Time-lapse photography, 12, 18 
Torsion balance, 483-484 
Tracks, particle, in bubble chamber, 5, 
129 
in cloud chamber, 475-476 
Trajectories of alpha particles in the 
electric field of a nucleus, 598-601 
Transfer of energy, 402-404, 407-410 
See also Conservation of energy. 
Transmission of pulses and waves, 260- 
263 
Transparent materials, 189-190 
Trapezoid, area of. 60 
Triangulation, 24-27, 34, 203 
Tubes, radar, 181, 481 
radio, 479 
television, 481 
Twinkling of stars, 34 
Tycho Brahe, 362-363 
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U 


Ultraviolet radiation, 120, 194, 589 
Umbra, 201 
Unit, atomic mass, 142 
Units, of area, 34 
of charge, 495 
of distance, 23 
of electric resistance, 537 
of EMF, current and charge, 522-523 
of force, 328 
of illumination, 247 
of internal energy, 455 
of magnetic field strength, 554 
of momentum, 380 
natural, 34 
of power, 433 
of time, 14 
of volume, 34 
Universal gravitation, 358-374 
Newton’s law of, 370-371 
Uranium, fission of, 4 
Uranium salt, emanation from, 4 


Vv 


Vacuum, applications of, 3 
effect on light and sound, 194-195 
index of refraction in, 226 
and molecular spacing in a gas, 162 
speed of light in, 245 
wavelengths of light in, 300 
Valve, 480 
Vapors, 160 
Vector acceleration, see Acceleration, 
vector 
Vector addition, of forces, 329-330 
of magnetic fields, 550-552 
Vector nature of Newton’s law, 331, 338 
Vectors, addition and subtraction of, 
83-86 
components of, 89-91 
definition of, 83, 86 
multiplication by numbers and scalars, 
87 
rectangular components of, 89-91 
Velocity, 56-61, 87-91 
and acceleration, 71-75, 91-95 
average, 69 
changes under action of force, 323- 
325 
of electrons in metals, 537 
of escape, 436 
instantaneous, 66, 69 
and momentum, 380 
of rocket exhaust, 393-396 
terminal, 338 
variable, 59 
See also Speed and Acceleration. 
Velocity selectors, 630 
Velocity-time graph, 57-61, 71-73 
area under, 60-61 
of free fall, 338 
slope of, 72 
Velocity vectors, 87-99 
changes in, 91-95 
instantaneous, 93-94 


Vibrations, atomic, 15 

Vibrators, 15 

Virtual images, 206, 215-216 

Virus protein crystal, 126-127 

Visible spectrum, 300 

Vision, color, 300 
persistence of, 10 

Voltmeter, 533-534 

Volts, definition of, 522-523 

Volume, generation of, 32 
measurement of, 33 


w 


Wallis, John, 385 
Water, composition of, 134 
Water waves, 268 
standing pattern of, 654 
Watt, James, 433, 518 
Watt (unit), 433, 518 
Wave mechanics, 652 
Wave nature of matter, and energy levels, 
649-656 
importance of, 632-633 
Wave-particle relationship, 634 
Wave theory of hydrogen energy levels, 
652-656 
Wave trains, addition of, 650-651 
Wavelength, 272, 287-289 
and color, 299-301 
de Broglie, 632 
and diffraction, 276 
of matter waves, 626 
and photoelectric threshold, 619 
and photon energy, 622 
in vacuum, 300 
of X rays, 590 
Waves, 254-264 
diffraction of, 276-277 
dispersion of, 275-276 
electromagnetic, see Electromagnetic 
waves 
of helium, 629-630 
of light, 268-278, 295-311 
of matter, 626-635, 649-656 
periodic, 271-273, 282-286 
radio, 120, 586-587, 646 
refraction of, 273-275 
on springs, 256-257 
standing, see Standing waves 
in water, 268 
Weather forecasting, 2 
Weight, as opposed to mass, 109 
White light, 300, 645 
dispersion of, 231-232 
Work, 402-418 
definition of, 403, 405-406 
unit of, 404 
Wren, Christopher, 385 


x 
X rays, 120, 311, 588, 590 


frequency of, 590 
ionization by, 475 


Y 


Yellow lines of sodium, 119 
Young, Thomas, 297, 301-302, 305, 307 
Young’s experiment, 297-298 


Zz 


Zero, absolute, 47, 168, 170 
Zero dimensional, 33 
Zero potential energy, 431 


ANSWERS TO SHORT PROBLEMS 


part |, chapter 2 


5. The same event would be recorded with fewer 
pictures; between frames the bullet would move 
farther and the balloon would collapse more. 

6. The time required for the bullet to pass through 
the balloon and for the balloon to collapse. 

7. The string would grow thin and you could see 
the individual threads break. 

8. About 1/4000 second (if the time that each frame 
is exposed is negligibly small compared with the 
time between frames). 

9. Half the distance now shown. 

15. A higher rate, since the strobe completes a rev- 
olution before the disc does. 

16. 5/12 second. 

22. The stroboscope will appear to stand still, no 
matter how fast it is turned. 

25. (a) 102. (b) 107. (c) 10-3 (d) 10-7. (e) 10-4. 
(f) 10°. 

26. (a) 102. (b) 105. (c) 10-3. (d) 10-2. 

32. It is impossible to tell which way the wrench 
moved. The breaking of the balloon is an irre- 
versible event. 

chapter 3 

2. 50 sheets. 

3. 103 microfarads. 

4. A megacent. 

5. (a) 3.05 x 102 mm. (b) 1.83 x 103 mm. (c) 
1.61 ~ 106 mm. 

6. 300 m. 

8. The top picture was taken with the camera on 
the left. 

15. 105. 

16. 9 x 10-2 mm. 

17. None. The scale in Fig. 3-11(b) extends only 
to 0.63 mm. 

19. 25 7 cm? = 79 cm?. 

24. (a)3. (b)3. (c)4. (d)2. (e)3. (A 4. 

chapter 4 

1. Wéis tripled also. 

2. No matter what the value of & is, the graph is a 
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straight line which passes through the origin of 
the coordinate system. 


5. The total surface area is quadrupled. 
6. 1012 maps. 
7. (a) 1/100. (b) 1/1000. 

10. 11 m2. 

12. 1/3. 

13. At the midpoint, the bullet will have traveled 
1 1/2 times the distance it moved between the 
first and second frames. In the ninth frame it 
will have traveled 8 times the distance it moved 
between the first and second frames, unless it hits 
something which slows it down. 

19. (a) 27. (b) 27. (c)9. (d) 9. 

26. 3 x 108. 

chapter 5 

1. (a) 120 miles. (b) 20 miles. 
5. Graph (a). 
10. No. The graph indicates that between ¢f = 2 and 
= 3 hours, the car is in two different places at 
the same time. 

15. Vave = 0.48 m/sec. 

18. The velocity is zero at ¢ = 67 sec, but the accel- 
eration is never zero. 

23. In the right-hand straight portion of the graph. 

chapter 6 

1. 2 meters (north), no matter in what order you 
walk the distances. 

5. The first is a velocity, 30 km/hr west, while the 
second is a displacement, 30 km west. 

7. The flag will hang limply. 

13. —86.6 mi/hr along north and — 50.0 mi/hr along 
east. 

14. Zero. 

16. Each velocity vector would have to be turned 
around to point in the opposite direction, but its 
tail would remain in the same place. Its magni- 
tude would be unchanged. 

17. No; it can be along any path. 

18. If the motion is along a curved path, the direction 


of the velocity changes, requiring that there be 
an acceleration. 
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21. The swing will appear to be at rest. 


22. It appears to move away at constant velocity. 


chapter 7 
1. 1 x 103 kg. 
2. Since Massof sun_ _ 33 y 105 and 


mass of earth 


mass of oxygen molecule _ 58 y 104, the first 
mass of electron ‘ 
ratio is greater, but by a factor of less than 10. 


6. Yes. 
9. An individual grain. 
10. About 150 kg. 


25. The lines of all three elements. 


chapter 8 


3. The volume of acid in your drop will be twice as 
great, but the area covered by one drop will also 
be twice as great, so the thickness (= vol- 
ume/area) will be unchanged. 


6. Replace 100, 200, 300... on the time scale by 200, 
400, 600.... 


10. 30.5 grams. 

13. 1.5 x 1023 particles. 

18. 10 liters. 

21. CHy4, CoHs, C3H 12, etc. 

22. 32 grams. 

23. 1.00 amu = 1.66 x 10-24 gm. 
24. 1.00 gm = 6.02 x 1023 amu. 
27. 1.5 ~« 1023 molecules. 


chapter 9 


3. About 27 m3. 


4. There is a lot of space between the molecules, 
and they are in constant motion. 


9. 1.20 x 1024 molecules. 


10. The pressure would decrease to 2/3 its original 
value. 


15. When the volume is increased, for then the mole- 
cules do not get in each other’s way so much. 


16. The two sizes are identical: each represents the 
same change in temperature. 


17. The zero on the centigrade scale corresponds to 
a temperature about 273 degrees (centigrade or 
Kelvin) higher than the zero on the Kelvin scale. 


22. The Ping-Pong ball speeds up when you shove 
the paddle toward the ball and slows down when 
you draw the paddle back. 


23. 6.02 x 1073 molecules, no matter to which gases 
or to how many different kinds of gases they be- 
long. 


27. Only one. 


28. The mirror would not move so much, since at 
low temperatures the Brownian motion of the 
gas inside the chamber diminishes. 


part Il, chapter 11 
1. Firefly, flash bulb, and electric stove heating ele- 
ment. 
Look at it in the dark. 


Object A will appear reddish. 
Object B will appear very dark. 


11. It is hotter and hence it emits more infrared radi- 
ation. 


12. No; ultraviolet radiation cannot pass through 
glass. 


13. When light is reflected or when it is refracted 
(bent) as it passes from one material into another. 


chapter 12 


1. Yes; if the screen is moved back far enough, there 
will be only a penumbra on it. 


4. It would get narrower. 


first surveyor 
e 


real position 
of tower 


apparent position 
of tower 


second surveyor 


6. Angle ofincidence = <3. 
Angle of reflection = < 2. 


7. An infinite number of rays, which together form 
a hollow cone whose axis is perpendicular to the 
mirror surface. 


8. One. 
14. f= 12 mm. 


15. The rays would be reflected back to the parabolic 
mirror, where they would then be reflected parallel 
to the axis. 

16. Two rays are enough, because the others pass 
through almost the same spot. 

18. No, none of the light from the image will pass 
into your eyes. 

25. Yes; whenever So < f- 

26. No. 

chapter 13 

1. Angle ofincidence = <& 2. 
Angle of refraction = 4 4. 
In the photo of Fig. 13-2. 
4. On the left. 
3G 

3 r= ri 

7on= V3/V2 = 1.2. 

8. Yes, since the measured n is 1.3 to 1.4. The ma- 
terial is not necessarily water. 

9. Diamond. 

12. 

air 
glass 
_ sin 0, 

16. res <1. 

21. 63°. 

24. Yes; a prism will spread out the light into a 
spectrum so that you can see which colors have 
been filtered out. 

29. A very long focal length. 

30. 7 (n — 1) 7 where R is the radius of the 
curved surface. 

32. 0.25 cm. 

chapter 14 


1. 


The smaller Ping-Pong ball is deflected by small 
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bumps and holes that would not affect a basket- 
ball. 


3. The speed on the lower level is the same for all 
angles of incidence. 

4. The speed of light should be greater in a refrac- 
tive material than in a vacuum. 

8. Isolate each one in a dark room where there are 
no reflections, and see whether each gives the 
same reading on a light meter placed the same 
distance from it. 

9. Atr/\/2 =0.71 r. 

14. 2 meters. 

21. The light is able to travel through the hole to the 
distant mirror and back through the hole before 
the disc has turned far enough to move the hole 
out of position. 

29. The particle model predicts that the speed of 
light is greater in water than in air, while actual 
measurements show that it is less in water than 
in air. 

chapter 15 

1. The waves all travel through some medium, but 
the medium itself does not travel with the wave. 

3. At the point of maximum displacement. 

4. It would still move up first. 

7. No. 

8. 7cm. 

12. 


<= _/ 


16. The incident pulse. 
17. 3. (The speeds are proportional to the distances 
the pulses move between successive pictures.) 
22. The pulse is smaller in the bottom frames than 
in the top frames. 
chapter 16 
1. About 20 cm long. 
2). r= 25°. 
(a) Incident pulse: (2); reflected pulse: (1). 
(b) i = 70°. 
10. (a) 85m. (b) It decreases. 
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11. (a) T = 1/4sec. (b) f = 4 per sec. 
12. Decrease the frequency. 

17. Near the fifth crest from the bottom. 
18 n= 128. 


20. No, not unless one frequency was a whole-num- 
ber multiple of the other. 


chapter 17 


1. 


= fe 


A distance A from the wall. 


“Double crest’: A; “double trough”: C; nodal 
point: B. 


7. No; along this line are double crests separated 
by double troughs. 


10. The second nodal line to the left of the central 


line. 

11. On which nodal line the point lies—that is, the 
value of n. 

14. Yes; all A such that A > 2d. 

21. p = 0.36. 

22. Yes. In both cases the two sources dip simul- 
taneously. 

chapter 18 


1. Try to find places where the boat does not bob 
up and down. Along the nodal lines the water 
does not move, while to either side of them the 
boat will bob up and down. 


0.9 meter. 
Ax = 0.68 mm. 


10. The nodes for red light are 1.4 times as far apart 
as those for blue light. 


13. All the sources producing the central maximum 
are in phase. Of the sources producing the par- 
tial reinforcement in Fig. 18-11, two thirds can- 
cel each other, and the remaining one third are 
not in phase but are separated by phase delays 
of less than 1/2. 


26. 


The magnification is the same. Check the dis- 
tance between the centers of the images. 


It would increase. 
A = 4200 A. 


No; the wavelength within each material de- 
pends on the index of refraction of the material. 


The bars would be thinner and only half as far 
apart. 


part Ill, chapter 19 


Kinematics is the study of the motion of objects, 
without considering the cause of the motion; 
dynamics is the study of how forces cause mo- 
tion. 


2. No. Time was not involved in his reasoning. 

4. The ball would orbit forever. 

6. v= 20cm/sec. 

7. v= 20.9cm/flash. 

8. The force is constant. 

12. Toward the right. 

13. a = 1.5 m/sec?. 

16. (a) 3.0. (b) 3.0. 

17. a = 4 m/sec?. 

18. F = 2 newtons. 

19. F = 15 newtons. 

25. Along the direction of the net force. 

26. a = 8 m/sec? (to the right). 

27. F = 3.7 newtons, to the right along the dotted 
line. 

31. F = 200 newtons, in the direction opposite to 
that of your push. 

chapter 20 

1. mg = 5.00 kg. 

2. (a) Weight on moon: 1.1 x 10? newtons. 
Weight on earth: 6.9 « 10? newtons. (b) Mass 
on earth: 70 kg. Mass on moon: 70 kg. 

4. g = 9.81 newtons/kg. 

6. 4.9 meters long. 

13. The horizontal component of displacement of 
the ball is constant over equal time intervals; on 
the other hand, the vertical component of dis- 
placement is not constant. 

17. F = 24 newtons. 

18. The speed does not change, but the direction of 


motion changes in the direction of the force. 


19. ¥ = 0.52 m/sec, toward the left if the puck is 
moving clockwise, as in Fig. 20-11. 

20. a = 0.62 m/sec2, toward the center of the circle. 

26. F= —kx, for some positive constant k. 

27. At the points where the circle intersects the y 
axis. 

28. m= 0.2 kg. 

29. / = 0.25 meter. 

39. Slightly west of due north. 

chapter 2] 

2. (a) 1.05. (b) About 6. 

6. 4.75 x 1023 m?. 

8. (a) When it is closest to the sun. (b) When it is 
farthest from the sun. 

9. 3.35 x 1018 m3/sec?. 

10. (83)1”2 = 23 times longer. 

13. 3.6 x 103 times greater. 

14. (a) Ke = 9.9 x 1022 m3/sec?. (b) m./ms = 3.0 
x 10-8. 

15. Ata height equal to (,\/2 — 1) = 0.41 times the 
earth’s radius. 

chapter 22 

1. 1.5 newton-sec. 

2. 32.0 kg-m/sec = 32.0 newton-sec. 

3. (a) Four: the throw, the bounce, the catch, and 
the continuous impulse due to gravity. 
(b) The bounce. Here the ball experienced about 
twice the change in velocity that it did during 
the throw or catch, and the gravitational impulse 
was the smallest of all. 

8. F = 500 newtons, in the opposite direction to 
the momentum. 

12. Zero. The net change in momentum is always in 
the direction of the total impulse. 

13. Each velocity vector in (a) is multiplied by the 
mass of the body whose motion it represents, 
and a new scale for the units is chosen to repre- 
sent these new vectors. 

14. (Mass of faster)/(mass of slower) = 2/5. 

21. The direction of motion of the center of mass 


after the collision is the same as it was before the 
collision: it is upward, at an angle of about a de- 
gree counterclockwise from the direction of mo- 
tion of the ball entering from the bottom of the 
picture. 
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29. Most of the momentum is transferred to the 
earth (through the road) and a small amount to 
the air molecules surrounding the car. 

31. No; the vector sum of the impulses due only to 
the forces of interaction cannot be zero, because 
the total impulse, which includes the momentum 
of the light, must equal zero. 

chapter 23 

4. Yes; no energy is transferred when a force acts 
on a moving body at right angles to its motion. 
200 joules. 
The kinetic energy increases by a factor of four. 
They will be equal, since they depend only on the 
force and the kinetic energy. 

14. They repel each other during the interaction. 
16. When the force between the colliding bodies de- 
pends only on the separation of the bodies. 

17. On the way in, the putty ball experiences a re- 
pulsive force at small separation, which slows it 
down; after the putty gets to the wall, the force 
suddenly becomes attractive, so it is not the same 
as on the way in. Hence we know the force does 
not depend on distance alone. 

18. Probably. Since kinetic energy is conserved, we 
may assume that in this collision the interaction 
force is a function only of separation. 

19. Mass of m, < mass of nie. 

chapter 24 

1. Inthe middle picture, where the force is greatest. 

2. The slope of the graph is k. 

9. Each would move in a straight line in the direc- 
tion of the force acting on it. 

17. 3.4 x 103 joules. 

24. An additional Ex. 

25. GMm/(10r-.). 

26. They are equal. 

31. F = 0.20 newton. 

chapter 25 

1. The impulse given to the wall is 2mv, by conser- 
vation of momentum. 
P = F/A. 

4. If N/V becomes twice as large, two molecules 


will hit an area where only one hit before (on the 
average). 
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The total kinetic energy of the center-of-mass 
motion is proportional to PV/N. 


P increases by a factor of 373/298 = 1.25. 
Ex increases by a factor of 373/298 = 1.25. 
45°C. 

No. 

Zero, if the container is not moving. 


So that the kinetic energy of the masses can be 
ignored in comparison with the change in gravi- 
tational potential energy and the heat which the 
water acquires. 


The internal energy does increase: mechanical 
energy supplied by the hammer is converted into 
internal energy, but heat does not flow in from 
the outside. 


No. Energy is transferred through heat flow, not 
by doing mechanical work. 


The total internal energy remains constant in 
this closed system. 


1 x 103 joules. 


Gravitational potential energy is converted only 
into heat energy, since the car does not speed up. 


part IV, chapter 26 


1. 


The sign is the same, but one cannot tell whether 
it is positive or negative. 


Negative. 


No. The removal of any number of negative 
charges from a neutral object gives it a net posi- 
tive charge. 


(a) Charge flows through the metal rod onto 
your hand and through your body, so no charge 
can accumulate on the rod. (b) Insulate it from 
everything except what you are charging it with. 


The sign of the charge is the same on the leaves 
as on the electroscope knob. 


(a) Nothing. (b) Nothing. (c) Both electro- 
scopes will discharge completely. 


Positive. 
Negative. 
They will fall. 


In a good vacuum there are hardly any charged 
ions which can remove charge from the leaves. 


The negative terminal. 
The electroscope leaves would fall. 


Positive. 


chapter 27 


F = 1.0 x 10-5 newton. 


8. The net force would change in both magnitude 
and direction. 
9. 27-8(a) and 27-9(a) 
27-8(b) and 27-9b) 
27-8(c) and 27-9(c) 
27-8(d) has no analog in 27-9. 

10. No. If they did, at the point they crossed the net 
force on a movable charge would have to be in 
two directions at once, which is impossible. 

11. Only if the line is straight and the particle is 
moving along the line. If the line is curved, the 
trajectory of the particle will, in general, be dif- 
ferent from the direction of the force on the par- 
ticle. 

16. F = 1.4 x 10-15 newton. 

20. F = 2.3 « 10-16 newton. 

chapter 28 

1. 5.6 x 10-17 joule. 
3. 7.64 «x 10-6 sec. 
6. I = 2 x 1016 elementary charges/second. 
7. I = 3.6 x 1016 elementary charges/second. 

11. 4.50 x 1022 atoms of copper. 

13. 2.9 x 10-!7 joule. 

14. m= 2.7 « 10-%6 kg. 

19. F = 42 x 10-14 newton. 

20. 1.7 joules/sec = 1.7 watts. 

21. The potential energy at a distance ris U = kq 
(lelem.ch.)/r. All this will be transferred to the 
moving charge as kinetic energy at infinity. 

22. E = 9 x 10-18 newton/elem. ch., pointing to- 
ward the object. V = —5 x 10-18 joule/elem. ch. 

28. & = 1.9 x 10-18 joule/elem. ch. = 12 volts. 

29. JI = 5.00 amp. 

30. 14 ev. 

chapter 29 

1. The electric field is also in the direction of the wire. 
2. E = 3.0 volts/meter = 3.0 newtons/coulomb. 
3. The electric field in the first wire will be the 


same as before, since the difference in potential 


from one end of the wire to the other still equals 
the EMF of the battery, no matter what else has 
been connected in parallel. 


4. V = 18 volts. 
9. If it removes much charge it will change the po- 
tential difference it is supposed to measure. 

10. The current in the voltmeter must be small com- 
pared with the current in the circuit. 

14. 45 electron volts = 7.2 x 10-18 joule. 

15. Ifthe negative terminal is connected to the right- 
hand plate, as in Fig. 29-8, the electron will give 
up 30 electron volts of its kinetic energy in order 
to do work against the repulsive force. This 
energy is transferred to the 30-volt battery. When 
the electron hits the plate, it will give up the 
other 15 electron volts as heat. 

16. R= 4.4 x 104 ohm. [The potential difference 
across the resistor is (90 — 37) volts.] 

22. V = 4.9 volts. 

chapter 30 

1. The filings would try to stand up at right angles 
to the paper. 

2. No; they are all closed loops, of various shapes. 

3. Clockwise, in both cases. 

4. The magnitude of the resultant field is \/2 times 
the magnitude of the field from one. 

5. The field is proportional to the magnitude of the 
current. 

9. Parallel to the field, in either the same or oppo- 
site direction as the field. 

10. Downward. 

ll. F = 2.1 newtons. 

15. The force is directly proportional to the angle of 
rotation. 

16. Switch the connections to the battery terminals, 
or reverse the direction of the magnetic field— 
but not both. 

17. The radius increases as the square root of the ac- 
celerating potential. 

18. The velocity of the charge, the sign and magni- 
tude of the charge, and the component of mag- 
netic field perpendicular to the velocity. 

22. 360 electron volts = 5.76 x 10-17 joule. 

28. 27K. 

29. Zero. 


30. 
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B = 2a X 10-3 newton/amp-m = 6 x 10-3 
newton/amp-m. 


chapter 31 


1. 


23. 


25. 


26. 


27. 


29. 


The positive charges will be at Q, the negative 
charges at P. 


(a) The force on positive charges is directed out- 
ward from the page: the force on negative 
charges is directed into the page. (b) No; charges 
are not free to move in that direction. 


There would be no current as long as the entire 
loop was in the region of uniform field. 


(a) When the plane of the loop is parallel to the 
magnetic field. (b) When the plane of the loop 
is perpendicular to the magnetic field. 


The flux through the loop will not change. 
os = 1 x 10-2 newton-m/amp. 


Yes. The force you must exert on the loop is 
proportional to the current, which would be re- 
duced if the electrical resistance of the loop were 
increased. 


At high speed, since the pulling force would 
have to be greater. 


& 1 x 10-4 volt. 
& = 0.5 volt. 


No; the magnetic force on the charges in the 
moving loop, which is proportional to the speed 
of the loop, would increase until it exactly can- 
celed the applied force, and the loop would then 
move with constant velocity. 


No; the lines are closed loops, since there are no 
free charges on which they can begin or end. 


The rate at which charge is flowing onto either 
plate, which in turn determines the rate of 
change of electric flux through the region be- 
tween the plates. 


(a) Yes; with a constant current. (b) No; it is 
impossible to change the magnetic flux within a 
region at a constant rate indefinitely. 


(a) Negative charges are on the top plate, posi- 
tive charges on the bottom plate. (b) The elec- 
tric field points upward. 


(a) 3 x 108 m/sec. (b)3 x 108 m/sec. (c) 3 
x 108 m/sec. 


chapter 32 


4. The large number of particles that come through 
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the foil undeflected, compared with the small 
number that are deflected, tells us that the chance 
for one collision is very small; hence, the chance 
that one alpha particle will have two collisions is 
much, much smaller. 


5. An atom must be mostly empty space, with 
something in it which can exert a strong force 
on an alpha particle. 

6. It is the angle between the original and final di- 
rections of motion of a scattered particle. 

9. Wecannot measure é directly, because we do not 
know where each nucleus is, nor do we know the 
exact trajectories of the incident alpha particles. 

10. N, is proportional to the square of the aiming 
error. 

11. It is a Coulomb field; that is, it varies as 1/r?. 

12. Through angles between 90° and 180°. 

17. About 6 times as close. 

18. ro = 7.0 « 10-15 meter. 

19. The law of conservation of energy. 

28. By Kepler’s third law, R3/T? is constant, so the 
ratio of the frequencies is \/8 = 2.8. 

chapter 33 

1. The time at which a first jump occurred would 
always be later for weak light than for strong 
light. 

3. (a) No. (b) Yes. 


5. The points corresponding to frequencies of 6.8 
and 7.4 x 1014 cycles/sec. 

6. 14ev. 

18. A = 0.73 angstrom. 

19. 2dsin 6 = 2d. 

chapter 34 

l. 4.2 ev. 

5. 6.67 ev, 4.86 ev, 1.81 ev. 

6. 1.81 ev. 

9. The atom absorbs 4.86 ev from the electron. It 
absorbs no energy from the photon. [See Fig. 
34-3(b) and 34-6(c).] 

10. —10.4 ev. 

11. The y line of the Lyman series. 

12. (a) 13.5 ev. (b) —0.136 ev. 

13. (a) Any energy from 10.2 ev up to 12.1 ev. (b) 
12.1 ev, 10.2 ev. 

18. No, since the only restriction is that 2d equal a 
whole number of wavelengths; d determines the 
lowest energy level and also the energy values of 
the higher levels which can occur. 

19. 10-17 joule. 

23. No; the wavelength can be determined from the 


kinetic energy of the electron, and this is differ- 
ent form = | andn = 3. 


